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Introduction 


This text was written for an introductory course in fluid mechanics. Our approach to 
the subject, as in all previous editions, emphasizes the physical concepts of fluid 
mechanics and methods of analysis that begin from basic principles. The primary 
objective of this text is to help users develop an orderly approach to problem solving. 
Thus we always start from governing equations, state assumptions clearly, and try to 
relate mathematical results to corresponding physical behavior. We continue 
to emphasize the use of control volumes to maintain a practical problem-solving 
approach that is also theoretically inclusive. 


Proven Problem -Solving Methodology 


The Fox-McDonald-Pritchard solution methodology used in this text is illustrated in 
numerous Examples in each chapter. Solutions presented in the Examples have been 
prepared to illustrate good solution technique and to explain difficult points of theory. 
Examples are set apart in format from the text so that they are easy to identify and 
follow. Additional important information about the text and our procedures is given 
in the “Note to Student” in Section 1.1 of the printed text. We urge you to study this 
section carefully and to integrate the suggested procedures into your problem-solving 
and results-presentation approaches. 


S/ and English Units 


SI units are used in about 70 percent of both Example and end-of-chapter problems. 
English Engineering units are retained in the remaining problems to provide 
experience with this traditional system and to highlight conversions among unit sys- 
tems that may be derived from fundamentals. 


xii 
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Goals and Advantages of Using This Text 


Complete explanations presented in the text, together with numerous detailed 
Examples, make this book understandable for students, freeing the instructor to 
depart from conventional lecture teaching methods. Classroom time can be used to 
bring in outside material, expand on special topics (such as non-Newtonian flow, 
boundary-layer flow, lift and drag, or experimental methods), solve example prob- 
lems, or explain difficult points of assigned homework problems. In addition, the 51 
Example Excel workbooks are useful for presenting a variety of fluid mechanics 
phenomena, especially the effects produced when varying input parameters. Thus 
each class period can be used in the manner most appropriate to meet student needs. 

When students finish the fluid mechanics course, we expect them to be able to 
apply the governing equations to a variety of problems, including those they have not 
encountered previously. We particularly emphasize physical concepts throughout to 
help students model the variety of phenomena that occur in real fluid flow situations. 
Although we collect, for convenience, useful equations at the end of most chapters, we 
stress that our philosophy is to minimize the use of so-called magic formulas and 
emphasize the systematic and fundamental approach to problem solving. By following 
this format, we believe students develop confidence in their ability to apply the 
material and to find that they can reason out solutions to rather challenging problems. 

The book is well suited for independent study by students or practicing engineers. 
Its readability and clear examples help build confidence. Answer to Selected Problems 
are included, so students may check their own work. 


Topical Coverage 


The material has been selected carefully to include a broad range of topics suitable for 
a one- or two-semester course at the junior or senior level. We assume a background 
in rigid-body dynamics and mathematics through differential equations. A back- 
ground in thermodynamics is desirable for studying compressible flow. 

More advanced material, not typically covered in a first course, has been moved to 
the Web site (these sections are identified in the Table of Contents as being on the 
Web site). Advanced material is available to interested users of the book; available 
online, it does not interrupt the topic flow of the printed text. 

Material in the printed text has been organized into broad topic areas: 


Introductory concepts, scope of fluid mechanics, and fluid statics (Chapters 1, 2, 
and 3) 


Development and application of control volume forms of basic equations 
(Chapter 4) 


Development and application of differential forms of basic equations (Chapters 5 
and 6) 


Dimensional analysis and correlation of experimental data (Chapter 7) 


Applications for internal viscous incompressible flows (Chapter 8) 


Applications for external viscous incompressible flows (Chapter 9) 


Analysis of fluid machinery and system applications (Chapter 10) 


Analysis and applications of open-channel flows (Chapter 11) 


Analysis and applications of one- and two-dimensional compressible flows 
(Chapters 12 and 13) 


Chapter 4 deals with analysis using both finite and differential control volumes. The 
Bernoulli equation is derived (in an optional subsection of Section 4.4) as an example 


application of the basic equations to a differential control volume. Being able to use 
the Bernoulli equation in Chapter 4 allows us to include more challenging problems 
dealing with the momentum equation for finite control volumes. 


Another derivation of the Bernoulli equation is presented in Chapter 6, where it is 


obtained by integrating Euler’s equation along a streamline. If an instructor chooses 
to delay introducing the Bernoulli equation, the challenging problems from Chapter 4 
may be assigned during study of Chapter 6. 


Text Features 


This edition incorporates a number of useful features: 


Examples: Fifty-one of the Examples include Excel workbooks, available online at 
the text Web site, making them useful for what-if analyses by students or by the 
instructor during class. 


Case Studies: Every chapter begins with a Case Studies in Energy and the Envi- 
ronment, each describing an interesting application of fluid mechanics in the area of 
renewable energy or of improving machine efficiencies. We have also retained from 
the previous edition chapter-specific Case Studies, which are now located at the end 
of chapters. These explore unusual or intriguing applications of fluid mechanics in a 
number of areas. 


Chapter Summary and Useful Equations: At the end of most chapters we collect for 
the student’s convenience the most used or most significant equations of the 
chapter. Although this is a convenience, we cannot stress enough the need for 
the student to ensure an understanding of the derivation and limitations of each 
equation before its use! 


Design Problems: Where appropriate, we have provided open-ended design prob- 
lems in place of traditional laboratory experiments. For those who do not have 
complete laboratory facilities, students could be assigned to work in teams to solve 
these problems. Design problems encourage students to spend more time exploring 
applications of fluid mechanics principles to the design of devices and systems. As in 
the previous edition, design problems are included with the end-of-chapter 
problems 


Open-Ended Problems: We have included many open-ended problems. Some are 
thought-provoking questions intended to test understanding of fundamental con- 
cepts, and some require creative thought, synthesis, and/or narrative discussion. We 
hope these problems will help instructors to encourage their students to think and 
work in more dynamic ways, as well as to inspire each instructor to develop and use 
more open-ended problems. 


End-of-Chapter Problems: Problems in each chapter are arranged by topic, and 
within each topic they generally increase in complexity or difficulty. This makes it 
easy for the instructor to assign homework problems at the appropriate difficulty 
level for each section of the book. For convenience, problems are now grouped 
according to the chapter section headings. 


New to This Edttion 


This edition incorporates a number of significant changes: 


Case Studies in Energy and the Environment: At the beginning of each chapter is a 
new case study. With these case studies we hope to provide a survey of the most 
interesting and novel applications of fluid mechanics with the goal of generating 
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increasing amounts of the world’s energy needs from renewable sources. The case 
studies are not chapter specific; that is, each one is not necessarily based on 
the material of the chapter in which it is presented. Instead, we hope these new case 
studies will serve as a stimulating narrative on the field of renewable energy for 
the reader and that they will provide material for classroom discussion. The case studies 
from the previous edition have been retained and relocated to the ends of chapters. 


Demonstration Videos: The “classic” NCFMF videos (approximately 20 minutes 
each, with Professor Ascher Shapiro of MIT, a pioneer in the field of biomedical 
engineering and a leader in fluid mechanics research and education, explaining and 
demonstrating fluid mechanics concepts) referenced in the previous edition have all 
been retained and supplemented with additional new brief videos (approximately 
30 seconds to 2 minutes each) from a variety of sources. 

Both the classic and new videos are intended to provide visual aids for many of 
the concepts covered in the text, and are available at www.wiley.com/college/ 
pritchard. 


CFD: The section on basic concepts of computational fluid dynamics in Chapter 5 
now includes material on using the spreadsheet for numerical analysis of simple 
one- and two-dimensional flows; it includes an introduction to the Euler method. 


Fluid Machinery: Chapter 10 has been restructured, presenting material for pumps 
and fans first, followed by a section on hydraulic turbines. Propellers and wind 
turbines are now presented together. The section on wind turbines now includes the 
analysis of vertical axis wind turbines (VAWTs) in additional depth. A section on 
compressible flow machines has also been added to familiarize students with the 
differences in evaluating performance of compressible versus incompressible flow 
machines. The data in Appendix D on pumps and fans has been updated to reflect 
new products and new means of presenting data. 


Open-Channel Flow: In this edition we have completely rewritten the material on 
open-channel flows. An innovation of this new material compared to similar texts is 
that we have treated “local” effects, including the hydraulic jump before con- 
sidering uniform and gradually varying flows. This material provides a sufficient 
background on the topic for mechanical engineers and serves as an introduction for 
civil engineers. 


Compressible Flow: The material in Chapter 13 has been restructured so that 
normal shocks are discussed before Fanno and Rayleigh flows. This was done 
because many college fluid mechanics curriculums cover normal shocks but not 
Fanno or Rayleigh flows. 


New Homework Problems: The eighth edition includes 1705 end-of-chapter prob- 
lems. Many problems have been combined and contain multiple parts. Most have 
been structured so that all parts need not be assigned at once, and almost 25 percent 
of subparts have been designed to explore what-if questions. New or modified for 
this edition are some 518 problems, some created by a panel of instructors and 
subject matter experts. End-of-chapter homework problems are now grouped 
according to text sections. 


Resources jor Instructors 


The following resources are available to instructors who adopt this text. Visit the Web 
site at www.wiley.com/college/pritchard to register for a password. 


e Solutions Manual for Instructors: The solutions manual for this edition contains a 


complete, detailed solution for all homework problems. Each solution is prepared in 
the same systematic way as the Example solutions in the printed text. Each solution 


begins from governing equations, clearly states assumptions, reduces governing 
equations to computing equations, obtains an algebraic result, and finally substitutes 
numerical values to calculate a quantitative answer. Solutions may be reproduced 
for classroom or library use, eliminating the labor of problem solving for the 
instructor who adopts the text. 

The Solutions Manual is available online after the text is adopted. Visit the 
instructor section of the text’s Web site at www.wiley.com/college/pritchard to 
request access to the password-protected online Solutions Manual. 


Problem Key: A list of all problems that are renumbered from the seventh edition of 
this title, to the eighth edition. There is no change to the actual solution to each 
of these problems. 


PowerPoint Lecture Slides: Lecture slides have been developed by Philip Pritchard, 
outlining the concepts in the book, and including appropriate illustrations and 
equations. 


Image Gallery: Illustrations from the text in a format appropriate to include in 
lecture presentations. 


Additional Resources 


A Brief Review of Microsoft Excel: Prepared by Philip Pritchard and included on 
the book Web site as Appendix H, this resource will coach students in setting up 
and solving fluid mechanics problems using Excel spreadsheets. Visit www.wiley. 
com/college/pritchard to access it. 


Excel Files: These Excel Files and add-ins are for use with specific Examples from 
the text. 


Additional Text Topics: PDF files for these topics/sections are available only on the 
Web site. These topics are highlighted in the text’s table of contents and in 
the chapters as being available on the Web site. 


Answers to Selected Problems: Answers to odd-numbered problems are listed at the 
end of the book as a useful aid for student self-study. 


Videos: Many worthwhile videos are available on the book Web site to demonstrate 
and clarify the basic principles of fluid mechanics. When it is appropriate to view 
these videos to aid in understanding concepts or phenomena, an icon appears in the 
margin of the printed text; the Web site provides links to both classic and new 
videos, and these are also listed in Appendix C. 


WileyPL US 


WileyPLUS is an innovative, research-based, online environment for effective 
teaching and learning. 


What do students receive with WileyPL US? 


A Research-Based Design 


Wiley PLUS provides an online environment that integrates relevant resources, including 
the entire digital textbook, in an easy-to-navigate framework that helps students study 
more effectively. 
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e WileyPLUS adds structure by organizing textbook content into smaller, more 
manageable “chunks.” 


e Related media, examples, and sample practice items reinforce the learning 
objectives. 


e Innovative features such as calendars, visual progress tracking and self-evaluation 
tools improve time management and strengthen areas of weakness. 


One-on-One Engagement 


With WileyPLUS for Introduction to Fluid Mechanics, eighth edition, students receive 
24/7 access to resources that promote positive learning outcomes. Students engage with 
related examples (in various media) and sample practice items, including: 

e Guided Online (GO) Tutorial problems 

e Concept Questions 


e Demonstration videos 


Measurable Outcomes 


Throughout each study session, students can assess their progress and gain immediate 
feedback. WileyPLUS provides precise reporting of strengths and weaknesses, as well as 
individualized quizzes, so that students are confident they are spending their time on the 
right things. With WileyPLUS, students always know the exact outcome of their efforts. 


What do instructors receive with WileyPL US? 


WileyPLUS provides reliable, customizable resources that reinforce course goals 
inside and outside of the classroom as well as visibility into individual student prog- 
ress. Pre-created materials and activities help instructors optimize their time: 


Customizable Course Plan 


WileyPLUS comes with a pre-created Course Plan designed by a subject matter 
expert uniquely for this course. Simple drag-and-drop tools make it easy to assign the 
course plan as-is or modify it to reflect your course syllabus. 


Pre-created Activity Types Include 


e Questions 


e Readings and Resources 


Course Materials and Assessment Content 


e Lecture Notes PowerPoint Slides 
e Image Gallery 
e Gradable FE Exam sample Questions 


e Question Assignments: Selected end-of-chapter problems coded algorithmically 
with hints, links to text, whiteboard/show work feature and instructor controlled 
problem solving help. 


e Concept Question Assignments: Questions developed by Jay Martin and John 
Mitchell of the University of Wisconsin-Madison to assess students’ conceptual 
understanding of fluid mechanics. 


Gradebook 


WileyPLUS provides instant access to reports on trends in class performance, student 
use of course materials, and progress towards learning objectives, helping inform 
decisions and drive classroom discussions. 


WileyPLUS. Learn More. www.wileyplus.com. 


Powered by proven technology and built on a foundation of cognitive research, 
WileyPLUS has enriched the education of millions of students, in over 20 countries 
around the world. 
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Table G.1 


SI Units and Prefixes” 


SI Units Quantity Unit SI Symbol Formula 
SI base units: Length meter m — 
Mass kilogram kg — 
Time second S — 
Temperature kelvin K — 
SI supplementary unit: Plane angle radian rad — 
SI derived units: Energy joule J N-m 
Force newton N kg- m/s” 
Power watt Ww J/s 
Pressure pascal Pa N/m? 
Work joule J N-m 
SI prefixes Multiplication Factor Prefix SI Symbol 
1 000 000 000 000 = 10’ tera ue 
1 000 000 000 = 10° giga G 
1 000 000 = 10° mega M 
1 000 = 10° kilo k 
0.01 = 107 centi” c 
0.001 = 10°° milli m 
0.000 001 = 10~° micro m 
0.000 000 001 = 10~° nano n 
0.000 000 000 001 = 10°” pico p 


“Source: ASTM Standard for Metric Practice E 380-97, 1997. 


>To be avoided where possible. 


Table G.2 


Conversion Factors and Definitions 


Fundamental 
Dimension English Unit Exact SI Value Approximate SI Value 
Length 1 in. 0.0254 m — 
Mass 1 Ibm 0.453 592 37 kg 0.454 kg 
Temperature ib ey 5/9 K — 
Definitions: 
Acceleration of gravity: g = 9.8066 m/s” (= 32.174 ft/s”) 
Energy: Btu (British thermal unit) = amount of energy required to raise the 
temperature of 1 Ibm of water 1°F (1 Btu = 778.2 ft - Ibf) 
kilocalorie = amount of energy required to raise the temperature of 
1 kg of water 1 K(1 kcal = 4187 J) 
Length: 1 mile = 5280 ft; 1 nautical mile = 6076.1 ft = 1852 m (exact) 
Power: 1 horsepower = 550 ft - Ibf/s 
Pressure: 1 bar = 10° Pa 
Temperature: degree Fahrenheit, T> = 27 ¢ +32 (where Tc is degrees Celsius) 
degree Rankine, Tp = Tp + 459.67 
Kelvin, Tx = Tc + 273.15 (exact) 
Viscosity: 1 Poise = 0.1 kg/(m-s) 
1 Stoke = 0.0001 m*/s 
Volume: 1 gal = 231 in. (1 ft? =7.48 gal) 
Useful Conversion Factors: 
Length: 1 ft = 0.3048 m Power: 1 hp = 745.7 W 
1 in. = 25.4 mm 1 ft -Ibf/s = 1.356 W 
Mass: 1 Ibm = 0.4536 kg 1 Btu/hr = 0.2931 W 
1 slug = 14.59 kg Area 1 ft” = 0.0929 m? 
Force: 1 lbf = 4.448 N 1 acre = 4047 m* 
1 kgf = 9.807 N Volume: 1 ft? = 0.02832 m? 
Velocity: 1 ft/s = 0.3048 m/s 1 gal (US) = 0.003785 m° 
1 ft/s = 15/22 mph 1 gal (US) = 3.785 L 
1 mph = 0.447 m/s Volume flow rate: 1 ft?/s = 0.02832 m*/s 
Pressure: 1 psi = 6.895 kPa 1 gpm = 6.309 x 10° * m/s 
1 Ibf/ft? = 47.88 Pa Viscosity (dynamic) 1 Ibf.- s/ft? = 47.88 N - s/m? 
1 atm = 101.3 kPa 1 g/(cm-s) = 0.1 N-s/m?* 
1 atm = 14.7 psi 1 Poise = 0.1 N-s/m? 
1 in. Hg = 3.386 kPa Viscosity (kinematic) 1 ft/s = 0.0929 m7/s 
1 mm Hg = 133.3 Pa 1 Stoke = 0.0001 m?/s 
Energy: 1 Btu = 1.055 kJ 


1 ft- Ibf = 1.356 J 
1 cal = 4.187 J 


1.1 Note to Students 

1.2 Scope of Fluid Mechanics 

1.3 Definition of a Fluid 

1.4 Basic Equations 

1.5 Methods of Analysis 

1.6 Dimensions and Units 

1.7 Analysis of Experimental Error 


1.8 Summary 


At the beginning of each chapter we present 

a case study in the role of fluid mechanics in 

helping solve the energy crisis and in alleviating the 
environmental impact of our energy needs: the cases 
provide insight into the ongoing importance of the field 
of fluid mechanics. We have tried to present novel and 
original developments, not the kind of applications 
such as the ubiquitous wind farms. Please note that 
case studies represent a narrative; so each chapter’s 
case study is not necessarily representative of the 
material in that chapter. Perhaps as a creative new 
engineer, you’ ll be able to create even better ways to 


extract renewable, nonpolluting forms of energy or 
invent something to make fluid-mechanics devices more 
efficient! 

According to the July 16, 2009, edition of the New York 
Times, the global wind energy potential is much higher 
than previously estimated by both wind industry groups 
and government agencies. (Wind turbines are discussed 
in Chapter 10.) Using data from thousands of meteo- 
rological stations, the research indicates that the world’s 
wind power potential is about 40 times greater than 
total current power consumption; previous studies had 
put that multiple at about seven times! In the lower 
48 states, the potential from wind power is 16 times more 
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KiteGen’ s kites would fly at an altitude of about 1000 m and spin a 
power carousel on the ground. (Picture courtesy of Ben Shepard and 
Archer & Caldeira.) 


than total electricity demand in the United States, the 
researchers suggested, again much higher than a 2008 
Department of Energy study that projected wind could 
supply a fifth of all electricity in the country by 2030. The 
findings indicate the validity of the often made claim 
that “the United States is the Saudi Arabia of wind.” 
The new estimate is based the idea of deploying 2.5- to 
3-megawatt (MW) wind turbines in rural areas that are 
neither frozen nor forested and also on shallow offshore 
locations, and it includes a conservative 20 percent 
estimate for capacity factor, which is a measure of how 
much energy a given turbine actually produces. It has 
been estimated that the total power from the wind that 
could conceivably be extracted is about 72 terawatts (TW, 
72 X 10°* watts). Bearing in mind that the total power 
consumption by all humans was about 16 TW (as of 
2006), it is clear that wind energy could supply all the 
world’s needs for the foreseeable future! 

One reason for the new estimate is due to the 
increasingly common use of very large turbines that 
rise to almost 100 m, where wind speeds are greater. 
Previous wind studies were based on the use of 50- to 
80-m turbines. In addition, to reach even higher ele- 
vations (and hence wind speed), two approaches have 
been proposed. In a recent paper, Professor Archer at 


Sky Windpower’ flying electric generators would fly at altitudes of 
about 10,000 m. (Picture courtesy of Ben Shepard and Archer & 
Caldeira.) 


California State University and Professor Caldeira at 
the Carnegie Institution of Washington, Stanford, 
discussed some possibilities. One of these is a design 
of KiteGen (shown in the figure), consisting of tethered 
airfoils (kites) manipulated by a control unit and con- 
nected to a ground-based, carousel-shaped generator; 
the kites are maneuvered so that they drive the car- 
ousel, generating power, possibly as much as 100 MW. 
This approach would be best for the lowest few kilo- 
meters of the atmosphere. An approach using further 
increases in elevation is to generate electricity aloft 
and then transmit it to the surface with a tether. In the 
design proposed by Sky Windpower, four rotors are 
mounted on an airframe; the rotors both provide lift 
for the device and power electricity generation. The 
aircraft would lift themselves into place with supplied 
electricity to reach the desired altitude but would then 
generate up to 40 MW of power. Multiple arrays could 
be used for large-scale electricity generation. (Airfoils 
are discussed in Chapter 9.) 

We shall examine some interesting developments in 
wind power in the Case Studies in Energy and the 
Environment in subsequent chapters. 


We decided to title this textbook “Introduction to...” for the following reason: After 
studying the text, you will not be able to design the streamlining of a new car or an 
airplane, or design a new heart valve, or select the correct air extractors and ducting for 
a $100 million building; however, you will have developed a good understanding of the 
concepts behind all of these, and many other applications, and have made significant 
progress toward being ready to work on such state-of-the-art fluid mechanics projects. 
To start toward this goal, in this chapter we cover some very basic topics: a case 
study, what fluid mechanics encompasses, the standard engineering definition of a fluid, 
and the basic equations and methods of analysis. Finally, we discuss some common 
engineering student pitfalls in areas such as unit systems and experimental analysis. 


Note to Students 


This is a student-oriented book: We believe it is quite comprehensive for an intro- 
ductory text, and a student can successfully self-teach from it. However, most students 
will use the text in conjunction with one or two undergraduate courses. In either case, we 
recommend a thorough reading of the relevant chapters. In fact, a good approach is to 
read a chapter quickly once, then reread more carefully a second and even a third time, 
so that concepts develop a context and meaning. While students often find fluid 
mechanics quite challenging, we believe this approach, supplemented by your instruc- 
tor’s lectures that will hopefully amplify and expand upon the text material (if you are 
taking a course), will reveal fluid mechanics to be a fascinating and varied field of study. 

Other sources of information on fluid mechanics are readily available. In addition 
to your professor, there are many other fluid mechanics texts and journals as well as 
the Internet (a recent Google search for “fluid mechanics” yielded 26.4 million links, 
including many with fluid mechanics calculators and animations!). 

There are some prerequisites for reading this text. We assume you have already 
studied introductory thermodynamics, as well as statics, dynamics, and calculus; 
however, as needed, we will review some of this material. 

It is our strong belief that one learns best by doing. This is true whether the subject 
under study is fluid mechanics, thermodynamics, or soccer. The fundamentals in any 
of these are few, and mastery of them comes through practice. Thus it is extremely 
important that you solve problems. The numerous problems included at the end of 
each chapter provide the opportunity to practice applying fundamentals to the solu- 
tion of problems. Even though we provide for your convenience a summary of useful 
equations at the end of each chapter (except this one), you should avoid the temp- 
tation to adopt a so-called plug-and-chug approach to solving problems. Most of the 
problems are such that this approach simply will not work. In solving problems we 
strongly recommend that you proceed using the following logical steps: 


1. State briefly and concisely (in your own words) the information given. 
2. State the information to be found. 


3. Draw a schematic of the system or control volume to be used in the analysis. Be 
sure to label the boundaries of the system or control volume and label appropriate 
coordinate directions. 


4. Give the appropriate mathematical formulation of the basic laws that you consider 
necessary to solve the problem. 


5. List the simplifying assumptions that you feel are appropriate in the problem. 
6. Complete the analysis algebraically before substituting numerical values. 


7. Substitute numerical values (using a consistent set of units) to obtain a numerical 
answer. 
a. Reference the source of values for any physical properties. 
b. Be sure the significant figures in the answer are consistent with the given data. 


8. Check the answer and review the assumptions made in the solution to make sure 
they are reasonable. 


9. Label the answer. 


In your initial work this problem format may seem unnecessary and even long- 
winded. However, it is our experience that this approach to problem solving is 
ultimately the most efficient; it will also prepare you to be a successful professional, 
for which a major prerequisite is to be able to communicate information and the 
results of an analysis clearly and precisely. This format is used in all Examples pre- 
sented in this text; answers to Examples are rounded to three significant figures. 
Finally, we strongly urge you to take advantage of the many Excel tools available for 
this book on the text Web site, for use in solving problems. Many problems can be 
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solved much more quickly using these tools; occasional problems can only be solved 
with the tools or with an equivalent computer application. 


1.2 Scope of Fluid Mechanics 


As the name implies, fluid mechanics is the study of fluids at rest or in motion. It has 
traditionally been applied in such areas as the design of canal, levee, and dam systems; 
the design of pumps, compressors, and piping and ducting used in the water and air 
conditioning systems of homes and businesses, as well as the piping systems needed in 
chemical plants; the aerodynamics of automobiles and sub- and supersonic airplanes; 
and the development of many different flow measurement devices such as gas pump 
meters. 

While these are still extremely important areas (witness, for example, the current 
emphasis on automobile streamlining and the levee failures in New Orleans in 2005), 
fluid mechanics is truly a “high-tech” or “hot” discipline, and many exciting areas 
have developed in the last quarter-century. Some examples include environmental 
and energy issues (e.g., containing oil slicks, large-scale wind turbines, energy gene- 
ration from ocean waves, the aerodynamics of large buildings, and the fluid mechanics 
of the atmosphere and ocean and of phenomena such as tornadoes, hurricanes, and 
tsunamis); biomechanics (e.g., artificial hearts and valves and other organs such as 
the liver; understanding of the fluid mechanics of blood, synovial fluid in the joints, the 
respiratory system, the circulatory system, and the urinary system); sport (design of 
bicycles and bicycle helmets, skis, and sprinting and swimming clothing, and the 
aerodynamics of the golf, tennis, and soccer ball); “smart fluids” (e.g., in automobile 
suspension systems to optimize motion under all terrain conditions, military uniforms 
containing a fluid layer that is “thin” until combat, when it can be “stiffened” to give 
the soldier strength and protection, and fluid lenses with humanlike properties for use 
in cameras and cell phones); and microfluids (e.g., for extremely precise administra- 
tion of medications). 

These are just a small sampling of the newer areas of fluid mechanics. They illus- 
trate how the discipline is still highly relevant, and increasingly diverse, even though it 
may be thousands of years old. 


13 Definition of a Fluid 


We already have a common-sense idea of when we are working with a fluid, as 
opposed to a solid: Fluids tend to flow when we interact with them (e.g., when you stir 
your morning coffee); solids tend to deform or bend (e.g., when you type on a key- 


ey CLASSIC VIDEO board, the springs under the keys compress). Engineers need a more formal and 
= precise definition of a fluid: A fluid is a substance that deforms continuously under the 
iD apavetar ca Claestioianis Wadtia application of a shear (tangential) stress no matter how small the shear stress may be. 


Because the fluid motion continues under the application of a shear stress, we can also 
define a fluid as any substance that cannot sustain a shear stress when at rest. 

Hence liquids and gases (or vapors) are the forms, or phases, that fluids can take. 
We wish to distinguish these phases from the solid phase of matter. We can see the 
difference between solid and fluid behavior in Fig. 1.1. If we place a specimen of either 
substance between two plates (Fig. 1.1a) and then apply a shearing force F, each will 
initially deform (Fig. 1.16); however, whereas a solid will then be at rest (assuming the 
force is not large enough to go beyond its elastic limit), a fluid will continue to deform 
(Fig. 1.1c, Fig. 1.1d, etc) as long as the force is applied. Note that a fluid in contact with 
a solid surface does not slip—it has the same velocity as that surface because of the no- 
slip condition, an experimental fact. 


Time 
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F F F 
— — — 


(a) Solid or fluid (b) Solid or fluid (c) Fluid only (d) Fluid only 


The amount of deformation of the solid depends on the solid’s modulus of rigidity 
G; in Chapter 2 we will learn that the rate of deformation of the fluid depends on the 
fluid’s viscosity .. We refer to solids as being elastic and fluids as being viscous. More 
informally, we say that solids exhibit “springiness.” For example, when you drive over 
a pothole, the car bounces up and down due to the car suspension’s metal coil springs 
compressing and expanding. On the other hand, fluids exhibit friction effects so that 
the suspension’s shock absorbers (containing a fluid that is forced through a small 
opening as the car bounces) dissipate energy due to the fluid friction, which stops the 
bouncing after a few oscillations. If your shocks are “shot,” the fluid they contained 
has leaked out so that there is almost no friction as the car bounces, and it bounces 
several times rather than quickly coming to rest. The idea that substances can be 
categorized as being either a solid or a liquid holds for most substances, but a number 
of substances exhibit both springiness and friction; they are viscoelastic. Many bio- 
logical tissues are viscoelastic. For example, the synovial fluid in human knee joints 
lubricates those joints but also absorbs some of the shock occurring during walking or 
running. Note that the system of springs and shock absorbers comprising the car 
suspension is also viscoelastic, although the individual components are not. We will 
have more to say on this topic in Chapter 2. 


Basic Equations 


Analysis of any problem in fluid mechanics necessarily includes statement of the basic 
laws governing the fluid motion. The basic laws, which are applicable to any fluid, are: 
The conservation of mass 

Newton’s second law of motion 

The principle of angular momentum 


The first law of thermodynamics 


Sve Se oS 


The second law of thermodynamics 


Not all basic laws are always required to solve any one problem. On the other hand, in 
many problems it is necessary to bring into the analysis additional relations that 
describe the behavior of physical properties of fluids under given conditions. 

For example, you probably recall studying properties of gases in basic physics or 
thermodynamics. The ideal gas equation of state 


p = pRT (1.1) 


is a model that relates density to pressure and temperature for many gases under normal 
conditions. In Eq. 1.1, R is the gas constant. Values of R are given in Appendix A for 
several common gases; p and T in Eq. 1.1 are the absolute pressure and absolute tem- 
perature, respectively; p is density (mass per unit volume). Example 1.1 illustrates use of 
the ideal gas equation of state. 


ior of a solid and a fluid due to 
a shear force. 


ey CLASSIC VIDEO 
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Fundamentals—Boundary Layers. 


A 


6 Chapter 7 \ntroduction 


ample / PPLICATION TO CLOSED SYSTEM 


A piston-cylinder device contains 0.95 kg of oxygen initially at a temperature of 27°C and a pressure due to the 
weight of 150 kPa (abs). Heat is added to the gas until it reaches a temperature of 627°C. Determine the amount of 
heat added during the process. 


Given: Piston-cylinder containing Oz, m = 0.95 kg. 
T; = 27°C T> = 627°C 


Find: Q1_,2. 


Solution: p=constant = 150 kPa (abs) 
We are dealing with a system, m= 0.95 kg. 


Governing equation: First law for the system, Qi. — W112 = E2 — E, 


Assumptions: (1) E=U, since the system is stationary. 
(2) Ideal gas with constant specific heats. 


Under the above assumptions, 
i Ue i) IG lo a) 
The work done during the process is moving boundary work 
Vo) 
Wis = L Pav 1 = va) 
ava 
For an ideal gas, p¥ =mRT. Hence W,. =mR(T> — T,). Then from the 
first law equation, 
Ov = Ey a Ey a Wi = mc,(T> = T,) + mR(T» = T;) 
On — min — Tjiqt kh) 
Ci Gia = 1) kh = c=) 


From the Appendix, Table A.6, for Oo, c, = 909.4 J/(kg- K). Solving for 
Q>, we obtain 


Qi. = 0.95 kg x 909 x 600 K = 518kJ < 


J 
kg-K 


It is obvious that the basic laws with which we shall deal are the same as those used 
in mechanics and thermodynamics. Our task will be to formulate these laws in suitable 
forms to solve fluid flow problems and to apply them to a wide variety of situations. 

We must emphasize that there are, as we shall see, many apparently simple 
problems in fluid mechanics that cannot be solved analytically. In such cases we must 
resort to more complicated numerical solutions and/or results of experimental tests. 


75 Methods of Analysis 


The first step in solving a problem is to define the system that you are attempting to 
analyze. In basic mechanics, we made extensive use of the free-body diagram. We will 


use a system or a control volume, depending on the problem being studied. These 
concepts are identical to the ones you used in thermodynamics (except you may 
have called them closed system and open system, respectively). We can use either 
one to get mathematical expressions for each of the basic laws. In thermodynamics 
they were mostly used to obtain expressions for conservation of mass and the first 
and second laws of thermodynamics; in our study of fluid mechanics, we will be 
most interested in conservation of mass and Newton’s second law of motion. In 
thermodynamics our focus was energy; in fluid mechanics it will mainly be forces 
and motion. We must always be aware of whether we are using a system or a 
control volume approach because each leads to different mathematical expressions 
of these laws. At this point we review the definitions of systems and control 
volumes. 


System and Control Volume 


A system is defined as a fixed, identifiable quantity of mass; the system boundaries 
separate the system from the surroundings. The boundaries of the system may be 
fixed or movable; however, no mass crosses the system boundaries. 

In the familiar piston-cylinder assembly from thermodynamics, Fig. 1.2, the gas in 
the cylinder is the system. If the gas is heated, the piston will lift the weight; the 
boundary of the system thus moves. Heat and work may cross the boundaries of 
the system, but the quantity of matter within the system boundaries remains fixed. 
No mass crosses the system boundaries. 

In mechanics courses you used the free-body diagram (system approach) exten- 
sively. This was logical because you were dealing with an easily identifiable rigid body. 
However, in fluid mechanics we normally are concerned with the flow of fluids 
through devices such as compressors, turbines, pipelines, nozzles, and so on. In these 
cases it is difficult to focus attention on a fixed identifiable quantity of mass. It is much 
more convenient, for analysis, to focus attention on a volume in space through which 
the fluid flows. Consequently, we use the control volume approach. 

A control volume is an arbitrary volume in space through which fluid flows. The 
geometric boundary of the control volume is called the control surface. The control 
surface may be real or imaginary; it may be at rest or in motion. Figure 1.3 shows flow 
through a pipe junction, with a control surface drawn on it. Note that some regions of 
the surface correspond to physical boundaries (the walls of the pipe) and others (at 
locations D, @, and @) are parts of the surface that are imaginary (inlets or outlets). 
For the control volume defined by this surface, we could write equations for the basic 
laws and obtain results such as the flow rate at outlet @) given the flow rates at inlet M 


Control surface 


Control volume 
=~ 


Fig. 1.3. Fluid flow through a pipe junction. 
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Fig. 1.2 Piston-cylinder 
assembly. 
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ample /. ERVATION APPLIED TO CONTROL VOLUME 


A reducing water pipe section has an inlet diameter of 50 mm and exit diameter of 30 mm. If the steady inlet speed 
(averaged across the inlet area) is 2.5 m/s, find the exit speed. 


Given: Pipe, inlet D;=50 mm, exit D. =30 mm. 
Inlet speed, V; =2.5 m/s. 


Find: Exit speed, V.. Control volume 


Solution: 
Assumption: Water is incompressible (density p = constant). 


The physical law we use here is the conservation of mass, which you learned in thermodynamics when studying 
turbines, boilers, and so on. You may have seen mass flow at an inlet or outlet expressed as either m = VA/v or 
m = pVA where V, A, v, and p are the speed, area, specific volume, and density, respectively. We will use the density 
form of the equation. 

Hence the mass flow is: 


m= pVA 
Applying mass conservation, from our study of thermodynamics, 
PVA; = pVeAe 


(Note: p;= pe = p by our first assumption.) oy 
(Note: Even though we are already familiar with this equation from his Problem. 


thermodynamics, we will derive it in Chapter 4.) Y Was Solved 
Usi 5 
Solving for Vz, Steps, ee nine logical 


v 


Aj nD? /4 D\? voly Se of a 
Ve = Vag = vi(3") me and the m control 
A mD2/4 De law, SS conservation 
m (50\? m 
Co 2 => ¢< 
Vi 7 (5) BS) a 


and outlet @ (similar to a problem we will analyze in Example 4.1 in Chapter 4), the 
force required to hold the junction in place, and so on. It is always important to take 
care in selecting a control volume, as the choice has a big effect on the mathematical 
form of the basic laws. We will illustrate the use of a control volume with an example. 


Differential versus Integral Approach 


The basic laws that we apply in our study of fluid mechanics can be formulated in 
terms of infinitesimal or finite systems and control volumes. As you might suspect, 
the equations will look different in the two cases. Both approaches are important 
in the study of fluid mechanics and both will be developed in the course of our work. 

In the first case the resulting equations are differential equations. Solution of the 
differential equations of motion provides a means of determining the detailed 
behavior of the flow. An example might be the pressure distribution on a wing surface. 
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Frequently the information sought does not require a detailed knowledge of the 
flow. We often are interested in the gross behavior of a device; in such cases it is 
more appropriate to use integral formulations of the basic laws. An example might be 
the overall lift a wing produces. Integral formulations, using finite systems or control 
volumes, usually are easier to treat analytically. The basic laws of mechanics and 
thermodynamics, formulated in terms of finite systems, are the basis for deriving the 
control volume equations in Chapter 4. 


Methods of Description 


Mechanics deals almost exclusively with systems; you have made extensive use of the 
basic equations applied to a fixed, identifiable quantity of mass. On the other hand, 
attempting to analyze thermodynamic devices, you often found it necessary to use a 
control volume (open system) analysis. Clearly, the type of analysis depends on the 
problem. 

Where it is easy to keep track of identifiable elements of mass (e.g., in particle 
mechanics), we use a method of description that follows the particle. This sometimes 
is referred to as the Lagrangian method of description. 

Consider, for example, the application of Newton’s second law to a particle of fixed 
mass. Mathematically, we can write Newton’s second law for a system of mass m as 

- dv oF 
“uF =ma=m Ai man 


(1.2) 


In Eq. 1.2, DF is the sum of all external forces acting on the system, d@ is the accel- 
eration of the center of mass of the system, V is the velocity of the center of mass of 
the system, and 7 is the position vector of the center of mass of the system relative to a 
fixed coordinate system. 


sara 7.3 "FREE-FALL OF BALL IN AIR 


The air resistance (drag force) on a 200 g ball in free flight is given by Fp = 2 X 10 * V’, where Fp is in newtons and 
V is in meters per second. If the ball is dropped from rest 500 m above the ground, determine the speed at which it 
hits the ground. What percentage of the terminal speed is the result? (The terminal speed is the steady speed a falling 
body eventually attains.) 


Given: Ball, m=0.2 kg, released from rest at yp = 500 m. 
Air resistance, Fp = kV”, where k=2 X 10-4 N-s7/m7?. 
Units: Fp(N), V(m/s). 


Find: (a) Speed at which the ball hits the ground. 
(b) Ratio of speed to terminal speed. 


Solution: 
Governing equation: SF = ma 
Assumption: Neglect buoyancy force. 
The motion of the ball is governed by the equation 
dV 


Uh = ma, = m— 
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; : dV dy dV 
Since V = V(y), we write LF, = m ie = mV i Then, 
Si ip ne kV? —mg = mv 
Separating variables and integrating, 
y Vv mVdV 
dy = 5 
Mp 9 kV? —mg 
is 2 
5 m 2_ _ Mm, kV’ —mg 

0 

Taking antilogarithms, we obtain 
kV? —mg =— mg el@k/mM—»)l 


Solving for V gives 
= {MB (4 — eliok/my—yy 
Yell ts ) 


Substituting numerical values with y = 0 yields 


m m2 N-s2 = 
= /02kex9.81— x x 1 — 2% 2% 10° 4/0.2( - 500)) 
f Bx oe OXON mal a ) 


V = 78.7 m/s < 4 


At terminal speed, ay =0 and =F, = 0 = kV? — mg. 


1/2 
mg }1/2 m m? N-s? 
Th = |= = 10.2kg xX 9.81 = Xx 
eae Fa c 8x98 TION kgm 
= 99.0 m/s a Variable a€rodynamic 
The ratio of actual speed to terminal speed is =] Try the Exce| 
__ Example f &! Workbook for thi 
is Problem or Variations 0 ae 
YW WY V, : N this 


V, > 99.0 = 0.795, or 79.5% 


We could use this Lagrangian approach to analyze a fluid flow by assuming the fluid 
to be composed of a very large number of particles whose motion must be described. 
However, keeping track of the motion of each fluid particle would become a horren- 
dous bookkeeping problem. Consequently, a particle description becomes unmanage- 
able. Often we find it convenient to use a different type of description. Particularly with 
control volume analyses, it is convenient to use the field, or Eulerian, method of 
description, which focuses attention on the properties of a flow at a given point in space 
as a function of time. In the Eulerian method of description, the properties of a flow 
field are described as functions of space coordinates and time. We shall see in Chapter 2 
that this method of description is a logical outgrowth of the assumption that fluids may 
be treated as continuous media. 
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Dimensions and Units 


Engineering problems are solved to answer specific questions. It goes without saying 
that the answer must include units. In 1999, NASA’s Mars Climate Observer crashed 
because the JPL engineers assumed that a measurement was in meters, but the sup- 
plying company’s engineers had actually made the measurement in feet! Conse- 
quently, it is appropriate to present a brief review of dimensions and units. We say 
“review” because the topic is familiar from your earlier work in mechanics. 

We refer to physical quantities such as length, time, mass, and temperature as 
dimensions. In terms of a particular system of dimensions, all measurable quantities 
are subdivided into two groups—primary quantities and secondary quantities. We 
refer to a small group of dimensions from which all others can be formed as primary 
quantities, for which we set up arbitrary scales of measure. Secondary quantities are 
those quantities whose dimensions are expressible in terms of the dimensions of the 
primary quantities. 

Units are the arbitrary names (and magnitudes) assigned to the primary dimensions 
adopted as standards for measurement. For example, the primary dimension of length 
may be measured in units of meters, feet, yards, or miles. These units of length are 
related to each other through unit conversion factors (1 mile = 5280 feet = 1609 meters). 


Systems of Dimensions 


Any valid equation that relates physical quantities must be dimensionally homo- 
geneous; each term in the equation must have the same dimensions. We recognize 
that Newton’s second law (F « ma) relates the four dimensions, F, M, L, and t. Thus 
force and mass cannot both be selected as primary dimensions without introducing a 
constant of proportionality that has dimensions (and units). 

Length and time are primary dimensions in all dimensional systems in common use. 
In some systems, mass is taken as a primary dimension. In others, force is selected as a 
primary dimension; a third system chooses both force and mass as primary dimen- 
sions. Thus we have three basic systems of dimensions, corresponding to the different 
ways of specifying the primary dimensions. 


a. Mass [M], length [L], time [f], temperature [7] 
b. Force [F], length [L], time [¢], temperature [T] 
c. Force [F], mass [M], length [L], time [¢], temperature [T] 


In system a, force [F] is a secondary dimension and the constant of proportionality in 
Newton’s second law is dimensionless. In system b, mass [M] is a secondary dimension, 
and again the constant of proportionality in Newton’s second law is dimensionless. In 
system c, both force [F] and mass [M] have been selected as primary dimensions. In this 
case the constant of proportionality, g. (not to be confused with g, the acceleration of 
gravity!) in Newton’s second law (written F =mdi/g,) is not dimensionless. The 
dimensions of g. must in fact be [ML/Ff] for the equation to be dimensionally 
homogeneous. The numerical value of the constant of proportionality depends on the 
units of measure chosen for each of the primary quantities. 


Systems of Units 


There is more than one way to select the unit of measure for each primary dimension. 
We shall present only the more common engineering systems of units for each of the 
basic systems of dimensions. Table 1.1 shows the basic units assigned to the primary 
dimensions for these systems. The units in parentheses are those assigned to that unit 


16 


11 


12 Chapter 7 \ntroduction 


Table 1.1 
Common Unit Systems 
System of Dimensions Unit System Force F MassM LengthZL Timer Temperature T 
a. MLtT Systéme International d’Unités (SI) (N) kg m S K 
b. FLtT British Gravitational (BG) Ibf (slug) ft S °R 
c. FMLtT English Engineering (EE) Ibf Ibm ft S °R 


ey CLASSIC VIDEO 


Beg 
Fluid Quantity and Flow. 


system’s secondary dimension. Following the table is a brief description of each of 
them. 


a. MLtT 


SI, which is the official abbreviation in all languages for the Systeme International 
d’Unités,' is an extension and refinement of the traditional metric system. More than 
30 countries have declared it to be the only legally accepted system. 

In the SI system of units, the unit of mass is the kilogram (kg), the unit of length is 
the meter (m), the unit of time is the second (s), and the unit of temperature is the 
kelvin (K). Force is a secondary dimension, and its unit, the newton (N), is defined 
from Newton’s second law as 


1N = 1kg- m/s” 


In the Absolute Metric system of units, the unit of mass is the gram, the unit of 
length is the centimeter, the unit of time is the second, and the unit of temperature is 
the kelvin. Since force is a secondary dimension, the unit of force, the dyne, is defined 
in terms of Newton’s second law as 


1 dyne = 1g- cm/s” 


b. FLtT 


In the British Gravitational system of units, the unit of force is the pound (Ibf), the 
unit of length is the foot (ft), the unit of time is the second, and the unit of tem- 
perature is the degree Rankine (°R). Since mass is a secondary dimension, the unit of 
mass, the slug, is defined in terms of Newton’s second law as 


1 slug = 1 lbf - s”/ft 


c. FMLtT 


In the English Engineering system of units, the unit of force is the pound force (lbf), 
the unit of mass is the pound mass (Ibm), the unit of length is the foot, the unit of time 
is the second, and the unit of temperature is the degree Rankine. Since both force and 
mass are chosen as primary dimensions, Newton’s second law is written as 


ma 


Sc 


F = 


‘American Society for Testing and Materials, ASTM Standard for Metric Practice, E380-97. Conshohocken, 
PA: ASTM, 1997. 
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A force of one pound (1 Ibf) is the force that gives a pound mass (1 Ibm) an accel- 
eration equal to the standard acceleration of gravity on Earth, 32.2 ft/s’. From 
Newton’s second law we see that 


1 Ibm x 32.2 ft/s? 
8 


1lbf = 


or 
& = 32.2 ft - lbm/(bf - s”) 


The constant of proportionality, g., has both dimensions and units. The dimensions 
arose because we selected both force and mass as primary dimensions; the units (and 
the numerical value) are a consequence of our choices for the standards of 
measurement. 

Since a force of 1 Ibf accelerates 1 Ibm at 32.2 ft/s”, it would accelerate 32.2 Ibm at 
1 ft/s. A slug also is accelerated at 1 ft/s* by a force of 1 lbf. Therefore, 


1 slug = 32.2 Ibm 


Many textbooks and references use lb instead of lbf or lbm, leaving it up to the reader 
to determine from the context whether a force or mass is being referred to. 


Preferred Systems of Units 


In this text we shall use both the S/ and the British Gravitational systems of units. In 
either case, the constant of proportionality in Newton’s second law is dimensionless 
and has a value of unity. Consequently, Newton’s second law is written as F = mda. In 
these systems, it follows that the gravitational force (the “weight”’) on an object of 
mass m is given by W=mg. 

SI units and prefixes, together with other defined units and useful conversion 
factors, are summarized in Appendix G. 


age 14 “USE-OFUNITS 


The label on a jar of peanut butter states its net weight is 510 g. Express its mass and weight in SI, BG, and EE units. 


Given: Peanut butter “weight,” m=510 g. 
Find: Mass and weight in SI, BG, and EE units. 


Solution: This problem involves unit conversions and use of the equation relating weight and mass: 


W =mg 
The given “weight” is actually the mass because it is expressed in units of mass: 
ms = 0.510 kg « MSI 
Using the conversions of Table G.2 (Appendix G), 
2 1lbm \ _ 1lbm \ _ Hoge 


Note that in the English Engineering system, the weight of an object is given by W = mg/g. 
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Using the fact that 1 slug = 32.2 lbm, 


1 slu 1 slu 
ee (3 at] = siz lpr (a s) 


To find the weight, we use 


In SI units, and using the definition of a newton, 


m kg-m N 
2 (0h KOM = Ss 
Ws = 0.510 kg EMG so 2 \(ae| 


= 5.00N 


In BG units, and using the definition of a slug, 


Wao = 0.0349 


= 0.0349 slug « BG 


Wsi 


< 


slug - ft 


ft 


& 
= 1.12 (s _ ( sats " =anOiIbi Wa 
S slug 


In EE units, we use the form W = mg/g,, and using the definition of g,, 


Wer = 1.12 lbm X 32.2 2 x 


ft 1 _ 36.1 Ibm-ft 


& & Se 
Ibm - ft lbf - s? a Wee 
= 36.1( = \ Gases) = 1.12 lbf 


Dimensional Consistency and “Engineering” Equations 


In engineering, we strive to make equations and formulas have consistent dimensions. 
That is, each term in an equation, and obviously both sides of the equation, should be 
reducible to the same dimensions. For example, a very important equation we will 
derive later on is the Bernoulli equation 


y2 y2 
= sere =o 4 5 Pe 


which relates the pressure p, velocity V, and elevation z between points 1 and 2 along 
a streamline for a steady, frictionless incompressible flow (density »). This equation is 
dimensionally consistent because each term in the equation can be reduced to 
dimensions of L7/? (the pressure term dimensions are FL/M, but from Newton’s law 
we find F= M/L’, so FLIM = ML?/M? = L’/t’). 

Almost all equations you are likely to encounter will be dimensionally consistent. 
However, you should be alert to some still commonly used equations that are not; these 
are often “engineering” equations derived many years ago, or are empirical (based on 
experiment rather than theory), or are proprietary equations used in a particular industry 
or company. For example, civil engineers often use the semi-empirical Manning equation 


2/3 1/2 
R23 51 
n 


V= 
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which gives the flow speed V in an open channel (such as a canal) as a function of the 
hydraulic radius R, (which is a measure of the flow cross-section and contact surface 
area), the channel slope So, and a constant (the Manning resistance coefficient). The 
value of this constant depends on the surface condition of the channel. For example, 
for a canal made from unfinished concrete, most references give n ~ 0.014. Unfor- 
tunately, the equation is dimensionally inconsistent! For the right side of the equation, 
R,, has dimensions L, and So is dimensionless, so with a dimensionless constant n, we 
end up with dimensions of L~; for the left side of the equation the dimensions must 
be L/t! A user of the equation is supposed to know that the values of n provided in 
most references will give correct results only if we ignore the dimensional incon- 
sistency, always use R;,, in meters, and interpret V to be in m/s! (The alert student will 
realize that this means that even though handbooks provide n values as just constants, 
they must have units of s/m'°.) Because the equation is dimensionally inconsistent, 
using the same value for n with R;, in ft does not give the correct value for V in ft/s. 
A second type of problem is one in which the dimensions of an equation are 
consistent but use of units is not. The commonly used FER of an air conditioner is 


cooling rate 


EER = TE 
electrical input 


which indicates how efficiently the AC works—a higher EER value indicates better 
performance. The equation is dimensionally consistent, with the EER being dimen- 
sionless (the cooling rate and electrical input are both measured in energy/time). 
However, it is used, in a sense, incorrectly, because the units traditionally used in it are 
not consistent. For example, a good EER value is 10, which would appear to imply you 
receive, say, 10 kW of cooling for each 1 kW of electrical power. In fact, an EER of 
10 means you receive 10 Btu/hr of cooling for each 1 W of electrical power! Manu- 
facturers, retailers, and customers all use the EER, in a sense, incorrectly in that they 
quote an EER of, say, 10, rather than the correct way, of 10 Btu/hr/W. (The EER, as 
used, is an everyday, inconsistent unit version of the coefficient of performance, COP, 
studied in thermodynamics.) 

The two examples above illustrate the dangers in using certain equations. Almost all the 
equations encountered in this text will be dimensionally consistent, but you should be aware 
of the occasional troublesome equation you will encounter in your engineering studies. 

As a final note on units, we stated earlier that we will use SI and BG units in this 
text. You will become very familiar with their use through using this text but should 
be aware that many of the units used, although they are scientifically and engineering- 
wise correct, are nevertheless not units you will use in everyday activities, and vice 
versa; we do not recommend asking your grocer to give you, say, 22 newtons, or 0.16 
slugs, of potatoes; nor should you be expected to immediately know what, say, a motor 
oil viscosity of 5W20 means! 

SI units and prefixes, other defined units, and useful conversions are given in 
Appendix G. 


Analysis of Experimental Error 1.7 


Most consumers are unaware of it but, as with most foodstuffs, soft drink containers 
are filled to plus or minus a certain amount, as allowed by law. Because it is difficult to 
precisely measure the filling of a container in a rapid production process, a 12-fl-oz 
container may actually contain 12.1, or 12.7, floz. The manufacturer is never supposed 
to supply less than the specified amount; and it will reduce profits if it is unnecessarily 
generous. Similarly, the supplier of components for the interior of a car must 
satisfy minimum and maximum dimensions (each component has what are called 
tolerances) so that the final appearance of the interior is visually appealing. Engineers 
performing experiments must measure not just data but also the uncertainties in their 
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measurements. They must also somehow determine how these uncertainties affect the 
uncertainty in the final result. 

All of these examples illustrate the importance of experimental uncertainty, that is, 
the study of uncertainties in measurements and their effect on overall results. There 
is always a trade-off in experimental work or in manufacturing: We can reduce the 
uncertainties to a desired level, but the smaller the uncertainty (the more precise 
the measurement or experiment), the more expensive the procedure will be. Fur- 
thermore, in a complex manufacture or experiment, it is not always easy to see which 
measurement uncertainty has the biggest influence on the final outcome. 

Anyone involved in manufacturing, or in experimental work, should understand 
experimental uncertainties. Appendix F has details on this topic; there is a selection of 
problems on this topic at the end of this chapter. 


In this chapter we introduced or reviewed a number of basic concepts and definitions, including: 


Y How fluids are defined, and the no-slip condition 

v¥ System/control volume concepts 

v Lagrangian and Eulerian descriptions 

Y¥ Units and dimensions (including Sl, British Gravitational, and English Engineering systems) 


v Experimental uncertainty 


“Fly Like a Bird” 


Case Study 


No airplane, or airplane model, flies like a bird; air- 
craft all have fixed wings when in flight, whereas birds 
are (almost) constantly flapping away! One reason for 
this is that airplane and model wings must support 
relatively significant weight and are therefore thick and 
stiff; another reason is that we don’t yet fully under- 
stand bird flight! Engineers at the University of Florida 
in Gainesville, led by researcher Rick Lind, have gone 
back to the drawing board and have developed a 
small surveillance aircraft (2-ft wingspan, weight a 
total of 1/2 lb) that can change its wing shape during 
flight. While it is not true bird flight (the main propul- 
sion is through a propeller), it is a radical departure 
from current airplane design. The airplane can change, 
for example, from an M shape wing configuration (very 
stable for gliding) to a W shape (for high maneuver- 
ability). It is amazingly dexterous: It can turn three rolls 


KKM 


The airplane with various instantaneous wing shapes. (Courtesy of 
Dr. Rick Lind, University of Florida.) 

At the end of each chapter, we present a case study: 
an interesting development in fluid mechanics chosen 
to illustrate that the field is constantly evolving. 


in less than a second (comparable to an F-15 fighter!), 
and its flight is sufficiently birdlike that it has attracted 
sparrows (friendly) and crows (unfriendly). Possible 
uses are in military surveillance, detection of biological 
agents in congested urban areas, and environmental 
studies in difficult airspaces such as forests. 


Problems 


Definition of a Fluid: Basic Equations 


1.1 A number of common substances are 


Tar Sand 
“Silly Putty” Jello 
Modeling clay Toothpaste 


Wax 
Some of these materials exhibit characteristics of both solid 
and fluid behavior under different conditions. Explain and 
give examples. 


Shaving cream 


1.2 Give a word statement of each of the five basic con- 
servation laws stated in Section 1.4, as they apply to a 
system. 


Methods of Analysis 


1.3 The barrel of a bicycle tire pump becomes quite warm 
during use. Explain the mechanisms responsible for the 
temperature increase. 


1.4 Discuss the physics of skipping a stone across the water 
surface of a lake. Compare these mechanisms with a stone as 
it bounces after being thrown along a roadway. 


1.5 Make a guess at the order of magnitude of the mass (e.g., 
0.01, 0.1, 1.0, 10, 100, or 1000 Ibm or kg) of standard air that 
is in a room 10 ft by 10 ft by 8 ft, and then compute this mass 
in Ibm and kg to see how close your estimate was. 


1.6 A spherical tank of inside diameter 16 ft contains com- 
pressed oxygen at 1000 psia and 77°F. What is the mass of 
the oxygen? 


1.7 Very small particles moving in fluids are known to experi- 
ence a drag force proportional to speed. Consider a particle of 
net weight W dropped in a fluid. The particle experiences 
a drag force, Fp = kV, where V is the particle speed. Deter- 
mine the time required for the particle to accelerate from 
rest to 95 percent of its terminal speed, V,, in terms of k, 
W, and g. 

1.8 Consider again the small particle of Problem 1.7. Express 
the distance required to reach 95 percent of its terminal 
speed in percent terms of g, k, and W. 


1.9 A cylindrical tank must be designed to contain 5 kg of 
compressed nitrogen at a pressure of 200 atm (gage) and 
20°C. The design constraints are that the length must be 
twice the diameter and the wall thickness must be 0.5 cm. 
What are the external dimensions? 


J 1.10 In a combustion process, gasoline particles are to be 


dropped in air at 200°F. The particles must drop at least 10 
in. in 1 s. Find the diameter d of droplets required for this. 
(The drag on these particles is given by Fp = 7uVd, where V 
is the particle speed and y is the air viscosity. To solve this 
problem, use Excel’s Goal Seek.) 


_| 1.11 For a small particle of styrofoam (1 lbm/ft*) (spherical, 


with diameter d= 0.3 mm) falling in standard air at speed V, 
the drag is given by Fp = 371Vd, where yp is the air viscosity. 
Find the maximum speed starting from rest, and the time it 
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takes to reach 95 percent of this speed. Plot the speed as a 
function of time. 


1.12 Ina pollution control experiment, minute solid particles 
(typical mass 1 x 10°** slug) are dropped in air. The termi- 
nal speed of the particles is measured to be 0.2 ft/s. The drag 
of these particles is given by Fp = kV, where V is the instan- 
taneous particle speed. Find the value of the constant k. Find 
the time required to reach 99 percent of terminal speed. 


1.13 For Problem 1.12, find the distance the particles travel al 


before reaching 99 percent of terminal speed. Plot the dis- 
tance traveled as a function of time. 


1.14 A sky diver with a mass of 70 kg jumps from an aircraft. 
The aerodynamic drag force acting on the sky diver is known 
to be Fp =kV*, where k=0.25 N-s?/m?. Determine the 
maximum speed of free fall for the sky diver and the speed 
reached after 100 m of fall. Plot the speed of the sky diver as 
a function of time and as a function of distance fallen. 


1.15 For Problem 1.14, the initial horizontal speed of the sky al 


diver is 70 m/s. As she falls, the k value for the vertical drag 
remains as before, but the value for horizontal motion is 
k =0.05 N-s/m?. Compute and plot the 2D trajectory of the 
sky diver. 


1.16 The English perfected the longbow as a weapon after the 
Medieval period. In the hands of a skilled archer, the longbow 
was reputed to be accurate at ranges to 100 m or more. If 
the maximum altitude of an arrow is less than 4 = 10 m while 
traveling to a target 100 m away from the archer, and 
neglecting air resistance, estimate the speed and angle at 
which the arrow must leave the bow. Plot the required release 
speed and angle as a function of height h. 


Dimensions and Units 


1.17 For each quantity listed, indicate dimensions using mass 
as a primary dimension, and give typical SI and English units: 
(a) Power 
(b) Pressure 
(c) Modulus of elasticity 
(d) Angular velocity 
(e) Energy 
(f) Moment of a force 
(g) Momentum 
(h) Shear stress 
(i) Strain 

(j) Angular momentum 

1.18 For each quantity listed, indicate dimensions using force 
as a primary dimension, and give typical SI and English units: 
(a) Power 
(b) Pressure 
(c) Modulus of elasticity 
(d) Angular velocity 
(e) Energy 
(f) Momentum 
(g) Shear stress 
(h) Specific heat 
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(i) Thermal expansion coefficient 
(j) Angular momentum 


1.19 Derive the following conversion factors: 
(a) Convert a viscosity of 1 m7/s to ft’/s. 
(b) Convert a power of 100 W to horsepower. 
(c) Convert a specific energy of 1 kJ/kg to Btu/Ibm. 


1.20 Derive the following conversion factors: 
(a) Convert a pressure of 1 psi to kPa. 
(b) Convert a volume of 1 liter to gallons. 
(c) Convert a viscosity of 1 Ibf-s/ft” to N-s/m?. 


1.21 Derive the following conversion factors: 
(a) Convert a specific heat of 4.18 kJ/kg-K to Btu/lbm-°R. 
(b) Convert a speed of 30 m/s to mph. 
(c) Convert a volume of 5.0 L to in’. 


1.22 Express the following in SI units: 
(a) 5 acre- ft 
(b) 150 in*/s 
(c) 3 gpm 
(d) 3 mph/s 
1.23 Express the following in SI units: 
(a) 100 cfm (ft*/min) 
(b) 5 gal 
(c) 65 mph 
(d) 5.4 acres 
1.24 Express the following in BG units: 
(a) 50 m” 
(b) 250 cc 
(c) 100 kw 
(d) 5 kg/m? 
1.25 Express the following in BG units: 
(a) 180 cc/min 
(b) 300 kW- hr 
(c) 50 N-s/m? 
(d) 40 m?- hr 
1.26 While you're waiting for the ribs to cook, you muse about 
the propane tank of your barbecue. You’re curious about the 
volume of propane versus the actual tank size. Find the liquid 
propane volume when full (the weight of the propane is spec- 
ified on the tank). Compare this to the tank volume (take some 
measurements, and approximate the tank shape as a cylinder 
with a hemisphere on each end). Explain the discrepancy. 


1.27 A farmer needs 4 cm of rain per week on his farm, with 
10 hectares of crops. If there is a drought, how much water 
(L/min) will have to be supplied to maintain his crops? 


1.28 Derive the following conversion factors: 

(a) Convert a volume flow rate in cubic inches per minute to 
cubic millimeters per minute. 

(b) Convert a volume flow rate in cubic meters per second 
to gallons per minute (gpm). 

(c) Convert a volume flow rate in liters per minute to gpm. 

(d) Convert a volume flow rate of air in standard cubic feet 
per minute (SCFM) to cubic meters per hour. A stan- 
dard cubic foot of gas occupies one cubic foot at 
standard temperature and pressure (7=15°C and 
p =101.3 kPa absolute). 


1.29 The density of mercury is given as 26.3 slug/ft®. Calculate 
the specific gravity and the specific volume in m*/kg of the 


mercury. Calculate the specific weight in Ibf/ft? on Earth 
and on the moon. Acceleration of gravity on the moon is 
5.47 ft/s”. 


1.30 The kilogram force is commonly used in Europe as a 
unit of force. (As in the U.S. customary system, where 1 Ibf is 
the force exerted by a mass of 1 lbm in standard gravity, 1 kgf 
is the force exerted by a mass of 1 kg in standard gravity.) 
Moderate pressures, such as those for auto or truck tires, are 
conveniently expressed in units of kgf/em*. Convert 32 psig 
to these units. 


1.31 In Section 1.6 we learned that the Manning equation com- 
putes the flow speed V (m/s) in a canal made from unfinished 
concrete, given the hydraulic radius R;, (m), the channel slope So, 
and a Manning resistance coefficient constant value n = 0.014. 
For a canal with R;, = 7.5 m and a slope of 1/10, find the flow 
speed. Compare this result with that obtained using the same n 
value, but with R,, first converted to ft, with the answer assumed 
to be in ft/s. Finally, find the value of n if we wish to correctly use 
the equation for BG units (and compute V to check!). 


1.32 From thermodynamics, we know that the coefficient of 
performance of an ideal air conditioner (COPigeai) is given by 
T, 
COP x4ea1 = = 
deal ie = Ty; 

where 7; and Ty are the room and outside temperatures 
(absolute). If an AC is to keep a room at 20°C when it is 40°C 
outside, find the COPigea. Convert to an EER value, and 

compare this to a typical Energy Star—compliant EER value. 


1.33 The maximum theoretical flow rate (slug/s) through a 
supersonic nozzle is 


APo 
VTo 


where A, (ft*) is the nozzle throat area, po (psi) is the tank 
pressure, and Ty (°R) is the tank temperature. Is this equa- 
tion dimensionally correct? If not, find the units of the 2.38 
term. Write the equivalent equation in SI units. 


Max = 2.38 


1.34 The mean free path \ of a molecule of gas is the average 
distance it travels before collision with another molecule. It 
is given by 


where m and d are the molecule’s mass and diameter, 
respectively, and p is the gas density. What are the dimensions 
of constant C for a dimensionally consistent equation? 


1.35 In Chapter 9 we will study aerodynamics and learn that 
the drag force Fp on a body is given by 


Fp = ; pV*ACp 


Hence the drag depends on speed V, fluid density p, and body 
size (indicated by frontal area A) and shape (indicated by drag 
coefficient Cp). What are the dimensions of Cp? 

1.36 A container weighs 3.5 lbf when empty. When filled with 
water at 90°F, the mass of the container and its contents is 
2.5 slug. Find the weight of water in the container, and its 
volume in cubic feet, using data from Appendix A. 


1.37 An important equation in the theory of vibrations is 


2x dx 
n=; c= 


We ai +kx = f(t) 


where m (kg) is the mass and x (m) is the position at time f (s). 
For a dimensionally consistent equation, what are the 
dimensions of c, k, and f? What would be suitable units for c, 
k, and f in the SI and BG systems? 

1.38 A parameter that is often used in describing pump 
performance is the specific speed, Ns, given by 


_ N(tpm)[Q(gpm)]'” 
[Aen] 


Secu 


What are the units of specific speed? A particular pump has a 
specific speed of 2000. What will be the specific speed in SI 
units (angular velocity in rad/s)? 


1.39 A particular pump has an “engineering” equation form of 
the performance characteristic equation given by H (ft) = 
1.5—4.5 X 10° [Q (gpm)J’, relating the head H and flow rate 
Q. What are the units of the coefficients 1.5 and 4.5 X 107°? 
Derive an SI version of this equation. 


Analysis of Experimental Error 


1.40 Calculate the density of standard air in a laboratory 
from the ideal gas equation of state. Estimate the experi- 
mental uncertainty in the air density calculated for standard 
conditions (29.9 in. of mercury and 59°F) if the uncertainty in 
measuring the barometer height is +0.1 in. of mercury and 
the uncertainty in measuring temperature is +0.5°F. (Note 
that 29.9 in. of mercury corresponds to 14.7 psia.) 


1.41 Repeat the calculation of uncertainty described in Prob- 
lem 1.40 for air in a hot air balloon. Assume the measured 
barometer height is 759 mm of mercury with an uncertainty 
of +1 mm of mercury and the temperature is 60°C with an 
uncertainty of +1°C. [Note that 759 mm of mercury corre- 
sponds to 101 kPa (abs). ] 


1.42 The mass of the standard American golf ball is 1.62 + 
0.01 oz and its mean diameter is 1.68 + 0.01 in. Determine 
the density and specific gravity of the American golf ball. 
Estimate the uncertainties in the calculated values. 


1.43 A can of pet food has the following internal dimensions: 
102 mm height and 73 mm diameter (each +1 mm at odds of 
20 to 1). The label lists the mass of the contents as 397 g. 
Evaluate the magnitude and estimated uncertainty of the 
density of the pet food if the mass value is accurate to +1 g at 
the same odds. 


1.44 The mass flow rate in a water flow system determined by 
collecting the discharge over a timed interval is 0.2 kg/s. The 
scales used can be read to the nearest 0.05 kg and the stop- 
watch is accurate to 0.2 s. Estimate the precision with which 
the flow rate can be calculated for time intervals of (a) 10 s 
and (b) 1 min. 

1.45 The mass flow rate of water in a tube is measured using a 
beaker to catch water during a timed interval. The nominal 
mass flow rate is 100 g/s. Assume that mass is measured using 
a balance with a least count of 1 g and a maximum capacity of 
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1 kg, and that the timer has a least count of 0.1 s. Estimate the 
time intervals and uncertainties in measured mass flow rate 
that would result from using 100, 500, and 1000 mL beakers. 
Would there be any advantage in using the largest beaker? 
Assume the tare mass of the empty 1000 mL beaker is 500 g. 


1.46 The mass of the standard British golf ball is 45.9 + 0.3 g 
and its mean diameter is 41.1 + 0.3 mm. Determine the 
density and specific gravity of the British golf ball. Estimate 
the uncertainties in the calculated values. 


1.47 The estimated dimensions of a soda can are D = 66.0 + 
0.5 mm and H=110 + 0.5 mm. Measure the mass of a full 
can and an empty can using a kitchen scale or postal scale. 
Estimate the volume of soda contained in the can. From your 
measurements estimate the depth to which the can is filled 
and the uncertainty in the estimate. Assume the value of 
SG = 1.055, as supplied by the bottler. 


1.48 From Appendix A, the viscosity 1 (N -s/m?) of water at 
temperature T (K) can be computed from ps = aio 
where A = 2.414 X 107° N-s/m’, B = 247.8 K, and C = 140K. 
Determine the viscosity of water at 30°C, and estimate its 
uncertainty if the uncertainty in temperature measurement is 
+0.5°C. 

1.49 Using the nominal dimensions of the soda can given 
in Problem 1.47, determine the precision with which the 
diameter and height must be measured to estimate the volume 
of the can within an uncertainty of +0.5 percent. 


1.50 An enthusiast magazine publishes data from its road tests 
on the lateral acceleration capability of cars. The measurements 
are made using a 150-ft-diameter skid pad. Assume the vehicle 
path deviates from the circle by +2 ft and that the vehicle speed 
is read from a fifth-wheel speed-measuring system to +0.5 mph. 
Estimate the experimental uncertainty in a reported lateral 
acceleration of 0.7 g. How would you improve the experimental 
procedure to reduce the uncertainty? 


1.51 The height of a building may be estimated by measuring the 
horizontal distance to a point on the ground and the angle from 
this point to the top of the building. Assuming these measure- 
ments are L = 100 + 0.5 ft and 0 = 30 + 0.2°, estimate the height 
H of the building and the uncertainty in the estimate. For the 
same building height and measurement uncertainties, use 
Excel’s Solver to determine the angle (and the corresponding 
distance from the building) at which measurements should be 
made to minimize the uncertainty in estimated height. Evaluate 
and plot the optimum measurement angle as a function of 
building height for 50 = H = 1000 ft. 


1.52 An American golf ball is described in Problem 1.42 
Assuming the measured mass and its uncertainty as given, 
determine the precision to which the diameter of the ball 
must be measured so the density of the ball may be estimated 
within an uncertainty of +1 percent. 


1.53 A syringe pump is to dispense liquid at a flow rate of 
100 mL/min. The design for the piston drive is such that the 
uncertainty of the piston speed is 0.001 in./min, and the 
cylinder bore diameter has a maximum uncertainty of 0.0005 
in. Plot the uncertainty in the flow rate as a function of 
cylinder bore. Find the combination of piston speed and bore 
that minimizes the uncertainty in the flow rate. 


2.1 Fluid as a Continuum 

2.2 Velocity Field 

2.3 Stress Field 

2.4 Viscosity 

2.5 Surface Tension 

2.6 Description and Classification of Fluid Motions 


2.7 Summary and Useful Equations 


We’re not used to thinking of them this 
way, but the oceans are a huge repository of 
solar energy (and energy due to the moon’s motion). 
The solar energy storage is initially thermal in nature, as 
the water surface is heated during the day. When the 
water cools overnight, thermal gradients are created 
that ultimately lead to ocean currents (as well as winds) 
containing huge amounts of energy. According to a 
2009 U.S. Department of Energy study titled “Ocean 
Energy Technology,” there are four types of ocean 
energy conversion: wave energy, tidal energy, marine 
current energy, and ocean thermal energy conversion. 
The total power from waves believed to be available 
is about 2.7 TW, of which it is currently practical to 


extract 500 GW (500 X 10° W). Bear in mind that we 
mentioned in Chapter 1 that total power consumption 
by humans was about 16 TW (as of 2006), so at best 
wave power could supply about 3 percent of human 
needs using current technology. These devices work by 
either floating on the surface of the ocean or by being 
moored to the ocean floor. Many of these devices rely 
on buoyancy forces, which we will discuss in Chapter 3. 
For example, a device that floats on the surface may have 
joints hinged together that bend with the waves; this 
bending motion pumps fluid through turbines and cre- 
ates electric power. Alternatively, stationary tethered 
devices use pressure fluctuations produced in long 
tubes from the waves swelling up and down; the bob- 
bing motion drives a turbine. Wave energy is already 


reaching fairly advanced levels of development, with a 
number of companies being involved. 

Tidal energy uses the 12-hr cycle due to the grav- 
itational force of the moon; the difference in water 
height from low to high tide is an extractable form of 
potential energy. For example, water can be captured 
by using a barrier across an estuary during high tide 
and by forcing the water through a turbine during low 
tide. Alternatively, as shown in the figure, turbine sys- 
tems could be mounted in such a way that they swing 
with the tide, extracting energy when the tide comes in 
and goes out. There are only about 20 locations on 
earth with tides sufficiently high to make tidal energy 
practical. The Bay of Fundy between Maine and Nova 
Scotia features the highest tides in the world, reaching 
17 m (56 ft). This area alone could produce up to 15 GW 
of power. The total wave energy power believed to be 
available is about 2.5 TW, of which, with current tech- 
nology, it is practical to extract only about 65 GW. 

Marine current energy is that due to ocean currents 
(which in turn are generated by solar heating and by 
the winds—ultimately solar in origin—as well as by the 
Earth’s rotation). About 5 TW of power is believed to be 
available, of which it is currently practical to extract 450 
GW; at best, this energy source will supply something 
less than 5 percent of total current needs. In the United 
States, it is most abundant off the coast of Florida in the 
flow known as the Gulf Stream. Kinetic energy can be 
captured from the Gulf Stream and other currents with 
submerged turbines that are very similar in appearance 
to miniature wind turbines. As with wind turbines, the 
continuous movement of the marine current moves 
the rotor blades to generate electric power. Turbines 
will be discussed in some detail in Chapter 10. 

Ocean thermal energy conversion (OTEC), uses the 
ocean temperature difference between surface water 
and that at depths lower than 1000 m to extract 
energy. The temperature of ocean water at a depth of 
1000 m is just above freezing; a temperature differ- 
ence of as little as 20°C (36°F) can yield usable 
energy. (You can figure out the minimum surface 
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Proposed tidal turbines. 


temperature required!) The warm surface water can be 
used as a heat source to evaporate a fluid such as 
ammonia, which can drive a turbine, and the deep 
water acts as a heat sink. Because of the temperatures 
involved, such devices will have a very low theoretical 
efficiency, but the amount of stored thermal energy is 
huge—about 200 TW of power! 

Yet another form of ocean energy (ultimately 
traceable to solar energy) is that due to the variability 
of salinity due to water evaporation. When salty ocean 
water (brine) is separated from fresh water by a 
semipermeable membrane, a pressure gradient builds 
up across the membrane (osmotic pressure). We will 
learn in this text that a pressure gradient can be used 
as a driving force for energy generation. The exploi- 
tation of this energy is called salinity gradient energy 
conversion. This is a future technology with huge 
potential. There is about 1000 TW of energy available, 
or about 60 times total worldwide power usage! 

We shall discuss some interesting developments in 
several of these energy conversion methods in Case 
Studies in Energy and the Environment in subsequent 
chapters. 


In Chapter 1 we discussed in general terms what fluid mechanics is about, and 
described some of the approaches we will use in analyzing fluid mechanics problems. 
In this chapter we will be more specific in defining some important properties of fluids 
and ways in which flows can be described and characterized. 


Zt 


Fluid as a Continuum 


We are all familiar with fluids—the most common being air and water—and we 
experience them as being “smooth,” 1.e., as being a continuous medium. Unless we use 
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Fluid as a Continuum. 


“Point” C at x,y,z 
Volume 6¥ 
of mass 6m 9 g7 7 ETT STF 


6m/b¥. 


3-496 --€- 


(b) 


Fig. 2.1 Definition of density at a point. 


specialized equipment, we are not aware of the underlying molecular nature of fluids. 
This molecular structure is one in which the mass is not continuously distributed in 
space, but is concentrated in molecules that are separated by relatively large regions 
of empty space. The sketch in Fig. 2.1a shows a schematic representation of this. A 
region of space “filled” by a stationary fluid (e.g., air, treated as a single gas) looks like 
a continuous medium, but if we zoom in on a very small cube of it, we can see that we 
mostly have empty space, with gas molecules scattered around, moving at high speed 
(indicated by the gas temperature). Note that the size of the gas molecules is greatly 
exaggerated (they would be almost invisible even at this scale) and that we have 
placed velocity vectors only on a small sample. We wish to ask: What is the minimum 
volume, 6¥’, that a “point” C must be, so that we can talk about continuous fluid 
properties such as the density at a point? In other words, under what circumstances 
can a fluid be treated as a continuum, for which, by definition, properties vary 
smoothly from point to point? This is an important question because the concept of a 
continuum is the basis of classical fluid mechanics. 

Consider how we determine the density at a point. Density is defined as mass per 
unit volume; in Fig. 2.1a the mass 6m will be given by the instantaneous number of 
molecules in 6¥ (and the mass of each molecule), so the average density in volume 6¥ 
is given by p = 6m/65¥. We say “average” because the number of molecules in 6¥, 
and hence the density, fluctuates. For example, if the gas in Fig. 2.la was air at 
standard temperature and pressure (STP') and the volume 6¥ was a sphere of dia- 
meter 0.01 jum, there might be 15 molecules in 6¥ (as shown), but an instant later 
there might be 17 (three might enter while one leaves). Hence the density at “point” C 
randomly fluctuates in time, as shown in Fig. 2.15. In this figure, each vertical dashed 
line represents a specific chosen volume, 6¥, and each data point represents the 
measured density at an instant. For very small volumes, the density varies greatly, but 
above a certain volume, é6¥’, the density becomes stable—the volume now encloses a 
huge number of molecules. For example, if 6¥ = 0.001 mm? (about the size of a grain 
of sand), there will on average be 2.5 x 10'° molecules present. Hence we can con- 
clude that air at STP (and other gases, and liquids) can be treated as a continuous 
medium as long as we consider a “point” to be no smaller than about this size; this is 
sufficiently precise for most engineering applications. 

The concept of a continuum is the basis of classical fluid mechanics. The con- 
tinuum assumption is valid in treating the behavior of fluids under normal conditions. 
It only breaks down when the mean free path of the molecules” becomes the same 
order of magnitude as the smallest significant characteristic dimension of the problem. 


'STP for air are 15°C (59°F) and 101.3 kPa absolute (14.696 psia), respectively. 


? Approximately 6 X 10~* m at STP (Standard Temperature and Pressure) for gas molecules that show ideal 
gas behavior [1]. 


This occurs in such specialized problems as rarefied gas flow (e.g., as encountered in 
flights into the upper reaches of the atmosphere). For these specialized cases (not 
covered in this text) we must abandon the concept of a continuum in favor of the 
microscopic and statistical points of view. 

As a consequence of the continuum assumption, each fluid property is assumed 
to have a definite value at every point in space. Thus fluid properties such as 
density, temperature, velocity, and so on are considered to be continuous functions of 
position and time. For example, we now have a workable definition of density at a 
point, 


: ém 
c= ine o¥ at) 
Since point C was arbitrary, the density at any other point in the fluid could be 
determined in the same manner. If density was measured simultaneously at an 
infinite number of points in the fluid, we would obtain an expression for the density 
distribution as a function of the space coordinates, p = p(x,y,z), at the given 
instant. 

The density at a point may also vary with time (as a result of work done on or by 
the fluid and/or heat transfer to the fluid). Thus the complete representation of density 


(the field representation) is given by 


p = p(x, y,Z,t) (2.2) 


Since density is a scalar quantity, requiring only the specification of a magnitude for a 
complete description, the field represented by Eq. 2.2 is a scalar field. 

An alternative way of expressing the density of a substance (solid or fluid) is to 
compare it to an accepted reference value, typically the maximum density of water, 
Pu,0 (1000 kg/m°* at 4°C or 1.94 slug/ft* at 39°F). Thus, the specific gravity, SG, of a 
substance is expressed as 


SG (2.3) 
PHO 


For example, the SG of mercury is typically 13.6—mercury is 13.6 times as dense as 
water. Appendix A contains specific gravity data for selected engineering materials. 
The specific gravity of liquids is a function of temperature; for most liquids specific 
gravity decreases with increasing temperature. 

The specific weight, y, of a substance is another useful material property. It is 
defined as the weight of a substance per unit volume and given as 


y= e a = he (2.4) 


For example, the specific weight of water is approximately 9.81 kN/m° (62.4 Ibf/ft*). 


2.2 Velocity Field 23 


Velocity Field 2.2 


In the previous section we saw that the continuum assumption led directly to the 
notion of the density field. Other fluid properties also may be described by fields. 
A very important property defined by a field is the velocity field, given by 


V = V(x,y,2,0) (25) 


Velocity is a vector quantity, requiring a magnitude and direction for a complete 
description, so the velocity field (Eq. 2.5) is a vector field. 
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The velocity vector, V, also can be written in terms of its three scalar components. 
Denoting the components in the x, y, and z directions by u, v, and w, then 


V =uitvujt+wk (2.6) 


In general, each component, u, v, and w, will be a function of x, y, z, and ¢. 

We need to be clear on what V(x, y, z,t) measures: It indicates the velocity of a fluid 
particle that is passing through the point x, y, z at time instant f, in the Eulerian sense. 
We can keep measuring the velocity at the same point or choose any other point x, y, z 
at the next time instant; the point x, y, z is not the ongoing position of an individual 
particle, but a point we choose to look at. (Hence x, y, and z are independent variables. 
In Chapter 5 we will discuss the material derivative of velocity, in which we choose 
x = X%(t),y = yp(t),and z = z(t), where x,(¢), y,(t), zp(d) is the position of a specific 
particle.) We conclude that V (x, y, z,¢) should be thought of as the velocity field of all 
particles, not just the velocity of an individual particle. 

If properties at every point in a flow field do not change with time, the flow is 
termed steady. Stated mathematically, the definition of steady flow is 


OF 
Ot 
where 77 represents any fluid property. Hence, for steady flow, 
“e =0 or p= p(x,y,z) 
and 
un =0 or V = V(x,y,z) 


In steady flow, any property may vary from point to point in the field, but all prop- 
erties remain constant with time at every point. 


One-, Two-, and Three-Dimensional Flows 


A flow is classified as one-, two-, or three-dimensional depending on the number of 
space coordinates required to specify the velocity field.* Equation 2.5 indicates that 
the velocity field may be a function of three space coordinates and time. Such a flow 
field is termed three-dimensional (it is also unsteady) because the velocity at any point 
in the flow field depends on the three coordinates required to locate the point in space. 

Although most flow fields are inherently three-dimensional, analysis based on 
fewer dimensions is frequently meaningful. Consider, for example, the steady flow 
through a long straight pipe that has a divergent section, as shown in Fig. 2.2. In this 
example, we are using cylindrical coordinates (r, 0, x). We will learn (in Chapter 8) 
that under certain circumstances (e.g., far from the entrance of the pipe and from the 
divergent section, where the flow can be quite complicated), the velocity distribution 


may be described by 
2 
U = Umax c - (=) | (2.7) 


This is shown on the left of Fig. 2.2. The velocity u(r) is a function of only one 
coordinate, and so the flow is one-dimensional. On the other hand, in the diverging 


3Some authors choose to classify a flow as one-, two-, or three-dimensional on the basis of the number of 
space coordinates required to specify all fluid properties. In this text, classification of flow fields will be based 
on the number of space coordinates required to specify the velocity field only. 


u(r) u(r, x) 


Fig. 2.2 Examples of one- and two-dimensional flows. 


section, the velocity decreases in the x direction, and the flow becomes two-dimensional: 
u=u(r, x). 

As you might suspect, the complexity of analysis increases considerably with the 
number of dimensions of the flow field. For many problems encountered in engi- 
neering, a one-dimensional analysis is adequate to provide approximate solutions of 
engineering accuracy. 

Since all fluids satisfying the continuum assumption must have zero relative velocity 
at a solid surface (to satisfy the no-slip condition), most flows are inherently two- 
or three-dimensional. To simplify the analysis it is often convenient to use the notion 
of uniform flow at a given cross section. In a flow that is uniform at a given cross 
section, the velocity is constant across any section normal to the flow. Under this 
assumption,’ the two-dimensional flow of Fig. 2.2 is modeled as the flow shown in 
Fig. 2.3. In the flow of Fig. 2.3, the velocity field is a function of x alone, and thus the 
flow model is one-dimensional. (Other properties, such as density or pressure, also 
may be assumed uniform at a section, if appropriate.) 

The term uniform flow field (as opposed to uniform flow at a cross section) is used 
to describe a flow in which the velocity is constant, i.e., independent of all space 
coordinates, throughout the entire flow field. 


Timelines, Pathlines, Streaklines, and Streamlines 


Airplane and auto companies and college engineering laboratories, among others, 
frequently use wind tunnels to visualize flow fields [2]. For example, Fig. 2.4 shows a 
flow pattern for flow around a car mounted in a wind tunnel, generated by releasing 
smoke into the flow at five fixed upstream points. Flow patterns can be visualized 
using timelines, pathlines, streaklines, or streamlines. 

Ifa number of adjacent fluid particles in a flow field are marked at a given instant, they 
form a line in the fluid at that instant; this line is called a timeline. Subsequent observa- 
tions of the line may provide information about the flow field. For example, in discussing 
the behavior of a fluid under the action of a constant shear force (Section 1.2) timelines 
were introduced to demonstrate the deformation of a fluid at successive instants. 

A pathline is the path or trajectory traced out by a moving fluid particle. To make a 
pathline visible, we might identify a fluid particle at a given instant, e.g., by the use of 
dye or smoke, and then take a long exposure photograph of its subsequent motion. 
The line traced out by the particle is a pathline. This approach might be used to study, 
for example, the trajectory of a contaminant leaving a smokestack. 

On the other hand, we might choose to focus our attention on a fixed location in 
space and identify, again by the use of dye or smoke, all fluid particles passing through 
this point. After a short period of time we would have a number of identifiable fluid 


‘This may seem like an unrealistic simplification, but actually in many cases leads to useful results. Sweeping 
assumptions such as uniform flow at a cross section should always be reviewed carefully to be sure they 
provide a reasonable analytical model of the real flow. 
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Fig. 2.3. Example of uniform 
flow at a section. 
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Streaklines. 
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VIDEO 


Streamlines. 


Fig. 2.4 Streaklines over an automobile in a wind tunnel. (Courtesy Audi AG.) 


particles in the flow, all of which had, at some time, passed through one fixed location 
in space. The line joining these fluid particles is defined as a streakline. 

Streamlines are lines drawn in the flow field so that at a given instant they are 
tangent to the direction of flow at every point in the flow field. Since the streamlines 
are tangent to the velocity vector at every point in the flow field, there can be no flow 
across a streamline. Streamlines are the most commonly used visualization technique. 
For example, they are used to study flow over an automobile in a computer simula- 
tion. The procedure used to obtain the equation for a streamline in two-dimensional 
flow is illustrated in Example 2.1. 

In steady flow, the velocity at each point in the flow field remains constant with 
time and, consequently, the streamline shapes do not vary from one instant to the 
next. This implies that a particle located on a given streamline will always move along 
the same streamline. Furthermore, consecutive particles passing through a fixed point 
in space will be on the same streamline and, subsequently, will remain on this 
streamline. Thus in a steady flow, pathlines, streaklines, and streamlines are identical 
lines in the flow field. 

Figure 2.4 shows a photograph of five streaklines for flow over an automobile in a wind 
tunnel. A streakline is the line produced in a flow when all particles moving through a 
fixed point are marked in some way (e.g., using smoke). We can also define streamlines. 
These are lines drawn in the flow field so that at a given instant they are tangent to the 
direction of flow at every point in the flow field. Since the streamlines are tangent to 
the velocity vector at every point in the flow field, there is no flow across a streamline. 
Pathlines are as the name implies: They show, over time, the paths individual particles 
take (if you’ve seen time-lapse photos of nighttime traffic, you get the idea). Finally, 
timelines are created by marking a line in a flow and watching how it evolves over time. 

We mentioned that Fig. 2.4 shows streaklines, but in fact the pattern shown also 
represents streamlines and pathlines! The steady pattern shown will exist as long as 
smoke is released from the five fixed points. If we were somehow to measure the 
velocity at all points at an instant, to generate streamlines, we’d get the same pattern; 
if we were instead to release only one smoke particle at each location, and video its 
motion over time, we’d see the particles follow the same curves. We conclude that for 
steady flow, streaklines, streamlines, and pathlines are identical. 


Things are quite different for unsteady flow. For unsteady flow, streaklines, 
streamlines, and pathlines will in general have differing shapes. For example, consider 
holding a garden hose and swinging it side to side as water exits at high speed, as 
shown in Fig. 2.5. We obtain a continuous sheet of water. If we consider individual 
water particles, we see that each particle, once ejected, follows a straight-line path 
(here, for simplicity, we ignore gravity): The pathlines are straight lines, as shown. On 
the other hand, if we start injecting dye into the water as it exits the hose, we will 
generate a streakline, and this takes the shape of an expanding sine wave, as shown. 

Clearly, pathlines and streaklines do not coincide for this unsteady flow (we leave 
determination of streamlines to an exercise). 

We can use the velocity field to derive the shapes of streaklines, pathlines, and 
streamlines. Starting with streamlines: Because the streamlines are parallel to the 
velocity vector, we can write (for 2D) 

v(x, y) 


=) 2 
dx streamline u(x, y) 


Note that streamlines are obtained at an instant in time; if the flow is unsteady, time ¢ 
is held constant in Eq. 2.8. Solution of this equation gives the equation y = y(x), with 
an undetermined integration constant, the value of which determines the particular 
streamline. 

For pathlines (again considering 2D), we let x = x,(t) and y = y,(t), where x,(t) 
and y,(t) are the instantaneous coordinates of a specific particle. We then get 


dx dy 
=) = u(x, y,t) *) 7 
particle particle 


The simultaneous solution of these equations gives the path of a particle in parametric 
form x,(t), yp(t). 

The computation of streaklines is somewhat tricky. The first step is to compute the 
pathline of a particle (using Eqs. 2.9) that was released from the streak source point 
(coordinates x9, yo) at time fo, in the form 


(2.8) 


u(x, y, f) (2.9) 


Xpaiticte(t) = x(t,X0, Yo; fo) Yparticie (t) = y(t, Xo; Yo, fo) 


Then, instead of interpreting this as the position of a particle over time, we rewrite 
these equations as 


Ystreakline (to) = y(t, Xo, Yo, to) (2.10) 


Equations 2.10 give the line generated (by time f) from a streak source at point 
(xo, Yo). In these equations, fo (the release times of particles) is varied from 0 to t to 
show the instantaneous positions of all particles released up to time f! 


Xstreakline (fo) = x(t, X0, Yo, to) 


Ea a STREAMLINES AND PATHLINES IN TWO-DIMENSIONAL FLOW 


A velocity field is given by V = Axi— 
(a) Obtain an equation for the streamlines in the xy plane. 
(b) Plot the streamline passing through the point (xo, yo) = (2, 8). 
(c) Determine the velocity of a particle at the point (2, 8). 


Ayj; the units of velocity are m/s; x and y are given in meters; A = 0.3 s 
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Fig. 2.5 Pathlines and 
streaklines for flow from the 
exit of an oscillating garden 
hose. 
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(d) If the particle passing through the point (xo, yo) is marked at time t= 0, determine the location of the particle 


at time t=6s. 
(e) What is the velocity of this particle at time t=6 s? 


(f) Show that the equation of the particle path (the pathline) is the same as the equation of the streamline. 


28 = Chapter 2 Fundamental Concepts 


Given: Velocity field, i Axi — Ayj; x and y in meters; A =0.3 s 1. 


Find: (a) Equation of the streamlines in the xy plane. 
(b) Streamline plot through point (2, 8). 
(c) Velocity of particle at point (2, 8). 
(d) Position at t=6 s of particle located at (2, 8) at t=0. 
(e) Velocity of particle at position found in (d). 
(f) Equation of pathline of particle located at (2, 8) at t=0. 
Solution: 


(a) Streamlines are lines drawn in the flow field such that, at a given instant, 
they are tangent to the direction of flow at every point. Consequently, 


2) oye ee ey : Vo. = 0.6! - 2.4) mis 
dx streamline Ax x 


Separating variables and integrating, we obtain 
dy ___— fax 
y x 


or 


Iny = —Inx + cy 
This can be written as xy =c ¢ 


(b) For the streamline passing through the point (xo, yo) = (2, 8) the constant, c, has a value of 16 and the equation 
of the streamline through the point (2, 8) is 


Ay —exove ilo. = 


The plot is as sketched above. x 
(c) The velocity field is V = Axi—Ayj. At the point (2, 8) the velocity is 
V = A(xi- yj) = 0.381 (27 — 8/)m = 0.61 - 2.47 m/s 
(d) A particle moving in the flow field will have velocity given by 


= Axi — Ayj 
Thus 
dx dy 
thy = FE = Ax and u, = ai =—Ay 


Separating variables and integrating (in each equation) gives 


x t y t 
ge = jaa and o) = [aa 
Xo x 0 Yo oy 0 


Then 
ba— = AW ariel In Al 
Xo 0 
or 
eetae! sit) eae” 
Att=6s, 


N—=2me o> — 12m and y= Sme °° — 1932 im 


At t=6s, particle is at (12.1, 1.32) m. 


(e) At the point (12.1, 1.32) m, 
V = A(xi—yj) = 0.38°1(12.17 — 1.32/)m 
= 3.631 — 0.396j m/s « 


(f) To determine the equation of the pathline, we use the parametric 
equations 


eye and aye — ea 
and eliminate ¢. Solving for e“’ from both equations 


P| Re SUN 
y Xo 


Therefore xy = xoyo = 16 mer 
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illustrates the 
ing Streamlines 


Stress Field 2.3 


In our study of fluid mechanics, we will need to understand what kinds of forces act on 
fluid particles. Each fluid particle can experience: surface forces (pressure, friction) 
that are generated by contact with other particles or a solid surface; and body forces 
(such as gravity and electromagnetic) that are experienced throughout the particle. 

The gravitational body force acting on an element of volume, d¥, is given by pgd¥, 
where p is the density (mass per unit volume) and g is the local gravitational accel- 
eration. Thus the gravitational body force per unit volume is pg’ and the gravitational 
body force per unit mass is g. 

Surface forces on a fluid particle lead to stresses. The concept of stress is useful for 
describing how forces acting on the boundaries of a medium (fluid or solid) are 
transmitted throughout the medium. You have probably seen stresses discussed in 
solid mechanics. For example, when you stand on a diving board, stresses are gener- 
ated within the board. On the other hand, when a body moves through a fluid, stresses 
are developed within the fluid. The difference between a fluid and a solid is, as we’ve 
seen, that stresses in a fluid are mostly generated by motion rather than by deflection. 

Imagine the surface of a fluid particle in contact with other fluid particles, and 
consider the contact force being generated between the particles. Consider a portion, 
6A, of the surface at some point C. The orientation of 6A is given by the unit vector, 77, 
shown in Fig. 2.6. The vector 7 is the outwardly drawn unit normal with respect to the 
particle. 

The force, 5F, acting on 6A may be resolved into two components, one normal to 
and the other tangent to the area. A normal stress o,, and a shear stress T, are then 
defined as 


: OF, 
om = lim, uy 
and 
_ OF 
m= lim, 53 12) 


Subscript 7 on the stress is included as a reminder that the stresses are associated with 
the surface 6A through C, having an outward normal in the 7 direction. The fluid is 
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(a) Force components 2 (b) Stress components 


Fig. 2.7 Force and stress components on the element of area 6A,. 


actually a continuum, so we could have imagined breaking it up any number of dif- 
ferent ways into fluid particles around point C, and therefore obtained any number of 
different stresses at point C. 

In dealing with vector quantities such as force, we usually consider components in 
an orthogonal coordinate system. In rectangular coordinates we might consider the 
stresses acting on planes whose outwardly drawn normals (again with respect to 
the material acted upon) are in the x, y, or z directions. In Fig. 2.7 we consider the stress 
on the element 6A,, whose outwardly drawn normal is in the x direction. The force, oF, 
has been resolved into components along each of the coordinate directions. Dividing 
the magnitude of each force component by the area, 6A,, and taking the limit as 6A, 
approaches zero, we define the three stress components shown in Fig. 2.7b: 


oe = ie 
6A, > 0 6A, 


Txz = 


Tay at 6A, ie 6A, 
We have used a double subscript notation to label the stresses. The first subscript (in this 
case, x) indicates the plane on which the stress acts (in this case, a surface perpendicular 
to the x axis). The second subscript indicates the direction in which the stress acts. 

Consideration of area element 6A, would lead to the definitions of the stresses, o,,,, 
Tyy, and T,,-; use of area element 6A , would similarly lead to the definitions of 0 ,,,72.,7 zy. 

Although we just looked at three orthogonal planes, an infinite number of planes can 
be passed through point C, resulting in an infinite number of stresses associated with 
planes through that point. Fortunately, the state of stress at a point can be described 
completely by specifying the stresses acting on any three mutually perpendicular planes 
through the point. The stress at a point is specified by the nine components 


Oxx Txy Txz 
Tyx Oyy Tyz 
Tex Tzy Ozz 


where ao has been used to denote a normal stress, and 7 to denote a shear stress. The 
notation for designating stress is shown in Fig. 2.8. 


Fig. 2.8 Notation for stress. 


Referring to the infinitesimal element shown in Fig. 2.8, we see that there are six 
planes (two x planes, two y planes, and two z planes) on which stresses may act. In 
order to designate the plane of interest, we could use terms like front and back, top 
and bottom, or left and right. However, it is more logical to name the planes in terms 
of the coordinate axes. The planes are named and denoted as positive or negative 
according to the direction of the outwardly drawn normal to the plane. Thus the top 
plane, for example, is a positive y plane and the back plane is a negative z plane. 

It also is necessary to adopt a sign convention for stress. A stress component is 
positive when the direction of the stress component and the plane on which it acts are 
both positive or both negative. Thus 7,, = 5 Ibf/in.* represents a shear stress on a 
positive y plane in the positive x direction or a shear stress on a negative y plane in the 
negative x direction. In Fig. 2.8 all stresses have been drawn as positive stresses. Stress 
components are negative when the direction of the stress component and the plane on 
which it acts are of opposite sign. 


Viscosity 2.4 


Where do stresses come from? For a solid, stresses develop when the material is 
elastically deformed or strained; for a fluid, shear stresses arise due to viscous flow (we 
will discuss a fluid’s normal stresses shortly). Hence we say solids are elastic, and fluids 
are viscous (and it’s interesting to note that many biological tissues are viscoelastic, 
meaning they combine features of a solid and a fluid). For a fluid at rest, there will be 
no shear stresses. We will see that each fluid can be categorized by examining the 
relation between the applied shear stresses and the flow (specifically the rate of 
deformation) of the fluid. 

Consider the behavior of a fluid element between the two infinite plates shown in 
Fig. 2.9a. The rectangular fluid element is initially at rest at time ¢. Let us now suppose 
a constant rightward force 6F, is applied to the upper plate so that it is dragged across 
the fluid at constant velocity é6u. The relative shearing action of the infinite plates 
produces a shear stress, 7,,, which acts on the fluid element and is given by 
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Fig. 2.9 (a) Fluid element at time t, (6) deformation of fluid element at time t + 5t, and 
(C) deformation of fluid element at time t+ 26t. 
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un 0 6A, dA, 


Tyx 


where 6A, is the area of contact of the fluid element with the plate and 6F, is the force 
exerted by the plate on that element. Snapshots of the fluid element, shown in Figs. 
2.9a—c, illustrate the deformation of the fluid element from position MNOP at time f, 
to M'NOP'’ at time t + ét, to M”NOP" at time ¢ + 26t, due to the imposed shear stress. 
As mentioned in Section 1.2, it is the fact that a fluid continually deforms in response 
to an applied shear stress that sets it apart from solids. 

Focusing on the time interval é¢ (Fig. 2.95), the deformation of the fluid is given by 


. . 6a da 
deformation rate = lim = 
6t>0 Ot dt 


We want to express da/dt in terms of readily measurable quantities. This can be 
done easily. The distance, 6/, between the points M and M’ is given by 


él = éuét 
Alternatively, for small angles, 

él = dy da 
Equating these two expressions for 6/ gives 

fa _ éu 

ot éy 
Taking the limits of both sides of the equality, we obtain 

da _ du 

dt dy 


Thus, the fluid element of Fig. 2.9, when subjected to shear stress 7,,., experiences a 
rate of deformation (shear rate) given by du/dy. We have established that any fluid 
that experiences a shear stress will flow (it will have a shear rate). What is the relation 
between shear stress and shear rate? Fluids in which shear stress is directly propor- 
tional to rate of deformation are Newtonian fluids. The term non-Newtonian is used to 
classify all fluids in which shear stress is not directly proportional to shear rate. 


Newtonian Fluid 


Most common fluids (the ones discussed in this text) such as water, air, and gasoline 
are Newtonian under normal conditions. If the fluid of Fig. 2.9 is Newtonian, then 


du 
oc —_ 
dy 
We are familiar with the fact that some fluids resist motion more than others. 
For example, a container of SAE 30W oil is much harder to stir than one of water. 


Hence SAE 30W oil is much more viscous—it has a higher viscosity. (Note that a con- 
tainer of mercury is also harder to stir, but for a different reason!) The constant of 


(2.14) 


T yx 
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proportionality in Eq. 2.14 is the absolute (or dynamic) viscosity, js. Thus in terms of the 
coordinates of Fig. 2.9, Newton’s law of viscosity is given for one-dimensional flow by 


du 


i= oe (225) 


Note that, since the dimensions of r are [F/L”] and the dimensions of du/dy are [1/¢], 1 has 
dimensions [Ft/L7]. Since the dimensions of force, F, mass, M, length, L, and time, ¢, are 
related by Newton’s second law of motion, the dimensions of yz can also be expressed 
as [M/Li]. In the British Gravitational system, the units of viscosity are lbf - s/ft” or slug/ 
(ft -s). In the Absolute Metric system, the basic unit of viscosity is called a poise [1 poise = 
1g/(cm-s)]; in the SI system the units of viscosity are kg/(m-s) or Pa-s (1 Pa-s= 
1N-s/m?). The calculation of viscous shear stress is illustrated in Example 2.2. 

In fluid mechanics the ratio of absolute viscosity, ju, to density, p, often arises. This 
ratio is given the name kinematic viscosity and is represented by the symbol v. Since 
density has dimensions [M/L”], the dimensions of v are [L7/f]. In the Absolute Metric 
system of units, the unit for v is a stoke (1 stoke = 1 cm?/s). 

Viscosity data for a number of common Newtonian fluids are given in Appendix A. 
Note that for gases, viscosity increases with temperature, whereas for liquids, viscosity 
decreases with increasing temperature. 


aa Be, VISEO@SITY AND SHEAR STRESS IN NEWTONIAN FLUID 


An infinite plate is moved over a second plate on a layer of liquid as shown. For small gap width, d, we assume a 
linear velocity distribution in the liquid. The liquid viscosity is 0.65 centipoise and its specific gravity is 0.88. 
Determine: 
(a) The absolute viscosity of the liquid, in lbf - s/ft*. 
(b) The kinematic viscosity of the liquid, in m/s. 


(c) The shear stress on the upper plate, in Ibf/ft’. —> V =0.3 mis 
(d) The shear stress on the lower plate, in Pa. 
(e) The direction of each shear stress calculated in parts (c) and (d). d=0.3 mm 


| 


Given: Linear velocity profile in the liquid between infinite parallel 
plates as shown. 


fs = 0.65 cp 
SG = 0.88 


Find: (a) in units of lbf-s/ft*. 
(b) v in units of m/s. 
(c) r on upper plate in units of Ibf/ft?. 
(d) 7 on lower plate in units of Pa. 
(e) Direction of stresses in parts (c) and (d). 


Solution: 
: : du ae fl 
Governing equation: Ty, = be Definition: vy = — 
oy p 
Assumptions: (1) Linear velocity distribution (given) 
(2) Steady flow 
(3) « =constant 
poise g Ibm slug em), Ibtes- 
= 0.65 cp X x x x xX 30.5— X 
Oe 7100) cp cm:s-poise 454g 32.2 lbm ft slug - ft 


= 1,36 X10 bt s/c 2 iC 
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(e) Directions of shear stresses on upper and lower plates. 


The upper plate is a negative y surface; so 
positive T,, acts in the negative x direction. 


The lower plate is a positive y surface; so 
positive Ty, acts in the positive x direction. 


(e) 


eee 


Non-Newtonian Fluids 


Fluids in which shear stress is not directly proportional to deformation rate are non- 
Newtonian. Although we will not discuss these much in this text, many common fluids 
exhibit non-Newtonian behavior. Two familiar examples are toothpaste and Lucite® 
paint. The latter is very “thick” when in the can, but becomes “thin” when sheared by 
brushing. Toothpaste behaves as a “fluid” when squeezed from the tube. However, it 
does not run out by itself when the cap is removed. There is a threshold or yield stress 
below which toothpaste behaves as a solid. Strictly speaking, our definition of a fluid is 
valid only for materials that have zero yield stress. Non-Newtonian fluids commonly 
are classified as having time-independent or time-dependent behavior. Examples of 
time-independent behavior are shown in the rheological diagram of Fig. 2.10. 
Numerous empirical equations have been proposed [3, 4] to model the observed 
relations between 7), and du/dy for time-independent fluids. They may be adequately 


°Trademark, E. I. du Pont de Nemours & Company. 


, 
Bingham 
plastic < 
ee ~._ Pseudoplastic 
b r= ei 
a ; Gs 2 SSRs ee 
3 Pseudoplastic 3 
a S 
5 s -- 
2 2) | ,aeeeeo 
a Dilatant se 2-77 Dilatant 
< 
Newtonian Newtonian 
Deformation rate, a Deformation rate, de 
(a) , (b) 


Fig. 2.10 (a) Shear stress, 7, and (b) apparent viscosity, 7, as a function of deformation rate for 
one-dimensional flow of various non-Newtonian fluids. 


represented for many engineering applications by the power law model, which for 
one-dimensional flow becomes 
du n 
a (=) (2.16) 


where the exponent, n, is called the flow behavior index and the coefficient, k, the con- 
sistency index. This equation reduces to Newton’s law of viscosity for n = 1 with k = w. 
To ensure that 7,, has the same sign as du/dy, Eq. 2.16 is rewritten in the form 


Ot du 
= 
dy dy 


du 
dy 


ay (2.17) 


The term 7 = k|du/dy|" ‘ is referred to as the apparent viscosity. The idea behind Eq. 
2.17 is that we end up with a viscosity 7 that is used in a formula that is the same form 
as Eq. 2.15, in which the Newtonian viscosity ju is used. The big difference is that while 
ju is constant (except for temperature effects), 7 depends on the shear rate. Most non- 
Newtonian fluids have apparent viscosities that are relatively high compared with the 
viscosity of water. 

Fluids in which the apparent viscosity decreases with increasing deformation rate 
(n <1) are called pseudoplastic (or shear thinning) fluids. Most non-Newtonian fluids 
fall into this group; examples include polymer solutions, colloidal suspensions, and 
paper pulp in water. If the apparent viscosity increases with increasing deformation rate 
(n> 1) the fluid is termed dilatant (or shear thickening). Suspensions of starch and of 
sand are examples of dilatant fluids. You can get an idea of the latter when you’re on 
the beach—if you walk slowly (and hence generate a low shear rate) on very wet sand, 
you sink into it, but if you jog on it (generating a high shear rate), it’s very firm. 

A “fluid” that behaves as a solid until a minimum yield stress, 7,, is exceeded and 
subsequently exhibits a linear relation between stress and rate of deformation is 
referred to as an ideal or Bingham plastic. The corresponding shear stress model is 


=T + u,— (2.18) 


Clay suspensions, drilling muds, and toothpaste are examples of substances exhibiting 
this behavior. 

The study of non-Newtonian fluids is further complicated by the fact that the 
apparent viscosity may be time-dependent. Thixotropic fluids show a decrease in 7 
with time under a constant applied shear stress; many paints are thixotropic. Rheo- 
pectic fluids show an increase in 7 with time. After deformation some fluids partially 
return to their original shape when the applied stress is released; such fluids are called 
viscoelastic (many biological fluids work this way). 
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Molecular Interactions at the Interface. 
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Shrinking Soap Film. 


VIDEO 


Soap Film Burst. 


VIDEO 


Wetted and Non-wetted Surfaces. 


You can tell when your car needs waxing: Water droplets tend to appear somewhat 
flattened out. After waxing, you get a nice “beading” effect. These two cases are 
shown in Fig. 2.11. We define a liquid as “wetting” a surface when the contact angle 
0< 90°. By this definition, the car’s surface was wetted before waxing, and not wetted 
after. This is an example of effects due to surface tension. Whenever a liquid is in 
contact with other liquids or gases, or in this case a gas/solid surface, an inter- 
face develops that acts like a stretched elastic membrane, creating surface tension. 
There are two features to this membrane: the contact angle, 0, and the magnitude 
of the surface tension, o (N/m or Ibf/ft). Both of these depend on the type of liquid 
and the type of solid surface (or other liquid or gas) with which it shares an interface. 
In the car-waxing example, the contact angle changed from being smaller than 90°, to 
larger than 90°, because, in effect, the waxing changed the nature of the solid surface. 
Factors that affect the contact angle include the cleanliness of the surface and the 
purity of the liquid. 

Other examples of surface tension effects arise when you are able to place a needle 
on a water surface and, similarly, when small water insects are able to walk on the 
surface of the water. 

Appendix A contains data for surface tension and contact angle for common liquids 
in the presence of air and of water. 

A force balance on a segment of interface shows that there is a pressure jump across the 
imagined elastic membrane whenever the interface is curved. For a water droplet in air, 
pressure in the water is higher than ambient; the same is true for a gas bubble in liquid. For 
a soap bubble in air, surface tension acts on both inside and outside interfaces between the 
soap film and air along the curved bubble surface. Surface tension also leads to the 
phenomena of capillary (i-e., very small wavelength) waves on a liquid surface [5], and 
capillary rise or depression, discussed below in Example 2.3. 

In engineering, probably the most important effect of surface tension is the creation of 
a curved meniscus that appears in manometers or barometers, leading to a (usually 
unwanted) capillary rise (or depression), as shown in Fig. 2.12. This rise may be pro- 
nounced if the liquid is in a small-diameter tube or narrow gap, as shown in Example 2.3. 


\ 


Water 


\ 
0< 90° droplet x 
(a) A “wetted” surface (b) A nonwetted surface 


Fig. 2.11 Surface tension effects on water droplets. 
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(a) Capillary rise (@ < 90°) (b) Capillary depression ( @ > 90°) 


Fig. 2.12 Capillary rise and capillary depression inside and 
outside a circular tube. 
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a 23 ANALYSIS OF CAPILLARY EFFECT IN A TUBE 


Create a graph showing the capillary rise or fall of a column of water or mercury, respectively, as a function of tube 
diameter D. Find the minimum diameter of each column required so that the height magnitude will be less than 1 mm. 


Given: Tube dipped in liquid as in Fig. 2.12. 
Find: A general expression for Ah as a function of D. 


Solution: 
Apply free-body diagram analysis, and sum vertical forces. 


Governing equation: 


TR =0 


Assumptions: (1) Measure to middle of meniscus 
(2) Neglect volume in meniscus region 


Summing forces in the z direction: 
SF, = onD cos6— pgA¥ = 0 (1) 


If we neglect the volume in the meniscus region: 


2 
Ava Ah 
4 
Substituting in Eq. (1) and solving for Ah gives 


40 cos 0 Ah 
pgD 
For water, ¢ = 72.8 mN/m and @ = 0°, and for mercury, 7 = 484 mN/m and 6 = 140° (Table A.4). Plotting, 


Ah = 


Capillary effect in small tubes 


Water 
--- Mercury 
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Diameter, D (mm) 


Using the above equation to compute Din for Ah = 1 mm, we find for 
mercury and water 


DMnin 


=11.2mm and Dy 


min 


= 30 mm 
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Capillary Rise. 
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Surface Tension in Fluid Mechanics. 
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Examples of Flow over a Sphere. 


Folsom [6] shows that the simple analysis of Example 2.3 overpredicts the capillary 
effect and gives reasonable results only for tube diameters less than 0.1 in. (2.54 mm). 
Over a diameter range 0.1 <_D <1.1 in., experimental data for the capillary rise with a 
water-air interface are correlated by the empirical expression Ah = 0.400/e*?””. 

Manometer and barometer readings should be made at the level of the middle of 
the meniscus. This is away from the maximum effects of surface tension and thus 
nearest to the proper liquid level. 

All surface tension data in Appendix A were measured for pure liquids in contact 
with clean vertical surfaces. Impurities in the liquid, dirt on the surface, or surface 
inclination can cause an indistinct meniscus; under such conditions it may be difficult 
to determine liquid level accurately. Liquid level is most distinct in a vertical tube. 
When inclined tubes are used to increase manometer sensitivity (see Section 3.3) it is 
important to make each reading at the same point on the meniscus and to avoid use of 
tubes inclined less than about 15° from horizontal. 

Surfactant compounds reduce surface tension significantly (more than 40% with 
little change in other properties [7]) when added to water. They have wide commercial 
application: Most detergents contain surfactants to help water penetrate and lift soil 
from surfaces. Surfactants also have major industrial applications in catalysis, aero- 
sols, and oil field recovery. 


Description and Classification of Fluid Motions 


In Chapter 1 and in this chapter, we have almost completed our brief introduction to 
some concepts and ideas that are often needed when studying fluid mechanics. Before 
beginning detailed analysis of fluid mechanics in the rest of this text, we will describe some 
interesting examples to illustrate a broad classification of fluid mechanics on the basis of 
important flow characteristics. Fluid mechanics is a huge discipline: It covers everything 
from the aerodynamics of a supersonic transport vehicle to the lubrication of human joints 
by sinovial fluid. We need to break fluid mechanics down into manageable proportions. It 
turns out that the two most difficult aspects of a fluid mechanics analysis to deal with are: 
(1) the fluid’s viscous nature and (2) its compressibility. In fact, the area of fluid mechanics 
theory that first became highly developed (about 250 years ago!) was that dealing with a 
frictionless, incompressible fluid. As we will see shortly (and in more detail later on), this 
theory, while extremely elegant, led to the famous result called d’ Alembert’s paradox: All 
bodies experience no drag as they move through such a fluid—a result not exactly con- 
sistent with any real behavior! 

Although not the only way to do so, most engineers subdivide fluid mechanics in 
terms of whether or not viscous effects and compressibility effects are present, as 
shown in Fig. 2.13. Also shown are classifications in terms of whether a flow is laminar 
or turbulent, and internal or external. We will now discuss each of these. 


Viscous and Inviscid Flows 


When you send a ball flying through the air (as in a game of baseball, soccer, or any 
number of other sports), in addition to gravity the ball experiences the aerodynamic 
drag of the air. The question arises: What is the nature of the drag force of the air on 
the ball? At first glance, we might conclude that it’s due to friction of the air as it flows 
over the ball; a little more reflection might lead to the conclusion that because air has 
such a low viscosity, friction might not contribute much to the drag, and the drag 
might be due to the pressure build-up in front of the ball as it pushes the air out of the 
way. The question arises: Can we predict ahead of time the relative importance of 
the viscous force, and force due to the pressure build-up in front of the ball? Can we 
make similar predictions for any object, for example, an automobile, a submarine, a 


2.6 Description and Classification of Fluid Motions 39 


Continuum VIDEO 


fluid mechanics 


Internal Laminar Flow in a Tube. 


Inviscid 
n=O 


Viscous 


————| 


Laminar Turbulent 


Compressible Incompressible Internal External 


Fig. 2.13 Possible classification of continuum fluid mechanics. 


red blood cell, moving through any fluid, for example, air, water, blood plasma? The 
answer (which we’ll discuss in much more detail in Chapter 7) is that we can! It turns 
out that we can estimate whether or not viscous forces, as opposed to pressure forces, 
are negligible by simply computing the Reynolds number 


Re = p— 
bb 

where p and yp are the fluid density and viscosity, respectively, and V and L are the 
typical or “characteristic” velocity and size scale of the flow (in this example the ball VIDEO 
velocity and diameter), respectively. If the Reynolds number is “large,” viscous effects 
will be negligible (but will still have important consequences, as we’ll soon see), at me Space Shuttle: An External Turbulent 
least in most of the flow; if the Reynolds number is small, viscous effects will be =". 
dominant. Finally, if the Reynolds number is neither large nor small, no general 
conclusions can be drawn. 

To illustrate this very powerful idea, consider two simple examples. First, the drag 
on your ball: Suppose you kick a soccer ball (diameter = 8.75 in.) so it moves at 
60 mph. The Reynolds number (using air properties from Table A.10) for this case is 
about 400,000—by any measure a large number; hence the drag on the soccer ball 
is almost entirely due to the pressure build-up in front of it. For our second example, 
consider a dust particle (modeled as a sphere of diameter 1 mm) falling under gravity 
at a terminal velocity of 1 cm/s: In this case Re ~ 0.7—a quite small number; hence the 
drag is mostly due to the friction of the air. Of course, in both of these examples, if we 
wish to determine the drag force, we would have to do substantially more analysis. 

These examples illustrate an important point: A flow is considered to be friction 
dominated (or not) based not just on the fluid’s viscosity, but on the complete flow ey CLASSIC VIDEO 
system. In these examples, the airflow was low friction for the soccer ball, but was high = 
friction for the dust particle. Fundamentals—Boundary Layers. 

Let’s return for a moment to the idealized notion of frictionless flow, called 
inviscid flow. This is the branch shown on the left in Fig. 2.13. This branch encom- 
passes most aerodynamics, and among other things explains, for example, why sub- 
and supersonic aircraft have differing shapes, how a wing generates lift, and so forth. 

If this theory is applied to the ball flying through the air (a flow that is also incom- 
pressible), it predicts streamlines (in coordinates attached to the sphere) as shown in 
Fig. 2.14a. 
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Fig. 2.14 Qualitative picture of incompressible flow over a sphere. 


The streamlines are symmetric front-to-back. Because the mass flow between any 
two streamlines is constant, wherever streamlines open up, the velocity must decrease, 
and vice versa. Hence we can see that the velocity in the vicinity of points A and C 
must be relatively low; at point B it will be high. In fact, the air comes to rest at points 
A and C: They are stagnation points. It turns out that (as we’ll learn in Chapter 6) the 
pressure in this flow is high wherever the velocity is low, and vice versa. Hence, points A 
and C have relatively large (and equal) pressures; point B will be a point of low pressure. 
In fact, the pressure distribution on the sphere is symmetric front-to-back, and there is 
no net drag force due to pressure. Because we’re assuming inviscid flow, there can be 
no drag due to friction either. Hence we have d’Alembert’s paradox of 1752: The ball 
experiences no drag! 

This is obviously unrealistic. On the other hand, everything seems logically con- 
sistent: We established that Re for the sphere was very large (400,000), indicating 
friction is negligible. We then used inviscid flow theory to obtain our no-drag result. 
How can we reconcile this theory with reality? It took about 150 years after the 
paradox first appeared for the answer, obtained by Prandtl in 1904: The no-slip con- 
dition (Section 1.2) requires that the velocity everywhere on the surface of the sphere 
be zero (in sphere coordinates), but inviscid theory states that it’s high at point B. 
Prandtl suggested that even though friction is negligible in general for high- 
Reynolds number flows, there will always be a thin boundary layer, in which friction is 
significant and across the width of which the velocity increases rapidly from zero (at the 
surface) to the value inviscid flow theory predicts (on the outer edge of the boundary 
layer). This is shown in Fig. 2.14b from point A to point B, and in more detail in Fig. 
215. 

This boundary layer immediately allows us to reconcile theory and experiment: 
Once we have friction in a boundary layer we will have drag. However, this boundary 
layer has another important consequence: It often leads to bodies having a wake, as 
shown in Fig. 2.145 from point D onwards. Point D is a separation point, where fluid 
particles are pushed off the object and cause a wake to develop. Consider once again 
the original inviscid flow (Fig. 2.14a): As a particle moves along the surface from point 
B to C, it moves from low to high pressure. This adverse pressure gradient (a pressure 
change opposing fluid motion) causes the particles to slow down as they move along 
the rear of the sphere. If we now add to this the fact that the particles are moving in a 
boundary layer with friction that also slows down the fluid, the particles will even- 
tually be brought to rest and then pushed off the sphere by the following particles, 
forming the wake. This is generally very bad news: It turns out that the wake will 
always be relatively low pressure, but the front of the sphere will still have relatively 
high pressure. Hence, the sphere will now have a quite large pressure drag (or form 
drag—so called because it’s due to the shape of the object). 

This description reconciles the inviscid flow no-drag result with the experimental 
result of significant drag on a sphere. It’s interesting to note that although the 
boundary layer is necessary to explain the drag on the sphere, the drag is actually due 
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Boundary layer 


mostly to the asymmetric pressure distribution created by the boundary layer 
separation—drag directly due to friction is still negligible! 

We can also now begin to see how streamlining of a body works. The drag force in 
most aerodynamics is due to the low-pressure wake: If we can reduce or eliminate the 
wake, drag will be greatly reduced. If we consider once again why the separation 
occurred, we recall two features: Boundary layer friction slowed down the particles, 
but so did the adverse pressure gradient. The pressure increased very rapidly across 
the back half of the sphere in Fig. 2.14a because the streamlines opened up so rapidly. 
If we make the sphere teardrop shaped, as in Fig. 2.16, the streamlines open up 
gradually, and hence the pressure will increase slowly, to such an extent that fluid 
particles are not forced to separate from the object until they almost reach the end of VIDEO 
the object, as shown. The wake is much smaller (and it turns out the pressure will not 
be as low as before), leading to much less pressure drag. The only negative aspect Of — streamtined Flow over an Airfoil. 
this streamlining is that the total surface area on which friction occurs is larger, so drag 
due to friction will increase a little. 

We should point out that none of this discussion applies to the example of a falling 
dust particle: This low-Reynolds number flow was viscous throughout—there is no 
inviscid region. 

Finally, this discussion illustrates the very significant difference between inviscid 
flow (4 = 0) and flows in which viscosity is negligible but not zero (u — 0). 


separation 


Fig. 2.46 Flow over a 
streamlined object. 


Laminar and Turbulent Flows 
VIDEO 

If you turn on a faucet (that doesn’t have an aerator or other attachment) at a very 

low flow rate the water will flow out very smoothly—almost “glass-like.” If youincrease Streamlines around a Car. 
the flow rate, the water will exit in a churned-up, chaotic manner. These are examples of 
how a viscous flow can be laminar or turbulent, respectively. A /aminar flow is one in 
which the fluid particles move in smooth layers, or laminas; a turbulent flow is one 
in which the fluid particles rapidly mix as they move along due to random three- 
dimensional velocity fluctuations. Typical examples of pathlines of each of these are 
illustrated in Fig. 2.17, which shows a one-dimensional flow. In most fluid mechanics 
problems—for example, flow of water in a pipe—turbulence is an unwanted but 
often unavoidable phenomenon, because it generates more resistance to flow; in other 
problems—for example, the flow of blood through blood vessels—it is desirable because 
the random mixing allows all of the blood cells to contact the walls of the blood vessels to 
exchange oxygen and other nutrients. CLASSIC VIDEO 

The velocity of the laminar flow is simply uw; the velocity of the turbulent flow is ey 
given by the mean velocity w plus the three components of randomly fluctuating Aid Dynamics of Drag, I-IV. 
velocity u’, v’, and w’. 

Although many turbulent flows of interest are steady in the mean (i is not a 
function of time), the presence of the random, high-frequency velocity fluctuations 
makes the analysis of turbulent flows extremely difficult. In a one-dimensional laminar 
flow, the shear stress is related to the velocity gradient by the simple relation 
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Tyx = pL dy (2.15) Laminar and Turbulent Flow. 
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Fig. 2.17 Particle pathlines in one-dimensional laminar and turbulent flows. 
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For a turbulent flow in which the mean velocity field is one-dimensional, no such 
simple relation is valid. Random, three-dimensional velocity fluctuations (w’, v’, and 
w’) transport momentum across the mean flow streamlines, increasing the effective 
shear stress. (This apparent stress is discussed in more detail in Chapter 8.) Conse- 
quently, in turbulent flow there is no universal relationship between the stress field 
and the mean-velocity field. Thus in turbulent flows we must rely heavily on semi- 
empirical theories and on experimental data. 


Compressible and Incompressible Flows 


Flows in which variations in density are negligible are termed incompressible; when 
density variations within a flow are not negligible, the flow is called compressible. The 
most common example of compressible flow concerns the flow of gases, while the flow 
of liquids may frequently be treated as incompressible. 

For many liquids, density is only a weak function of temperature. At modest 
pressures, liquids may be considered incompressible. However, at high pressures, 
compressibility effects in liquids can be important. Pressure and density changes in 
liquids are related by the bulk compressibility modulus, or modulus of elasticity, 


= (2.19) 


If the bulk modulus is independent of temperature, then density is only a function of 
pressure (the fluid is barotropic). Bulk modulus data for some common liquids are 
given in Appendix A. 

Water hammer and cavitation are examples of the importance of compressibility 
effects in liquid flows. Water hammer is caused by acoustic waves propagating and 
reflecting in a confined liquid, for example, when a valve is closed abruptly. The 
resulting noise can be similar to “hammering” on the pipes, hence the term. 

Cavitation occurs when vapor pockets form in a liquid flow because of local 
reductions in pressure (for example at the tip of a boat’s propeller blades). Depending 
on the number and distribution of particles in the liquid to which very small pockets of 
undissolved gas or air may attach, the local pressure at the onset of cavitation may be 
at or below the vapor pressure of the liquid. These particles act as nucleation sites to 
initiate vaporization. 

Vapor pressure of a liquid is the partial pressure of the vapor in contact with the 
saturated liquid at a given temperature. When pressure in a liquid is reduced to less 
than the vapor pressure, the liquid may change phase suddenly and “flash” to vapor. 

The vapor pockets in a liquid flow may alter the geometry of the flow field sub- 
stantially. When adjacent to a surface, the growth and collapse of vapor bubbles can 
cause serious damage by eroding the surface material. 

Very pure liquids can sustain large negative pressures—as much as —60 atmo- 
spheres for distilled water—before the liquid “ruptures” and vaporization occurs. 
Undissolved air is invariably present near the free surface of water or seawater, so 
cavitation occurs where the local total pressure is quite close to the vapor pressure. 

It turns out that gas flows with negligible heat transfer also may be considered 
incompressible provided that the flow speeds are small relative to the speed of sound; 
the ratio of the flow speed, V, to the local speed of sound, c, in the gas is defined as the 
Mach number, 


V 


GC 


For M <0.3, the maximum density variation is less than 5 percent. Thus gas flows with 
M <0.3 can be treated as incompressible; a value of M = 0.3 in air at standard condi- 
tions corresponds to a speed of approximately 100 m/s. For example, although it might 
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be a little counterintuitive, when you drive your car at 65 mph the air flowing around 
it has negligible change in density. As we shall see in Chapter 12, the speed of sound in an 
ideal gas is given byc = VKRT, where kis the ratio of specific heats, R is the gas constant, 
and T is the absolute temperature. For air at STP, k=1.40 and R= 286.9 J/kg-K 
(53.33 ft-lbf/lbm -°R). Values of k and R are supplied in Appendix A for several 
selected common gases at STP. In addition, Appendix A contains some useful data on 
atmospheric properties, such as temperature, at various elevations. 

Compressible flows occur frequently in engineering applications. Common examples VIDEO 

include compressed air systems used to power shop tools and dental drills, trans- 

mission of gases in pipelines at high pressure, and pneumatic or fluidic control and — Compressible Flow: Shock Waves. 
sensing systems. Compressibility effects are very important in the design of modern 

high-speed aircraft and missiles, power plants, fans, and compressors. 


Internal and External Flows 


Flows completely bounded by solid surfaces are called internal or duct flows. Flows 
over bodies immersed in an unbounded fluid are termed external flows. Both internal 
and external flows may be laminar or turbulent, compressible or incompressible. 

We mentioned an example of internal flow when we discussed the flow out of a 
faucet—the flow in the pipe leading to the faucet is an internal flow. It turns out that 
we have a Reynolds number for pipe flows defined as Re = pVD/, where V is the 
average flow velocity and D is the pipe diameter (note that we do not use the pipe 
length!). This Reynolds number indicates whether a pipe flow will be laminar or 
turbulent. Flow will generally be laminar for Re =< 2300 and turbulent for larger 
values: Flow in a pipe of constant diameter will be entirely laminar or entirely tur- 
bulent, depending on the value of the velocity V. We will explore internal flows in 
detail in Chapter 8. 

We already saw some examples of external flows when we discussed the flow over a 
sphere (Fig. 2.14b) and a streamlined object (Fig. 2.16). What we didn’t mention was 
that these flows could be laminar or turbulent. In addition, we mentioned boundary 
layers (Fig. 2.15): It turns out these also can be laminar or turbulent. When we discuss 
these in detail (Chapter 9), we’ll start with the simplest kind of boundary layer—that 
over a flat plate—and learn that just as we have a Reynolds number for the overall 
external flow that indicates the relative significance of viscous forces, there will also be 
a boundary-layer Reynolds number Re, = pU..x/j1 where in this case the char- 
acteristic velocity U,, is the velocity immediately outside the boundary layer and the 
characteristic length x is the distance along the plate. Hence, at the leading edge of 
the plate Re, = 0, and at the end of a plate of length L, it will be Re, = pU,,L/p. The 
significance of this Reynolds number is that (as we’ll learn) the boundary layer will be 
laminar for Re, = 5 X 10° and turbulent for larger values: A boundary layer will start 
out laminar, and if the plate is long enough the boundary layer will transition to 
become turbulent. 

It is clear by now that computing a Reynolds number is often very informative for 
both internal and external flows. We will discuss this and other important dimen- 
sionless groups (such as the Mach number) in Chapter 7. 

The internal flow through fluid machines is considered in Chapter 10. The principle 
of angular momentum is applied to develop fundamental equations for fluid machines. 
Pumps, fans, blowers, compressors, and propellers that add energy to fluid streams are 
considered, as are turbines and windmills that extract energy. The chapter features 
detailed discussion of operation of fluid systems. 

The internal flow of liquids in which the duct does not flow full—where there is a 
free surface subject to a constant pressure—is termed open-channel flow. Common 
examples of open-channel flow include flow in rivers, irrigation ditches, and aque- 
ducts. Open-channel flow will be treated in Chapter 11. 


44 — Chapter 2 Fundamental Concepts 


Both internal and external flows can be compressible or incompressible. Com- 
pressible flows can be divided into subsonic and supersonic regimes. We will study 
compressible flows in Chapters 12 and 13 and see among other things that supersonic 
flows (M > 1) will behave very differently than subsonic flows (M <1). For example, 
supersonic flows can experience oblique and normal shocks, and can also behave in a 
counterintuitive way—e.g., a supersonic nozzle (a device to accelerate a flow) must 
be divergent (i.e., it has increasing cross-sectional area) in the direction of flow! We 
note here also that in a subsonic nozzle (which has a convergent cross-sectional 
area), the pressure of the flow at the exit plane will always be the ambient pressure; 
for a sonic flow, the exit pressure can be higher than ambient; and for a supersonic 
flow the exit pressure can be greater than, equal to, or less than the ambient 
pressure! 


2.7 Summary and Useful Equations 


In this chapter we have completed our review of some of the fundamental concepts we will utilize in our study of fluid mechanics. 
Some of these are: 


¥ How to describe flows (timelines, pathlines, streamlines, streaklines). 

v Forces (surface, body) and stresses (shear, normal). 

v Types of fluids (Newtonian, non-Newtonian—dilatant, pseudoplastic, thixotropic, rheopectic, Bingham plastic) and viscosity 
(kinematic, dynamic, apparent). 

v Types of flow (viscous/inviscid, laminar/turbulent, compressible/incompressible, internal/external). 


We also briefly discussed some interesting phenomena, such as surface tension, boundary layers, wakes, and streamlining. Finally, 
we introduced two very useful dimensionless groups—the Reynolds number and the Mach number. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Definition of specific gravity: sG= (2.3) Page 23 
PHO 
Definition of specific weight: y= ms > = pg (2.4) | Page 23 
¥ 
Definition of streamlines (2D): dy ) u(x, y) (2.8) | Page 27 
dx /streamline u (x, y) 
Definition of pathlines (2D): dx dy (2.9) | Page 27 


dt ) art u(x, y, ) dt i v(x, y, ) 


Xstreakiine (to) -_ X(t, Xo, Yo, to) Ystreakline (Lo) = y(t, Xo, Yo, to) 


Definition of streaklines (2D): (2.10) | Page 27 


Newton’s law of viscosity (1D _ du (2.15) | Page 33 
flow): Tyx = May 
Shear stress for a non-Newtonian du ir du du (2.17) | Page 35 


fluid (1D flow): Tyx = dy 
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Some people have the impression that fluid mechanics 
is old- or low-tech: water flow in a household pipe, the 
fluid forces acting on a dam, and so on. While it’s true 
that many concepts in fluid mechanics are hundreds of 
years old, there are still lots of exciting new areas of 
research and development. Everyone has heard of the 
relatively high-tech area of fluid mechanics called 
streamlining (of cars, aircraft, racing bikes, and racing 
swimsuits, to mention a few), but there are many 
others. 

If you’re a typical engineering student, there’s a 
decent chance that while reading this chapter you’re 
listening to music on your MP3 player; you can thank 
fluid mechanics for your ability to do this! The tiny 
hard disk drive (HDD) in many of these devices typi- 
cally holds about 250 gigabytes (GB) of data, so the 
disk platter must have a huge density (greater than 
100,000 tracks per inch); in addition, the read/write 


head must get very close to the platter as it transfers 
data (typically the head is about 0.05 sm above 
the platter surface—a human hair is about 100 jm). 
The platter also spins at something greater than 500 
revolutions per second! Hence the bearings in which 
the spindle of the platter spins must have very low 
friction but also have virtually no play or looseness— 
otherwise, at worst, the head will crash into the 
platter or, at best, you won’t be able to read the data 
(it will be too closely packed). Designing such a 
bearing presents quite a challenge. Until a few years 
ago, most hard drives used ball bearings (BBs), which 
are essentially just like those in the wheel of a 
bicycle; they work on the principle that a spindle can 
rotate if it is held by a ring of small spheres that are 
supported in a cage. The problems with BBs are that 
they have a lot of components; they are very difficult 
to build to the precision needed for the HDD; they are 
vulnerable to shock (if you drop an HDD with such a 
drive, you’re likely to dent one of the spheres as it 
hits the spindle, destroying the bearing); and they are 
relatively noisy. 

Hard-drive makers are increasingly moving to fluid 
dynamic bearings (FDBs). These are mechanically 
much simpler than BBs; they consist basically of the 
spindle directly mounted in the bearing opening, with 
only a specially formulated viscous lubricant (such as 
ester oil) in the gap of only a few microns. The spindle 
and/or bearing surfaces have a herringbone pattern of 
grooves to maintain the oil in place. These bearings are 
extremely durable (they can often survive a shock of 
500g!) and low noise; they will also allow rotation 
speeds in excess of 15,000 rpm in the future, making 
data access even faster than with current devices. FDBs 
have been used before, in devices such as gyroscopes, 
but making them at such a small scale is new. Some 
FDBs even use pressurized air as the lubrication fluid, 
but one of the problems with these is that they 
sometimes stop working when you take them on an 
airplane flight—the cabin pressure is insufficient to 
maintain the pressure the bearing needs! 

In recent times the price and capacity of flash 
memory have improved so much that many MP3 
players are switching to this technology from HDDs. 
Eventually, notebook and desktop PCs will also switch 
to flash memory, but at least for the next few years 
HDDs will be the primary storage medium. Your PC will 
still have vital fluid-mechanical components! 
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Problems 


Velocity Field 


2.1 For the velocity fields given below, determine: 
a. whether the flow field is one-, two-, or three-dimensional, 
and why. 
b. whether the flow is steady or unsteady, and why. 
(The quantities a and b are constants.) 
(1) V=[(ax+ne%]i (2) V = (ax—by)i 


(3) V =axi+ [ej (4) V= axi bx? axk 
(S) V =axi+ [ej _ (6) V =axi bx’ j- ayk 
(7) V =axi-+ [e"|j+ayk (8) V =axi+ le |j+azk 


2.2 For the velocity fields given below, determine: 
a. whether the flow field is one-, two-, or three-dimensional, 
and why. 
b. whether the flow is steady or unsteady, and why. 
(The quantities a and b are constants.) 
(1) V= layre Ye (2) V = ax*i+ bxj + ck 


(3) V axyi — byt; (4) V = axi—byj+ctk 
(5) V 


[ac Yi+b27 (6) V = alx? +y’)'7(1/23)k 
(7) V= (ax + t)i— by?j (8) V = ax°it bxzj+ cyk 
2.3 A viscous liquid is sheared between two parallel disks; the 
upper disk rotates and the lower one is fixed. The velocity 
field between the disks is given by V = érwz/h. (The origin 
of coordinates is located at the center of the lower disk; the 
upper disk is located at z =h.) What are the dimensions of 


this velocity field? Does this velocity field satisfy appropriate 
physical boundary conditions? What are they? 


a 2.4 For the velocity field V = Ax*yi+ Bxyj, where 


A=2 ms! and B=1 m ’s_|, and the coordinates are 
measured in meters, obtain an equation for the flow 
streamlines. Plot several streamlines in the first quadrant. 


a 2.5 The velocity field V = Axi— Ayj, where A =2!, can be 


interpreted to represent flow in a corner. Find an equation 
for the flow streamlines. Explain the relevance of A. Plot 
several streamlines in the first quadrant, including the one 
that passes through the point (x, y) = (0, 0). 


| 2.6 A velocity field is specified as V = axyi + by?j, where 


a=2m's !,b=-—6m 's!, and the coordinates are mea- 
sured in meters. Is the flow field one-, two-, or three- 
dimensional? Why? Calculate the velocity components at the 
point (2, 4). Develop an equation for the streamline passing 
through this point. Plot several streamlines in the first quad- 
rant including the one that passes through the point (2, 4). 


5. Loh, W. H. T., “Theory of the Hydraulic Analogy for 
Steady and Unsteady Gas Dynamics,” in Modern Develop- 
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Instruments, 9, 1, 1937, pp. 36—37. 

7. Waugh, J. G., and G. W. Stubstad, Hydroballistics Model- 
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2.7 A velocity field is given by V = axi—btyj,wherea=1s ! 


and b=1s ’. Find the equation of the streamlines at any 
time ft. Plot several streamlines in the first quadrant at t= 0s, 
t=1s,andt=20s. 

2.8 A velocity field is given by V = ax2/+ bxy3j, where 
a=1 ms! and b=1 m-°s_1. Find the equation of the 
streamlines. Plot several streamlines in the first quadrant. 

2.9 A flow is described by the velocity field V = (Ax + B)i+ 
(—Ay)j, where A =10 ft/s/ft and B=20 ft/s. Plot a few 
streamlines in the xy plane, including the one that passes 
through the point (x, y) = (1, 2). 

2.10 The velocity for a steady, incompressible flow in the xy 
plane is given by V = 1A/x + jAy/x, where A =2 m’/s, and 
the coordinates are measured in meters. Obtain an equation 
for the streamline that passes through the point (x, y)= 
(1, 3). Calculate the time required for a fluid particle to move 
from x = 1 m to x =2 m in this flow field. 


2.11 The flow field for an atmospheric flow is given by 
4 My; 


where M = 1s |, and the x and y coordinates are the parallel 
to the local latitude and longitude. Plot the velocity 
magnitude along the x axis, along the y axis, and along the 
line y = x, and discuss the velocity direction with respect to 
these three axes. For each plot use a range x or y = 0 km 
to 1 km. Find the equation for the streamlines and sketch 
several of them. What does this flow field model? 


2.12 The flow field for an atmospheric flow is given by 


V Ky 2 Kx 2 


Ina + y2)\ | In? + y2)/ 


where K = 10° m*/s, and the x and y coordinates are parallel to 
the local latitude and longitude. Plot the velocity magnitude 
along the x axis, along the y axis, and along the line y = x, and 
discuss the velocity direction with respect to these three axes. 
For each plot use a range x or y = — 1 kmto1 km, excluding Ix! 
or lyi<100 m. Find the equation for the streamlines and 
sketch several of them. What does this flow field model? 


2.13 A flow field is given by 


5 qx: qv 
V 
met yy nae +y2y! 


| 2.16 A velocity field is given by V = ayti— bxj,wherea=1s 7 


where ¢=5 X 10* m*/s. Plot the velocity magnitude along 
the x axis, along the y axis, and along the line y=.x, and 
discuss the velocity direction with respect to these three axes. 
For each plot use a range x or y = — | km to 1 km, excluding 
|x| or |y|<100 m. Find the equation for the streamlines and 
sketch several of them. What does this flow field model? 


-14 Beginning with the velocity field of Problem 2.5, show 
that the parametric equations for particle motion are given 
by x, = ce“ and y, = c)e~ 4’. Obtain the equation for the 
pathline of the particle located at the point (x, y) = (2, 2) at 
the instant t= 0. Compare this pathline with the streamline 
through the same point. 

2.15 A flow field is given by V = Axi + 2Ayj, where A =2s 1. 
Verify that the parametric equations for particle motion are 
given by x, = cye“‘ and y, = cye*". Obtain the equation for the 
pathline of the particle located at the point (x, y) = (2,2) at the 
instant t=0. Compare this pathline with the streamline 
through the same point. 


N 


5 


and b = 4s |. Find the equation of the streamlines at any time ¢. 
Plot several streamlines att =0s,t=1s, andt=20s. 


ee: 2.17 Verify that x, = —asin(wt), y, = acos(wt) is the equation 


for the pathlines of particles for the flow field of Problem 
2.12. Find the frequency of motion w as a function of the 
amplitude of motion, a, and K. Verify that x, = —asin(wt), 
Yp = acos(wt) is also the equation for the pathlines of parti- 
cles for the flow field of Problem 2.11, except that w is now a 
function of M. Plot typical pathlines for both flow fields and 
discuss the difference. 


es 2.18 Air flows downward toward an infinitely wide horizontal 


flat plate. The velocity field is given by V = (axi—ayj)(2+ 
cos wt), where a=5 s |, w=2n s', x and y (measured in 
meters) are horizontal and vertically upward, respectively, and t 
is in s. Obtain an algebraic equation for a streamline at t= 0. 
Plot the streamline that passes through point (x, y) = (3, 3) at 
this instant. Will the streamline change with time? Explain 
briefly. Show the velocity vector on your plot at the same point 
and time. Is the velocity vector tangent to the streamline? 
Explain. 


-:| 2.19 Consider the flow described by the velocity field 


V = A(1+ Bhi+ Ctyj, with A=1 m/s, B=1s 1, and C=1 
s *. Coordinates are measured in meters. Plot the pathline 
traced out by the particle that passes through the point (1, 1) at 
time t = 0. Compare with the streamlines plotted through the 
same point at the instants t= 0, 1, and 2s. 


ee 2.20 Consider the flow described by the velocity field 


V = Bx(1+ Atji+ Cyj, with A=0.5s°' and B=C=1s 1. 
Coordinates are measured in meters. Plot the pathline traced 
out by the particle that passes through the point (1, 1) at time 
t=0. Compare with the streamlines plotted through the 
same point at the instants t=0, 1, and 2 s. 


a 2.21 Consider the flow field given in Eulerian description by 


the expression V = Ai- Bu, where A =2 m/s, B=2 m/s’, 
and the coordinates are measured in meters. Derive the 
Lagrangian position functions for the fluid particle that was 
located at the point (x, y) = (1, 1) at the instant t= 0. Obtain 
an algebraic expression for the pathline followed by this 
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particle. Plot the pathline and compare with the stream- 
lines plotted through the same point at the instants t= 0, 1, 
and 2 s. 


2.22 Consider the velocity field V = axi + by(1 + ct)j, where 
a=b=2s ' andc=04s |. Coordinates are measured in 
meters. For the particle that passes through the point 
(x, y) = (1, 1) at the instant t = 0, plot the pathline during the 
interval from t=O to 1.5 s. Compare this pathline with 
the streamlines plotted through the same point at the 
instants f=0, 1, and 1.5 s. 


2.23 Consider the flow field given in Eulerian des- 
criptionby the expression V =axi + byt}, where a=0.2 s |, 
b =0.04 s-?, and the coordinates are measured in meters. 
Derive the Lagrangian position functions for the fluid par- 
ticle that was located at the point (x, y)=(1, 1) at 
the instant r=0. Obtain an algebraic expression for the 
pathline followed by this particle. Plot the pathline and 
compare with the streamlines plotted through the same 
point at the instants t= 0, 10, and 20 s. 

2.24 A velocity field is given by V = axti—byj, where 
a=0.1s *and b=1s"'. For the particle that passes through 
the point (x, y)=(1, 1) at instant t=0 s, plot the pathline 
during the interval from t=0 to t=3 s. Compare with the 
streamlines plotted through the same point at the instants 
t=0,1, and 2s. 


2.25 Consider the flow field V = axtit+ bj, where a=0.1s 7 
and b =4 m/s. Coordinates are measured in meters. For the 
particle that passes through the point (x, y) = (3, 1) at the 
instant t=0, plot the pathline during the interval from t= 0 
to 3 s. Compare this pathline with the streamlines plotted 
through the same point at the instants t= 1, 2, and 3 s. 


2.26 Consider the garden hose of Fig. 2.5. Suppose the 
velocity field is given by V = upi + vosin[w(t — x/up)]/, where 
the x direction is horizontal and the origin is at the mean 
position of the hose, uo = 10 m/s, vo = 2 m/s, and w = 5 cycle/s. 
Find and plot on one graph the instantaneous streamlines 
that pass through the origin at t= 0s, 0.05 s, 0.1 s, and 0.15 s. 
Also find and plot on one graph the pathlines of particles that 
left the origin at the same four times. 


2.27 Using the data of Problem 2.26, find and plot the 
streakline shape produced after the first second of flow. 


2.28 Consider the velocity field of Problem 2.20. Plot the 
streakline formed by particles that passed through the point 
(1, 1) during the interval from t= 0 to f=3 s. Compare with 
the streamlines plotted through the same point at the 
instants f=0, 1, and 2 s. 


2.29 Streaklines are traced out by neutrally buoyant marker 
fluid injected into a flow field from a fixed point in space. A 
particle of the marker fluid that is at point (x, y) at time ¢ 
must have passed through the injection point (xo, yo) at some 
earlier instant ¢=7. The time history of a marker particle 
may be found by solving the pathline equations for the initial 
conditions that x = x9, y= yo when t=7T. The present loca- 
tions of particles on the streakline are obtained by setting 7 
equal to values in the range 0 = 7 = f. Consider the flow field 
V = ax(1+bt)i+cyj, where a=c=1s ! and b=0.2 81. 
Coordinates are measured in meters. Plot the streakline that 


] 


ee: 


48 Chapter 2 Fundamental Concepts 


passes through the initial point (xo, yo) = (1, 1), during the 
interval from f=0 to t=3 s. Compare with the streamline 
plotted through the same point at the instants t=0, 1, and 
2s. 


2.30 Consider the flow field V = axti + bj, where a = 1/4 s? 
and b = 1/3 m/s. Coordinates are measured in meters. For the 
particle that passes through the point (x, y)=(1, 2) at 
the instant t=0, plot the pathline during the time interval 
from t=0 to 3 s. Compare this pathline with the streakline 
through the same point at the instant ¢=3 s. 

2.31 A flow is described by velocity field V =ayit bj, 
where a=1 m 's ' and b=2 m/s. Coordinates are mea- 
sured in meters. Obtain the equation for the streamline 
passing through point (6, 6). At t=1 s, what are the coor- 
dinates of the particle that passed through point (1, 4) at 
t=0? At t=3s, what are the coordinates of the particle that 
passed through point (—3, 0) 2s earlier? Show that pathlines, 
streamlines, and streaklines for this flow coincide. 


2.32 Tiny hydrogen bubbles are being used as tracers to 
visualize a flow. All the bubbles are generated at the origin 
(x =0, y=0). The velocity field is unsteady and obeys the 
equations: 


Ost<2s 
Osrts4s 


u=1m/s 
u=0 


v = 2m/s 
v =—1m/s 


Plot the pathlines of bubbles that leave the origin at t= 0, 1, 
2, 3, and 4 s. Mark the locations of these five bubbles at t = 4 
s. Use a dashed line to indicate the position of a streakline at 
t=4s. 

2.33 A flow is described by velocity field V = axi + bj, where 
a=1/5 s_' and b=1 m/s. Coordinates are measured in 
meters. Obtain the equation for the streamline passing 
through point (1, 1). At t=5 s, what are the coordinates of 
the particle that initially (at t=0) passed through point 
(1, 1)? What are its coordinates at t=10 s? Plot the 
streamline and the initial, 5 s, and 10 s positions of the par- 
ticle. What conclusions can you draw about the pathline, 
streamline, and streakline for this flow? 


2.34 A flow is described by velocity field V = ait bxj, where 
a=2m/sandb=1s |. Coordinates are measured in meters. 
Obtain the equation for the streamline passing through point 
(2, 5). At t=2s, what are the coordinates of the particle that 
passed through point (0, 4) at t=0? At t=3 s, what are the 
coordinates of the particle that passed through point (1, 4.25) 
2 s earlier? What conclusions can you draw about the path- 
line, streamline, and streakline for this flow? 


2.35 A flow is described by velocity field V = ayi+ by, 
where a=0.2 s-' and b=0.4 m/s”. At t=2 s, what are the 
coordinates of the particle that passed through point (1, 2) at 
t=0? At t=3s, what are the coordinates of the particle that 
passed through point (1, 2) at t=2 s? Plot the pathline and 
streakline through point (1, 2), and plot the streamlines 
through the same point at the instants t=0, 1, 2, and3 s. 


2.36 A flow is described by velocity field V = ati + bj, 
where a=0.4 m/s* and b=2 m/s. At t=2 s, what are the 
coordinates of the particle that passed through point (2, 1) 
at t=0? At t=3 s, what are the coordinates of the particle 
that passed through point (2, 1) at +=2 s? Plot the pathline 


and streakline through point (2, 1) and compare with the 
streamlines through the same point at the instants t= 0, 1, 
and 2s. 


Viscosity 


2.37 The variation with temperature of the viscosity of air is 
represented well by the empirical Sutherland correlation 


bT!/2 
Leer 


Best-fit values of b and S are given in Appendix A. Develop 
an equation in SI units for kinematic viscosity versus tem- 
perature for air at atmospheric pressure. Assume ideal gas 
behavior. Check by using the equation to compute the 
kinematic viscosity of air at 0°C and at 100°C and comparing 
to the data in Appendix 10 (Table A.10); plot the kinematic 
viscosity for a temperature range of 0°C to 100°C, using the 
equation and the data in Table A.10. 


2.38 The variation with temperature of the viscosity of air is 
correlated well by the empirical Sutherland equation 


bT'/2 
TEs 
Best-fit values of b and S are given in Appendix A for use 
with SI units. Use these values to develop an equation for 
calculating air viscosity in British Gravitational units as a 


function of absolute temperature in degrees Rankine. Check 
your result using data from Appendix A. 


2.39 Some experimental data for the viscosity of helium at 
1 atm are 


7 XC 0 
pt, N-s/m?(X 10°) 1.86 


100 
2.31 


200 
Pee 


300 
Split 


400 
3.46 


Using the approach described in Appendix A.3, correlate 
these data to the empirical Sutherland equation 


bT'/2 
~ 1+8/T 


(where T is in kelvin) and obtain values for constants b and S. 


Le 


2.40 The velocity distribution for laminar flow between 
parallel plates is given by 


2 
L- 
Uniay h 


where h is the distance separating the plates and the origin is 
placed midway between the plates. Consider a flow of water 
at 15°C, with uwpax = 0.10 m/s and h = 0.1 mm. Calculate the 
shear stress on the upper plate and give its direction. Sketch 
the variation of shear stress across the channel. 


2.41 The velocity distribution for laminar flow between 
parallel plates is given by 


2 
=-@ 

Umax h 

where h is the distance separating the plates and the origin is 


placed midway between the plates. Consider a flow of water 
at 15°C with maximum speed of 0.05 m/s and h=0.1 mm. 


Calculate the force on a 1 m? section of the lower plate and 
give its direction. 
2.42 Explain how an ice skate interacts with the ice surface. 


What mechanism acts to reduce sliding friction between 
skate and ice? 


ee: 2.43 Crude oil, with specific gravity SG = 0.85 and viscosity 


=2.15 X 10% Ibf-s/ft?, flows steadily down a surface 
inclined 6=45 degrees below the horizontal in a film of 
thickness h = 0.1 in. The velocity profile is given by 


2 
u = £8 (ny sin 
bb 2 
(Coordinate x is along the surface and y is normal to the 
surface.) Plot the velocity profile. Determine the magnitude 
and direction of the shear stress that acts on the surface. 


2.44 A female freestyle ice skater, weighing 100 lbf, glides on 
one skate at speed V = 20 ft/s. Her weight is supported by a 
thin film of liquid water melted from the ice by the pressure 
of the skate blade. Assume the blade is L = 11.5 in. long and 
w = 0.125 in. wide, and that the water film is 4 = 0.0000575 in. 
thick. Estimate the deceleration of the skater that results 
from viscous shear in the water film, if end effects are 
neglected. 


2.45 A block weighing 10 lbf and having dimensions 10 in. on 
each edge is pulled up an inclined surface on which there is a 
film of SAE 10W oil at 100°F. If the speed of the block is 2 ft/s 
and the oil film is 0.001 in. thick, find the force required to pull 
the block. Assume the velocity distribution in the oil film is 
linear. The surface is inclined at an angle of 25° from the 
horizontal. 


2.46 A block of mass 10 kg and measuring 250 mm on each 
edge is pulled up an inclined surface on which there is a film 
of SAE 10W-30 oil at 30°F (the oil film is 0.025 mm thick). 
Find the steady speed of the block if it is released. If a force 
of 75 N is applied to pull the block up the incline, find the 
steady speed of the block. If the force is now applied to push 
the block down the incline, find the steady speed of the 
block. Assume the velocity distribution in the oil film is 
linear. The surface is inclined at an angle of 30° from the 
horizontal. 


2.47 Tape is to be coated on both sides with glue by drawing 
it through a narrow gap. The tape is 0.015 in. thick and 1.00 
in. wide. It is centered in the gap with a clearance of 0.012 in. 
on each side. The glue, of viscosity ;=0.02 slug/(ft-s), 
completely fills the space between the tape and gap. If the 
tape can withstand a maximum tensile force of 25 Ibf, 
determine the maximum gap region through which it can be 
pulled at a speed of 3 ft/s. 


2.48 A 73-mm-diameter aluminum (SG = 2.64) piston of 100- 
mm length resides in a stationary 75-mm-inner-diameter steel 
tube lined with SAE 10W-30 oil at 25°C. A mass m=2 kg 
is suspended from the free end of the piston. The piston is 
set into motion by cutting a support cord. What is the 
terminal velocity of mass m? Assume a linear velocity 
profile within the oil. 


2.49 The piston in Problem 2.48 is traveling at terminal 
speed. The mass m now disconnects from the piston. Plot the 
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piston speed vs. time. How long does it take the piston to 
come within 1 percent of its new terminal speed? 


-50 A block of mass M slides on a thin film of oil. The film 
thickness is h and the area of the block is A. When released, 
mass m exerts tension on the cord, causing the block to 
accelerate. Neglect friction in the pulley and air resistance. 
Develop an algebraic expression for the viscous force that acts 
on the block when it moves at speed V. Derive a differential 
equation for the block speed as a function of time. Obtain an 
expression for the block speed as a function of time. The mass 
M=Skg,m=1kg, A =25 cm’, andh =0.5 mm. If it takes 1s 
for the speed to reach 1 m/s, find the oil viscosity yu. Plot the 
curve for V(t). 


Block 
~\ 


M 


N 


a" Oil film | 


(viscosity, j.) 
Mass—| m | 
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2.51 A block 0.1 m square, with 5 kg mass, slides down a al 


smooth incline, 30° below the horizontal, on a film of SAE 30 
oil at 20°C that is 0.20 mm thick. If the block is released from 
rest at t=0, what is its initial acceleration? Derive an 
expression for the speed of the block as a function of time. 
Plot the curve for V(t). Find the speed after 0.1 s. If we want 
the mass to instead reach a speed of 0.3 m/s at this time, 
find the viscosity y of the oil we would have to use. 


N 


-52 A block that is a mm square slides across a flat plate on 
a thin film of oil. The oil has viscosity yz and the film is / mm 
thick. The block of mass M moves at steady speed U under 
the influence of constant force F. Indicate the magnitude and 
direction of the shear stresses on the bottom of the block 
and the plate. If the force is removed suddenly and the block 
begins to slow, sketch the resulting speed versus time curve 
for the block. Obtain an expression for the time required for 
the block to lose 95 percent of its initial speed. 


N 


-53 Magnet wire is to be coated with varnish for insulation 
by drawing it through a circular die of 1.0 mm diameter. The 
wire diameter is 0.9 mm and it is centered in the die. 
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The varnish (j:=20 centipoise) completely fills the 
space between the wire and the die for a length of 50 mm. 
The wire is drawn through the die at a speed of 50 m/s. 
Determine the force required to pull the wire. 


N 


-54 Ina food-processing plant, honey is pumped through an 
annular tube. The tube is L = 2 m long, with inner and outer 
radii of R;=5 mm and R,=25 mm, respectively. The 
applied pressure difference is Ap = 125 kPa, and the honey 
viscosity is 1: =5 N-s/m?. The theoretical velocity profile for 
laminar flow through an annulus is: 


1 (Ap R? — R? r 
“O=a(z) [OP (2) (5) 
R, 
Show that the no-slip condition is satisfied by this expression. 
Find the location at which the shear stress is zero. Find the 


viscous forces acting on the inner and outer surfaces, and 
compare these to the force Apm(R? — R?). Explain. 


P2.54 
2.55 SAE 10W-30 oil at 100°C is pumped through a tube L = 
10 m long, diameter D = 20 mm. The applied pressure differ- 


ence is Ap = 5 kPa. On the centerline of the tube is a metal 
filament of diameter d = 1 zm. The theoretical velocity profile 


for laminar flow through the tube is: 
De - a 2r 
@) 
In 


V(r) = oH (+) & —4r 


D 
Show that the no-slip condition is satisfied by this expression. 
Find the location at which the shear stress is zero, and the 
stress on the tube and on the filament. Plot the velocity 
distribution and the stress distribution. (For the stress curve, 
set an upper limit on stress of 5 Pa.) Discuss the results. 


2.56 Fluids of viscosities 4; = 0.1 N- s/m? and pz = 0.15 N- s/m? 
are contained between two plates (each plate is 1 m? in area). 


FV: 


hy 
My 
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The thicknesses are h; = 0.5 mm and hz = 0.3 mm, respectively. 
Find the force F to make the upper plate move at a speed of 
1 m/s. What is the fluid velocity at the interface between the two 
fluids? 

2.57 Fluids of viscosities 4, =0.15 N- sim’, pir =0.5 N-s/m?, 
and y3=0.2 N-s/m* are contained between two plates 
(each plate is 1 m? in area). The thicknesses are h, =0.5 mm, 
hy = 0.25 mm, and hz = 0.2 mm, respectively. Find the steady 
speed V of the upper plate and the velocities at the two inter- 
faces due to a force F = 100 N. Plot the velocity distribution. 


EV 
| hy 
| hy 


hy 
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2.58 A concentric cylinder viscometer may be formed by 
rotating the inner member of a pair of closely fitting cylin- 
ders. The annular gap is small so that a linear velocity profile 
will exist in the liquid sample. Consider a viscometer with an 
inner cylinder of 4 in. diameter and 8 in. height, and a 
clearance gap width of 0.001 in., filled with castor oil at 90°F. 
Determine the torque required to turn the inner cylinder at 
400 rpm. 


P2.58, P2.59, P2.60, P2.61 


2.59 A concentric cylinder viscometer may be formed by 
rotating the inner member of a pair of closely fitting cylin- 
ders. For small clearances, a linear velocity profile may 
be assumed in the liquid filling the annular clearance gap. 
A viscometer has an inner cylinder of 75 mm diameter and 
150 mm height, with a clearance gap width of 0.02 mm. 
A torque of 0.021 N- m is required to turn the inner cylinder 
at 100 rpm. Determine the viscosity of the liquid in the 
clearance gap of the viscometer. 


2.60 A concentric cylinder viscometer is driven by a falling 
mass M connected by a cord and pulley to the inner cylinder, 
as shown. The liquid to be tested fills the annular gap of width 
a and height H. After a brief starting transient, the mass falls 
at constant speed V,,,. Develop an algebraic expression for 


the viscosity of the liquid in the device in terms of M, g, Vin, /, 
R, a, and H. Evaluate the viscosity of the liquid using: 


M = 0.10 kg r= 25 mm 
R=50mm a = 0.20 mm 
H =80mm Vin = 30 mm/s 


2.61 The viscometer of Problem 2.60 is being used to verify that 
the viscosity of a particular fluid is = 0.1 N -s/m*. Unfortu- 
nately the cord snaps during the experiment. How long will it 
take the cylinder to lose 99% of its speed? The moment of 
inertia of the cylinder/pulley system is 0.0273 kg-m°. 


2.62 A shaft with outside diameter of 18 mm turns at 
20 revolutions per second inside a stationary journal bearing 
60 mm long. A thin film of oil 0.2 mm thick fills the con- 
centric annulus between the shaft and journal. The torque 
needed to turn the shaft is 0.0036 N-m. Estimate the vis- 
cosity of the oil that fills the gap. 


2.63 The thin outer cylinder (mass m and radius R) of a 
small portable concentric cylinder viscometer is driven by 
a falling mass, mj, attached to a cord. The inner cylinder is 
stationary. The clearance between the cylinders is a. Neglect 
bearing friction, air resistance, and the mass of liquid in the 
viscometer. Obtain an algebraic expression for the torque due 
to viscous shear that acts on the cylinder at angular speed w. 
Derive and solve a differential equation for the angular speed 
of the outer cylinder as a function of time. Obtain an expres- 
sion for the maximum angular speed of the cylinder. 


La 
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2.64 A shock-free coupling for a low-power mechanical drive is 
to be made from a pair of concentric cylinders. The annular 
space between the cylinders is to be filled with oil. The drive 
must transmit power, = 10 W. Other dimensions and prop- 
erties are as shown. Neglect any bearing friction and end effects. 
Assume the minimum practical gap clearance 6 for the device is 
6 =0.25 mm. Dow manufactures silicone fluids with viscosities 
as high as 10° centipoise. Determine the viscosity that should be 
specified to satisfy the requirement for this device. 


P=10W 


R= 10mm ws > 9,000 rpm 


w, = 10,000 rpm (outer cylinder) 


Xe 6 = Gap clearance 
P2.64 
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2.65 A circular aluminum shaft mounted in a journal is 
shown. The symmetric clearance gap between the shaft and 
journal is filled with SAE 10W-30 oil at T = 30°C. The shaft 
is caused to turn by the attached mass and cord. Develop and 
solve a differential equation for the angular speed of the 
shaft as a function of time. Calculate the maximum angular 
speed of the shaft and the time required to reach 95 percent 
of this speed. 


i 
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2.66 A proposal has been made to use a pair of parallel disks 
to measure the viscosity of a liquid sample. The upper disk 
rotates at height h above the lower disk. The viscosity of the 
liquid in the gap is to be calculated from measurements of 
the torque needed to turn the upper disk steadily. Obtain an 
algebraic expression for the torque needed to turn the disk. 
Could we use this device to measure the viscosity of a non- 
Newtonian fluid? Explain. 


P2.66 


2.67 The cone and plate viscometer shown is an instrument 
used frequently to characterize non-Newtonian fluids. It 
consists of a flat plate and a rotating cone with a very obtuse 
angle (typically @ is less than 0.5 degrees). The apex of the 
cone just touches the plate surface and the liquid to be tested 
fills the narrow gap formed by the cone and plate. Derive an 
expression for the shear rate in the liquid that fills the gap in 
terms of the geometry of the system. Evaluate the torque on 
the driven cone in terms of the shear stress and geometry of 
the system. 


P2.67, P2.68 
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4 2.68 The viscometer of Problem 2.67 is used to measure the 


apparent viscosity of a fluid. The data below are obtained. 
What kind of non-Newtonian fluid is this? Find the values of 
k and n used in Egs. 2.16 and 2.17 in defining the apparent 
viscosity of a fluid. (Assume 6 is 0.5 degrees.) Predict 
the viscosity at 90 and 100 rpm. 


Speed (rpm) 10 20 30 40 50 60 70 80 
ws (N-sim’) 0.121 0.139 0.153 0.159 0.172 0.172 0.183 0.185 


A 2.69 An insulation company is examining a new material for 


extruding into cavities. The experimental data is given below 
for the speed U of the upper plate, which is separated from a 
fixed lower plate by a 1-mm-thick sample of the material, 
when a given shear stress is applied. Determine the type of 
material. If a replacement material with a minimum yield 
stress of 250 Pa is needed, what viscosity will the material 
need to have the same behavior as the current material at a 
shear stress of 450 Pa? 


7 (Pa) 50 100 150 163 171 170 202 246 349 444 
U(mls) 0 O O 0.005 0.01 0.025 0.05 0.1 0.2 0.3 


4 2.70 A viscometer is used to measure the viscosity of a 


patient’s blood. The deformation rate (shear rate)—shear 
stress data is shown below. Plot the apparent viscosity versus 
deformation rate. Find the value of k and n in Eq. 2.17, and 
from this examine the aphorism “Blood is thicker than 
water.” 


duldy (s~*) 5) 10 25 50 100 200 300 400 
T (Pa) 0.0457 0.119 0.241 0.375 0.634 1.06 1.46 1.78 


2.71 A viscous clutch is to be made from a pair of closely 
spaced parallel disks enclosing a thin layer of viscous liquid. 
Develop algebraic expressions for the torque and the power 
transmitted by the disk pair, in terms of liquid viscosity, ju, 
disk radius, R, disk spacing, a, and the angular speeds: w; of 
the input disk and w, of the output disk. Also develop 
expressions for the slip ratio, s = Aw/w;, in terms of w; and 
the torque transmitted. Determine the efficiency, 7, in terms 
of the slip ratio. 


{fh 
= 


P2.71 P2.72 


2.72 A concentric-cylinder viscometer is shown. Viscous 
torque is produced by the annular gap around the inner 


cylinder. Additional viscous torque is produced by the flat 
bottom of the inner cylinder as it rotates above the flat 
bottom of the stationary outer cylinder. Obtain an algebraic 
expression for the viscous torque due to flow in the annular 
gap of width a. Obtain an algebraic expression for the viscous 
torque due to flow in the bottom clearance gap of height b. 
Prepare a plot showing the ratio, b/a, required to hold the 
bottom torque to 1 percent or less of the annulus torque, 
versus the other geometric variables. What are the design 
implications? What modifications to the design can you 
recommend? 


2.73 A viscometer is built from a conical pointed shaft that 
turns in a conical bearing, as shown. The gap between shaft 
and bearing is filled with a sample of the test oil. Obtain an 
algebraic expression for the viscosity 1 of the oil as a func- 
tion of viscometer geometry (H, a, and @), turning speed w, 
and applied torque T. For the data given, find by referring to 
Figure A.2 in Appendix A, the type of oil for which the 
applied torque is 0.325 N-m. The oil is at 20°C. Hint: First 
obtain an expression for the shear stress on the surface of the 
conical shaft as a function of z. 


a=0.2 mm 


a 


w= 75 rev/s 


6 = 30° 
H=25mm 
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2.74 Design a concentric-cylinder viscometer to measure the 
viscosity of a liquid similar to water. The goal is to achieve a 
measurement accuracy of +1 percent. Specify the config- 
uration and dimensions of the viscometer. Indicate what 
measured parameter will be used to infer the viscosity of the 
liquid sample. 

2.75 A spherical thrust bearing is shown. The gap between 
the spherical member and the housing is of constant width h. 
Obtain and plot an algebraic expression for the nondimen- 
sional torque on the spherical member, as a function of 
angle a. 


Oil film (viscosity, j1) 


P2375 


2.76 A cross section of a rotating bearing is shown. The 
spherical member rotates with angular speed w, a small dis- 
tance, a, above the plane surface. The narrow gap is filled 
with viscous oil, having «= 1250 cp. Obtain an algebraic 
expression for the shear stress acting on the spherical 
member. Evaluate the maximum shear stress that acts on the 
spherical member for the conditions shown. (Is the max- 
imum necessarily located at the maximum radius?) Develop 
an algebraic expression (in the form of an integral) for the 
total viscous shear torque that acts on the spherical member. 
Calculate the torque using the dimensions shown. 


= — Oil in gap 


Ry =20 mm 
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Surface Tension 


2.77 Small gas bubbles form in soda when a bottle or can is 
opened. The average bubble diameter is about 0.1 mm. 
Estimate the pressure difference between the inside and 
outside of such a bubble. 


2.78 You intend to gently place several steel needles on the 
free surface of the water in a large tank. The needles come in 
two lengths: Some are 5 cm long, and some are 10 cm long. 
Needles of each length are available with diameters of 1 mm, 
2.5 mm, and 5 mm. Make a prediction as to which needles, if 
any, will float. 


ee! 2.79 According to Folsom [6], the capillary rise Ah (in.) of a 


water-air interface in a tube is correlated by the following 
empirical expression: 


Ah = Ae’? 


where D (in.) is the tube diameter, A = 0.400, and b = 4.37. 
You do an experiment to measure Ah versus D and obtain: 


DICH) OL O25 03 OA OS 06 07 OS 0:9 eae: 
Ah (in.) 0.232 0.183 0.09 0.059 0.052 0.033 0.017 0.01 0.006 0.004 0.003 


What are the values of A and b that best fit this data using 
Excel’s Trendline feature? Do they agree with Folsom’s 
values? How good is the data? 


2.80 Slowly fill a glass with water to the maximum possible 
level. Observe the water level closely. Explain how it can be 
higher than the rim of the glass. 

2.81 Plan an experiment to measure the surface tension of a 


liquid similar to water. If necessary, review the NCFMF 
video Surface Tension for ideas. Which method would be 
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most suitable for use in an undergraduate laboratory? What 
experimental precision could be expected? 


Description and Classification of Fluid Motions 


2.82 Water usually is assumed to be incompressible when 
evaluating static pressure variations. Actually it is 100 times 
more compressible than steel. Assuming the bulk modulus of 
water is constant, compute the percentage change in density 
for water raised to a gage pressure of 100 atm. Plot the per- 
centage change in water density as a function of p/patm up to 
a pressure of 50,000 psi, which is the approximate pressure 
used for high-speed cutting jets of water to cut concrete and 
other composite materials. Would constant density be a rea- 
sonable assumption for engineering calculations for cutting 
jets? 

2.83 The viscous boundary layer velocity profile shown in 
Fig. 2.15 can be approximated by a parabolic equation, 


u(y) = atb(-) +e(2) 


The boundary condition is u = U (the free stream velocity) at 
the boundary edge 6 (where the viscous friction becomes 
zero). Find the values of a, b, and c. 


2.84 The viscous boundary layer velocity profile shown in 
Fig. 2.15 can be approximated by a cubic equation, 


u(y) = atb(-) +e(2) 


The boundary condition is u = U (the free stream velocity) 
at the boundary edge 6 (where the viscous friction becomes 
zero). Find the values of a, b, and c. 


2.85 At what minimum speed (in mph) would an automobile 
have to travel for compressibility effects to be important? 
Assume the local air temperature is 60°F. 


2.86 Ina food industry process, carbon tetrachloride at 20°C 
flows through a tapered nozzle from an inlet diameter D;,, 
= 50 mm to an outlet diameter of D,,;. The area varies lin- 
early with distance along the nozzle, and the exit area is one- 
fifth of the inlet area; the nozzle length is 250 mm. The 
flow rate is Q=2 L/min. It is important for the process 
that the flow exits the nozzle as a turbulent flow. Does it? If 
so, at what point along the nozzle does the flow become 
turbulent? 


2.87 What is the Reynolds number of water at 20°C flowing 
at 0.25 m/s through a 5-mm-diameter tube? If the pipe is now 
heated, at what mean water temperature will the flow tran- 
sition to turbulence? Assume the velocity of the flow remains 
constant. 


N 


-88 A supersonic aircraft travels at 2700 km/hr at an alti- 
tude of 27 km. What is the Mach number of the aircraft? At 
what approximate distance measured from the leading edge 
of the aircraft’s wing does the boundary layer change from 
laminar to turbulent? 


2.89 SAE 30 oil at 100°C flows through a 12-mm-diameter 
stainless-steel tube. What is the specific gravity and specific 


cL 


54 Chapter 2 Fundamental Concepts 


weight of the oil? If the oil discharged from the tube fills a 
100-mL graduated cylinder in 9 seconds, is the flow laminar 
or turbulent? 


2.90 A seaplane is flying at 100 mph through air at 45°F. At 
what distance from the leading edge of the underside of the 
fuselage does the boundary layer transition to turbulence? 
How does this boundary layer transition change as the 
underside of the fuselage touches the water during landing? 
Assume the water temperature is also 45°F. 


2.91 An airliner is cruising at an altitude of 5.5 km with a 
speed of 700 km/hr. As the airliner increases its altitude, it 
adjusts its speed so that the Mach number remains constant. 
Provide a sketch of speed vs. altitude. What is the speed of 
the airliner at an altitude of 8 km? 


2.92 How does an airplane wing develop lift? 


3.1 The Basic Equation of Fluid Statics 

3.2 The Standard Atmosphere 

3.3 Pressure Variation in a Static Fluid 

3.4 Hydraulic Systems 

3.5 Hydrostatic Force on Submerged Surfaces 
3.6 Buoyancy and Stability 

3.7 Fluids in Rigid-Body Motion (on the Web) 


3.8 Summary and Useful Equations 


Humans have been interested in tapping 
the immense power of the ocean for cen- 
turies, but with fossil fuels (oil and gas) becoming 
depleted, the development of ocean energy technol- 
ogy is becoming important. Wave power in particular 
is attractive to a number of countries with access to a 
suitable resource. Geographically and commercially 
it’s believed the richest wave energy resources cur- 
rently are off the Atlantic coast of Europe (in particular 
near Ireland, the UK, and Portugal), the west coast of 
North America (from San Francisco to British Colum- 
bia), Hawaii, and New Zealand. 


A family of devices called point absorbers is being 
developed by a number of companies. These are 
usually axisymmetric about a vertical axis, and by 
definition they are small compared to the wavelength 
of the waves that they are designed to exploit. The 
devices usually operate in a vertical mode, often 
referred to as heave; a surface-piercing float rises and 
falls with the passing waves and reacts against either 
the seabed or something attached to it. These devices 
ultimately depend on a buoyancy force, one of the 
topics of this chapter. 

A company named Wavebob Ltd. has developed one 
of the simplest of these devices. This innovative 
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eponymous device, as shown in the figure, is proving 
to be successful for extracting wave energy. The figure 
does not indicate the size of the device, but it is quite 
large; the upper champer has a diameter of 20 m. It 
looks like just another buoy floating on the surface, 
but underneath it is constantly harvesting energy. The 
lower component of the Wavebob is tethered to the 
ocean floor and so remains in its vertical location, 
while the section at the surface oscillates as the waves 
move over it. Hence the distance between the two 
components is constantly changing, with a significant 
force between them; work can thus be done on an 
electrical generator. The two components of the 
machinery contain electronic systems that can be con- 
trolled remotely or self-regulating, and these make the 
internal mechanism automatically react to changing 
ocean and wave conditions by retuning as needed, so 
that at all times the maximum amount of energy is 
harvested. 

It has already been tested in the Atlantic Ocean off 
the coast of Ireland and is designed to have a 25-year 
life span and to be able to survive all but the very 
worst storms. Each Wavebob is expected to produce 
about 500 kW of power or more, sufficient electricity 
for over a thousand homes; it is intended to be part of 


=, - 


Schematic of Wavebob (Picture courtesy of Grainne Byrne, Wavebob 
Ltd.) 


a large array of such devices. It seems likely this 
device will become ubiquitous because it is relatively 
inexpensive, very low maintenance, and durable, and 
it takes up only a small area. 


In Chapter 1, we defined a fluid as any substance that flows (continuously deforms) 
when it experiences a shear stress; hence for a static fluid (or one undergoing “rigid- 
body” motion) only normal stress is present—in other words, pressure. We will study 
the topic of fluid statics (often called hydrostatics, even though it is not restricted to 
water) in this chapter. 

Although fluid statics problems are the simplest kind of fluid mechanics prob- 
lems, this is not the only reason we will study them. The pressure generated within a 
static fluid is an important phenomenon in many practical situations. Using the 
principles of hydrostatics, we can compute forces on submerged objects, develop 
instruments for measuring pressures, and deduce properties of the atmosphere and 
oceans. The principles of hydrostatics also may be used to determine the forces 
developed by hydraulic systems in applications such as industrial presses or auto- 
mobile brakes. 

In a static, homogeneous fluid, or in a fluid undergoing rigid-body motion, a fluid 
particle retains its identity for all time, and fluid elements do not deform. We may 
apply Newton’s second law of motion to evaluate the forces acting on the particle. 


3.7 the Basic Equation of Fluid Statics 


The first objective of this chapter is to obtain an equation for computing the pressure 
field in a static fluid. We will deduce what we already know from everyday experience, 
that the pressure increases with depth. To do this, we apply Newton’s second law to 
a differential fluid element of mass dm = pd¥, with sides dx, dy, and dz, as shown 
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dz 


OP 4) (ae dey G 
Her? a ZCI) 


a) dx dz)(j 
(» By 2 (dx dz)(j ) 


x 


Fig. 3.1 Differential fluid element and pressure forces in the y direction. 


in Fig. 3.1. The fluid element is stationary relative to the stationary rectangular coordinate 
system shown. (Fluids in rigid-body motion will be treated in Section 3.7 on the Web.) 

From our previous discussion, recall that two general types of forces may 
be applied to a fluid: body forces and surface forces. The only body force that must be 
considered in most engineering problems is due to gravity. In some situations body 
forces caused by electric or magnetic fields might be present; they will not be con- 
sidered in this text. 

For a differential fluid element, the body force is ey CLASSIC VIDEO 

dF = gdm = Zpd¥ bea 


Magnetohydrodynamics. 


where g is the local gravity vector, p is the density, and d¥ is the volume of the 
element. In Cartesian coordinates d¥ = dx dy dz, so 


dF = pg dx dy dz 


In a static fluid there are no shear stresses, so the only surface force is the pressure 
force. Pressure is a scalar field, p = p(x, y, z); in general we expect the pressure to 
vary with position within the fluid. The net pressure force that results from this 
variation can be found by summing the forces that act on the six faces of the fluid 
element. 

Let the pressure be p at the center, O, of the element. To determine the pressure at 
each of the six faces of the element, we use a Taylor series expansion of the pressure 
about point O. The pressure at the left face of the differential element is 


= 5+ PP rape Op (_dy\ _ _ Op dy 
PL =Pp ay yt ~yY) ~ P ay 5) P dy 2 
(Terms of higher order are omitted because they will vanish in the subsequent limiting 


process.) The pressure on the right face of the differential element is 


_ Op _ __, Op dy 
Pr P+ ay Or y) ae a 


The pressure forces acting on the two y surfaces of the differential element are 
shown in Fig. 3.1. Each pressure force is a product of three factors. The first is 
the magnitude of the pressure. This magnitude is multiplied by the area of the face to 
give the magnitude of the pressure force, and a unit vector is introduced to indicate 
direction. Note also in Fig. 3.1 that the pressure force on each face acts against the 
face. A positive pressure corresponds to a compressive normal stress. 

Pressure forces on the other faces of the element are obtained in the same way. 
Combining all such forces gives the net surface force acting on the element. Thus 
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dF = OP F% vee oP dx dy dz (3.1a) 
Ox Oz 


The term in parentheses is called the gradient of the pressure or simply the pressure 
gradient and may be written grad p or Vp. In rectangular coordinates 


,Op ,Op “ Op 2 0 2 0 ~O 
dp= = t +k = t +k 
es ag ( dx! Oy 2) ( dx! Oy ne)? 


The gradient can be viewed as a vector operator; taking the gradient of a scalar field 
gives a vector field. Using the gradient designation, Eq. 3.1a can be written as 


dF; = —grad p (dx dy dz) = —Vp dx dy dz (3.1b) 


Physically the gradient of pressure is the negative of the surface force per unit volume 
due to pressure. Note that the pressure magnitude itself is not relevant in computing 
the net pressure force; instead what counts is the rate of change of pressure with 
distance, the pressure gradient. We shall encounter this term throughout our study of 
fluid mechanics. 

We combine the formulations for surface and body forces that we have developed 
to obtain the total force acting on a fluid element. Thus 


dF = dF +dFy = (-Vp + p&) dx dy dz = (-Vp + p&) d¥ 
or on a per unit volume basis 
dF 
— =-Vp+t pg 32 
ae YP + 08 (3.2) 


For a fluid particle, Newton’s second law gives F = a@dm = Gpd¥. For a static 
fluid, @ = 0. Thus 


Substituting for dF /d¥ from Eq. 3.2, we obtain 
—Vp + pg = 0 (33) 


Let us review this equation briefly. The physical significance of each term is 


—Vp + pg =0 
net pressure force body force per 
per unit volume > + unit volume = 0 


at a point at a point 
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This is a vector equation, which means that it is equivalent to three component 
equations that must be satisfied individually. The component equations are 


_ “P + pg. = 0 xdirection 
x 
a) 
= os + pg, = 0 ydirection (3.4) 
_ OP 


= + =0 direction 
az P&, Zz 


Equations 3.4 describe the pressure variation in each of the three coordinate 
directions in a static fluid. It is convenient to choose a coordinate system such that the 
gravity vector is aligned with one of the coordinate axes. If the coordinate system is 
chosen with the z axis directed vertically upward, as in Fig. 3.1, then g, = 0, g, = 0, and 


g. = —g. Under these conditions, the component equations become 
Op Op Op 
=0 = 0 = 35 
Ox Oy Oz ue: vey 


Equations 3.5 indicate that, under the assumptions made, the pressure is independent 
of coordinates x and y; it depends on z alone. Thus since p is a function of a single 
variable, a total derivative may be used instead of a partial derivative. With these 
simplifications, Eqs. 3.5 finally reduce to 


dp _ hat 
7 (3.6) 


Restrictions: (1) Static fluid. 
(2) Gravity is the only body force. 
(3) The z axis is vertical and upward. 


In Eq. 3.6, y is the specific weight of the fluid. This equation is the basic pressure- 
height relation of fluid statics. It is subject to the restrictions noted. Therefore it must 
be applied only where these restrictions are reasonable for the physical situation. To 
determine the pressure distribution in a static fluid, Eq. 3.6 may be integrated and 
appropriate boundary conditions applied. 

Before considering specific applications of this equation, it is important to 
remember that pressure values must be stated with respect to a reference level. If the 
reference level is a vacuum, pressures are termed absolute, as shown in Fig. 3.2. 

Most pressure gages indicate a pressure difference—the difference between 
the measured pressure and the ambient level (usually atmospheric pressure). Pressure 
levels measured with respect to atmospheric pressure are termed gage pressures. Thus 


Peage = Pabsolute — P atmosphere 


rl ; Pressure level 
Pgage 
Pabsolute 
n Atmospheric pressure: 


101.3 kPa (14.696 psia) 
at standard sea level 
conditions 


Vacuum 


Fig. 3.2 Absolute and gage pressures, showing reference levels. 
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For example, a tire gage might indicate 30 psi; the absolute pressure would be 
about 44.7 psi. Absolute pressures must be used in all calculations with the ideal gas 
equation or other equations of state. 


3.2 The Standard Atmosphere 


Scientists and engineers sometimes need a numerical or analytical model of the 
Earth’s atmosphere in order to simulate climate variations to study, for example, 
effects of global warming. There is no single standard model. An International 
Standard Atmosphere (ISA) has been defined by the International Civil Aviation 
Organization (ICAO); there is also a similar U.S. Standard Atmosphere. 

The temperature profile of the U.S. Standard Atmosphere is shown in Fig. 3.3. 
Additional property values are tabulated as functions of elevation in Appendix A. 
Sea level conditions of the U.S. Standard Atmosphere are summarized in Table 3.1. 
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Fig. 3.3. Temperature variation with altitude in the U.S. Standard 
Atmosphere. 


Table 3.1 
Sea Level Conditions of the U.S. Standard Atmosphere 

Property Symbol SI English 
Temperature i 15°C 59°F 

Pressure Pp 101.3 kPa (abs) 14.696 psia 

Density p 1.225 kg/m? 0.002377 slug/ft® 
Specific weight ¥ = 0.07651 Ibf/ft* 
Viscosity ll 1.789 x 10~° kg/(m-s) (Pa-s) 3.737 X 10-7 Ibf-s/ft? 
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Pressure Variation in a Static Fluid 3.3 


We proved that pressure variation in any static fluid is described by the basic pressure- 
height relation 


a = pe (3.6) 


Although pg may be defined as the specific weight, y, it has been written as pg in 
Eq. 3.6 to emphasize that both p and g must be considered variables. In order to 
integrate Eq. 3.6 to find the pressure distribution, we need information about varia- 
tions in both p and g. 

For most practical engineering situations, the variation in g is negligible. Only for a 
purpose such as computing very precisely the pressure change over a large elevation 
difference would the variation in g need to be included. Unless we state otherwise, we 
shall assume g to be constant with elevation at any given location. 


Incompressible Liquids: Manometers 


For an incompressible fluid, = constant. Then for constant gravity, 


dp 
— =-—pg = constant 
dz 


To determine the pressure variation, we must integrate and apply appropriate 
boundary conditions. If the pressure at the reference level, Zo, is designated as po, then 
the pressure, p, at level z is found by integration: 


Dp Zz 
dp -- | pgdz 
Z0 


Po 


or 


P— Po = —pg(zZ — Zo) = pg(Zo — 2) 


For liquids, it is often convenient to take the origin of the coordinate system at the 
free surface (reference level) and to measure distances as positive downward from 
the free surface as in Fig. 3.4. 

With A measured positive downward, we have 


Z-Z=h 


and obtain 


P—po = Ap = pgh (2) 


Equation 3.7 indicates that the pressure difference between two points in a static 
incompressible fluid can be determined by measuring the elevation difference 
between the two points. Devices used for this purpose are called manometers. 

Use of Eq. 3.7 for a manometer is illustrated in Example 3.1. 


Reference 
Zo — 0 —Po {tev and 
pressure 
Location and 
Z< % — h —p>Ppo {pressure of 
interest 


Fig. 3.4 Use of z and A coordinates. 
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ample 5. ND DIASTOLIC PRESSURE 


pressure 


Normal blood pressure for a human is 120/80 mm Hg. By modeling a sphyg- 
momanometer pressure gage as a U-tube manometer, convert these pressures 
to psig. 


Given: Gage pressures of 120 and 80 mm Hg. 
Find: The corresponding pressures in psig. 


Solution: 
Apply hydrostatic equation to points A, A’, and B. 


Governing equation: 
Piety = Ap = a0gh (3.7) 


Assumptions: (1) Static fluid. 
(2) Incompressible fluids. 
(3) Neglect air density (« Hg density). 


Applying the governing equation between points A’ and B (and pz is atmospheric and therefore zero gage): 
PA = Ppt PupSh = SGughr,ogh 


In addition, the pressure increases as we go downward from point A’ to the bottom of the manometer, and 
decreases by an equal amount as we return up the left branch to point A. This means points A and A’ have the same 
pressure, so we end up with 


Pa = Pa’ = SGugPp,08h 


Substituting SGy, = 13.6 and pyo = 1.94 slug/ft? from Appendix A.1 
yields for the systolic pressure (4 = 120 mm Hg) 


slug ft in. 
ft . Ibf-s? 
12in.  slug-ft 
Danone = 234 [bf ft, — 2.32) psie joes 
By a similar process, the diastolic pressure (4 = 80 mm Hg) is 
P diastolic 


Paiastolic = 1.55 psi < 


Manometers are simple and inexpensive devices used frequently for pressure 
measurements. Because the liquid level change is small at low pressure differential, a 
U-tube manometer may be difficult to read accurately. The sensitivity of a manometer 
is a measure of how sensitive it is compared to a simple water-filled U-tube manom- 
eter. Specifically, it is the ratio of the deflection of the manometer to that of a water- 
filled U-tube manometer, due to the same applied pressure difference Ap. Sensitivity 
can be increased by changing the manometer design or by using two immiscible 
liquids of slightly different density. Analysis of an inclined manometer is illustrated in 
Example 3.2. 


3.35 Pressure Variation in a Static Fluid 63 


ae Be ANALYSIS OF INCLINED-TUBE MANOMETER 


An inclined-tube reservoir manometer is constructed as shown. Derive a 
general expression for the liquid deflection, L, in the inclined tube, due to 
the applied pressure difference, Ap. Also obtain an expression for the 
manometer sensitivity, and discuss the effect on sensitivity of D, d, 0, 
and SG. 


Given: Inclined-tube reservoir manometer. 


Find: Expression for L in terms of Ap. 
General expression for manometer sensitivity. 


Effect of parameter values on sensitivity. 
h 
Solution: ale 
Use the equilibrium liquid level as a reference. : _ 4 
-quilibrium 
Governing equations: p— py = Ap = pgh SG — a liquid level "Gage liquid, p, 
H,O 


Assumptions: (1) Static fluid. 
(2) Incompressible fluid. 


Applying the governing equation between points / and 2 
Pi — P2 = Ap = pg(hy + hy) (1) 


To eliminate h,, we recognize that the volume of manometer liquid remains constant; the volume displaced from the 
reservoir must equal the volume that rises in the tube, so 


nD? nda Ce 
ae = “ae or hy =L (5) 
In addition, from the geometry of the manometer, f= L sin @. Substituting into Eq. 1 gives 


ae ay 
Lsino-+L($) | = gL ino (5) 


EN Safe 


Thus 
Ap 


= aa 
AS ino (5) | ; . 


To find the sensitivity of the manometer, we need to compare this to the deflection h a simple U-tube manometer, 
using water (density p), would experience, 


The sensitivity s is then 


je 1 


h d\? 
sina + (5) 


where we have used SG; = p//p. This result shows that to increase sensitivity, SG;, sin 0, and d/D each should be made 
as small as possible. Thus the designer must choose a gage liquid and two geometric parameters to complete a design, 
as discussed below. 


SG, 
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Gage Liquid 


The gage liquid should have the smallest possible specific gravity to increase sensitivity. In addition, the gage liquid 
must be safe (without toxic fumes or flammability), be immiscible with the fluid being gaged, suffer minimal loss 
from evaporation, and develop a satisfactory meniscus. Thus the gage liquid should have relatively low surface 
tension and should accept dye to improve its visibility. 

Tables A.1, A.2, and A.4 show that hydrocarbon liquids satisfy many of these criteria. The lowest specific gravity 
is about 0.8, which increases manometer sensitivity by 25 percent compared to water. 


Diameter Ratio 


The plot shows the effect of diameter ratio on sensitivity for a vertical reservoir manometer with gage liquid of unity 
specific gravity. Note that d/D = 1 corresponds to an ordinary U-tube manometer; its sensitivity is 0.5 because for this 
case the total deflection will be h, and for each side it will be h/2, so L =h/2. Sensitivity doubles to 1.0 as dD 
approaches zero because most of the level change occurs in the measuring tube. 

The minimum tube diameter d must be larger than about 6 mm to avoid excessive capillary effect. The maximum 
reservoir diameter D is limited by the size of the manometer. If D is set at 60 mm, so that d/D is 0.1, then 
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(d/D)? = 0.01, and the sensitivity increases to 0.99, very close to the maximum attainable value of 1.0. 
Inclination Angle 


The final plot shows the effect of inclination angle on sensitivity for d/D = 0. Sensitivity increases sharply as incli- 
nation angle is reduced below 30 degrees. A practical limit is reached at about 10 degrees: The meniscus becomes 
indistinct and the level hard to read for smaller angles. 


Summary 


Combining the best values (SG = 0.8, d/D = 0.1, and @ = 10 degrees) gives a 
manometer sensitivity of 6.81. Physically this is the ratio of observed gage Ple. This 

liquid deflection to equivalent water column height. Thus the deflection in detailed gra : 
the inclined tube is amplified 6.81 times compared to a vertical water | s5 0) ran Wing s 
column. With improved sensitivity, a small pressure difference can be read and @. Se of valy 
more accurately than with a water manometer, or a smaller pressure 
difference can be read with the same accuracy. 


ensitivity 
es of d/D 


Students sometimes have trouble analyzing multiple-liquid manometer situations. 
The following rules of thumb are useful: 


1. Any two points at the same elevation in a continuous region of the same liquid are 
at the same pressure. 


2. Pressure increases as one goes down a liquid column (remember the pressure 
change on diving into a swimming pool). 
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To find the pressure difference Ap between two points separated by a series of 
fluids, we can use the following modification of Eq. 3.7: 


Ap = 8) ahi (3.8) 


where p; and h; represent the densities and depths of the various fluids, respectively. 
Use care in applying signs to the depths h;; they will be positive downwards, and 
negative upwards. Example 3.3 illustrates the use of a multiple-liquid manometer for 
measuring a pressure difference. 


ane 3.3 MUEFIRLE-LIQUID MANOMETER 


Water flows through pipes A and B. Lubricating oil is in the 
upper portion of the inverted U. Mercury is in the bottom of 
the manometer bends. Determine the pressure difference, 
PA — Pp, in units of Ibf/in.” 


Given: Multiple-liquid manometer as shown. 


Find: Pressure difference, p4 — pz, in Ibf/in.” 


d,=10" H,0 


Solution: 
Governing equations: Ap = g)_ ph; SG = — 
Assumptions: (1) Static fluid. 
(2) Incompressible fluid. 
Applying the governing equation, working from point B to A 
Pa ~ Pp = Ap = 8(PH,045 + Preds — Poids + Puede — PH 041) (1) 
This equation can also be derived by repeatedly using Eq. 3.7 in the following form: 


P2- Pi = pg(hy — hy) 


66 Chapter 3 Fluid Statics 


Beginning at point A and applying the equation between successive points along the manometer gives 
Pe -PA — *Puosdt 
Pp — Pc = — Prg8d2 
(fe Nes = ae ee 
joe = |e = — PueS4s 
PBT PF = — Pr,084s 
Multiplying each equation by minus one and adding, we obtain Eq. (1) 


Pa — Pp = (PA — Po) + (Pe —Pp) + (Po — Pe) (Pe — Pr) © Pr — Pa) 
= — Py, 0841 + PyeS42 — PoiS43 + PreS4 + Py,o84s 


Substituting p = SGpy,o with SGy, = 13.6 and SGoi = 0.88 (Table A.2), yields 
PA — PB = 8(— Px, 041 + 13.6p4,042 — 0.88 4,043 + 13.604,044 + Pu,04s) 
= 80y,0(-d + 13.6d — 0.88d3 + 13.6d, + ds) 
PA — Pa = &Pu,0(-10 + 40.8 — 3.52 + 68 + 8) in. 
PA — PB = 8,0 X 103.3 in. 


slug ‘ ft te Ibf-s? 
= < IMSS, $< x 
ft ie Maia “slag it 


Il 


32.2! . 1.94 
s2 


3.73 Ibf/in? « 


ll 


PA — PB 


Atmospheric pressure may be obtained from a barometer, in which the height of a 
mercury column is measured. The measured height may be converted to pressure 
using Eq. 3.7 and the data for specific gravity of mercury given in Appendix A, as 
discussed in the Notes of Example 3.1. Although the vapor pressure of mercury may 
be neglected, for precise work, temperature and altitude corrections must be applied 
to the measured level and the effects of surface tension must be considered. The 
capillary effect in a tube caused by surface tension was illustrated in Example 2.3. 


Gases 


In many practical engineering problems density will vary appreciably with altitude, 
and accurate results will require that this variation be accounted for. Pressure var- 
iation in a compressible fluid can be evaluated by integrating Eq. 3.6 if the density can 
be expressed as a function of p or z. Property information or an equation of state may 
be used to obtain the required relation for density. Several types of property variation 
may be analyzed. (See Example 3.4.) 

The density of gases generally depends on pressure and temperature. The ideal gas 
equation of state, 


p = pRT (1.1) 


where R is the gas constant (see Appendix A) and T the absolute temperature, 
accurately models the behavior of most gases under engineering conditions. However, 
the use of Eq. 1.1 introduces the gas temperature as an additional variable. Therefore, 
an additional assumption must be made about temperature variation before Eq. 3.6 
can be integrated. 
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In the U.S. Standard Atmosphere the temperature decreases linearly with altitude 
up to an elevation of 11.0 km. For a linear temperature variation with altitude given 
by T= Ty — mz, we obtain, from Eq. 3.6, 


= —~_ P& 7 _ Ps 
dp pg dz Rp Rima) dz 


Separating variables and integrating from z = 0 where p = po to elevation z where the 


pressure is p gives 
/ Pdp | | <  gdz 
po P 0 R(T ~ mz) 


P 2 fg — mz g mz 
inf? = 8.1 = Sa ial i 
yop |)|UmR n( To ) mR a( 7) 


and the pressure variation, in a gas whose temperature varies linearly with elevation, 


is given by 
/mR g/mR 
mz\* T 
= 1 = 3.9 
P po( =) po( x) (3.9) 


SST 34 PRESSURE AND DENSITY VARIATION IN THE ATMOSPHERE 


The maximum power output capability of a gasoline or diesel engine decreases with altitude because the air density 
and hence the mass flow rate of air decrease. A truck leaves Denver (elevation 5280 ft) on a day when the local 
temperature and barometric pressure are 80°F and 24.8 in. of mercury, respectively. It travels through Vail Pass 
(elevation 10,600 ft), where the temperature is 62°F. Determine the local barometric pressure at Vail Pass and the 
percent change in density. 


Then 


Given: Truck travels from Denver to Vail Pass. 


Denver: z=5280 ft Vail Pass: z= 10,600 ft 
p = 24.8 in. Hg T = 62°F 
T=80°F 


Find: Atmospheric pressure at Vail Pass. 
Percent change in air density between Denver and Vail. 
Solution: 
dp 


Governing equations: pees pRT 


Assumptions: (1) Static fluid. 
(2) Air behaves as an ideal gas. 


We shall consider four assumptions for property variations with altitude. 


(a) If we assume temperature varies linearly with altitude, Eq. 3.9 gives 
Pp T \ 8/mR 
al 


_M-T _  (80-62)°F 
Z-Z% (10.6 — 5.28)10° ft 


Evaluating the constant m gives 


=358 10 Bye 
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and 
g ft ft Ibm -°R slug Ibf -s? 
= 32.2— X x = 5. 
mR : s 338x10%°F 53.3ft-Ibf  32.2lbm  slug-ft a 
Thus 
/mR 5.55 
Dre _ (460+ 62 a 555 _ 
= (=) ( EST (0.967)>> = 0.830 
and 
p = 0.830 pp = (0.830)24.8 in. Hg = 20.6in. He. P 


Note that temperature must be expressed as an absolute temperature in the ideal gas equation of state. 
The percent change in density is given by 
Ap 
T, 0.830 ma 
=£-1-22%-4- 1=-0.142 or -14.2%. Po 


po po ae 0.967 


(b) For p assumed constant (=/0), 


Po = pez = 20) = Pp 


_ Pog oe Zo) _ ms p eS sf 


i 
A 
p=202in.Hg and —?=0 . ie 
Po 


(c) If we assume the temperature is constant, then 


=e. Sparel 
dp pg dz RTE” 


and 


For T= constant = To, 


Ap 
: Ap ” Po 
p = 20.6in.Hg and 5 =—16.9% < 
0 
(d) For an adiabatic atmosphere p/p* = constant, 
Ap 
k/k-1 ral 
p= po( ) SC cin) = Sere a! 
To Po 


We note that over the modest change in elevation the predicted pressure is 
not strongly dependent on the assumed property variation; values calculated 
under four different assumptions vary by a maximum of approximately 
9 percent. There is considerably greater variation in the predicted percent 
change in density. The assumption of a linear temperature variation with 
altitude is the most reasonable assumption. 
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Hydraulic Systems 53.4 


Hydraulic systems are characterized by very high pressures, so by comparison 
hydrostatic pressure variations often may be neglected. Automobile hydraulic brakes VIDEO 
develop pressures up to 10 MPa (1500 psi); aircraft and machinery hydraulic actuation 
systems frequently are designed for pressures up to 40 MPa (6000 psi), and jacks use —ydraulic Force Amplification. 
pressures to 70 MPa (10,000 psi). Special-purpose laboratory test equipment is com- 
mercially available for use at pressures to 1000 MPa (150,000 psi)! 
Although liquids are generally considered incompressible at ordinary pressures, 
density changes may be appreciable at high pressures. Bulk moduli of hydraulic fluids 
also may vary sharply at high pressures. In problems involving unsteady flow, both 
compressibility of the fluid and elasticity of the boundary structure (e.g., the pipe 
walls) must be considered. Analysis of problems such as water hammer noise and 
vibration in hydraulic systems, actuators, and shock absorbers quickly becomes 
complex and is beyond the scope of this book. 


Hydrostatic Force on Submerged Surfaces 3.5 


Now that we have determined how the pressure varies in a static fluid, we can examine 
the force on a surface submerged in a liquid. 

In order to determine completely the resultant force acting on a submerged sur- 
face, we must specify: 
1. The magnitude of the force. 
2. The direction of the force. 
3. The line of action of the force. 


We shall consider both plane and curved submerged surfaces. 


Hydrostatic Force on a Plane Submerged Surface 


A plane submerged surface, on whose upper face we wish to determine the resultant 
hydrostatic force, is shown in Fig. 3.5. The coordinates are important: They have been 
chosen so that the surface lies in the xy plane, and the origin O is located at the 
intersection of the plane surface (or its extension) and the free surface. As well as 


Liquid surface 
L O Ambient pressure, pg 
~ | 6 
dF 
Liquid, F SS 
density = p Is 
xy plane viewed from above 
Edge view 


y 


Point of application of Fp 
(center of pressure) 


Fig. 3.5 Plane submerged surface. 
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the magnitude of the force Fr, we wish to locate the point (with coordinates x’, y’) 
through which it acts on the surface. 

Since there are no shear stresses in a static fluid, the hydrostatic force on any 
element of the surface acts normal to the surface. The pressure force acting on an 
element dA = dx dy of the upper surface is given by 


dF = pdA 


The resultant force acting on the surface is found by summing the contributions of the 
infinitesimal forces over the entire area. 

Usually when we sum forces we must do so in a vectorial sense. However, in this 
case all of the infinitesimal forces are perpendicular to the plane, and hence so is the 
resultant force. Its magnitude is given by 


jae | pat (3.10a) 
A 


In order to evaluate the integral in Eq. 3.10a, both the pressure, p, and the element of 
area, dA, must be expressed in terms of the same variables. 
We can use Eq. 3.7 to express the pressure p at depth A in the liquid as 


P = Po pgh 


In this expression po is the pressure at the free surface (h = 0). 
In addition, we have, from the system geometry, 4 = y sin 6. Using this expression 
and the above expression for pressure in Eq. 3.10a, 


i= [vas = [eo pehyaa = [ (eo + pay sin ayaa 


FrR= po [ da + pgsind | ydA = poA + pgsind | yd 
‘A A ‘A 


The integral is the first moment of the surface area about the x axis, which may be 
written 


pou = yA 
A 


where y, is the y coordinate of the centroid of the area, A. Thus, 
Fr = poA+ pgsinby.A = (po + pgh.)A 


or 
Fr = pA (3.10b) 


where p, is the absolute pressure in the liquid at the location of the centroid of area A. 
Equation 3.10b computes the resultant force due to the liquid—including the effect of 
the ambient pressure pp—on one side of a submerged plane surface. It does not take 
into account whatever pressure or force distribution may be on the other side of 
the surface. However, if we have the same pressure, po, on this side as we do at the 
free surface of the liquid, as shown in Fig. 3.6, its effect on Fr cancels out, and if we 
wish to obtain the net force on the surface we can use Eq. 3.10b with p, expressed as a 
gage rather than absolute pressure. 

In computing Fr we can use either the integral of Eq. 3.10a or the resulting Eq. 3.10b. 
It is important to note that even though the force can be computed using the pressure 
at the center of the plate, this is not the point through which the force acts! 

Our next task is to determine (x’, y’), the location of the resultant force. Let’s first 
obtain y’ by recognizing that the moment of the resultant force about the x axis must 


3.5 Hydrostatic Force on Submerged Surfaces 


a Liquid surface 
O Ambient pressure, po 


Liquid, 
density = p 


Edge view 


Fig. 3.6 Pressure distribution on plane submerged surface. 


be equal to the moment due to the distributed pressure force. Taking the sum (i.e., 
integral) of the moments of the infinitesimal forces dF about the x axis we obtain 


VFR = [ovaa (3.11a) 
A 
We can integrate by expressing p as a function of y as before: 


yFr= [ovaa - [ (00+ est dA = [ (eo e8y’ sin) dA 
= po | yaa + pgsind | ydA 
A A 


The first integral is our familiar y.A. The second integral, |, y” dA, is the second moment 
of area about the x axis, J,,. We can use the parallel axis theorem, J, = [ge + Ay, 
to replace J,, with the standard second moment of area, about the centroidal ¢ axis. 
Using all of these, we find 
y'Fr = poy-A + pgsin O(Lee + Az) = Ye(Po + pgyc sin O)A + pg sin 6 Lee 
= y-( Po + pgh.)A + pgsin ee = y-Fr + pg sin Ogg 


Finally, we obtain for y’: 


: pgsin 6 Leg 
= y,+ 
ay Ne Fr 


(3.11b) 


Equation 3.11b is convenient for computing the location y’ of the force on the sub- 
merged side of the surface when we include the ambient pressure po. If we have the 
same ambient pressure acting on the other side of the surface we can use Eq. 3.10b 
with po neglected to compute the net force, 


FR = Pregye A = P&hcA = p&yc sind A 


and Eq. 3.11b becomes for this case 


fo Teg 
y=yr Le (3.11c) 

Equation 3.11a is the integral equation for computing the location y’ of the resultant 
force; Eq. 3.11b is a useful algebraic form for computing y’ when we are interested in the 
resultant force on the submerged side of the surface; Eq. 3.11c is for computing y’ when 
we are interested in the net force for the case when the same pp acts at the free surface 
and on the other side of the submerged surface. For problems that have a pressure on the 
other side that is not po, we can either analyze each side of the surface separately or 
reduce the two pressure distributions to one net pressure distribution, in effect creating a 
system to be solved using Eq. 3.10b with p, expressed as a gage pressure. 


71 
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Note that in any event, y’ > y.—the location of the force is always below the level of 
the plate centroid. This makes sense—as Fig. 3.6 shows, the pressures will always be 
larger on the lower regions, moving the resultant force down the plate. 

A similar analysis can be done to compute x’, the x location of the force on the plate. 
Taking the sum of the moments of the infinitesimal forces dF about the y axis we obtain 


x ER = | spaa (3.12a) 
A 
We can express p as a function of y as before: 


X'Fp = [svaa = [xo + pgh) dA = [oo + pgxy sin 0) dA 
A IA IA 
= po [ xdA + pgsind | xydA 
‘A A 
The first integral is x.A (where x, is the distance of the centroid from y axis). The second 
integral is if xydA = I,,. Using the parallel axis theorem, I, = Igy + Ax, y,, we find 
x'Fr = poxcA + pgsin (Ley + AxcYe) = Xc(Po + pgyesin #)A + pgsin O Ie 
= Xe(Po + pgh.)A + pg sin 6 Ies _ X-Fr + pg sin 0 Tes 
Finally, we obtain for x’: 


sin 6 [es 
ae Ps ws 
Fr 


(3.12b) 


Equation 3.12b is convenient for computing x’ when we include the ambient pressure 
Po. If we have ambient pressure also acting on the other side of the surface we can 
again use Eq. 3.10b with po neglected to compute the net force and Eq. 3.12b becomes 
for this case 


ae eed (3.12c) 


Equation 3.12a is the integral equation for computing the location x’ of the resultant 
force; Eq. 3.12b can be used for computations when we are interested in the force on 
the submerged side only; Eq. 3.12c is useful when we have pp on the other side of the 
surface and we are interested in the net force. 

In summary, Eqs. 3.10 through 3.12 constitute a complete set of equations for com- 
puting the magnitude and location of the force due to hydrostatic pressure on any sub- 
merged plane surface. The direction of the force will always be perpendicular to the plane. 

We can now consider several examples using these equations. In Example 3.5 we 
use both the integral and algebraic sets of equations. 


Ee 35 “RESULTANT FORCE ON INCLINED PLANE 
SUBMERGED CE 


The inclined surface shown, hinged along edge A, is 5 m wide. Determine the 
resultant force, Fr, of the water and the air on the inclined surface. 


Given: Rectangular gate, hinged along A, w=5 m. 


Find: Resultant force, Fr, of the water and the air on the gate. 
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Net hydrostatic pressure distribution on gate. 


Solution: 
In order to completely determine Fr, we need to find (a) the magnitude and (b) the line of action of the force (the 


direction of the force is perpendicular to the surface). We will solve this problem by using (i) direct integration and 
(ii) the algebraic equations. 


Direct Integration 
Governing equations: p=po + pgh Fr= fe dA 1 FrR= [ue dA x'FrR= jr dA 
A A A 


Because atmospheric pressure po acts on both sides of the plate its effect cancels, and we can work in gage pressures 
(p = pgh). In addition, while we could integrate using the y variable, it will be more convenient here to define a 


variable 7, as shown in the figure. 
Using 7 to obtain expressions for 4 and dA, then 


h = D+7sin30° and dA =wdyn 


Applying these to the governing equation for the resultant force, 


L 
Fp = [vaa = if pg(D + 7sin30°)w dn 
IA 0 


L 
2 


IDL, =F = sin 30° 


2 
= pgw [bn ~ ino = pgw 
0 
Lom) 1) Nes 


kg m 
= —= XU K5 2m X4m+ x 
aos 9 2 m |2m m 5 alan 
Fe =588kN « Fr 
For the location of the force we compute 7 (the distance from the top edge of the plate), 
jE | np dA 
A 
Then 
1 fi 1 if pgw a ae 
= — dA = — wdn = —— D+nsin 30°) d 
1 ee eh (eee me i, y) )dn 
iL 
pew Die i Pew ne li F 
= + = + 
Fr 5 3 ino] Fr | 5 3 sin 30 
0 
x 2 3 ne) 
— 999 KE xo. g™ 5m : 2m X 16m , o4m we Ns 
m? s* 5.88 X10°N 2 3 2| kg-m 
(= 2.22 dS eee oy Se ee J 
a ae 4 sin30. sin 30° era ese 


74 Chapter 3 Fluid Statics 


Also, from consideration of moments about the y axis through edge A, 


il 
x = — | sodA 
Foden 


In calculating the moment of the distributed force (right side), recall, from your earlier courses in statics, that the 
centroid of the area element must be used for x. Since the area element is of constant width, then x = w/2, and 


il w Ww Ww x! 
= i Yl = = = 25 ie 
xe xf zP a. a | P4 5) 5m 


Algebraic Equations 


In using the algebraic equations we need to take care in selecting the appropriate set. In this problem we have 
Po = Patm ON both sides of the plate, so Eq. 3.10b with p, as a gage pressure is used for the net force: 


Ib 
[ET opal if iil hate [» + 5 sin =) Lw 


L?2 
Fr = pgw|DL + mt sin 30° 


This is the same expression as was obtained by direct integration. 
The y coordinate of the center of pressure is given by Eq. 3.11c: 


I 
yl =ye+ oe (3.11c) 
Cc 


For the inclined rectangular gate 
_ wes 2m a ee oe 
Xe in30° 2) sin30—O 2 
A= iy —=4mn om = 20m 


y=yt = = 6m+26.7 m‘* x as Xx _ = 6.22m ———ee 
The x coordinate of the center of pressure is given by Eq. 3.12c: 
Pe eee (3.12c) 
Ay. 
x 


For the rectangular gate Iz, = Oandx’ = x, = 2.5 m. ———___“~ 


| Bom 3c ™FORGE-ON VERTICAL PLANE SUBMERGED SURFACE 
WITH NONZER E PRESSURE AT FREE SURFACE 


The door shown in the side of the tank is hinged along its bottom edge. A | p =100 Ibf/ft? (gage) 
pressure of 100 psfg is applied to the liquid free surface. Find the force, F,, 
required to keep the door closed. 


Liquid, y= 100 Ibf/ft? 
Given: Door as shown in the figure. 


Find: Force required to keep door shut. 
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PotP 


Po = 100 Ib/ft? (gage) ! 
= ja 1 
I 

I 

I 


atm 


Po + Patm + pgl 


Free-body diagrams of door 


Solution: 

This problem requires a free-body diagram (FBD) of the door. The pressure distributions 
on the inside and outside of the door will lead to a net force (and its location) that will be 
included in the FBD. We need to be careful in choosing the equations for computing the 
resultant force and its location. We can either use absolute pressures (as on the left FBD) 
and compute two forces (one on each side) or gage pressures and compute one force (as on 
the right FBD). For simplicity we will use gage pressures. The right-hand FBD makes clear 
we should use Eqs. 3.10b and 3.11b, which were derived for problems in which we wish to 
include the effects of an ambient pressure (/o), or in other words, for problems when we 
have a nonzero gage pressure at the free surface. The components of force due to the hinge 
are A, and A,. The force F, can be found by taking moments about A (the hinge). 


Governing equations: 


, pg sin 6 Tes 
Fr= pA y= y+“ — S >My = 0 


The resultant force and its location are 


I, 
Fr = (po + pgh,)A = (> als 15) bL 


and 


y ay, + resin 90 Tee _ L yLafl2 xb,  y?/i2 


€ F Dp It, 2 L 
: (vo-+05) 2 (oo +15) 


Taking moments about point A 


S > Ma =FL-FR(L-y)=0 or R= Fa(1 Z r) 
Using Eqs. 1 and 2 in this equation we find 


‘6 1 ie 
ne (ro-+05) oz 1-5 i = 
(vo+15) 


L\bL  bI2 — pobL— yb? 
NEOs Ya ay, pe 5 aw 


= 100 Pf wot xatex t +4100 Of x2nx982 x I 
ie 2 ft 6 


F, = 600lbf . 


Force free-body diagram 


F; 
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We could have solved this problem by considering the two separate pres- 
sure distributions on each side of the door, leading to two resultant forces and 
their locations. Summing moments about point A with these forces would 
also have yielded the same value for F,. (See Problem 3.59.) Note also that 
Eq. 3 could have been obtained directly (without separately finding Fr and 
y’) by using a direct integration approach: 


SoMa =FL~ | ypaa = 


Hydrostatic Force on a Curved Submerged Surface 


For curved surfaces, we will once again derive expressions for the resultant force by 
integrating the pressure distribution over the surface. However, unlike for the plane 
surface, we have a more complicated problem—the pressure force is normal to the 
surface at each point, but now the infinitesimal area elements point in varying directions 
because of the surface curvature. This means that instead of integrating over an element 
dA we need to integrate over vector element dA. This will initially lead to a more 
complicated analysis, but we will see that a simple solution technique will be developed. 

Consider the curved surface shown in Fig. 3.7. The pressure force acting on the 
element of area, dA, is given by 


dF =—pdA 


where the minus sign indicates that the force acts on the area, in the direction opposite 
to the area normal. The resultant force is given by 


Fe = -[ pad (3.13) 
IA 
We can write 
Fr —_ iF. + jFR +kFp. 


where Fr,, Fry, and Fp, are the components of Fr in the positive x, y, and z directions, 
respectively. 

To evaluate the component of the force in a given direction, we take the dot 
product of the force with the unit vector in the given direction. For example, taking 
the dot product of each side of Eq. 3.13 with unit vector i gives 


Fr = Fix aF-i=-f pad-i=-f pda, 
A Ay 


x 


Fig. 3.7 Curved submerged surface. 
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Fig. 3.8 Forces on curved submerged surface. 


where dA, is the projection of dA ona plane perpendicular to the x axis (see Fig. 3.7), 
and the minus sign indicates that the x component of the resultant force is in the 
negative x direction. 

Since, in any problem, the direction of the force component can be determined by 
inspection, the use of vectors is not necessary. In general, the magnitude of the 
component of the resultant force in the / direction is given by 


Fe = [pan (3.14) 


where dA, is the projection of the area element dA on a plane perpendicular to the / 
direction. The line of action of each component of the resultant force is found by 
recognizing that the moment of the resultant force component about a given axis must 
be equal to the moment of the corresponding distributed force component about the 
same axis. 

Equation 3.14 can be used for the horizontal forces Fp and Fr. We have the 
interesting result that the horizontal force and its location are the same as for an 
imaginary vertical plane surface of the same projected area. This is illustrated in 
Fig. 3.8, where we have called the horizontal force Fy. 

Figure 3.8 also illustrates how we can compute the vertical component of force: 
With atmospheric pressure at the free surface and on the other side of the curved 
surface the net vertical force will be equal to the weight of fluid directly above 
the surface. This can be seen by applying Eq. 3.14 to determine the magnitude of the 
vertical component of the resultant force, obtaining 


FR =Fy = [eda. 


Since p = pgh, 
Fv = | pghaa, = [ pgav 


where pghdA, = pgd¥ is the weight of a differential cylinder of liquid above 
the element of surface area, dA,, extending a distance h from the curved surface to the 
free surface. The vertical component of the resultant force is obtained by integrating 
over the entire submerged surface. Thus 


Fy = | pphaa, = | pga¥ = pe ¥ 
A, ad 


In summary, for a curved surface we can use two simple formulas for computing the 
horizontal and vertical force components due to the fluid only (no ambient pressure), 


Fy =p.A and Fy = pg¥ (GS) 
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where p, and A are the pressure at the center and the area, respectively, of a vertical 
plane surface of the same projected area, and ¥ is the volume of fluid above the 
curved surface. 

It can be shown that the line of action of the vertical force component passes 
through the center of gravity of the volume of liquid directly above the curved surface 
(see Example 3.7). 

We have shown that the resultant hydrostatic force on a curved submerged surface 
is specified in terms of its components. We recall from our study of statics that the 
resultant of any force system can be represented by a force-couple system, i.e., 
the resultant force applied at a point and a couple about that point. If the force 
and the couple vectors are orthogonal (as is the case for a two-dimensional curved 
surface), the resultant can be represented as a pure force with a unique line of action. 
Otherwise the resultant may be represented as a “wrench,” also having a unique line of 
action. 


ample 5. PONENTS ON A CURVED SUBMERGED SURFACE 


The gate shown is hinged at O and has constant width, w =5 m. The equation of 
the surface is x = y*/a, where a = 4 m. The depth of water to the right of the gate is 
D=4 m. Find the magnitude of the force, F,, applied as shown, required to 
maintain the gate in equilibrium if the weight of the gate is neglected. 


Given: Gate of constant width, w=5 m. 
Equation of surface in xy plane is x = y"/a, where a=4 m. 
Water stands at depth D = 4 m to the right of the gate. 
Force F, is applied as shown, and weight of gate is to be neglected. (Note 
that for simplicity we do not show the reactions at O.) 


Find: Force F, required to maintain the gate in equilibrium. 


FO sire 


(a) System FBD Null fluid forces (c) Fluid forces 


Solution: 

We will take moments about point O after finding the magnitudes and locations of the horizontal and vertical forces 
due to the water. The free body diagram (FBD) of the system is shown above in part (a). Before proceeding we need to 
think about how we compute Fy, the vertical component of the fluid force—we have stated that it is equal (in mag- 
nitude and location) to the weight of fluid directly above the curved surface. However, we have no fluid directly above 
the gate, even though it is clear that the fluid does exert a vertical force! We need to do a “thought experiment” in 
which we imagine having a system with water on both sides of the gate (with null effect), minus a system with water 
directly above the gate (which generates fluid forces). This logic is demonstrated above: the system FBD(a) = the null 
FBD(b) — the fluid forces FBD(c). Thus the vertical and horizontal fluid forces on the system, FBD(a), are equal and 
opposite to those on FBD(c). In summary, the magnitude and location of the vertical fluid force Fy are given by the 
weight and location of the centroid of the fluid “above” the gate; the magnitude and location of the horizontal fluid 
force F;, are given by the magnitude and location of the force on an equivalent vertical flat plate. 
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Governing equations: Fy, = pcA y=yt = Fy = pg¥ x’ = water center of gravity 


For Fy, the centroid, area, and second moment of the equivalent vertical flat plate are, respectively, y. = h, = D/2, 
AS Dy and), we ie 


Fy = p,A = pgh.A 


D De kg m __ (4m?) N:s? 
= = = SS XS Disil= x x 
p& > Dw PB W 999-3 9.81 2 5) 5m fea (1) 
Fy = 392kN 
and 
Teg 
f=y+ 
Vv Ne Ay, 
Dow) 12D 2 
2 wDD/2 26 
yr A= = X4m = 2.67m (2) 


For Fy, we need to compute the weight of water “above” the gate. To do this we define a differential column of 
volume (D — y) w dx and integrate 


D2/4 


D2/4 
Fy = pg¥ = os | (D — y)wdx = pew | (D — Jax! /?)\dx 
0 0 


D3/4 
= 2 3/2 = De 2 D?| _ pgwD> 
a [ps ae | Ma | a 3 Vy 2 3a 
0 
kg m (47m? _ 1 N-s* 
= — X9.81 — X x x x = 
a 2 A re pete EN (3) 


The location x’ of this force is given by the location of the center of gravity of the water “above” the gate. We 
recall from statics that this can be obtained by using the notion that the moment of Fy and the moment of the sum of 
the differential weights about the y axis must be equal, so 


D2/4 D2/4 
x'Fy = oe | x(D — y)wdx = pew | (D — Jax?/?)dx 
0 0 


pD2/4 
Dee 
x'Fy = pgw Pe = jae = rv| 
0 
pgwD? 3D? 3: © (4)° mm” 
_ - == x =12 
* > (02r, » 0a 5 10 “4mm = 


Now that we have determined the fluid forces, we can finally take 
moments about O (taking care to use the appropriate signs), using 
the results of Eqs. 1 through 4 


My = -IF, +x’Fy + (D—y) Fx = 0 
1 
Fa = 5 [Fy + (D-y) Fu] 
1.2m X 261 kN + (4 — 2.67) m X 392 kN] 


Seema 


B= 6 kNy ee Fu 
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"3.6 


Buoyancy and Stability 


If an object is immersed in a liquid, or floating on its surface, the net vertical force 
acting on it due to liquid pressure is termed buoyancy. Consider an object totally 
immersed in static liquid, as shown in Fig. 3.9. 
The vertical force on the body due to hydrostatic pressure may be found most 
easily by considering cylindrical volume elements similar to the one shown in Fig. 3.9. 
We recall that we can use Eq. 3.7 for computing the pressure p at depth h in a liquid, 


P = Po pgh 
The net vertical pressure force on the element is then 
dF, = (po + pghz) dA — (po + pghy) dA = pg(hy — hy) dA 
But (hy) —h,)dA = d¥, the volume of the element. Thus 


i= [at = [sav = vs¥ 
My 


where ¥ is the volume of the object. Hence we conclude that for a submerged body 
the buoyancy force of the fluid is equal to the weight of displaced fluid, 


Fyuoyancy ar per (3.16) 


This relation reportedly was used by Archimedes in 220 B.c. to determine the gold 
content in the crown of King Hiero II. Consequently, it is often called “Archimedes’ 
Principle.” In more current technical applications, Eq. 3.16 is used to design dis- 
placement vessels, flotation gear, and submersibles [1]. 

The submerged object need not be solid. Hydrogen bubbles, used to visualize 
streaklines and timelines in water (see Section 2.2), are positively buoyant; they rise 
slowly as they are swept along by the flow. Conversely, water droplets in oil are 
negatively buoyant and tend to sink. 

Airships and balloons are termed “lighter-than-air” craft. The density of an ideal gas is 
proportional to molecular weight, so hydrogen and helium are less dense than air at the 
same temperature and pressure. Hydrogen (M,,, = 2) is less dense than helium (M,,, = 4), 
but extremely flammable, whereas helium is inert. Hydrogen has not been used com- 
mercially since the disastrous explosion of the German passenger airship Hindenburg in 
1937. The use of buoyancy force to generate lift is illustrated in Example 3.8. 

Equation 3.16 predicts the net vertical pressure force on a body that is totally 
submerged in a single liquid. In cases of partial immersion, a floating body displaces its 
own weight of the liquid in which it floats. 

The line of action of the buoyancy force, which may be found using the methods of 
Section 3.5, acts through the centroid of the displaced volume. Since floating bodies 


Po 
Vv 
= 
dA hy 
| h 
h 
Z F Liquid, 
d¥ | density = p 


Fig. 3.9 Immersed body in static liquid. 


'This section may be omitted without loss of continuity in the text material. 
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Rea 33 BUOYANCY FORCE IN A HOT AIR BALLOON 


A hot air balloon (approximated as a sphere of diameter 50 ft) is to lift a basket load of 
600 Ibf. To what temperature must the air be heated in order to achieve liftoff? 


Given: Atmosphere at STP, diameter of balloon d=50 ft, and load Wioaq = 600 Ibf. 


Find: The hot air temperature to attain liftoff. 


Solution: 

Apply the buoyancy equation to determine the lift generated by atmosphere, and apply 
the vertical force equilibrium equation to obtain the hot air density. Then use the ideal 
gas equation to obtain the hot air temperature. 


Governing equations: 
Fpuoyancy =e Ss, a) p= pRT 


Assumptions: (1) Ideal gas. 
(2) Atmospheric pressure throughout. 


Summing vertical forces 


* = buoyancy Whot air Wren = Pam& als Phot air & Vales Watoad = 0 


Rearranging and solving for Ppot air (Using data from Appendix A), 


p =p -" Wioad = = 6Wioad 
hot air atm ge atm rd g 
600 Ibf Ce slug: ft 


slug 
= 0.002 =X x x 
real 7(50)° ft? 32.2 ft“ s?-Ibf 


slug _ 9 9209 Us 


Phot air = (0.00238 — 0.000285) == = 


Finally, to obtain the temperature of this hot air, we can use the ideal gas 
equation in the following form 


Phot air = Patm 
Phot ae Thot air p name Tam 


and with Dhotair = Patm 


0.00238 


0.00209 J R 


Thot air = Tatm SH = (460 + 59)"R X 


hot air 


live air 


eee 


are in equilibrium under body and buoyancy forces, the location of the line of action 
of the buoyancy force determines stability, as shown in Fig. 3.10. 

The weight of an object acts through its center of gravity, CG. In Fig. 3.10a, the lines 
of action of the buoyancy and the weight are offset in such a way as to produce a couple 
that tends to right the craft. In Fig. 3.10b, the couple tends to capsize the craft. 

Ballast may be needed to achieve roll stability. Wooden warships carried stone 
ballast low in the hull to offset the weight of the heavy cannon on upper gun decks. 


Dives: air — ee €< 
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Fyuoyancy 


F, gravity 


CG + 
Beraiity JAswrayerray 
(a) Stable (b) Unstable 


Fig. 3.10 Stability of floating bodies. 


Modern ships can have stability problems as well: overloaded ferry boats have cap- 
sized when passengers all gathered on one side of the upper deck, shifting the CG 
laterally. In stacking containers high on the deck of a container ship, care is needed to 
avoid raising the center of gravity to a level that may result in the unstable condition 
depicted in Fig. 3.10b. 

For a vessel with a relatively flat bottom, as shown in Fig. 3.10a, the restoring 
moment increases as roll angle becomes larger. At some angle, typically that at which 
the edge of the deck goes below water level, the restoring moment peaks and starts to 
decrease. The moment may become zero at some large roll angle, known as the angle 
of vanishing stability. The vessel may capsize if the roll exceeds this angle; then, if still 
intact, the vessel may find a new equilibrium state upside down. 

The actual shape of the restoring moment curve depends on hull shape. A broad 
beam gives a large lateral shift in the line of action of the buoyancy force and thus a high 
restoring moment. High freeboard above the water line increases the angle at which the 
moment curve peaks, but may make the moment drop rapidly above this angle. 

Sailing vessels are subjected to large lateral forces as wind engages the sails (a boat 
under sail in a brisk wind typically operates at a considerable roll angle). The lateral 
wind force must be counteracted by a heavily weighted keel extended below the hull 
bottom. In small sailboats, crew members may lean far over the side to add additional 
restoring moment to prevent capsizing [2]. 

Within broad limits, the buoyancy of a surface vessel is adjusted automatically as 
the vessel rides higher or lower in the water. However, craft that operate fully sub- 
merged must actively adjust buoyancy and gravity forces to remain neutrally buoyant. 
For submarines this is accomplished using tanks which are flooded to reduce excess 
buoyancy or blown out with compressed air to increase buoyancy [1]. Airships may 
vent gas to descend or drop ballast to rise. Buoyancy of a hot-air balloon is controlled 
by varying the air temperature within the balloon envelope. 

For deep ocean dives use of compressed air becomes impractical because of the high 
pressures (the Pacific Ocean is over 10 km deep; seawater pressure at this depth is 
greater than 1000 atmospheres! ). A liquid such as gasoline, which is buoyant in seawater, 
may be used to provide buoyancy. However, because gasoline is more compressible than 
water, its buoyancy decreases as the dive gets deeper. Therefore it is necessary to carry 
and drop ballast to achieve positive buoyancy for the return trip to the surface. 

The most structurally efficient hull shape for airships and submarines has a circular 
cross-section. The buoyancy force passes through the center of the circle. Therefore, 
for roll stability the CG must be located below the hull centerline. Thus the crew 
compartment of an airship is placed beneath the hull to lower the CG. 
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In this chapter we have reviewed the basic concepts of fluid statics. This included: 


Y Deriving the basic equation of fluid statics in vector form. 


Y Applying this equation to compute the pressure variation in a static fluid: 


O Incompressible liquids: pressure increases uniformly with depth. 


© Gases: pressure decreases nonuniformly with elevation (dependent on other thermodynamic properties). 


v Study of: 
© Gage and absolute pressure. 
O Use of manometers and barometers. 
v Analysis of the fluid force magnitude and location on submerged: 
O Plane surfaces. 
© Curved surfaces. 
Y “Derivation and use of Archimedes’ Principle of Buoyancy. 
Y “Analysis of rigid-body fluid motion (on the Web). 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 


to their page numbers for details! 


Useful Equations 


Hydrostatic pressure variation: dp (3.6) Page 59 
ae = ps =~ 

Hydrostatic pressure variation (incompressible fluid): P—Po = Ap = pgh (3.7) Page 61 

Hydrostatic pressure variation (several incompressible Ap-= ae (3.8) Page 65 

fluids): i oy pili 

Hydrostatic force on submerged plane (integral form): f= | pdA (3.10a) | Page 70 

A 

Hydrostatic force on submerged plane: Fx = pA (3.10b) | Page 70 

Location y’ of hydrostatic force on submerged plane poe (3.11a) | Page 71 

(integral): eae [oo dA 

Location y’ of hydrostatic force on submerged plane i pg sin 0 [eg (3.11b) Page 71 

(algebraic): set ca Fr 

Location y’ of hydrostatic force on submerged plane i Teg (3.11c) | Page 71 

(Po neglected): y= Ye Aye 

Location x’ of hydrostatic force on submerged plane ee ead (3.12a) | Page 72 

(integral): x I, P 

Location x’ of hydrostatic force on submerged plane —_ pgsin } Ios (3.12b) | Page 72 

(algebraic): = te F Fr 

Location x’ of hydrostatic force on submerged plane pleas I gg (3.12c) | Page 72 

(po neglected): a sae y, 

Horizontal and vertical hydrostatic forces on curved (3.15) Page 77 

submerged surface: Fy = pcA and Fy = pg¥ 

Buoyancy force on submerged object: Frcyancy = per (3.16) Page 80 


We have now concluded our introduction to the fundamental concepts of fluid mechanics, and the basic concepts 
of fluid statics. In the next chapter we will begin our study of fluids in motion. 


“These topics apply to sections that may be omitted without loss of continuity in the text material. 
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Case Study 


The Falkirk Wheel 


The Falkirk Wheel. 


Hydrostatics, the study of fluids at rest, is an ancient 
discipline, so one might think there are no new or 
exciting applications still to be developed. The Falkirk 
wheel in Scotland is a dramatic demonstration that 


References 


1. Burcher, R., and L. Rydill, Concepts in Submarine Design. 
Cambridge, UK: Cambridge University Press, 1994. 


Problems 


3-1 Compressed nitrogen (140 lbm) is stored in a spherical tank of 
diameter D =2.5 ft ata temperature of 77°F. What is the pressure 
inside the tank? If the maximum allowable stress in the tank is 
30 ksi, find the minimum theoretical wall thickness of the tank. 


Standard Atmosphere 


3-2 Because the pressure falls, water boils at a lower tem- 
perature with increasing altitude. Consequently, cake mixes 
and boiled eggs, among other foods, must be cooked dif- 
ferent lengths of time. Determine the boiling temperature of 
water at 1000 and 2000 m elevation on a standard day, and 
compare with the sea-level value. 


3.3 Ear “popping” is an unpleasant phenomenon sometimes 
experienced when a change in pressure occurs, for example 
in a fast-moving elevator or in an airplane. If you are in a 
two-seater airplane at 3000 m and a descent of 100 m causes 
your ears to “pop,” what is the pressure change that your ears 
“pop” at, in millimeters of mercury? If the airplane now rises 
to 8000 m and again begins descending, how far will the air- 
plane descend before your ears “pop” again? Assume a U.S. 
Standard Atmosphere. 


this is not the case; it is a novel replacement for a lock, 
a device for moving a boat from one water level to 
another. The wheel, which has a diameter of 35 m, 
consists of two sets of axe-shaped opposing arms 
(which take the shape of a Celtic-inspired, double- 
headed axe). Sitting in bearings in the ends of these 
arms are two water-filled caissons, or tanks, each with 
a capacity of 80,000 gal. The hydrostatics concept of 
Archimedes’ principle, which we studied in this chap- 
ter, states that floating objects displace their own 
weight of water. Hence, the boat shown entering the 
lower caisson displaces water from the caisson 
weighing exactly the same as the boat itself. This 
means the entire wheel remains balanced at all times 
(both caissons always carry the same weight, whether 
containing boats or not), and so, despite its enormous 
mass, it rotates through 180° in less than four minutes 
while using very little power. The electric motors used 
for this use 22.5 kilowatts (kW) of power, so the 
energy used in four minutes is about 1.5 kilowatt- 
hours (kWh); even at current prices, this works out to 
be only a few cents worth of energy. 


2. Marchaj, C. A., Aero-Hydrodynamics of Sailing, rev. ed. 
Camden, ME: International Marine Publishing, 1988. 


3-4 When you are on a mountain face and boil water, you 
notice that the water temperature is 195°F. What is your 
approximate altitude? The next day, you are at a location 
where it boils at 185°F. How high did you climb between the 
two days? Assume a U.S. Standard Atmosphere. 


Pressure Variation in a Static Fluid 


3-5 A 125-mL cube of solid oak is held submerged by a tether 
as shown. Calculate the actual force of the water on the 
bottom surface of the cube and the tension in the tether. 


Patm d=10mm 
—¥. =a 
foil 
[il sc =0.8 Diameter, D = 50 mm | | 
bb Water H=200mm 
T il h= 25mm 


P3.5 P3.6 


3.6 The tube shown is filled with mercury at 20°C. Calculate 
the force applied to the piston. 


_J 3.7 The following pressure and temperature measurements 


were taken by a meteorological balloon rising through the 
lower atmosphere: 


P (psia) 14.71 14.62 14.53 14.45 14.36 14.27 14.18 14.1 14.01 13.92 13.84 
IMC) S86 SP SO) 0d) Se 51) se Sie) Swe) Sul Seite 


The initial values (top of table) correspond to ground level. 
Using the ideal gas law (p = pRT with R = 53.3 ft-Ibf/ 
lbm-°R), compute and plot the variation of air density (in 
Ibm/ft*) with height. 


3.8 A hollow metal cube with sides 100 mm floats at the 
interface between a layer of water and a layer of SAE 10W 
oil such that 10% of the cube is exposed to the oil. What is 
the pressure difference between the upper and lower hor- 
izontal surfaces? What is the average density of the cube? 


3-9 Your pressure gage indicates that the pressure in your cold 
tires is 0.25 MPa (gage) on a mountain at an elevation of 3500 m. 
What is the absolute pressure? After you drive down to sea 
level, your tires have warmed to 25°C. What pressure does your 
gage now indicate? Assume a U.S. Standard Atmosphere. 


3.10 An air bubble, 0.3 in. in diameter, is released from the 
regulator of a scuba diver swimming 100 ft below the sea 
surface. (The water temperature is 86°F.) Estimate the diam- 
eter of the bubble just before it reaches the water surface. 


3.11 A cube with 6 in. sides is suspended in a fluid by a wire. 
The top of the cube is horizontal and 8 in. below the free 
surface. If the cube has a mass of 2 slugs and the tension in 
the wire is T=50.7 Ibf, compute the fluid specific gravity, 
and from this determine the fluid. What are the gage pres- 
sures on the upper and lower surfaces? 


3.12 Assuming the bulk modulus is constant for seawater, 
derive an expression for the density variation with depth, h, 
below the surface. Show that the result may be written 


p® pyt+ bh 


where pp is the density at the surface. Evaluate the constant 
b. Then, using the approximation, obtain an equation for the 
variation of pressure with depth below the surface. Deter- 
mine the depth in feet at which the error in pressure pre- 
dicted by the approximate solution is 0.01 percent. 


_J 3.13 Oceanographic research vessels have descended to 


6.5 mi below sea level. At these extreme depths, the com- 
pressibility of seawater can be significant. One may model 
the behavior of seawater by assuming that its bulk modulus 
remains constant. Using this assumption, evaluate the 
deviations in density and pressure compared with values 
computed using the incompressible assumption at a depth, h, 
of 6.5 mi in seawater. Express your answers as a percentage. 
Plot the results over the range 0 = h =7 mi. 


J 3.14 An inverted cylindrical container is lowered slowly 


beneath the surface of a pool of water. Air trapped in the 
container is compressed isothermally as the hydrostatic 
pressure increases. Develop an expression for the water 
height, y, inside the container in terms of the container 
height, H, and depth of submersion, h. Plot y/H versus h/H. 
3.15 Youclose the top of your straw with your thumb and lift the 


straw out of your glass containing Coke. Holding it vertically, 
the total length of the straw is 45 cm, but the Coke held in the 
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straw is in the bottom 15 cm. What is the pressure in the straw 
just below your thumb? Ignore any surface tension effects. 


3.16 A water tank filled with water to a depth of 16 ft has in 
inspection cover (1 in. X 1 in.) at its base, held in place by a 
plastic bracket. The bracket can hold a load of 9 Ibf. Is the 
bracket strong enough? If it is, what would the water depth 
have to be to cause the bracket to break? 


3.17 A container with two circular vertical tubes of diameters 
d, = 39.5 mm and dj = 12.7 mm is partially filled with mer- 
cury. The equilibrium level of the liquid is shown in the left 
diagram. A cylindrical object made from solid brass is placed 
in the larger tube so that it floats, as shown in the right dia- 
gram. The object is D =37.5 mm in diameter and H = 76.2 
mm high. Calculate the pressure at the lower surface needed 
to float the object. Determine the new equilibrium level, h, of 
the mercury with the brass cylinder in place. 


A Brass 


ld, >| >|do|- 


i 
{ 
a Neoay oe 


P3.17 
3.18 A partitioned tank as shown contains water and mercury. 
What is the gage pressure in the air trapped in the left chamber? 
What pressure would the air on the left need to be pumped to in 
order to bring the water and mercury free surfaces level? 


0.75m—| 3.75m 
Water. 3m 


Es 


Im 


2.9m 


P3.18, P3.19 


3-19 In the tank of Problem 3.18, if the opening to atmo- 
sphere on the right chamber is first sealed, what pressure 
would the air on the left now need to be pumped to in order 
to bring the water and mercury free surfaces level? (Assume 
the air trapped in the right chamber behaves isothermally.) 


3-20 Consider the two-fluid manometer shown. Calculate the 
applied pressure difference. 


Pp P2 


Carbon 
tetrachloride 


P3.20 
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3.21 A manometer is formed from glass tubing with uniform 
inside diameter, D=6.35 mm, as shown. The U-tube is 
partially filled with water. Then ¥ = 3.25 cm® of Meriam red 
oil is added to the left side. Calculate the equilibrium height, 
H, when both legs of the U-tube are open to the atmosphere. 


Oil 


P3.21 


3-22 The manometer shown contains water and kerosene. 
With both tubes open to the atmosphere, the free-surface 
elevations differ by Hp = 20.0 mm. Determine the elevation 
difference when a pressure of 98.0 Pa (gage) is applied to the 
right tube. 


Py P2 


Kerosene 


Water Liquid B 


P3.23 


P3.22 
3.23 The manometer shown contains two liquids. Liquid A has 
SG = 0.88 and liquid B has SG = 2.95. Calculate the deflection, 
h, when the applied pressure difference is p, — p> = 18 Ibf/ft?. 
3-24 Determine the gage pressure in kPa at point a, if liquid 
A has SG = 1.20 and liquid B has SG = 0.75. The liquid 
surrounding point a is water, and the tank on the left is open 
to the atmosphere. 


P3.24 


3.25 An engineering research company is evaluating using 
a sophisticated $80,000 laser system between two large 
water storage tanks. You suggest that the job can be done with 
a $200 manometer arrangement. Oil less dense than water 
can be used to give a significant amplification of meniscus 
movement; a small difference in level between the tanks 
will cause a much larger deflection in the oil levels in the ma- 
nometer. If you set up a rig using Meriam red oil as 
the manometer fluid, determine the amplification factor that 
will be seen in the rig. 


Meriam red oil 


Equilibrium 
level 


P3.25 


3.26 Water flows downward along a pipe that is inclined at 30° 
below the horizontal, as shown. Pressure difference p, — pz is 
due partly to gravity and partly to friction. Derive an algebraic 
expression for the pressure difference. Evaluate the pressure 
difference if L =5 ft and h=6 in. 


Water ———++ 


i 
4 


tT 
h 
2 
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3-27 Consider a tank containing mercury, water, benzene, 
and air as shown. Find the air pressure (gage). If an opening 
is made in the top of the tank, find the equilibrium level of 
the mercury in the manometer. 


D=0.25m 
d= 0.025 m 
Air 
0.1 m| Benzene 
0.1m Water 0.3m 
0.1m 
P3.27 


3.28 A reservoir manometer has vertical tubes of diameter 
D=18 mm and d=6 mm. The manometer liquid is Meriam 
red oil. Develop an algebraic expression for liquid deflection 
L in the small tube when gage pressure Ap is applied to the 
reservoir. Evaluate the liquid deflection when the applied 
pressure is equivalent to 25 mm of water (gage). 


Ap 
| <——d=6mm 


L 


- Equilibrium level 


3-29 A rectangular tank, open to the atmosphere, is filled with 
water to a depth of 2.5 m as shown. A U-tube manometer is 
connected to the tank at a location 0.7 m above the tank bot- 
tom. If the zero level of the Meriam blue manometer fluid is 
0.2 m below the connection, determine the deflection / after 
the manometer is connected and all air has been removed 
from the connecting leg. 


y 


P3.29, P3.31,..P3:37 


3.30 A reservoir manometer is calibrated for use with a 
liquid of specific gravity 0.827. The reservoir diameter is 
5/8 in. and the (vertical) tube diameter is 3/16 in. Calculate 
the required distance between marks on the vertical scale for 
1 in. of water pressure difference. 


3-31 The manometer fluid of Problem 3.29 is replaced with 
mercury (same zero level). The tank is sealed and the air 
pressure is increased to a gage pressure of 0.5 atm. Deter- 
mine the deflection /. 


3-32 The inclined-tube manometer shown has D=96 mm 
and d=8 mm. Determine the angle, 0, required to provide a 
5: 1 increase in liquid deflection, L, compared with the total 
deflection in a regular U-tube manometer. Evaluate the 
sensitivity of this inclined-tube manometer. 


P3.32, P3.33 


3-33 The inclined-tube manometer shown has D=76 mm 
and d=8 mm, and is filled with Meriam red oil. Compute 
the angle, 0, that will give a 15-cm oil deflection along the 
inclined tube for an applied pressure of 25 mm of water 
(gage). Determine the sensitivity of this manometer. 


3-34 A barometer accidentally contains 6.5 inches of water 
on top of the mercury column (so there is also water vapor 
instead of a vacuum at the top of the barometer). On a day 
when the temperature is 70°F, the mercury column height is 
28.35 inches (corrected for thermal expansion). Determine 
the barometric pressure in psia. If the ambient temperature 
increased to 85°F and the barometric pressure did not 
change, would the mercury column be longer, be shorter, or 
remain the same length? Justify your answer. 


| 3-35 A student wishes to design a manometer with better 


sensitivity than a water-filled U-tube of constant diameter. The 
student’s concept involves using tubes with different diameters 
and two liquids, as shown. Evaluate the deflection h of this 
manometer, if the applied pressure difference is Ap = 250 N/m’. 
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Determine the sensitivity of this manometer. Plot the mano- 
meter sensitivity as a function of the diameter ratio d>/d\. 
Patm Patm Patm + AP Patm 


| | | | 
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Water: 
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3.36 A water column stands 50 mm high in a 2.5-mm diam- 
eter glass tube. What would be the column height if the 
surface tension were zero? What would be the column height 
in a 1.0-mm diameter tube? 


3-37 If the tank of Problem 3.29 is sealed tightly and water 
drains slowly from the bottom of the tank, determine the 
deflection, /, after the system has attained equilibrium. 


3.38 Consider a small-diameter open-ended tube inserted at 
the interface between two immiscible fluids of different den- 
sities. Derive an expression for the height difference Ah 
between the interface level inside and outside the tube in 
terms of tube diameter D, the two fluid densities p; and p2, and 
the surface tension o and angle @ for the two fluids’ interface. If 
the two fluids are water and mercury, find the height differ- 
ence if the tube diameter is 40 mils (1 mil = 0.001 in.). 


3-39 You have a manometer consisting of a tube that is 
0.5 in. inner diameter (ID). On one side, the manometer leg 
contains mercury, 0.6 in.? of an oil (SG = 1.4), and 0.2 in. of 
air as a bubble in the oil. The other leg contains only mer- 
cury. Both legs are open to the atmosphere and are in a static 
condition. An accident occurs in which 0.2 in. of the oil and 
the air bubble are removed from one leg. How much do the 
mercury height levels change? 


3-40 Compare the height due to capillary action of water 
exposed to air in a circular tube of diameter D =0.5 mm, 
and between two infinite vertical parallel plates of gap 
a=0.5 mm. 


3.41 Two vertical glass plates 12 in. X 12 in. are placed in an 
open tank containing water. At one end the gap between the 
plates is 0.004 in., and at the other it is 0.080 in. Plot the curve 
of water height between the plates from one end of the pair 
to the other. 


3-42 Based on the atmospheric temperature data of the 
U.S. Standard Atmosphere of Fig. 3.3, compute and plot 
the pressure variation with altitude, and compare with the 
pressure data of Table A.3. 


3-43 On a certain calm day, a mild inversion causes the 
atmospheric temperature to remain constant at 30°C 
between sea level and 5000-m altitude. Under these condi- 
tions, (a) calculate the elevation change for which a 3 percent 
reduction in air pressure occurs, (b) determine the change of 
elevation necessary to effect a 5 percent reduction in density, 
and (c) plot p2/p; and p2/p,; as a function of Az. 
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4 3-44 At ground level in Denver, Colorado, the atmospheric 


pressure and temperature are 83.2 kPa and 25°C. Calculate 
the pressure on Pike’s Peak at an elevation of 2690 m 
above the city assuming (a) an incompressible and (b) an 
adiabatic atmosphere. Plot the ratio of pressure to ground 
level pressure in Denver as a function of elevation for both 
cases. 


4 3-45 The Martian atmosphere behaves as an ideal gas with 


mean molecular mass of 32.0 and constant temperature of 
200 K. The atmospheric density at the planet surface is 
p=0.015 kg/m? and Martian gravity is 3.92 m/s”. Calculate 
the density of the Martian atmosphere at height z = 20 km 
above the surface. Plot the ratio of density to surface density 
as a function of elevation. Compare with that for data on the 
Earth’s atmosphere. 


a | 3.46 A door 1 m wide and 1.5 m high is located in a plane 


vertical wall of a water tank. The door is hinged along its upper 
edge, which is 1 m below the water surface. Atmospheric 
pressure acts on the outer surface of the door and at the water 
surface. (a) Determine the magnitude and line of action of 
the total resultant force from all fluids acting on the door. 
(b) If the water surface gage pressure is raised to 0.3 atm, 
what is the resultant force and where is its line of action? 
(c) Plot the ratios F/Fo and y’/y, for different values of the sur- 
face pressure ratio p,/Patm. (Fo is the resultant force when 
Ps = Patm-) 

3-47 A door 1 m wide and 1.5 m high is located in a plane 
vertical wall of a water tank. The door is hinged along its 
upper edge, which is 1 m below the water surface. Atmo- 
spheric pressure acts on the outer surface of the door. (a) If 
the pressure at the water surface is atmospheric, what force 
must be applied at the lower edge of the door in order to 
keep the door from opening? (b) If the water surface gage 
pressure is raised to 0.5 atm, what force must be applied 
at the lower edge of the door to keep the door from 
opening? (c) Find the ratio F/Fo as a function of the surface 
pressure ratio p,/Pam. (Fo is the force required when 
Ps=P atm:) 


| 3.48 A hydropneumatic elevator consists of a piston-cylin- 


der assembly to lift the elevator cab. Hydraulic oil, stored in 
an accumulator tank pressurized by air, is valved to the 
piston as needed to lift the elevator. When the elevator 
descends, oil is returned to the accumulator. Design the least 
expensive accumulator that can satisfy the system require- 
ments. Assume the lift is 3 floors, the maximum load is 10 
passengers, and the maximum system pressure is 800 kPa 
(gage). For column bending strength, the piston diameter 
must be at least 150 mm. The elevator cab and piston have a 
combined mass of 3000 kg, and are to be purchased. Perform 
the analysis needed to define, as a function of system 
operating pressure, the piston diameter, the accumulator 
volume and diameter, and the wall thickness. Discuss safety 
features that your company should specify for the complete 
elevator system. Would it be preferable to use a completely 
pneumatic design or a completely hydraulic design? Why? 


3-49 Find the pressures at points A, B, and C, as shown in the 
figure, and in the two air cavities. 


IS 


Meriam |Meriam Meriam 


Blue Blue 


B Cc 
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Hydrostatic Force on Submerged Surfaces 


3-50 Semicircular plane gate AB is hinged along B and held by 
horizontal force F4 applied at A. The liquid to the left of the 
gate is water. Calculate the force F., required for equilibrium. 


<I 


Bis 2a ii 


Gate: 
side view 
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3.51 A triangular access port must be provided in the side of 
a form containing liquid concrete. Using the coordinates and 
dimensions shown, determine the resultant force that acts on 
the port and its point of application. 


: | 
Liquid |Ja = 1.25 ft y 
concrete | Port 
| peat kH 
P3.51 


3.52 A plane gate of uniform thickness holds back a depth of 
water as shown. Find the minimum weight needed to keep 
the gate closed. 


P3.52 


3-53 Consider a semicylindrical trough of radius R and length L. 
Develop general expressions for the magnitude and line of 
action of the hydrostatic force on one end, if the trough is par- 
tially filled with water and open to atmosphere. Plot the results 
(in nondimensional form) over the range of water depth 
0=d/R=1. 


\\ 
uy 


3-54 A rectangular gate (width w =2 m) is hinged as shown, 
witha stop on the lower edge. At what depth H will the gate tip? 


Water 


H 
0.55 m 
0.45m 


P3.54 
3-55 For a mug of tea (65 mm diameter), imagine it cut 
symmetrically in half by a vertical plane. Find the force that 
each half experiences due to an 80-mm depth of tea. 


3.56 Gates in the Poe Lock at Sault Ste. Marie, Michigan, close 
achannel W = 34 m wide, L = 360 m long, and D = 10m deep. 
The geometry of one pair of gates is shown; each gate is hinged 
at the channel wall. When closed, the gate edges are forced 
together at the center of the channel by water pressure. 
Evaluate the force exerted by the water on gate A. Determine 
the magnitude and direction of the force components exerted 
by the gate on the hinge. (Neglect the weight of the gate.) 


Hinge 


Stop 


Plan view: y 
Pappu 
x 
\ 
Ne Gate A 
Water > W=34m 
va 

‘ es | 

P3.56 


3.57 A section of vertical wall is to be constructed from ready- 
mix concrete poured between forms. The wall is to be 3 m 
high, 0.25 m thick, and 5 m wide. Calculate the force exerted 
by the ready-mix concrete on each form. Determine the line 
of application of the force. 


| 3.58 A window in the shape of an isosceles triangle and 


hinged at the top is placed in the vertical wall of a form that 
contains liquid concrete. Determine the minimum force 
that must be applied at point D to keep the window closed 
for the configuration of form and concrete shown. Plot the 
results over the range of concrete depthO =c =a 


ro =0.3 sik ie Hinge line 


P3.58 


3-59 Solve Example 3.6 again using the two separate pressures 
method. Consider the distributed force to be the sum of a force 
F, caused by the uniform gage pressure and a force F, caused 
by the liquid. Solve for these forces and their lines of action. 
Then sum moments about the hinge axis to calculate F,. 
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3.60 A large open tank contains water and is connected to a 
6-ft-diameter conduit as shown. A circular plug is used to 
seal the conduit. Determine the magnitude, direction, and 
location of the force of the water on the plug. 


9 ft 


Water | D=6ft 


x 


Plug 
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3.61 What holds up a car on its rubber tires? Most people 
would tell you that it is the air pressure inside the tires. 
However, the air pressure is the same all around the hub 
(inner wheel), and the air pressure inside the tire therefore 
pushes down from the top as much as it pushes up from 
below, having no net effect on the hub. Resolve this paradox 
by explaining where the force is that keeps the car off the 
ground. 


3.62 The circular access port in the side of a water stand- 
pipe has a diameter of 0.6 m and is held in place by eight bolts 
evenly spaced around the circumference. If the standpipe 
diameter is 7 m and the center of the port is located 12 m 
below the free surface of the water, determine (a) the total 
force on the port and (b) the appropriate bolt diameter. 

3.63 As water rises on the left side of the rectangular gate, 
the gate will open automatically. At what depth above the 
hinge will this occur? Neglect the mass of the gate. 


<6 ft> 


P3.63 
3.64 The gate AOC shown is 6 ft wide and is hinged along O. 
Neglecting the weight of the gate, determine the force in bar 
AB. The gate is sealed at C. 
3.65 The gate shown is 3 m wide and for analysis can be 
considered massless. For what depth of water will this rec- 
tangular gate be in equilibrium as shown? 


P3.64 


2500 kg 


P3.65 
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3.66 The gate shown is hinged at H. The gate is 3 m wide 
normal to the plane of the diagram. Calculate the force 
required at A to hold the gate closed. 


1.5m 


sy, F 
Wat ~s m A \ 
ater : 
NY S80 
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3.67 A long, square wooden block is pivoted along one edge. 
The block is in equilibrium when immersed in water to the 
depth shown. Evaluate the specific gravity of the wood, if 
friction in the pivot is negligible. 


<—— L ——>| Air 


wie L=1.0m 


Water = 


yy Pivot, O 
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a | 3.68 A solid concrete dam is to be built to hold back a depth 


D of water. For ease of construction the walls of the dam must 
be planar. Your supervisor asks you to consider the following 
dam cross-sections: a rectangle, a right triangle with the 
hypotenuse in contact with the water, and a right triangle with 
the vertical in contact with the water. She wishes you to 
determine which of these would require the least amount of 
concrete. What will your report say? You decide to look at 
one more possibility: a nonright triangle, as shown. Develop 
and plot an expression for the cross-section area A as a 
function of a, and find the minimum cross-sectional area. 


Water 


D 


ab 
b 


3.69 For the geometry shown, what is the vertical force on the 
dam? The steps are 0.5 m high, 0.5 m deep, and 3 m wide. 


P3.68 


P3.69 


3-70 For the dam shown, what is the vertical force of the 
water on the dam? 


Top 


3ft/S ft, Eft [31/3 tt 


Front Side 
P3.70 
3-71 The gate shown is 1.5 m wide and pivoted at O; 
a=10m *, D=1.20m, and H =1.40 m. Determine (a) the 
magnitude and moment of the vertical component of the force 


about O, and (b) the horizontal force that must be applied at 
point A to hold the gate in position. 


P3.71 


3-72 The parabolic gate shown is 2 m wide and pivoted at O; 
c=0.25 m-', D=2 m, and H=3 m. Determine (a) the 
magnitude and line of action of the vertical force on the gate 
due to the water, (b) the horizontal force applied at A 
required to maintain the gate in equilibrium, and (c) the 
vertical force applied at A required to maintain the gate in 
equilibrium. 


H 


| 
| 
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3-73 Liquid concrete is poured into the form (R = 2 ft). The 
form is w = 15 ft wide normal to the diagram. Compute 
the magnitude of the vertical force exerted on the form 
by the concrete, and specify its line of action. 


Concrete 


P3.73 


3-74 An open tank is filled with water to the depth indicated. 
Atmospheric pressure acts on all outer surfaces of the tank. 
Determine the magnitude and line of action of the vertical 
component of the force of the water on the curved part of the 
tank bottom. 


10 ft 
N12 tt a 


P3.74 


3-75 A spillway gate formed in the shape of a circular arc is 
w m wide. Find the magnitude and line of action of the vertical 
component of the force due to all fluids acting on the gate. 


2 ft — 


aoe i 


| 
-— 7 ft ——~| 1.67 ft 


3.76 A dam is to be constructed using the cross-section 
shown. Assume the dam width is w = 160 ft. For water height 
H = 9ft, calculate the magnitude and line of action of the vertical 
force of water on the dam face. Is it possible for water forces to 
overturn this dam? Under what circumstances will this happen? 


3-77 A Tainter gate used to control water flow from the 
Uniontown Dam on the Ohio River is shown; the gate width 
is w= 35 m. Determine the magnitude, direction, and line of 
action of the force from the water acting on the gate. 


iI} 


P3.77 


3.78 A gate, in the shape of a quarter-cylinder, hinged at A 
and sealed at B, is 3 m wide. The bottom of the gate is 4.5 m 
below the water surface. Determine the force on the stop at 
B if the gate is made of concrete; R=3 m. 
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3-79 Consider the cylindrical weir of diameter 3 m and length 
6 m. If the fluid on the left has a specific gravity of 1.6, and on 
the right has a specific gravity of 0.8, find the magnitude and 
direction of the resultant force. 


P3.79, P3.80 


3.80 A cylindrical weir has a diameter of 3 m and a length of 
6 m. Find the magnitude and direction of the resultant force 
acting on the weir from the water. 


3.81 A cylindrical log of diameter D rests against the top of a 
dam. The water is level with the top of the log and the center 
of the log is level with the top of the dam. Obtain expressions 
for (a) the mass of the log per unit length and (b) the contact 
force per unit length between the log and dam. 


3.82 A curved surface is formed as a quarter of a circular 
cylinder with R = 0.750 m as shown. The surface is w = 3.55 
m wide. Water stands to the right of the curved surface to 
depth H=0.650 m. Calculate the vertical hydrostatic force 
on the curved surface. Evaluate the line of action of this 
force. Find the magnitude and line of action of the horizontal 
force on the surface. 


<I 
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Buoyancy and Stability 


3.83 Ifyou throw an anchor out of your canoe but the rope is too 
short for the anchor to rest on the bottom of the pond, will your 
canoe float higher, lower, or stay the same? Prove your answer. 


3.84 A curved submerged surface, in the shape of a quarter 
cylinder with radius R=1.0 ft is shown. The form can 
withstand a maximum vertical load of 350 lbf before break- 
ing. The width is w=4 ft. Find the maximum depth H to 
which the form may be filled. Find the line of action of 
the vertical force for this condition. Plot the results over the 
range of concrete depthO= H=R. 


[- w al 


P3.84 P3.85 


3.85 The cross-sectional shape of a canoe is modeled by the 
curve y = ax’, where a=1.2 ft! and the coordinates are in 
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feet. Assume the width of the canoe is constant at w = 2 ft 
over its entire length L = 18 ft. Set up a general algebraic 
expression relating the total mass of the canoe and its con- 
tents to distance d between the water surface and the gun- 
wale of the floating canoe. Calculate the maximum total 
mass allowable without swamping the canoe. 


| 3.86 The cylinder shown is supported by an incompressible 


liquid of density p, and is hinged along its length. The 
cylinder, of mass M, length L, and radius R, is immersed in 
liquid to depth H. Obtain a general expression for the 
cylinder specific gravity versus the ratio of liquid depth 
to cylinder radius, a = H/R, needed to hold the cylinder in 
equilibrium for 0 = a<1. Plot the results. 


P3.86 


| 3.87 A canoe is represented by a right semicircular cylinder, 


with R = 1.2 ft and L =17 ft. The canoe floats in water that is 
d=1 ft deep. Set up a general algebraic expression for the 
total mass (canoe and contents) that can be floated, as a 
function of depth. Evaluate for the given conditions. Plot the 
results over the range of water depthO =d = R. 


3.88 A glass observation room is to be installed at the corner of 
the bottom of an aquarium. The aquarium is filled with seawater 
toa depth of 35 ft. The glass is a segment of a sphere, radius 5 ft, 
mounted symmetrically in the corner. Compute the magnitude 
and direction of the net force on the glass structure. 


*3.89 A hydrometer is a specific gravity indicator, the value 
being indicated by the level at which the free surface intersects 
the stem when floating in a liquid. The 1.0 mark is the level when 
in distilled water. For the unit shown, the immersed volume in 
distilled water is 15 cm>. The stem is 6 mm in diameter. Find the 
distance, h, from the 1.0 mark to the surface when the hydro- 
meter is placed in a nitric acid solution of specific gravity 1.5. 


+fil.o 

h 

1) 

10 kg 
V 

Nitric = Water \ 

acid ¥= 0.025 m® 
P3.89 P3.90 


*3.90 Find the specific weight of the sphere shown if its 
volume is 0.025m’. State all assumptions. What is the equi- 
librium position of the sphere if the weight is removed? 


*3.91 The fat-to-muscle ratio of a person may be determined 
from a specific gravity measurement. The measurement is 
made by immersing the body in a tank of water and measuring 


the net weight. Develop an expression for the specific 
gravity of a person in terms of their weight in air, net weight 
in water, and SG = f(T) for water. 


*3.92 Quantify the statement, “Only the tip of an iceberg 
shows (in seawater).” 


*3.93 An open tank is filled to the top with water. A steel 
cylindrical container, wall thickness 6 = 1 mm, outside diameter 
D=100 mm, and height H = 1 m, with an open top, is gently 
placed in the water. What is the volume of water that overflows 
from the tank? How many 1 kg weights must be placed in the 
container to make it sink? Neglect surface tension effects. 


*3.94 Quantify the experiment performed by Archimedes to 
identify the material content of King Hiero’s crown. Assume 
you can measure the weight of the king’s crown in air, W,, 
and the weight in water, W,,. Express the specific gravity of 
the crown as a function of these measured values. 


*3.95 Gas bubbles are released from the regulator of a 
submerged scuba diver. What happens to the bubbles as they 
rise through the seawater? Explain. 


*3.96 Hot-air ballooning is a popular sport. According to a 
recent article, “hot-air volumes must be large because air 
heated to 150°F over ambient lifts only 0.018 Ibf/ft* com- 
pared to 0.066 and 0.071 for helium and hydrogen, respec- 
tively.” Check these statements for sea-level conditions. 
Calculate the effect of increasing the hot-air maximum 
temperature to 250°F above ambient. 


*3.97 Hydrogen bubbles are used to visualize water flow 
streaklines in the video, Flow Visualization. A typical 
hydrogen bubble diameter is d= 0.001 in. The bubbles tend 
to rise slowly in water because of buoyancy; eventually they 
reach terminal speed relative to the water. The drag force 
of the water on a bubble is given by Fp = 37y1Vd, where pu is 
the viscosity of water and V is the bubble speed relative 
to the water. Find the buoyancy force that acts on a hydrogen 
bubble immersed in water. Estimate the terminal speed of 
a bubble rising in water. 


*3.98 It is desired to use a hot air balloon with a volume of 
320,000 ft* for rides planned in summer morning hours when 
the air temperature is about 48°F. The torch will warm the 
air inside the balloon to a temperature of 160°F. Both inside 
and outside pressures will be “standard” (14.7 psia). How 
much mass can be carried by the balloon (basket, fuel, pas- 
sengers, personal items, and the component of the balloon 
itself) if neutral buoyancy is to be assured? What mass can be 
carried by the balloon to ensure vertical takeoff acceleration 
of 2.5 ft/s*? For this, consider that both balloon and inside air 
have to be accelerated, as well as some of the surrounding air 
(to make way for the balloon). The rule of thumb is that the 
total mass subject to acceleration is the mass of the balloon, 
all its appurtenances, and twice its volume of air. Given that 
the volume of hot air is fixed during the flight, what can the 
balloonists do when they want to go down? 


*3.99 Scientific balloons operating at pressure equilibrium 
with the surroundings have been used to lift instrument 
packages to extremely high altitudes. One such balloon, 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


filled with helium, constructed of polyester with a skin 
thickness of 0.013 mm and a diameter of 120 m, lifted a 
payload of 230 kg. The specific gravity of the skin material is 
1.28. Determine the altitude to which the balloon would rise. 
Assume that the helium used in the balloon is in thermal 
equilibrium with the ambient air, and that the balloon is a 
perfect sphere. 


*3.100 A helium balloon is to lift a payload to an altitude 
of 40 km, where the atmospheric pressure and temperature 
are 3.0 mbar and —25°C, respectively. The balloon skin is 
polyester with specific gravity of 1.28 and thickness of 0.015 
mm. To maintain a spherical shape, the balloon is pres- 
surized to a gage pressure of 0.45 mbar. Determine the 
maximum balloon diameter if the allowable tensile stress in 
the skin is limited to 62 MN/m?. What payload can be 
carried? 


*3.101 A block of volume 0.025 m? is allowed to sink in 
water as shown. A circular rod 5 m long and 20 cm” in cross- 
section is attached to the weight and also to the wall. If the 
rod mass is 1.25 kg and the rod makes an angle of 12 degrees 
with the horizontal at equilibrium, what is the mass of the 
block? 


P3.101 


*3.102 The stem of a glass hydrometer used to measure 
specific gravity is 5 mm in diameter. The distance between 
marks on the stem is 2 mm per 0.1 increment of specific gravity. 
Calculate the magnitude and direction of the error introduced 
by surface tension if the hydrometer floats in kerosene. 
(Assume the contact angle between kerosene and glass is 0°.) 


*3.103 A sphere, of radius R, is partially immersed, to depth 
d, in a liquid of specific gravity SG. Obtain an algebraic 
expression for the buoyancy force acting on the sphere as a 
function of submersion depth d. Plot the results over the 
range of water depth 0 = d = 2R. 


*3.104 If the mass M in Problem 3.101 is released from the 
rod, at equilibrium how much of the rod will remain sub- 
merged? What will be the minimum required upward force 
at the tip of the rod to just lift it out of the water? 


*3.105 Ina logging operation, timber floats downstream to a 
lumber mill. It is a dry year, and the river is running low, as 
low as 60 cm in some locations. What is the largest diameter 
log that may be transported in this fashion (leaving a mini- 
mum 5 cm clearance between the log and the bottom of the 
river)? For the wood, SG = 0.8. 


*3.106 A sphere of radius 1 in., made from material of 
specific gravity of SG = 0.95, is submerged in a tank of water. 
The sphere is placed over a hole of radius 0.075 in., in the 
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tank bottom. When the sphere is released, will it stay on the 
bottom of the tank or float to the surface? 


n JR I lim 


“IL a= 0.075 in. 
P3.106 

*3.107 A cylindrical timber, with D =1 ft and L =15 ft, is 
weighted on its lower end so that it floats vertically with 10 ft 
submerged in seawater. When displaced vertically from its 
equilibrium position, the timber oscillates or “heaves” in a 
vertical direction upon release. Estimate the frequency of 
oscillation in this heave mode. Neglect viscous effects and 
water motion. 


*3.108 You are in the Bermuda Triangle when you see a 
bubble plume eruption (a large mass of air bubbles, similar 
to a foam) off to the side of the boat. Do you want to head 
toward it and be part of the action? What is the effective 
density of the water and air bubbles in the drawing on the 
right that will cause the boat to sink? Your boat is 10 ft long, 
and weight is the same in both cases. 
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*3.109 A bowl is inverted symmetrically and held in a dense 
fluid, SG = 15.6, to a depth of 200 mm measured along the 
centerline of the bowl from the bowl rim. The bowl height is 
80 mm, and the fluid rises 20 mm inside the bowl. The bowl 
is 100 mm inside diameter, and it is made from an old clay 
recipe, SG = 6.1. The volume of the bowl itself is about 0.9 L. 
What is the force required to hold it in place? 


200 mm 
i<———__——_>} 
D=100mm Spann 
20 mm t 
P3.109 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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*3.110 In the “Cartesian diver” child’s toy, a miniature 
“diver” is immersed in a column of liquid. When a dia- 
phragm at the top of the column is pushed down, the diver 
sinks to the bottom. When the diaphragm is released, the 
diver again rises. Explain how the toy might work. 


*3.111 Consider a conical funnel held upside down and sub- 
merged slowly in a container of water. Discuss the force 
needed to submerge the funnel if the spout is open to the 
atmosphere. Compare with the force needed to submerge the 
funnel when the spout opening is blocked by a rubber stopper. 


*3.112 Three steel balls (each about half an inch in diam- 
eter) lie at the bottom of a plastic shell floating on the water 
surface in a partially filled bucket. Someone removes the 
steel balls from the shell and carefully lets them fall to 
the bottom of the bucket, leaving the plastic shell to float 
empty. What happens to the water level in the bucket? Does 
it rise, go down, or remain unchanged? Explain. 


*3.113 A proposed ocean salvage scheme involves pumping 
air into “bags” placed within and around a wrecked vessel on 
the sea bottom. Comment on the practicality of this plan, 
supporting your conclusions with analyses. 


Fluids in Rigid-Body Motion 

*3.114 A cylindrical container, similar to that analyzed in 
Example 3.10 (on the Web), is rotated at a constant rate of 2 Hz 
about its axis. The cylinder is 0.5 m in diameter and initially 
contains water that is 0.3 m deep. Determine the height of the 
liquid free surface at the center of the container. Does your 
answer depend on the density of the liquid? Explain. 


*3.115 A crude accelerometer can be made from a liquid- 
filled U-tube as shown. Derive an expression for the liquid 
level difference h caused by an acceleration @, in terms of the 
tube geometry and fluid properties. 


Liquid 
density, p 


Q1 


y 


ieee 
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*3.116 A rectangular container of water undergoes constant 
acceleration down an incline as shown. Determine the slope 
of the free surface using the coordinate system shown. 


P3.116 


*3.117 The U-tube shown is filled with water at T = 68°F. It 
is sealed at A and open to the atmosphere at D. The tube is 
rotated about vertical axis AB at 1600 rpm. For the dimen- 
sions shown, would cavitation occur in the tube? 


D 


|< Water 


L=3 in. 
P3.117, P3.118 


*3.118 If the U-tube of Problem 3.117 is spun at 300 rpm, 
what will the pressure be at A? If a small leak appears at A, 
how much water will be lost at D? 


*3.119 A centrifugal micromanometer can be used to create 
small and accurate differential pressures in air for precise 
measurement work. The device consists of a pair of parallel 
disks that rotate to develop a radial pressure difference. 
There is no flow between the disks. Obtain an expression for 
pressure difference in terms of rotation speed, radius, and air 
density. Evaluate the speed of rotation required to develop a 
differential pressure of 8 jzm of water using a device with a 
50 mm radius. 


*3.120 A test tube is spun in a centrifuge. The tube support 
is mounted on a pivot so that the tube swings outward as 
rotation speed increases. At high speeds, the tube is nearly 
horizontal. Find (a) an expression for the radial component 
of acceleration of a liquid element located at radius r, (b) the 
radial pressure gradient dp/dr, and (c) the required angular 
velocity to generate a pressure of 250 MPa in the bottom of a 
test tube containing water. (The free surface and bottom 
radii are 50 and 130 mm, respectively.) 


*3.121 A rectangular container, of base dimensions 0.4 m X 
0.2 m and height 0.4 m, is filled with water to a depth of 
0.2 m; the mass of the empty container is 10 kg. The con- 
tainer is placed on a plane inclined at 30° to the horizontal. 
If the coefficient of sliding friction between the container and 
the plane is 0.3, determine the angle of the water surface 
relative to the horizontal. 


*3.122 If the container of Problem 3.121 slides without 
friction, determine the angle of the water surface relative to 
the horizontal. What is the slope of the free surface for the 
same acceleration up the plane? 


*3.123 A cubical box, 80 cm on a side, half-filled with oil 
(SG = 0.80), is given a constant horizontal acceleration of 0.25 
g parallel to one edge. Determine the slope of the free surface 
and the pressure along the horizontal bottom of the box. 


*3.124 Gas centrifuges are used in one process to produce 
enriched uranium for nuclear fuel rods. The maximum 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


peripheral speed of a gas centrifuge is limited by stress 
considerations to about 950 ft/s. Assume a gas centrifuge 
containing uranium hexafluoride gas, with molecular gas M,,, = 
352, and ideal gas behavior. Develop an expression for the 
ratio of maximum pressure to pressure at the centrifuge axis. 
Evaluate the pressure ratio for a gas temperature of 620°F. 


*3.125 A pail, 400 mm in diameter and 400 mm deep, weighs 
15 N and contains 200 mm of water. The pail is swung in a 
vertical circle of 1-m radius at a speed of 5 m/s. Assume the 
water moves as a rigid body. At the instant when the pail is at 
the top of its trajectory, compute the tension in the string and 
the pressure on the bottom of the pail from the water. 


*3.126 A partially full can of soda is placed at the outer edge 
of a child’s merry-go-round, located R = 5 ft from the axis of 
rotation. The can diameter and height are 2.5 in. and 5 in., 
respectively. The can is half full, and the soda has specific 
gravity SG = 1.05. Evaluate the slope of the liquid surface in 
the can if the merry-go-round spins at 20 rpm. Calculate the 
spin rate at which the can would spill, assuming no slippage 
between the can bottom and the merry-go-round. Would the 
can most likely spill or slide off the merry-go-round? 
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*3.127 When a water polo ball is submerged below the 
surface in a swimming pool and released from rest, it is 
observed to pop out of the water. How would you expect the 
height to which it rises above the water to vary with depth of 
submersion below the surface? Would you expect the same 
results for a beach ball? For a table-tennis ball? 


*3.128 Cast iron or steel molds are used in a horizontal- 
spindle machine to make tubular castings such as liners and 
tubes. A charge of molten metal is poured into the spinning 
mold. The radial acceleration permits nearly uniformly thick 
wall sections to form. A steel liner, of length L = 6 ft, outer 
radius r, = 6 in., and inner radius r; = 4 in., is to be formed by 
this process. To attain nearly uniform thickness, the angular 
velocity should be at least 300 rpm. Determine (a) the resulting 
radial acceleration on the inside surface of the liner and (b) the 
maximum and minimum pressures on the surface of the mold. 


*3.129 The analysis of Problem 3.121 suggests that it may be 
possible to determine the coefficient of sliding friction 
between two surfaces by measuring the slope of the free 
surface in a liquid-filled container sliding down an inclined 
surface. Investigate the feasibility of this idea. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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A Wave Power: Pelamis Wave 
Energy Converter 

As we have seen in earlier Case Studies in Energy and the 
Environment, there is a lot of renewable energy in ocean 
waves that could be exploited. A good example of a 
machine for doing this is the Pelamis Wave Energy 
Converter developed by Pelamis Wave Power Ltd. in 
Scotland. This machine was the world’s first commercial- 
scale machine to generate power and supply it to the 
power grid from offshore wave energy, and the first to be 
used in a commercial wave farm project. 


Schematic of possible Pelamis wave farm. (Picture courtesy of 
Pelamis Wave Power Ltd.) 


The wave-powered electrical generating machine 
consists of a partially submerged, articulated structure 
made up of cylindrical sections connected by hinged 
joints. As waves pass over the structure, the flexing 


Case Study in Energy and the Environment 


motion of the joints (generated by buoyancy forces, 
discussed in Chapter 3) is resisted by an arrangement 
of hydraulic “rams” inside the cylindrical sections; 
these rams are then used to pump high-pressure fluid 
through hydraulic motors, which ultimately drive elec- 
trical generators to produce electricity. The power that 
is generated in each joint is sent down a single cable to 
a junction device on the sea bed; several devices can be 
connected together (as suggested in the schematic) 
and linked to shore through a single seabed cable. 

The latest generation of machines are 180 meters 
long (they have four sections, each 45 meters long) and 
4 meters in diameter, with four power conversion 
modules. Each machine can generate up to 750 kilo- 
watts, depending on the specific environmental condi- 
tions at the site; they will produce 25—40 percent of the 
full rated output, on average, over the course of a year. 
Hence each machine can provide sufficient power to 
meet the annual electricity demand of about 500 homes. 
This is not a future technology; three first-generation 
machines have already been installed off the coast of 
Portugal, and a single machine is being built and a 
four-unit machine (generating 3 megawatts of power) is 
planned for use off the northern coast of Scotland. 
Pelamis Wave Power Ltd. has also expressed interest in 
installing Pelamis machines off the coast of Cornwall 
in England, and in the Pacific Ocean off the coast of 
Tillamook, Oregon. The Pelamis machine has a number 
of advantages: It is durable and low maintenance, 
uses available technology, and generates electricity 
inexpensively. 


We are now ready to study fluids in motion, so we have to decide how we are to 
examine a flowing fluid. There are two options available to us, discussed in Chapter 1: 


1. We can study the motion of an individual fluid particle or group of particles as they 
move through space. This is the system approach, which has the advantage that the 


physical laws (e.g., Newton’s second law, Fe dP /dt, where F is the force and 


dP /dt is the rate of momentum change of the fluid) apply to matter and hence 
directly to the system. One disadvantage is that in practice the math associated with 
this approach can become somewhat complicated, usually leading to a set of partial 
differential equations. We will look at this approach in detail in Chapter 5. The 
system approach is needed if we are interested in studying the trajectory of par- 
ticles over time, for example, in pollution studies. 


2. We can study a region of space as fluid flows through it, which is the control volume 
approach. This is very often the method of choice, because it has widespread 
practical application; for example, in aerodynamics we are usually interested in the 
lift and drag on a wing (which we select as part of the control volume) rather than 
what happens to individual fluid particles. The disadvantage of this approach is that 
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the physical laws apply to matter and not directly to regions of space, so we have to 
perform some math to convert physical laws from their system formulation to a 
control volume formulation. 


We will examine the control volume approach in this chapter. The alert reader will 
notice that this chapter has the word integral in its title, and Chapter 5 has the word 
differential. This is an important distinction: It indicates that we will study a finite 
region in this chapter and the motion of a particle (an infinitesimal) in Chapter 5 
(although in Section 4.4 we will look at a differential control volume to derive the 
famous Bernoulli equation). The agenda for this chapter is to review the physical 
laws as they apply to a system (Section 4.1); develop some math to convert from a 
system to a control volume (Section 4.2) description; and obtain formulas for the 
physical laws for control volume analysis by combining the results of Sections 4.1 
and 4.2. 


4.1 Basic Laws jor a System 


The basic laws we will apply are conservation of mass, Newton’s second law, the 
angular-momentum principle, and the first and second laws of thermodynamics. For 
converting these system equations to equivalent control volume formulas, it turns out 
we want to express each of the laws as a rate equation. 


Conservation of Mass 


For a system (by definition a fixed amount of matter, M, we have chosen) we have the 
simple result that M = constant. However, as discussed above, we wish to express each 
physical law as a rate equation, so we write 


a = 0 (4.1a) 
dt system 


where 


Mien = | dm = : pd¥ (4.1b) 
M(system) ¥ (system) 


Newton’s Second Law 
For a system moving relative to an inertial reference frame, Newton’s second law 


states that the sum of all external forces acting on the system is equal to the time rate 
of change of linear momentum of the system, 


F= =) (4.2a) 
system 


where the linear momentum of the system is given by 


~ 


= 


Paget = : Vdm = | V pd¥ (4.2b) 
M(system) + (system) 
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The Angular-Momentum Principle 


The angular-momentum principle for a system states that the rate of change of 
angular momentum is equal to the sum of all torques acting on the system, 


. dH 
T =—_ ; 
a (4.3a) 
system 


where the angular momentum of the system is given by 


fin = | 7XVdm = | 7X V pd¥ (4.3b) 
M(system) ¥ (system) 


Torque can be produced by surface and body forces (here gravity) and also by shafts 
that cross the system boundary, 


Tf =7xh+ fi PRE die Ts (4.3c) 
M (system) 


The First Law of Thermodynamics 


The first law of thermodynamics is a statement of conservation of energy for a 
system, 


6Q-6W =dE 
The equation can be written in rate form as 


» o. dE 
Y 7 7 Toon ii 


where the total energy of the system is given by 


Esystem = | edm = | epdV¥ (4.4b) 
M(system) + (system) 
and 
2 
e=utt tee (4.4c) 


In Eq. 4.4a, O (the rate of heat transfer) is positive when heat is added to the system 
from the surroundings; W (the rate of work) is positive when work is done by the 
system on its surroundings. In Eq. 4.4c, u is the specific internal energy, V the speed, 
and z the height (relative to a convenient datum) of a particle of substance having 
mass dm. 


The Second Law of Thermodynamics 


If an amount of heat, 6Q, is transferred to a system at temperature 7, the second law 
of thermodynamics states that the change in entropy, dS, of the system satisfies 


6Q 


dS = 


100 = Chapter # Basic Equations in Integral Form for a Control Volume 


42 


On a rate basis we can write 


dS 1 . 
dt ) T - oa 


where the total entropy of the system is given by 


Swen = | sdm = | spdV¥ (4.5b) 
M(system) ¥ (system) 


Relation of System Derivatives 
to the Control Volume Formulation 


We now have the five basic laws expressed as system rate equations. Our task in this 
section is to develop a general expression for converting a system rate equation into 
an equivalent control volume equation. Instead of converting the equations for rates 
of change of M, P, H, E, and S (Eqs. 4.1a, 4.2a, 4.3a, 4.4a, and 4.5a) one by one, we let 
all of them be represented by the symbol N. Hence N represents the amount of mass, 
or momentum, or angular momentum, or energy, or entropy of the system. Corre- 
sponding to this extensive property, we will also need the intensive (i.e., per unit mass) 
property 7. Thus 


Nsystem -| ndm -| npdVv¥ (4.6) 
M(system) + (system) 


Comparing Eq. 4.6 with Eqs. 4.1b, 4.2b, 4.3b, 4.4b, and 4.5b, we see that if: 


N=M, thenn = 1 


N=P,_ thenyn = V 
N= 4H, then = 7 XV 
N=E, thenn =e 
N=S,  thenyn=s 


How can we derive a control volume description from a system description of a 
fluid flow? Before specifically answering this question, we can describe the derivation 
in general terms. We imagine selecting an arbitrary piece of the flowing fluid at some 
time f, as shown in Fig. 4.1a—we could imagine dyeing this piece of fluid, say, blue. 


Streamlines Subregion (3) 
at time, t9 \ Supression Gl of region III 
of region I 


Bie AL: SS -7 


e “Ss Control volume 
(a) Time, to (b) Time, to + At 


Fig. 4.1 System and control volume configuration. 
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This initial shape of the fluid system is chosen as our control volume, which is fixed 
in space relative to coordinates xyz. After an infinitesimal time Ar the system will 
have moved (probably changing shape as it does so) to a new location, as shown in 
Fig. 4.1b. The laws we discussed above apply to this piece of fluid—for example, its 
mass will be constant (Eq. 4.1a). By examining the geometry of the system/control 
volume pair at f= fp and at t= % + At, we will be able to obtain control volume for- 
mulations of the basic laws. 


Derivation 


From Fig. 4.1 we see that the system, which was entirely within the control volume at 
time fo, is partially out of the control volume at time f) + Az. In fact, three regions can 
be identified. These are: regions I and I, which together make up the control volume, 
and region III, which, with region II, is the location of the system at time fo + At. 

Recall that our objective is to relate the rate of change of any arbitrary extensive 
property, N, of the system to quantities associated with the control volume. From the 
definition of a derivative, the rate of change of Ngystem iS given by 


- a Ns) ir ar— Ns) 
system A 


(4.7) 


im 
dt t0 At 


For convenience, subscript s has been used to denote the system in the definition of a 
derivative in Eq. 4.7. 
From the geometry of Fig. 4.1, 
Ne)gtat = (Na+ Nan)y+ar = (Nev — Ni + Nan) +ar 
and 


Ns) tg = (Nev) 


Substituting into the definition of the system derivative, Eq. 4.7, we obtain 


dN .. (Nev — Ni + Nun), +a — Nev), 
= lim 
dt g At-0 At 


Since the limit of a sum is equal to the sum of the limits, we can write 


dN _ Nev)igtar 7 Nev) sg Ninprar 4, Nita 
= + 0 0 ‘ 
dt ) Ar>0 At a ee oar — 
® @ @ 


Our task now is to evaluate each of the three terms in Eq. 4.8. 
Term (1) in Eq. 4.8 simplifies to 


Nev)n+ar—~ Nev) . ONcev _ O 
At-0 At Ot Ot CV 


npd¥ (4.9a) 


To evaluate term @) we first develop an expression for Nyq),,, by looking at the 
enlarged view of a typical subregion (subregion (3)) of region III shown in Fig. 4.2. 
The vector area element dA of the control surface has magnitude dA, and its direction 
is the outward normal of the area element. In general, the velocity vector V will be at 
some angle a with respect to dA, 
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System boundary 
at time to + At 


< 


Control surface III 


Fig. 4.2 Enlarged view of subregion (3) from Fig. 4.1. 


For this subregion we have 
ANin) tar = (NP AV) ear 


We need to obtain an expression for the volume d¥ of this cylindrical element. The 
vector length of the cylinder is given by Al = VAt. The volume of a prismatic 
cylinder, whose area dA_ is at an angle a to its length Al, is given by 
d¥ = AldAcosa= Al. dA = V -dAAt. Hence, for subregion (3) we can write 


ANyn) gra: = pV dAAt 


Then, for the entire region III we can integrate and for term Q) in Eq. 4.8 obtain 


—  Nuniptat ye Secs @Nuytat 4. Jes, 7PV -dAAt 
lim lim lim 
At-0 At At>0 At At>0 At 


= [ npV-dA (4.9b) 
CSin 


We can perform a similar analysis for subregion (1) of region I, and obtain for term in 
Eq. 4.8 


N Weta? = F 7 
jim. a; is npV-dA (4.9c) 
For subregion (1), the velocity vector acts into the control volume, but the area 
normal always (by convention) points outward (angle a > 7/2), so the scalar product 
in Eq. 4.9c is negative. Hence the minus sign in Eq. 4.9c is needed to cancel the 
negative result of the scalar product to make sure we obtain a positive result for the 
amount of matter that was in region I (we can’t have negative matter). 

This concept of the sign of the scalar product is illustrated in Fig. 4.3 for (a) the 
general case of an inlet or exit, (b) an exit velocity parallel to the surface normal, and 
(c) an inlet velocity parallel to the surface normal. Cases (b) and (c) are obviously 
convenient special cases of (a); the value of the cosine in case (a) automatically 
generates the correct sign of either an inlet or an exit. 

We can finally use Eqs. 4.9a, 4.9b, and 4.9c in Eq. 4.8 to obtain 


*) -5/ npav+ | npV ad + | npV -dA 
dt system dt ev CS; CSin 


and the two last integrals can be combined because CS; and CS); constitute the entire 
control surface, 


| () i i > > 
ul =2 d¥ + V.dA 4.10 
dt system ot CV ue cs ue ( ) 
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dA dA Z dA , 
a a aed ee 
V 
cS cS 


CS 


V- dA = VdA cos « V- dA =+VdA V- dA =-VdA 
(a) General inlet/exit (b) Normal exit (c) Normal inlet 


Fig. 4.3 Evaluating the scalar product. 


Equation 4.10 is the relation we set out to obtain. It is the fundamental relation 
between the rate of change of any arbitrary extensive property, N, of a system and the 
variations of this property associated with a control volume. Some authors refer to 
Eq. 4.10 as the Reynolds Transport Theorem. 


Physical Interpretation 


It took several pages, but we have reached our goal: We now have a formula (Eq. 4.10) 
that we can use to convert the rate of change of any extensive property N of a system to 
an equivalent formulation for use with a control volume. We can now use Eq. 4.10 in 
the various basic physical law equations (Eqs. 4.1a, 4.2a, 4.3a, 4.4a, and 4.5a) one by 
one, with N replaced with each of the properties M, P,H, E, and S (with corresponding 
symbols for 77), to replace system derivatives with control volume expressions. Because 
we consider the equation itself to be “basic” we repeat it to emphasize its importance: 


dN 0 i i 5 a? 
eal == d¥ + V-dA 4.10 
dt ) system ot CV aS CS ug ( ) 


We need to be clear here: The system is the matter that happens to be passing through 
the chosen control volume, at the instant we chose. For example, if we chose as a 
control volume the region contained by an airplane wing and an imaginary rectan- 
gular boundary around it, the system would be the mass of the air that is instanta- 
neously contained between the rectangle and the airfoil. Before applying Eq. 4.10 to 
the physical laws, let’s discuss the meaning of each term of the equation: 


dN 
7) is the rate of change of the system extensive property N. For exam- 
J system ple, if N = P, we obtain the rate of change of momentum. 


2 npd¥  istherate of change of the amount of property N in the control volume. 

ot Iev The term {..,1 od¥ computes the instantaneous value of N in the 
control volume (JQ, pd¥ is the instantaneous mass in the control 
volume). For example, if N = P, then = V and {.., Vpd¥ computes 
the instantaneous amount of momentum in the control volume. 


| npV-dA is the rate at which property N is exiting the surface of the control 
cs 


volume. The term pV - dA computes the rate of mass transfer leaving 
across control surface area element dA; multiplying by 7 computes 
the rate of flux of property N across the element; and integrating 
therefore computes the net flux of N out of the control volume. For 
example, if N = P, then 7 = V and fosV pV -dA computes the net 
flux of momentum out of the control volume. 


We make two comments about velocity V in Eq. 4.10. First, we reiterate the dis- 
cussion for Fig. 4.3 that care should be taken in evaluating the dot product: Because A 
is always directed outwards, the dot product will be positive when V is outward and 
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negative when V is inward. Second, V is measured with respect to the control volume: 
When the control volume coordinates xyz are stationary or moving with a constant 
linear velocity, the control volume will constitute an inertial frame and the physical 
laws (specifically Newton’s second law) we have described will apply.' 

With these comments we are ready to combine the physical laws (Eqs. 4.1a, 4.2a, 
4.3a, 4.4a, and 4.5a) with Eq. 4.10 to obtain some useful control volume equations. 


Conservation of Mass 


The first physical principle to which we apply this conversion from a system to a 
control volume description is the mass conservation principle: The mass of the system 
remains constant, 


a = 0 (4.1a) 
dt system 


where 


i | dm = | pd¥ (4.1b) 
M(system) + (system) 


The system and control volume formulations are related by Eq. 4.10, 


dN ) O | > 4? 
ual ee d¥ + V-dA 4.10 
dt system ot CV a cs a ( ) 
where 
Neystem = | ndm = | npd¥ (4.6) 
M(system) ¥ (system) 


To derive the control volume formulation of conservation of mass, we set 
N=M and n=l 


With this substitution, we obtain 


7) a2 pave | pV -dA (4.11) 
system 


Comparing Eqs. 4.1a and 4.11, we arrive (after rearranging) at the control volume 
formulation of the conservation of mass: 


=f paves | eV dA 0 (4.12) 
Ot Jovy es 


In Eq. 4.12 the first term represents the rate of change of mass within the control 
volume; the second term represents the net rate of mass flux out through the control 
surface. Equation 4.12 indicates that the rate of change of mass in the control volume 
plus the net outflow is zero. The mass conservation equation is also called the 


‘For an accelerating control volume (one whose coordinates xyz are accelerating with respect to an 
“absolute” set of coordinates XYZ), we must modify the form of Newton’s second law (Eq. 4.2a). We will do 
this in Sections 4.6 (linear acceleration) and 4.7 (arbitrary acceleration). 


4.3 Conservation of Mass 105 


continuity equation. In common-sense terms, the rate of increase of mass in the 
control volume is due to the net inflow of mass: 


: VIDEO 
Rate of increase _ Net influx of 
of mass in CV mass Mass Conservation: Filling a Tank. 
Fa) a tn 
— pd¥ = -—f]| pV-dA 
Ot Jev cs 


Once again, we note that in using Eq. 4.12, care should be taken in evaluating the 
scalar product V - dA = VdA cosa: It could be positive (outflow, a < 7/2), negative 
(inflow, a >7/2), or even zero (a= 7/2). Recall that Fig. 4.3 illustrates the general 
case as well as the convenient cases a = 0 and a =7. 


Special Cases 


In special cases it is possible to simplify Eq. 4.12. Consider first the case of an 
incompressible fluid, in which density remains constant. When p is constant, it is not a 
function of space or time. Consequently, for incompressible fluids, Eq. 4.12 may be 
written as 


os | d¥ +p V-dA =0 
Ot Iev cs 


The integral of d¥ over the control volume is simply the volume of the control 
volume. Thus, on dividing through by p, we write 


+f V<dA =0 
Ot Cs 


For a nondeformable control volume of fixed size and shape, ¥ = constant. The 
conservation of mass for incompressible flow through a fixed control volume becomes 


i) VGA (4.13a) 
cs 


A useful special case is when we have (or can approximate) uniform velocity at 
each inlet and exit. In this case Eq. 4.13a simplifies to 


Dee 


Note that we have not assumed the flow to be steady in reducing Eq. 4.12 to the forms 
4.13a and 4.13b. We have only imposed the restriction of incompressible fluid. Thus 
Eqs. 4.13a and 4.13b are statements of conservation of mass for flow of an 
incompressible fluid that may be steady or unsteady. 

The dimensions of the integrand in Eq. 4.13a are L*/t. The integral of V -dA overa 
section of the control surface is commonly called the volume flow rate or volume rate 
of flow. Thus, for incompressible flow, the volume flow rate into a fixed control 
volume must be equal to the volume flow rate out of the control volume. The volume 
flow rate Q, through a section of a control surface of area A, is given by 


St 
SS 
ll 

o 


(4.13b) 


_{Vvaa 4.14 
Q [’ (4.14a) 
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ample 4 


The average velocity magnitude, V, at a section is defined as 


re Ce Oe ae 
aor af ¥ dA (4.14b) 


Consider now the general case of steady, compressible flow through a fixed control 
volume. Since the flow is steady, this means that at most p = p(x, y, z). By definition, 
no fluid property varies with time in a steady flow. Consequently, the first term of 
Eq. 4.12 must be zero and, hence, for steady flow, the statement of conservation of 
mass reduces to 


| pV -dA =0 (4.15a) 
CS 


A useful special case is when we have (or can approximate) uniform velocity at 
each inlet and exit. In this case, Eq. 4.15a simplifies to 


Yoog eV A = 0 (4.15b) 


Thus, for steady flow, the mass flow rate into a control volume must be equal to the 
mass flow rate out of the control volume. 

We will now look at three Examples to illustrate some features of the various forms of 
the conservation of mass equation for a control volume. Example 4.1 involves a problem 
in which we have uniform flow at each section, Example 4.2 involves a problem in which 
we do not have uniform flow at a location, and Example 4.3 involves a problem in 
which we have unsteady flow. 


AT A PIPE JUNCTION 


Consider the steady flow in a water pipe joint shown in the diagram. 
The areas are: A,= 0.2 m’, A> = 0.2 m’, and A; = 0.15 m”. In addition, 
fluid is lost out of a hole at @), estimated at a rate of 0.1 m?/s. The 
average speeds at sections (1) and @) are V; =5 m/s and V3 = 12 m/s, 
respectively. Find the velocity at section @). 


Given: Steady flow of water through the device. 


A, =02m? A) =02m? A; = 0.15m?2 


VY, =5m/s V3=12m/s p = 999kg/m?3 


Volume flow rate at @ = 0.1 m/s 
Find: Velocity at section (@). 


Solution: Choose a fixed control volume as shown. Make an assumption 
that the flow at section (2) is outwards, and label the diagram accordingly 
(if this assumption is incorrect our final result will tell us). 


Governing equation: The general control volume equation is Eq. 4.12, 
but we can go immediately to Eq. 4.13b because of assumptions (2) and 
(3) below, 
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Assumptions: (1) Steady flow (given). 
(2) Incompressible flow. 
(3) Uniform properties at each section. 


Hence (using Eq. 4.14a for the leak) 
Ve Ao eV AO, = 0 (1) 
where Q, is the flow rate out of the leak. 


Let us examine the first three terms in Eq. 1 in light of the discussion of Fig. 4.3 and the directions of the velocity 
vectors: 


V,-A, =-ViAy 


Sign of V; - A; is 
negative at surface (1) 


Vy» Ay = +VoAo ee of V, - A) is \ 


positive at surface (2) 


V3 A; = +V3A3 


Sign of V; - Ag is 
positive at surface @) 


Using these results in Eq. 1, 
—V,A, + V2A2 + V3A3 + Og = 0 
or 


~ ViAT V3A3 — O24 


V2 AG 


3 
$= x 0.2m? — 22 < 015m — — 


0.2 m? 
=—45m/s¢ Ve 


Recall that V2 represents the magnitude of the velocity, which we 
assumed was outwards from the control volume. The fact that V> is 
negative means that in fact we have an inflow at location @)—our 
initial assumption was invalid. 
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ample 4. RATE IN BOUNDARY LAYER 


The fluid in direct contact with a stationary solid boundary has zero velocity; there is no slip at the boundary. Thus 
the flow over a flat plate adheres to the plate surface and forms a boundary layer, as depicted below. The flow ahead of 
the plate is uniform with velocity V = Ui; U=30 mss. The velocity distribution within the boundary layer (0 S y = 6) 
along cd is approximated as u/U = 2(y/6) — (y/6)’. 


The boundary-layer thickness at location d is 6 = 5 mm. The fluid is air with density p = 1.24 kg/m°. Assuming the 
plate width perpendicular to the paper to be w =0.6 m, calculate the mass flow rate across surface be of control 
volume abcd. 


Given: Steady, incompressible flow over a flat plate, p = 1.24 kg/m*. Width of plate, w = 0.6 m. 
Velocity ahead of plate is uniform: V = Ui, U=30 mis. 


Find: Mass flow rate across surface bc. 
Solution: The fixed control volume is shown by the dashed lines. 


Governing equation: ‘The general control volume equation is Eq. 4.12, but we can go immediately to Eq. 4.15a 
because of assumption (1) below, 


[ov ad =0 
cs 
Assumptions: (1) Steady flow (given). 
(2) Incompressible flow (given). 
(3) Two-dimensional flow, given properties are independent of z. 


Assuming that there is no flow in the z direction, then 
no flow 
across da 
[ wads | pV-dA + | pV-dA+ k= 0 
Aab Abe Aca ee, 
Seitine = i 
A 


We need to evaluate the integrals on the right side of the equation. 


pV-dA =— | pV-dA ~ | Wee (1) 
ab cd 


be 
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For depth w in the z direction, we obtain 
V-dA is negative 
dA = wdy 


{u = U over area ab} 


V - dAis positive 
dA = wdy 


6 
= i puw dy = 
0 


6 
a eee 2 3 1 2 
| nah = mo 2 = pwusli 5] = 22 
Zhe 6 3 
0 


36 3 


Substituting into Eq. 1, we obtain 
2pUwd — pUwé 


J. Mpe = pUwé — 


3 3 
il kg m m md 
= = X 1.24— x 30— 0.6m X 5mm X —— 
3 m? s 1000 mm fima of the 
Positive sign indicates flow Ae hill 
out across surface bc. rity Ction, 


Mbe = 0.0372 kg/s € 


ae 43 DENSITY_CHANGE IN VENTING TANK 


A tank of 0.05 m? volume contains air at 800 kPa (absolute) and 15°C. At t=0, air begins escaping from the tank 
through a valve with a flow area of 65 mm”. The air passing through the valve has a speed of 300 m/s and a density of 
6 kg/m*. Determine the instantaneous rate of change of density in the tank at t =0. 


Given: Tank of volume ¥ = 0.05 m* contains air at p = 800 kPa (absolute), T= 
15°C. At t=0, air escapes through a valve. Air leaves with speed V=300 m/s 
and density p = 6 kg/m? through area A = 65 mm”. 


Find: Rate of change of air density in the tank at t=0. 
Solution: Choose a fixed control volume as shown by the dashed line. 
Governing equation: ia ) pd¥ + | pv dA —=0 

dt Icv cs 


Assumptions: (1) Properties in the tank are uniform, but time-dependent. 
(2) Uniform flow at section (1). 


110 Chapter # Basic Equations in Integral Form for a Control Volume 


Since properties are assumed uniform in the tank at any instant, we can take p out from within the volume integral 


of the first term, 
5 [cy av| a py A= 
ot cv cs 


Now, /.yd¥ = ¥, and hence ; 
(Oe ia pV -dA =0 
Ot cs 
The only place where mass crosses the boundary of the control volume is at surface (1). Hence 


[ov aa = pV-dA and so) + | pV -ad =0 
cs Ay Ot ve 


At surface (1) the sign of pV dA is positive, so 


a 2) pV dA =0 
Ot Be 


Since flow is assumed uniform over surface (1), then 


0 O 
3 PY) +pViA, =O or cad) == Piva 


Since the volume, ¥, of the tank is not a function of time, 


Op 
aren = —p,ViA1 
and 
Op __ pViAt 
Ot ¥ 
At t=0, 
Op kg m 5 1 m? 
=> x x x x 
Ot oa 200 S ao 0.05m3 10° mm2 
{The density is decreasing. } ag 
Op _ y S- Ot 


ap a 2.34 (kg/m3)/s « 


4.4. Momentum Equation jor Inertial Control Volume 


We now wish to obtain a control volume form of Newton’s second law. We use the 
same procedure we just used for mass conservation, with one note of caution: 
the control volume coordinates (with respect to which we measure all velocities) are 
inertial; that is, the control volume coordinates xyz are either at rest or moving at 
constant speed with respect to an “absolute” set of coordinates XYZ. (Sections 4.6 
and 4.7 will analyze noninertial control volumes.) We begin with the mathematical 
formulation for a system and then use Eq. 4.10 to go from the system to the control 
volume formulation. 


4.4 Momentum Equation for Inertial Control Volume 


Recall that Newton’s second law for a system moving relative to an inertial coor- 
dinate system was given by Eq. 4.2a as 


i” gh 

F=— : 

Ai (4.2a) 
system 


where the linear momentum of the system is given by 


> 


P= | Vdm = 7, V pd¥ (4.2b) 
M(system) ¥ (system) 


and the resultant force, F, includes all surface and body forces acting on the system, 


F — Fs +e Fp 
The system and control volume formulations are related using Eq. 4.10, 
dN 3) 5 4? 
) = af npav+ | npV-dA (4.10) 
dt system ot CV CS 


To derive the control volume formulation of Newton’s second law, we set 
N=P and n=V 


From Eq. 4.10, with this substitution, we obtain 


dP - oe aee 
a) = ° Voav+ | VpV -dA (4.16) 
system a S 
From Eq. 4.2a 
dP 3 
i) = Fes system (4.2a) 
system 


Since, in deriving Eq. 4.10, the system and the control volume coincided at fo, then 


=. 


FP) gi system = F Jen control volume 


In light of this, Eqs. 4.2a and 4.16 may be combined to yield the control volume 
formulation of Newton’s second law for a nonaccelerating control volume 


bea ee ee 
FoFs+Fe= 5] Voav+ | VoV-aA (4.17a) 


For cases when we have uniform flow at each inlet and exit, we can use 


=> > 


FoPs+Fe= 5 f Ved¥+ SV eV-A (4.17b) 


Equations 4.17a and 4.17b are our (nonaccelerating) control volume forms of 
Newton’s second law. It states that the total force (due to surface and body forces) 
acting on the control volume leads to a rate of change of momentum within the 
control volume (the volume integral) and/or a net rate at which momentum is leaving 
the control volume through the control surface. 

We must be a little careful in applying Eqs. 4.17. The first step will always be to 
carefully choose a control volume and its control surface so that we can evaluate the 
volume integral and the surface integral (or summation); each inlet and exit should be 
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VIDEO 


Momentum Effect: A Jet Impacting a 
Surface. 


carefully labeled, as should the external forces acting. In fluid mechanics the body 
force is usually gravity, so 


ee | pf a¥ = Woy = ME 
CV 


where ¢g is the acceleration of gravity and Wcy is the instantaneous weight of the 
entire control volume. In many applications the surface force is due to pressure, 


A 


Note that the minus sign is to ensure that we always compute pressure forces acting 
onto the control surface (recall dA was chosen to be a vector pointing out of the 
control volume). It is worth stressing that even at points on the surface that have an 
outflow, the pressure force acts onto the control volume. 

In Eqs. 4.17 we must also be careful in evaluating fosV eV GA ‘ot YeagV eV A 
(this may be easier to do if we write them with the implied parentheses, 
he Vp(V -dA) or Scs Vp(V - A)). The velocity V must be measured with respect to 
the control volume coordinates xyz, with the appropriate signs for its vector com- 
ponents u, v, and w; recall also that the scalar product will be positive for outflow and 
negative for inflow (refer to Fig. 4.3). 

The momentum equation (Eqs. 4.17) is a vector equation. We will usually write the 
three scalar components, as measured in the xyz coordinates of the control volume, 


F=FytFa= 5 f upave f up -dA (4.18a) 
= Fy+Fy= 3 / vpa¥+ | vpV-dA (4.18b) 
* Ot Jev cs 
0 a. LS 
F, = Fs + Fz = =f wodr+ | wpV-dA (4.18c) 
dt Icy cs 


or, for uniform flow at each inlet and exit, 


BaF thy = 5 upd¥+)_.upV-A (4.18d) 
"V 
a ee 
R= Fy+Fa = 5, [ vpd¥+ Sve -A (4.18e) 
R=Fot Fn = 5 f wpd¥+)\ .wpV-A (4.18f) 
Vv 


Note that, as we found for the mass conservation equation (Eq. 4.12), for steady flow 
the first term on the right in Eqs. 4.17 and 4.18 is zero. 

We will now look at five Examples to illustrate some features of the various forms 
of the momentum equation for a control volume. Example 4.4 demonstrates how 
intelligent choice of the control volume can simplify analysis of a problem, Example 
4.5 involves a problem in which we have significant body forces, Example 4.6 explains 
how to simplify surface force evaluations by working in gage pressures, Example 4.7 
involves nonuniform surface forces, and Example 4.8 involves a problem in which we 
have unsteady flow. 
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aaa 44 CHOIGE.OF CONTROL VOLUME FOR MOMENTUM ANALYSIS 


Water from a stationary nozzle strikes a flat plate as shown. The water leaves the 
nozzle at 15 m/s; the nozzle area is 0.01 m*. Assuming the water is directed normal to 
the plate, and flows along the plate, determine the horizontal force you need to resist 
to hold it in place. 


Given: Water from a stationary nozzle is directed normal to the plate; subsequent 
flow is parallel to plate. 


Jet velocity, V = 151m/s 


Nozzle area, A, = 0.01 m? 


Find: Horizontal force on your hand. 


Solution: We chose a coordinate system in defining the problem above. We must now choose a suitable control 
volume. Two possible choices are shown by the dashed lines below. 


In both cases, water from the nozzle crosses the control surface through area A; (assumed equal to the nozzle area) 
and is assumed to leave the control volume tangent to the plate surface in the +y or —y direction. Before trying to 
decide which is the “best” control volume to use, let us write the governing equations. 


@ 


are =< Vode+ | av aeend 
Ot cv cs Ot Jov 


pave | pV -dA =0 
cs 
Assumptions: (1) Steady flow. 

(2) Incompressible flow. 

(3) Uniform flow at each section where fluid crosses the CV boundaries. 


Regardless of our choice of control volume, assumptions (1), (2), and (3) lead to 
F=hot+Fs=So.,VeV-A and Si pV-A=0 


Evaluating the momentum flux term will lead to the same result for both control volumes. We should choose the 
control volume that allows the most straightforward evaluation of the forces. 

Remember in applying the momentum equation that the force, F, represents all forces acting on the control volume. 

Let us solve the problem using each of the control volumes. 


CV; 


The control volume has been selected so that the area of the left surface is equal to the 
area of the right surface. Denote this area by A. 

The control volume cuts through your hand. We denote the components of the reac- 
tion force of your hand on the control volume as R, and R, and assume both to be 
positive. (The force of the control volume on your hand is equal and opposite to R, and 
Ky.) 

Atmospheric pressure acts on all surfaces of the control volume. Note that the pressure 
in a free jet is ambient, i.e., in this case atmospheric. (The distributed force due to 
atmospheric pressure has been shown on the vertical faces only.) 
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The body force on the control volume is denoted as W. 
Since we are looking for the horizontal force, we write the x component of the steady flow momentum equation 


1s, aie Lip. = So..upV-A 


There are no body forces in the x direction, so Fz. = 0, and 


Fy = you pV-A 


To evaluate F's, we must include all surface forces acting on the control volume 


B Som Dp amA = PamA ar R 
force due to atmospheric force due to atmospheric 
: force of your hand on 

pressure acts to right pressure acts to left 

OE ee : Sane control volume 
(positive direction) (negative direction) 7 

é (assumed positive) 

on left surface on right surface 


Consequently, Fs = R,, and 


R= Me u pV - A= upV - Al, {For top and bottom surfaces, u = 0} 
{At oO} pV va = p(—V1A1) since 

R, = —uy, pV A, V; and A, are 180° apart. 
Note that u, = V;} 


k N-s? 
== 15) = MS b= Oe {u, = 15m/s} 
s m- S kg-m 
IK, = 2 JSON {R, acts opposite to positive direction assumed. } 


The horizontal force on your hand is 


ee Se OS TN {force on your hand acts to the right} Ky 
ae LX . iS 


CV, with Horizontal Forces Shown 


The control volume has been selected so the areas of the left surface and of the right surface are equal to the area of 
the plate. Denote this area by A,. 

The control volume is in contact with the plate over the entire plate surface. We denote the horizontal reaction 
force from the plate on the control volume as B, (and assume it to be positive). 


Atmospheric pressure acts on the left surface of the control volume (and on the two horizontal surfaces). 
The body force on this control volume has no component in the x direction. 
Then the x component of the momentum equation, 


Fs = 4 cA 
yields 


Fs = Dexim Aly oP 1h = upV- Al, = —u,V,A, = —2.25kN 
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Then 
B, = —Patm Ap — 2.25 KN 


To determine the net force on the plate, we need a free-body diagram of the plate: 


DK = 0 =—B,— pamAy + Re 
Ry = PamAp + By 
Ro Pane + (Pam, = 2.25 KN) — 225 kN 
Then the horizontal force on your hand is K, = —R, =2.25 KN. 
Note that the choice of CV; meant we needed an additional free-body diagram. 


In general it is best to select the control volume so that the force sought 
acts explicitly on the control volume. 


pee ple 4 So "TANK-ON. SCALE: BODY FORCE 


A metal container 2 ft high, with an inside cross-sectional area of 1 dite 
weighs 5 lbf when empty. The container is placed on a scale and water 
flows in through an opening in the top and out through the two equal-area 
openings in the sides, as shown in the diagram. Under steady flow con- 
ditions, the height of the water in the tank is h = 1.9 ft. 

eG = tie 


V, =-10/ft/s 
Lina = Ole 


Your boss claims that the scale will read the weight of the volume of water in the tank plus the tank weight, i.e., that 
we can treat this as a simple statics problem. You disagree, claiming that a fluid flow analysis is required. Who is right, 
and what does the scale indicate? 


Given: Metal container, of height 2 ft and cross-sectional area A = 1 ft’, 
weighs 5 Ibf when empty. Container rests on scale. Under steady flow 
conditions water depth is h = 1.9 ft. Water enters vertically at section () and 
leaves horizontally through sections (2) and @) 


A Ott 
V, =—10;ft/s 
An Ay —cOniie 


Find: Scale reading. 
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Solution: 
Choose a control volume as shown; R, is the force of the scale on the control volume (exerted on the control volume 
through the supports) and is assumed positive. 

The weight of the tank is designated Wan; the weight of the water in the tank is Wy,0. 

Atmospheric pressure acts uniformly on the entire control surface, and therefore has no net effect on the control 
volume. Because of this null effect we have not shown the pressure distribution in the diagram. 


Governing equations: The general control volume momentum and mass conservation equations are Eqs. 4.17 and 
4.12, respectively, 


= 0(1) 
Ri 2 Vpavs [ Vpv-ai 
‘GNI GS 


= 01) 
Wf pave [ pi-di=0 
toy (ok 


Note that we usually start with the simplest forms (based on the problem assumptions, e.g., steady flow) of the mass 
conservation and momentum equations. However, in this problem, for illustration purposes, we start with the most 
general forms of the equations. 


Assumptions: (1) Steady flow (given). 
(2) Incompressible flow. 
(3) Uniform flow at each section where fluid crosses the CV boundaries. 


We are only interested in the y component of the momentum equation 


B+ Fy = [ vpV- dA (1) 
cs 
Peek, {There is no net force due to atmosphere pressure. } 
Fz, = —Weank — Wi,0 {Both body forces act in negative y direction. } 


Wino = pg¥ = yAh 


ane See V - dA is negative at \ 
vpV-dA = vpV-dA = | ve pV\dA { : 
I. P Ee e Ue CpVid Ay) v = 0 at sections @) and @) 


ee We are assuming uniform 
Ses) eee at () \ 
Using these results in Eq. 1 gives 


IRS Wank yAh = v1 ( pViA}) 


Note that vy is the y component of the velocity, so that vu; = —V,, where we recall that V; = 10 ft/s is the magnitude of 
velocity V;. Hence, solving for R,, 


Ry Wank a VAIO pVrAy 


bf | ft Ibf - 
= SIDE + 62475 x1 f° x 198 + 1.948 x 100 x 0.1 f° x # 
ft? slug - ft 
= 5 lbf + 118.6 lbf + 19.4 lbf 
R, = 143 lbf « & 
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Note that this is the force of the scale on the control volume; it is also 
the reading on the scale. We can see that the scale reading is due to: the 
tank weight (5 lbf), the weight of water instantaneously in the tank 
(118.6 lbf), and the force involved in absorbing the downward 
momentum of the fluid at section (1) (19.4 Ibf). Hence your boss is 


wrong—neglecting the momentum results in an error of almost 15%. —" 
ee 4.6 FLOW-THROUGH ELBOW: USE OF GAGE PRESSURES 


Water flows steadily through the 90° reducing elbow shown in the diagram. At the inlet 
to the elbow, the absolute pressure is 220 kPa and the cross-sectional area is 0.01 m’. 
At the outlet, the cross-sectional area is 0.0025 m? and the velocity is 16 m/s. The elbow 
discharges to the atmosphere. Determine the force required to hold the elbow in place. 


Given: Steady flow of water through 90° reducing elbow. 


pi = 220kPa (abs) A; =O0lm- Ve—=—l6;m/s A, — 00025m- 


Find: Force required to hold elbow in place. 


Solution: 
Choose a fixed control volume as shown. Note that we have several surface force computations: p; on area A; and 
Patm everywhere else. The exit at section @) is to a free jet, and so at ambient (i.e., atmospheric) pressure. We can use 
a simplification here: If we subtract patm from the entire surface (a null effect as far as forces are concerned) we can 
work in gage pressures, as shown. 

Note that since the elbow is anchored to the supply line, in addition to the reaction forces R, and R, (shown), 
there would also be a reaction moment (not shown). 


Governing equations: 


= 0(4) 
earer Al vpavs [ vot ai 
toy eS 


= 0) 
0, 2. ak — 
pdv+ | pV-dA=0 
Loy Cos 


Assumptions: (1) Uniform flow at each section. 
(2) Atmospheric pressure, Patm = 101 kPa (abs). 
(3) Incompressible flow. 
(4) Steady flow (given). 
(5) Neglect weight of elbow and water in elbow. 
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Once again (although we didn’t need to) we started with the most general form of the governing equations. Writing 
the x component of the momentum equation results in 


Fs = [up -ad = upV -dA {Fz =0 and uw =0} 
GS A, 


pA + RK = f upV-ad 
1 


so 
Ie = Pi Ad =) upV -dA 
A 
=P Al Tip Ay) 
R, = —p,A1 — pV7Ai 
Note that uw, is the x component of the velocity, so that uw; = V,;. To find V,;, use the mass conservation equation: 


[0 -a4 = pV d+ | pV-dd =0 
cs A 


Ag 


Pe pY An) (eV oA5) — 0 


and 
m _ 0.0025 _ 


x 
me ee 


A 
tle a 


We can now compute R, 


Ro =p A pViA, 


2 ne) 
=-119x 10°. x 0.01 m2? - 9998 x 16™ x 0.01 m2 x NS 
m2 m? s? kg-m 
R, =-135KN « Re 
Writing the y component of the momentum equation gives 
Fy +a =R+Fy= [vp -dd = | vpV-ad {v, = 0} 
2 


or 
R, =-Fx+ | vpV-dA 
Ag 
= Fs ar U2(pV2A2) 
ky = 1a = pV5Ay 


Note that v2 is the y component of the velocity, so that v2 = —V>, where V> is the magnitude of the exit velocity. 
Substituting known values 


R, = —Fp, +-pV3Az 


kg 5 m2 sie se 
= —F,z —999-= x == 
Fp, 9993 (16) 2 0.0025 m* X cen 
= —Fy, — 639N. & 
Neglecting Fp, gives 
R 


R, =-639N « y 
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ae 47 FEOW-UNDER A SLUICE GATE: HYDROSTATIC PRESSURE FORCE 


Water in an open channel is held in by a sluice gate. Compare 
the horizontal force of the water on the gate (a) when the gate is 
closed and (b) when it is open (assuming steady flow, as shown). 
Assume the flow at sections (1) and @) is incompressible and 
uniform, and that (because the streamlines are straight there) 
the pressure distributions are hydrostatic. 


Given: Flow under sluice gate. Width = w. 


Find: Horizontal force (per unit width) on the closed and open 
gate. 


Solution: 
Choose a control volume as shown for the open gate. Note that it is much simpler to work in gage pressures, as we 
learned in Example 4.6. 


The forces acting on the control volume include: 


e Force of gravity W. 

e Friction force Fp 

e Components R, and R, of reaction force from gate. 

e Hydrostatic pressure distribution on vertical surfaces, assumption (6). 
e Pressure distribution p,(x) along bottom surface (not shown). 


Apply the x component of the momentum equation. 


Governing equation: 


= 0(2)'= 0(3) 


rat f= 2 upae+ | up¥-di 
ey cs 


Assumptions: (1) Fynegligible (neglect friction on channel bottom). 
(2) Fz = 0. 
(3) Steady flow. 
(4) Incompressible flow (given). 
(5) Uniform flow at each section (given). 
(6) Hydrostatic pressure distributions at (1) and (@) (given). 


Then 


Fs = Fp, + Fr, + Ry = u1(—pViwD 1) + u2(pV2wDz) 
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The surface forces acting on the CV are due to the pressure distributions and the unknown force R,. From assumption 
(6), we can integrate the gage pressure distributions on each side to compute the hydrostatic forces Fr, and F,, 


dD, dD, D, 


2 
y 1 
Fr, = i dA = w f osy ay PE eH 
0 0 8 
where y is measured downward from the free surface of location (1), and 
D2 D2 y D2 1 5 
1 [raa = w | sy ay = pew | = 5pgwD; 
0 
0 0 


where y is measured downward from the free surface of location @). (Note that we could have used the hydrostatic 
force equation, Eq. 3.10b, directly to obtain these forces.) 
Evaluating Fs gives 


Ww 
Fs = R, + om (Di = D5) 


Substituting into the momentum equation, with uw; = V, and uz = Vo, gives 


R, + BX (Dj — D3) = ~pViwD, + pViwD, 
or 


w 
R, = pw(V3Dz — V{D,) — ae (Di — D3) 


The second term on the right is the net hydrostatic force on the gate; the first term “corrects” this (and leads to a 
smaller net force) for the case when the gate is open. What is the nature of this “correction”? The pressure in the 
fluid far away from the gate in either direction is indeed hydrostatic, but consider the flow close to the gate: Because 
we have significant velocity variations here (in magnitude and direction), the pressure distributions deviate sig- 
nificantly from hydrostatic—for example, as the fluid accelerates under the gate there will be a significant pressure 
drop on the lower left side of the gate. Deriving this pressure field would be a difficult task, but by careful choice of 
our CV we have avoided having to do so! 
We can now compute the horizontal force per unit width, 


R, 
== = p(V3D, — ViD;) — =" (D? — D3) 
w 2 
_ kg 5 Ae pial N-s? 
= 9995 x @ (0.429) — (1) (3)| ae a 
il kg m 3 Be NES 
— = OX os Y), x Sa tiile x 
3 999 Ts X 9.815 X [(3)? — (0.429)? }m? x 
RF. — 18.0kN/m—43.2kN/m 
WwW 
EN a 
WwW 


R,. is the external force acting on the control volume, applied to the CV by the gate. Therefore, the force of the water 
on the gate is K,, where K, = —R,. Thus, 


=| 


Ke --* = 25.2kN/m « 


W 


This force can be compared to the force on the closed gate of 44.1 kN 
(obtained from the second term on the right in the equation above, eval- 
uated with D> set to zero because for the closed gate there is no fluid on 
the right of the gate)—the force on the open gate is significantly less as the 
water accelerates out under the gate. 
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aaa 43 CONVEYOR BELT FILLING: RATE OF CHANGE OF MOMENTUM IN CONTROL VOLUME 


A horizontal conveyor belt moving at 3 ft/s receives sand from a hopper. The sand falls vertically from the hopper to 
the belt at a speed of 5 ft/s and a flow rate of 500 lbm/s (the density of sand is approximately 2700 lbm/cubic yard). 
The conveyor belt is initially empty but begins to fill with sand. If friction in the drive system and rollers is negligible, 
find the tension required to pull the belt while the conveyor is filling. 


Given: Conveyor and hopper shown in sketch. 


Hopper 


Find: Ty. at the instant shown. 
Solution: Use the control volume and coordinates shown. Apply the x component of the momentum equation. 
Governing equations: 

= 0(2) 


rt ph= 2 [ upavs [ up-a ee 
cv cs cv cs 


Assumptions: (1) Fs = Tye = T. 

Qe =O. 

(3) Uniform flow at section (1). 

(4) All sand on belt moves with Vper = Vp. 
Then 


0 
T= 5 | upd¥ +m (-pViAt) + ual pV2A2) 
Since wu; = 0, and there is no flow at section Q), 


a) 
T= = ¥ 
mi ft 


From assumption (4), inside the CV, u = V, =constant, and hence 


OM, 
Ot 


0 
P= Vig | pdt = Vs 


where M, is the mass of sand on the belt (inside the control volume). This result is perhaps not surprising—the 
tension in the belt is the force required to increase the momentum inside the CV (which is increasing because even 
though the velocity of the mass in the CV is constant, the mass is not). From the continuity equation, 


a pd¥ = ay, --[ pV -dA = m, = 5001bm/s 
cv Ot cs 


Then 


: ft Ibm slug Ibf - s* 
= = xe x x 
re s ae s 32.2lbm slug - ft 


If 


T = 46.6lbf . 
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“Differential Control Volume Analysis 


The control volume approach, as we have seen in the previous examples, provides 
useful results when applied to a finite region. 

If we apply the approach to a differential control volume, we can obtain differential 
equations describing a flow field. In this section, we will apply the conservation of 
mass and momentum equations to such a control volume to obtain a simple differ- 
ential equation describing flow in a steady, incompressible, frictionless flow, and 
integrate it along a streamline to obtain the famous Bernoulli equation. 

Let us apply the continuity and momentum equations to a steady incompressible 
flow without friction, as shown in Fig. 4.4. The control volume chosen is fixed in space 
and bounded by flow streamlines, and is thus an element of a stream tube. The length 
of the control volume is ds. 

Because the control volume is bounded by streamlines, flow across the bounding 
surfaces occurs only at the end sections. These are located at coordinates s and s + ds, 
measured along the central streamline. 

Properties at the inlet section are assigned arbitrary symbolic values. Properties at 
the outlet section are assumed to increase by differential amounts. Thus at s + ds, the 
flow speed is assumed to be V, + dV,, and so on. The differential changes, dp, dV,, and 
dA, all are assumed to be positive in setting up the problem. (As in a free-body 
analysis in statics or dynamics, the actual algebraic sign of each differential change will 
be determined from the results of the analysis.) 

Now let us apply the continuity equation and the s component of the momentum 
equation to the control volume of Fig. 4.4. 


a. Continuity Equation 
= 001) 


Basic equation: Fal pdV+ [ pV-dA =0 (4.12) 
t CV CS 


Assumptions: (1) Steady flow. 
(2) No flow across bounding streamlines. 
(3) Incompressible flow, p = constant. 


Then 
(—pV,A) + {p(V, + dV,)(A + dA)} = 0 


Streamlines 


N 


x 


Fig. 4.4 Differential control volume for momentum analysis of flow through 
a stream tube. 


*This section may be omitted without loss of continuity in the text material. 
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NYO) 
o(V, + dV,)(A + dA) = pV,A (4.19a) 


On expanding the left side and simplifying, we obtain 
V,dA+AdV,+dA dv, =0 


But dA dV, is a product of differentials, which may be neglected compared with V, dA 
or A dV,. Thus 


V,dA+AdVv, =0 (4.19b) 


b. Streamwise Component of the Momentum Equation 


= 01) 
Basic equation: Fy, + Fy, = a/f us pd¥ + [ u, pV -dA (4.20) 
CV cS 


Assumption: (4) No friction, so F's, is due to pressure forces only. 


The surface force (due only to pressure) will have three terms: 
d 
Fs = pA-(p+dp)(A+dA)+ (v 4. ?) dA (4.21a) 


The first and second terms in Eq. 4.21a are the pressure forces on the end faces of the 
control surface. The third term is Fs,, the pressure force acting in the s direction on 
the bounding stream surface of the control volume. Its magnitude is the product of the 
average pressure acting on the stream surface, p + +dp, times the area component of 
the stream surface in the s direction, dA. Equation 4.21a simplifies to 
1 
Fs =—Adp-— 7p dA (4.21b) 


The body force component in the s direction is 
dA 
Fp = pg,d¥ = p(-gsin 8) (4 + ) ds 
But sin 0 ds = dz, so that 


FR =—pg (4 + o dz (4.21c) 


The momentum flux will be 


[0 ad = Vi-pVeA) + (Vi + dV {al V, + aV,)(A + dA)} 
cs 


since there is no mass flux across the bounding stream surfaces. The mass flux factors 
in parentheses and braces are equal from continuity, Eq. 4.19a, so 


/ u, pV -dA = V,(-pV,A) + (V, + dV,)(0V,A) = pV,AdV, (4.22) 
cS 


Substituting Eqs. 4.21b, 4.21c, and 4.22 into Eq. 4.20 (the momentum equation) gives 


A dp sap dA pgA dz — 50g dA dz = pV,A dV, 
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Dividing by pA and noting that products of differentials are negligible compared with 
the remaining terms, we obtain 


2 
_ 4p ~gdz = VsdV, = (3) 
p 2 
or 
dp ve 
p 


Because the flow is incompressible, this equation may be integrated to obtain 


y 
— + — + gz =constant (4.24) 
p 2 
or, dropping subscript s, 
ip 
Fi ap ui +gz = constant (4.24) 


This equation is subject to the restrictions: 


1. Steady flow. 

2. No friction. 

3. Flow along a streamline. 
4. Incompressible flow. 


We have derived one form of perhaps the most famous (and misused) equation in 
fluid mechanics—the Bernoulli equation. It can be used only when the four restric- 
tions listed above apply, at least to reasonable accuracy! Although no real flow 
satisfies all these restrictions (especially the second), we can approximate the behavior 
of many flows with Eq. 4.24. 

For example, the equation is widely used in aerodynamics to relate the pressure 
and velocity in a flow (e.g., it explains the lift of a subsonic wing). It could also be used 
to find the pressure at the inlet of the reducing elbow analyzed in Example 4.6 or to 
determine the velocity of water leaving the sluice gate of Example 4.7 (both of these 
flows approximately satisfy the four restrictions). On the other hand, Eq. 4.24 does not 
correctly describe the variation of water pressure in pipe flow. According to it, for a 
horizontal pipe of constant diameter, the pressure will be constant, but in fact the 
pressure drops significantly along the pipe—we will need most of Chapter 8 to explain 
this. 

The Bernoulli equation, and the limits on its use, is so important we will derive it 
again and discuss its limitations in detail in Chapter 6. 


OW: APPLICATION OF BERNOULLI EQUATION 


Water flows steadily through a horizontal nozzle, discharging to the atmosphere. At the nozzle inlet the diameter is 
D,; at the nozzle outlet the diameter is Dj. Derive an expression for the minimum gage pressure required at the 
nozzle inlet to produce a given volume flow rate, Q. Evaluate the inlet gage pressure if D; = 3.0 in., Dy = 1.0 in., 
and the desired flow rate is 0.7 ft*/s. 
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Given: Steady flow of water through a horizontal nozzle, discharging to the 
atmosphere. 


Dy, = 3.00, Do = 1.0in. P2 = Patm 


Find: (a) pig as a function of volume flow rate, Q. 
(b) pi, for OQ = 0.7 ft’ /s. 


Solution: 


Governing equations: 


PA Ve P2 V5 
+—ligz = 4+ 24+ 
p 5) §Z1 é 5) §%2 
= 0(1) 


E [vas [ov-ai=0 
tev GS 


Assumptions: (1) Steady flow (given). 
(2) Incompressible flow. 
(3) Frictionless flow. 
(4) Flow along a streamline. 
©) zi = 22. 
(6) Uniform flow at sections (1) and (). 


Apply the Bernoulli equation along a streamline between points (1) and @) to evaluate p;. Then 


P p 
Digs Pie Prin = Pee = (Vo Va) = 5 Va 


Apply the continuity equation 
(SPV Agar (pv 4>) — US sory AG oA — 0 


so that P Q 
2 1 

Va eae ae and V, i A 

Then 
pees (4) -1 
& 2A? | \Ap 
Since A = 7D?/4, then 
a DV" al. eo 
"8 7? D4 |\Dy 


(Note that for a given nozzle the pressure required is proportional to the square of the flow rate—not surpising since 
we have used Eq. 4.24, which shows that p~V?~Q?.) With D, = 3.0in., D) = 1.0in., and p = 1.94slug/ ft°, 


8 slug il 5 a 1bf - s? 
ee ote x Or =i x 144 
BU aaa a eS (3)*in4 O16) ~N Sag 
Ibf - s? 
_ 2 
Pe age ti eate. 


With Q = 0.7ft°/s, then pj, = 110Ibf/in.” « 
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Control Volume Moving with Constant Velocity 


In the preceding problems, which illustrate applications of the momentum equation to 
inertial control volumes, we have considered only stationary control volumes. Sup- 
pose we have a control volume moving at constant speed. We can set up two coor- 
dinate systems: XYZ, “absolute,” or stationary (and therefore inertial), coordinates, 
and the xyz coordinates attached to the control volume (also inertial because the 
control volume is not accelerating with respect to XYZ). 

Equation 4.10, which expresses system derivatives in terms of control volume 
variables, is valid for any motion of the control volume coordinate system xyz, pro- 
vided that all velocities are measured relative to the control volume. To emphasize this 
point, we rewrite Eq. 4.10 as 


dN ) | as 4 
een ——s d¥+ Vy, dA 4.25 
T ocn Bt doy? Lane es (4.25) 


Since all velocities must be measured relative to the control volume, in using this 
equation to obtain the momentum equation for an inertial control volume from the 
system formulation, we must set 


N= Pv and 7 = Vey 


The control volume equation is then written as 
Ste ee ge a Me ee et 
P= Fy+Fp= 2 | Viyzpd¥+ | Vays PViyz- dA (4.26) 
dt Iev cs 


Equation 4.26 is the formulation of Newton’s second law applied to any inertial 
control volume (stationary or moving with a constant velocity). It is identical to Eq. 
4.17a except that we have included subscript xyz to emphasize that velocities must be 
measured relative to the control volume. (It is helpful to imagine that the velocities 
are those that would be seen by an observer moving with the control volume.) 
Example 4.10 illustrates the use of Eq. 4.26 for a control volume moving at constant 
velocity. 


ample 4. VING WITH CONSTANT VELOCITY 


The sketch shows a vane with a turning angle of 60°. The vane moves at constant 
speed, U = 10m/s, and receives a jet of water that leaves a stationary nozzle 
with speed V = 30m/s. The nozzle has an exit area of 0.003 m’. Determine the 
force components that act on the vane. 


Given: Vane, with turning angle 0 = 60°, moves with constant velocity, 


= 


oO = m/s. Water from a constant area nozzle, A = 0.003 m’, with velocity 


= 


V = 30; m/s, flows over the vane as shown. 
Find: Force components acting on the vane. 


Solution: Select a control volume moving with the vane at constant velocity, U, as shown by the dashed lines. R, 
and R, are the components of force required to maintain the velocity of the control volume at 10i m/s. 

The control volume is inertial, since it is not accelerating (U = constant). Remember that all velocities must be 
measured relative to the control volume in applying the basic equations. 
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Governing equations: 


Uae ae S 
Fo+ Fp = a Woe ee | Ven OV one GAL 


al pave | Wipe =e 
Ot Jov Co 


Assumptions: (1) Flow is steady relative to the vane. 
(2) Magnitude of relative velocity along the vane is 
constant: |V;| = |V2| = V—U. 
(3) Properties are uniform at sections (1) and (2). 
(4) Fz = 0. 
(5) Incompressible flow. 


The x component of the momentum equation is 


= 0G) 0) 
lig ar bh o// Uy: p d¥ ar [ Uxyz PVeyz dA 
CV cs 


There is no net pressure force, since Patm acts on all sides of the CV. Thus 
ise |) wcovaa) +f ulovaa) = +u(—pViA1) + u2(pV2A2) 
(All velocities are measured relative to xyz.) From the continuity equation 
| covaa +f (ovaa = (py ig (evo 470 


or 
pViA, = pV2A2 
Therefore, 
Ry = (uz — u1)(pViA1) 
All velocities must be measured relative to the CV, so we note that 


Vy, =V-U V,=V-U 
uw =V—-U uy = (V — U)cos 0 


Substituting yields 


R, = [(V— U)cos 6 — (V — U)](o(V — U)A1) = (V—U) (cos 6-1){p(V — U)Ai} 


N-s? 


m kg m 2 
= (30-10) — x (0.50 -1) x —© (30 — 10)— x0. x 
(30 — 10) : (0.50 — 1) 999, (c= 10) : 0.003 m rz 


R, = —S99N {to the left} 


Writing the y component of the momentum equation, we obtain 


=0@) 


Fy. ay Fp, a of UxyzP d¥ +f UxyzP Voz ; dA 
: t Iev cS 
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Denoting the mass of the CV as M gives 


All velocities are 
i Vige | vpV -dA = i vpV -dA {v; = 0} measured relative to 
cs Aa xyz. 
= ie u(pVdA) = v2(pV2A2) = v2(pV1A1) {Recall pV2A2 = pV,Aj.} 


=( a U)sin 0{p(V — U)A;} 


= 30- 10) = x (0.866) x | (999) 8 (30 4 10) = x oon — 


R, — Mg = 1.04kN {upward} 
Thus the vertical force is 
R, = 1.04kN + Mg {upward} 


Then the net force on the vane (neglecting the weight of the vane and 
water within the CV) is 


R =—0.599 + 1.04jkN « R 


4.5 Momentum Equation jor Control Volume 
with Rectilinear Acceleration 


For an inertial control volume (having no acceleration relative to a stationary frame of 
reference), the appropriate formulation of Newton’s second law is given by Eq. 4.26, 


a we, ae. Sod . 
Bait he = [ Vinee d¥ + [ Vor Vo: .dA (4.26) 


Not all control volumes are inertial; for example, a rocket must accelerate if it is to 
get off the ground. Since we are interested in analyzing control volumes that may 
accelerate relative to inertial coordinates, it is logical to ask whether Eq. 4.26 can be 
used for an accelerating control volume. To answer this question, let us briefly review 
the two major elements used in developing Eq. 4.26. 

First, in relating the system derivatives to the control volume formulation (Eq. 4.25 
or 4.10), the flow field, V(x,y,z,t), was specified relative to the control volume’s 
coordinates x, y, and z. No restriction was placed on the motion of the xyz reference 
frame. Consequently, Eq. 4.25 (or Eq. 4.10) is valid at any instant for any arbitrary 
motion of the coordinates x, y, and z provided that all velocities in the equation are 
measured relative to the control volume. 

Second, the system equation 


F= | (4.2a) 
system 
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where the linear momentum of the system is given by 


> 


Poin = | Vdm = | V pd¥ (4.2b) 
M(system) + (system) 


is valid only for velocities measured relative to an inertial reference frame. Thus, if we 
denote the inertial reference frame by XYZ, then Newton’s second law states that 


oo dP xyz 
F- a . (4.27) 
system 


Since the time derivatives of P xyz and Pie are not equal when the control volume 
reference frame xyz is accelerating relative to the inertial reference frame, Eq. 4.26 is 
not valid for an accelerating control volume. 

To develop the momentum equation for a linearly accelerating control volume, it is 
necessary to relate Pyyz of the system to Pigs of the system. The system derivative 
OP ie /dt can then be related to control volume variables through Eq. 4.25. We begin by 
writing Newton’s second law for a system, remembering that the acceleration must be 
measured relative to an inertial reference frame that we have designated XYZ. We write 


¢ _ oP d 5 dV. 
F a= 4¥zZ _ | Veen = | KIL 4, (4.28) 
dt system dt M(system) M(system) dt 


The velocities with respect to the inertial (XYZ) and the control volume coordi- 
nates (xyz) are related by the relative-motion equation 


Vxyz = Veg + Vt (4.29) 


where Vir is the velocity of the control volume coordinates xyz with respect to the 
“absolute” stationary coordinates XYZ. 

Since we are assuming the motion of xyz is pure translation, without rotation, 
relative to inertial reference frame XYZ, then 


dV xyz BV xi dV if 
=a. = + ~=fy,+a 4.30 
dt oe dt dt a aad en) 
where 
adyyz_ is the rectilinear acceleration of the system relative to inertial reference frame 
XYZ, 


Gyy, is the rectilinear acceleration of the system relative to noninertial reference 
frame xyz (i.e., relative to the control volume), and 

arf is the rectilinear acceleration of noninertial reference frame xyz (i.e., of the 
control volume) relative to inertial frame XYZ. 


Substituting from Eq. 4.30 into Eq. 4.28 gives 
“4 dV. 
Fe= | a,¢dm = —dm 
M(system) — M(system) dt 


E dP 
F- j adm = (4.31) 
M(system) dt 
system 


where the linear momentum of the system is given by 


or 


Poplin = | Viyycdm — i Venn d¥ (4.31b) 
(system) (system) 


and the force, F, includes all surface and body forces acting on the system. 
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To derive the control volume formulation of Newton’s second law, we set 
N= P ve and n= Viuyz 
From Eq. 4.25, with this substitution, we obtain 


dP yy. 2 a. Se 

- 5 | Word + | VycpWyedA (4.32) 
dt CV cS. : 

system 


~ Ot 


Combining Eq. 4.31a (the linear momentum equation for the system) and Eq. 4.32 
(the system—control volume conversion), and recognizing that at time fo the system 
and control volume coincide, Newton’s second law for a control volume accelerating, 
without rotation, relative to an inertial reference frame is 


= er O = => => > 
F a arp pd¥ = af Viz pave | Viyz PVixyz-dA 
CV CV cS 


Since F = F st F s, this equation becomes 


Fot+Fr- | a, pd¥ = a | Vuyz PAV + | Woy pVayz- dA (4.33) 
(Ay Cy (eS 


Comparing this momentum equation for a control volume with rectilinear accelera- 
tion to that for a nonaccelerating control volume, Eq. 4.26, we see that the only dif- 
ference is the presence of one additional term in Eq. 4.33. When the control volume is 
not accelerating relative to inertial reference frame XYZ, then a, = 0, and Eq. 4.33 
reduces to Eq. 4.26. 

The precautions concerning the use of Eq. 4.26 also apply to the use of Eq. 4.33. 
Before attempting to apply either equation, one must draw the boundaries of the 
control volume and label appropriate coordinate directions. For an accelerating control 
volume, one must label two coordinate systems: one (xyz) on the control volume and 
the other (XYZ) an inertial reference frame. 

In Eq. 4.33, Fs represents all surface forces acting on the control volume. Since the 
mass within the control volume may vary with time, both the remaining terms on 
the left side of the equation may be functions of time. Furthermore, the acceleration, 
a,, of the reference frame xyz relative to an inertial frame will in general be a 
function of time. 

All velocities in Eq. 4.33 are measured relative to the control volume. The 
momentum flux, Viz OV xyz - dA, through an element of the control surface area, dA, 
is a vector. As we saw for the nonaccelerating control volume, the sign of the scalar 
product, pV .,.° dA, depends on the direction of the velocity vector, V,y-, relative to 
the area vector, dA. : 

The momentum equation is a vector equation. As with all vector equations, it may be 
written as three scalar component equations. The scalar components of Eq. 4.33 are 


3) > ~ 
Boe ig =i) arg pa¥ = af Uy, pd¥ oT Wyo pyee Ow (4.34a) 
cv cv cs 
a) ZA us 
(Eel Ose Arg pa¥ = Bi [a OB? (eh |) ieee ore (4.34b) 
cv cv cs 


Fs, + Fp, - i. aye pa¥ = - | Wryz pd¥ + i Wryz PV xyz dA (4.34c) 
CV CV CS 
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We will consider two applications of the linearly accelerating control volume: 
Example 4.11 will analyze an accelerating control volume in which the mass contained 
in the control volume is constant; Example 4.12 will analyze an accelerating control 
volume in which the mass contained varies with time. 


1B ple 4 7 VANE~MOVING WITH RECTILINEAR ACCELERATION 


A vane, with turning angle 0 = 60°, is attached to a cart. The cart and vane, of mass M = 75 kg, roll on a level track. 
Friction and air resistance may be neglected. The vane receives a jet of water, which leaves a stationary nozzle 
horizontally at V = 35 m/s. The nozzle exit area is A = 0.003 m?. Determine the velocity of the cart as a function of 
time and plot the results. 


Given: Vane and cart as sketched, with M=75 kg. 
Find: U(t) and plot results. 


p = 999 kg/m? 


Y 
Solution: Choose the control volume and coordinate | ~ —> V=35 mis 
systems shown for the analysis. Note that XY is a Al A = 0.003 m? 
fixed frame, while frame xy moves with the cart. e 
Apply the x component of the momentum equation. 


Governing equation: 


= 0) =0@) = 0(4) 


for pur [ axea=2f to PAE ft AeA 
: } cya Yoy come ‘ 


Assumptions: (1) Fs = 0, since no resistance is present. 
(2) Fz = 0. 
(3) Neglect the mass of water in contact with the vane compared to the cart mass. 
(4) Neglect rate of change of momentum of liquid inside the CV. 


0 
= d¥~0 
5 f te? Ve 


(5) Uniform flow at sections () and (). a : 
(6) Speed of water stream is not slowed by friction on the vane, so |Vxyz,| = |Viyz, 
(7) Ad = Ay =A. 


Then, dropping subscripts rf and xyz for clarity (but remembering that all velocities are measured relative to the 
moving coordinates of the control volume), 


=| pd¥ = uy(—pViAq) + u2(pV2A2) 
= (V—U){-p(V — U)A} + (V — U)cos 6{p(V — U) A} 
=-p(V- UY A a oY = U)’ Acos 0 


For the left side of this equation we have 


d 
=| a, pd¥ =—aMcy =—a,M = iM 
so that CV d 
Moo p(V —U)’A + p(V —U)’Acos 6 


dt 
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or 
M = = (1—cos 6)p(V—U)* A 
Separating variables, we obtain 
son Site ee rae rice ee =o 


Note that since V = constant, dU = —d(V — U). Integrating between limits U = 0 att = 0, and U = U att = t, 


Poe f Se - al - fe 


or 


Solving for U, we obtain 


2: 
V 1+Vbt 
Evaluating Vb gives 
et cosit)pA 
Vb = i — 7 
Vb = 350 x =O) 99988 0.003 m? = 0.69957 
S 75 kg m? 
Thus 
U _ _0.699t ; (tin seconds) U(t) 
V 1+0.699¢ 
Plot: 
Time, t (s) 
ample 4. IRECTED VERTICALLY 


A small rocket, with an initial mass of 400 kg, is to be launched vertically. Upon ignition the rocket consumes fuel 
at the rate of 5 kg/s and ejects gas at atmospheric pressure with a speed of 3500 m/s relative to the rocket. Determine 
the initial acceleration of the rocket and the rocket speed after 10 s, if air resistance is neglected. 
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Given: Small rocket accelerates vertically from rest. 
Initial mass, Mp = 400 kg. 
Air resistance may be neglected. 
Rate of fuel consumption, m, = 5kg/s. 
Exhaust velocity, V. = 3500 m/s, relative to rocket, leaving at atmospheric pressure. 


Find: (a) Initial acceleration of the rocket. 
(b) Rocket velocity after 10 s. 


Solution: 
Choose a control volume as shown by dashed lines. Because the control volume is accel- 


erating, define inertial coordinate system XY and coordinate system xy attached to the CV. 
Apply the y component of the momentum equation. 


: : 0 - 
Governing equation: Fs + Fz — i Oe DOA = = | Ohay: DANA SP i. Vyyz PV xyz > dA 
* dey Ot Jov © cs 


Assumptions: (1) Atmospheric pressure acts on all surfaces of the CV; since air resistance is neglected, Fs, = 0. 
(2) Gravity is the only body force; g is constant. 
(3) Flow leaving the rocket is uniform, and V, is constant. 


Under these assumptions the momentum equation reduces to 
a ee a 
Fy =|, ag pd¥ = =| Dray pave | Dzsye (OW zag 2 DAL (1) 
vey tIcv cs 


® © ©) 


Let us look at the equation term by term: 


@) Le =| Rad Vee -s| pd¥ =—gMcy {since g is constant} 
cv cv 


The mass of the CV will be a function of time because mass is leaving the CV at rate m,. To determine Mcy as a 
function of time, we use the conservation of mass equation 


=| pdv+ ff pV-dd =0 
Ot Joy cs 


Then 
0 


5h pdVv --[ pV -dA |. (pViyzd A) = —Ie 
Ot Jey cS cs 


The minus sign indicates that the mass of the CV is decreasing with time. Since the mass of the CV is only a 
function of time, we can write 
dMcp _ 


MM, 
dt x 


To find the mass of the CV at any time, ft, we integrate 


M t 
dMcy = =| m, dt where att = 0, Mcy = Mp, and att = t, Moy = M 
My 0 


Then, M— Mp = —met, or M = Mo — Met. 
Substituting the expression for M into term @), we obtain 


(oe = Bpey = —eiMcy ——e\Mo — m1) 
Vv 


=| Arg pd¥ 
Lon 
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The acceleration, a,¢, of the CV is that seen by an observer in the XY coordinate system. Thus a,¢ is not a function of 
the coordinates xyz, and 


=| Org, pd¥ = arg | pd¥ = — ag Mcy = —ar¢ (Mo =i) 
(OW (Cw 


0 
© 5 [ vored? 


This is the time rate of change of the y momentum of the fluid in the control volume measured relative to the control 
volume. 

Even though the y momentum of the fluid inside the CV, measured relative to the CV, is a large number, it does 
not change appreciably with time. To see this, we must recognize that: 


(1) The unburned fuel and the rocket structure have zero momentum relative to the rocket. 
(2) The velocity of the gas at the nozzle exit remains constant with time as does the velocity at various points in the nozzle. 


Consequently, it is reasonable to assume that 


0 
= d¥~0 
Ff ye? ¥ 


© | Uxyz pVae : dA a | UV aye dA) ioe =) (OV dA) 
GS (cS CS 


The velocity v,,, (relative to the control volume) is —V, (it is in the negative y direction), and is a constant, so was 
taken outside the integral. The remaining integral is simply the mass flow rate at the exit (positive because flow is out 
of the control volume), 


and so 


Substituting terms @) through ( into Eq. 1, we obtain 


—g(Mo — rit) — Arf, (Mo — met) = —Veme 


or 
Vere 
'(5ecr 9 2 
6 Mame % (2) 
At time ¢t = 0, 
ViMe m kg 1 m 
=0 = = 3500 — X5 — X 81 
Cm Fie a ee oa 
Arg): =0 = 33.9 m/s” € ng): =0 
The acceleration of the CV is by definition 
dVcy 
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Substituting from Eq. 2, 


ev _ Vette 
dt Mo = Met 8g 
Separating variables and integrating gives 
Vev t 
0 
Att = 10s, ie ae 
determined” 
350 kg m 
= —3500— XIn —981— x1 
Vee . ‘ 9.815 x 10s 
Vey = 369m/s « Vev); = 10s 


Momentum Equation For Control Volume 4.6 
With Arbitrary Acceleration (on the Web) 


The Angular-Momentum Principle i 


Our next task is to derive a control volume form of the angular-momentum principle. 
There are two obvious approaches we can use to express the angular-momentum 
principle: We can use an inertial (fixed) XYZ control volume; we can also use a 
rotating xyz control volume. For each approach we will: start with the principle in its 
system form (Eq. 4.3a), then write the system angular momentum in terms of XYZ or 
xyz coordinates, and finally use Eq. 4.10 (or its slightly different form, Eq. 4.25) to 
convert from a system to a control volume formulation. To verify that these two 
approaches are equivalent, we will use each approach to solve the same problem, in 
Examples 4.14 and 4.15 (on the Web), respectively. 

There are two reasons for the material of this section: We wish to develop a control 
volume equation for each of the basic physical laws of Section 4.2; and we will need 
the results for use in Chapter 10, where we discuss rotating machinery. 


Equation for Fixed Control Volume 
The angular-momentum principle for a system in an inertial frame is 


Ts a) (4.3a) 


system 


where T'= total torque exerted on the system by its surroundings, and 
H= angular momentum of the system. 


*This section may be omitted without loss of continuity in the text material. 
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= 


H -| 7xVdm -| 7X V pd¥ (4.3b) 
M(system) (system) 


All quantities in the system equation must be formulated with respect to an inertial 
reference frame. Reference frames at rest, or translating with constant linear velocity, 
are inertial, and Eq. 4.3b can be used directly to develop the control volume form of 
the angular-momentum principle. 

The position vector, 7, locates each mass or volume element of the system with 
respect to the coordinate system. The torque, 7, applied to a system may be written 


= 


T =7XxF,+ | 7X Zdm+ T shan (4.3c) 
M(system) 


where F, is the surface force exerted on the system. 
The relation between the system and fixed control volume formulations is 


*) 0 i 3 7 
—_ == npd¥ + npV-dA 4.10 
dt system dt Icy - cS “ 


where 


N system — | ndm 
M(system) 


If we set N = H, then 7 = 7X V~, and 
a == rxV pav+ | 7XV pV -dA (4.45) 
system 


Combining Eqs. 4.3a, 4.3c, and 4.45, we obtain 


Since the system and control volume coincide at time fo, 
7 = ie 


and 
= a = = = 6) = => a => = = 
ee) rxEpd¥+ Teun = 5 | rxV pave f 7XV pV -dA (4.46) 
cv Ot Jov cs 


Equation 4.46 is a general formulation of the angular-momentum principle for an 
inertial control volume. The left side of the equation is an expression for all the 
torques that act on the control volume. Terms on the right express the rate of change 
of angular momentum within the control volume and the net rate of flux of angular 
momentum from the control volume. All velocities in Eq. 4.46 are measured relative 
to the fixed control volume. 

For analysis of rotating machinery, Eq. 4.46 is often used in scalar form by con- 
sidering only the component directed along the axis of rotation. This application is 
illustrated in Chapter 10. 

The application of Eq. 4.46 to the analysis of a simple lawn sprinkler is illustrated 
in Example 4.14. This same problem is considered in Example 4.15 (on the Web) 
using the angular-momentum principle expressed in terms of a rotating control 
volume. 
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1 eae 4/4 TAWN.-SPRINKLER: ANALYSIS USING FIXED CONTROL VOLUME 


A small lawn sprinkler is shown in the sketch at right. At an inlet 
gage pressure of 20 kPa, the total volume flow rate of water through 
the sprinkler is 7.5 liters per minute and it rotates at 30 rpm. The 
diameter of each jet is 4 mm. Calculate the jet speed relative to each 
sprinkler nozzle. Evaluate the friction torque at the sprinkler pivot. 

Psupply = 20 kPa (gage) 
Given: Small lawn sprinkler as shown. 


Find: (a) Jet speed relative to each nozzle. 
(b) Friction torque at pivot. 


Solution: Apply continuity and angular momentum equations 
using fixed control volume enclosing sprinkler arms. 


if 
\ 
= 30°) 
\ 


Governing equations: a aD 
gl 
= 0(1) cota are Ni 
ra) ee wrt XYZ) 
J vars [ pv ai =o 
t (ony ics 
rxF,+ [ 7X Zpd¥+ Toran = ral rxVodv+ | 7XV pV -dA (1) 
cv cy cS 


where all velocities are measured relative to the inertial coordinates XYZ. 


Assumptions: (1) Incompressible flow. 
(2) Uniform flow at each section. 
(3) @ = constant. 


From continuity, the jet speed relative to the nozzle is given by 


yo ees 
a) Ag 0 2 ADe 
1 IL 4 il m? mm min 
= 24S x x x 10° x 
2 u min 7(4)?mm? = 1000L m2 60s 


Wes = 4.97 m/s * Viel 


Consider terms in the angular momentum equation separately. Since atmospheric pressure acts on the entire control 
surface, and the pressure force at the inlet causes no moment about O, 7’ Xx F, = 0. The moments of the body (i.e., 
gravity) forces in the two arms are equal and opposite and hence the second term on the left side of the equation is 
zero. The only external torque acting on the CV is friction in the pivot. It opposes the motion, so 


Teves ae TK (2) 


Our next task is to determine the two angular momentum terms on the right side of Eq. 1. Consider the unsteady 
term: This is the rate of change of angular momentum in the control volume. It is clear that although the position 
7 and velocity V of fluid particles are functions of time in XYZ coordinates, because the sprinkler rotates at constant 
speed the control volume angular momentum is constant in XYZ coordinates, so this term is zero; however, as an 
exercise in manipulating vector quantities, let us derive this result. Before we can evaluate the control volume 
integral, we need to develop expressions for the instantaneous position vector, 7’, and velocity vector, V (measured 
relative to the fixed coordinate system XYZ) of each element of fluid in the control volume. OA lies in the XY plane; 
AB is inclined at angle a to the XY plane; point B’ is the projection of point B on the XY plane. 

We assume that the length, L, of the tip AB is small compared with the length, R, of the horizontal arm OA. 
Consequently we neglect the angular momentum of the fluid in the tips compared with the angular momentum in the 
horizontal arms. 
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Isometric view Plan view 


Consider flow in the horizontal tube OA of length R. Denote the radial distance 
from O by r. At any point in the tube the fluid velocity relative to fixed coordinates 
XYZ is the sum of the velocity relative to the tube V, and the tangential velocity 
w X F. Thus 


V = 1(V, cos @—rwsin 0) +J(V; sin 6 + rw cos 8) 


(Note that 0 is a function of time.) The position vector is 


7 = Ircos@+Jrsin0 


and 
7X V = K(Prwcos’ + rwsin’ 6) = Krw 
Then 
| 7X V pd¥ = [ RPepaar = pe) 
Koa O 3 
and 


0 oes oO). Rew 
= x Vp d¥ = = 
Ail pe Ot [s 3 pA 


Plan view 


(3) 


where A is the cross-sectional area of the horizontal tube. Identical results are obtained for the other horizontal tube 
in the control volume. We have confirmed our insight that the angular momentum within the control volume does 


not change with time. 


Now we need to evaluate the second term on the right, the flux of momentum across the control surface. There 
are three surfaces through which we have mass and therefore momentum flux: the supply line (for which 7 x V = 0) 


because 7 = 0 and the two nozzles. Consider the nozzle at the end of branch OAB. For L«R, we have 


Fe —feX7l,or = (Ir cos 0 + Jr sin 0), — 


and for the instantaneous jet velocity V, we have 


p = IRcos0+JRsin0 


V, = Vg oF Ve = IV, cos a sin 8 — JV, cos acos 6 + KV, sin a — IwR sin 6 + JwR cos 0 


1 


= (V1 COS @ — wR)sin 6 — TV cos a — wR) cos 6 + KV rei Sin 


Fz X V; = [RV, sina sin 6 — J RV <1 sin a cos 6 — KR(V,¢) CoS @ — wR)(sin* 6 + cos? 8) 


Fp X V; = [RV,¢ sin a sin 6 — IRV, sin a cos @ — KR(V ee cos a — wR) 
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The flux integral evaluated for flow crossing the control surface at location B is then 


i 7XV; pV -dA = [FRV et sina sin 6 — SRV) sin a. cos 6 — KR(Vie1 cos a — wR)| pS 
(cS 


The velocity and radius vectors for flow in the left arm must be described in terms of the same unit vectors used for the 
right arm. In the left arm the 7 and J components of the cross product are of opposite sign, since sin (9 + 7) = —sin (0) 
and cos (@ + 7) = —cos (8). Thus for the complete CV, 


| 7x V, pV dd =-RR(Vzq cosa — wR)pQ (4) 
ES 


Substituting terms (2), (3), and (4) into Eq. 1, we obtain 
-T;K = —KR(Vee1 cos a — wR)pQ 


or 
Tp = R(V,a cosa — WR) pQ 


This expression indicates that when the sprinkler runs at constant speed the friction torque at the sprinkler pivot just 
balances the torque generated by the angular momentum of the two jets. 
From the data given, 


rad min m 


x = 0. 
rev 60s 1000mm Weta 


OR = 30-—— 1s0mmi <2 
min 


Substituting gives 


k ie 
T; = 150mm x (sont X cos 30° — 0.471 "| 999 x 75 
S S m min 
. m? min. N-s? m 
1000L 60s kg-m 1000mm 


(on the Web), 


i; 
T; = 0.0718N-m « f 


Equation for Rotating Control Volume (on the Web) 


The First Law of Thermodynamics 4.8 


The first law of thermodynamics is a statement of conservation of energy. Recall that 
the system formulation of the first law was 


» oo dE 
= an i) system — 


where the total energy of the system is given by 


Essien = | edm = | epd¥ (4.4b) 
M(system) ¥ (system) 
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and 
Vv? 
eS Toe + BZ 


In Eq. 4.4a, the rate of heat transfer, Q, is positive when heat is added to the system 
from the surroundings; the rate of work, W, is positive when work is done by the 
system on its surroundings. (Note that some texts use the opposite notation for work.) 

To derive the control volume formulation of the first law of thermodynamics, we set 


N=E and n=e 


in Eq. 4.10 and obtain 


dE 0 ) as) ib 
— == epd¥ + | epV aA 4.53 
dt _ Ot CV cs ( ) 


Since the system and the control volume coincide at fo, 
[Q ~ 4 system = [OQ ~~ WY | snctal volume 


In light of this, Eqs. 4.4a and 4.53 yield the control volume form of the first law of 
thermodynamics, 


o-w=5/ epa¥e | epV-aA (4.54) 


where 


y2 
Sea FBS 


Note that for steady flow the first term on the right side of Eq. 4.54 is zero. 

Is Eq. 4.54 the form of the first law used in thermodynamics? Even for steady flow, 
Eq. 4.54 is not quite the same form used in applying the first law to control volume 
problems. To obtain a formulation suitable and convenient for problem solutions, let 
us take a closer look at the work term, W. 


Rate of Work Done by a Control Volume 


The term W in Eq. 4.54 has a positive numerical value when work is done by the 
control volume on the surroundings. The rate of work done on the control volume is 
of opposite sign to the work done by the control volume. 

The rate of work done by the control volume is conveniently subdivided into four 
classifications, 


Wwe W, + Woormal + Wshear + W other 


Let us consider these separately: 


1. Shaft Work 


We shall designate shaft work W, and hence the rate of work transferred out through the 
control surface by shaft work is designated W,. Examples of shaft work are the work 
produced by the steam turbine (positive shaft work) of a power plant, and the work input 
required to run the compressor of a refrigerator (negative shaft work). 
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2. Work Done by Normal Stresses at the Control Surface 


Recall that work requires a force to act through a distance. Thus, when a force, F , acts 
through an infinitesimal displacement, ds’, the work done is given by 


6W =F .-ds 


To obtain the rate at which work is done by the force, divide by the time increment, 
At, and take the limit as At — 0. Thus the rate of work done by the force, F,, is 


=> 
> 


. OW : oye. at 
W = lim = or W=F-V 


At) At ~ amo At 
We can use this to compute the rate of work done by the normal and shear stresses. 
Consider the segment of control surface shown in Fig. 4.6. For an element of area dA 
we can write an expression for the normal stress force dF normal: It will be given by the 
normal stress ¢,,, multiplied by the vector area element dA (normal to the control 
surface). 
Hence the rate of work done on the area element is 


OF acta : V = Onn dA : V 


Since the work out across the boundaries of the control volume is the negative of the 
work done on the control volume, the total rate of work out of the control volume due 
to normal stresses is 


W icra = = Onn dA : V = = OnnV : dA 
cs cs 


3. Work Done by Shear Stresses at the Control Surface 


Just as work is done by the normal stresses at the boundaries of the control volume, so 
may work be done by the shear stresses. 

As shown in Fig. 4.6, the shear force acting on an element of area of the control 
surface is given by 


dF near = 7dA 


where the shear stress vector, 7, is the shear stress acting in some direction in the 
plane of dA. 
The rate of work done on the entire control surface by shear stresses is given by 


| #dA.V = [ 7-WdA 
CS CS 


Since the work out across the boundaries of the control volume is the negative of 
the work done on the control volume, the rate of work out of the control volume due 
to shear stresses is given by 


We --| 7-VdA 
cs 


Normal stress force 
o,,dA 


mn 


Control surface 


dF yormal = 


Shear stress force 
dF year = TdA 


Fig. 4.6 Normal and shear stress forces. 
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This integral is better expressed as three terms 
W shear --| #-WdA 
cs 


--f 7.VdA~ | 7.VaA~ | #-WdA 
A(shafts) A(solid surface) A(ports) 


We have already accounted for the first term, since we included W, previously. At solid 
surfaces, V = 0, so the second term is zero (for a fixed control volume). Thus, 


W shear a =) 7: V dA 
A(ports) 


This last term can be made zero by proper choice of control surfaces. If we choose a 
control surface that cuts across each port perpendicular to the flow, then dA is parallel 
to V. Since 7 is in the plane of dA, 7 is perpendicular to V. Thus, for a control surface 
perpendicular to V, 


7:-V=0 and Was =0 
4. Other Work 


Electrical energy could be added to the control volume. Also electromagnetic energy, 
e.g., in radar or laser beams, could be absorbed. In most problems, such contributions 
will be absent, but we should note them in our general formulation. 

With all of the terms in W evaluated, we obtain 


W = W.- | om V dA + Wenear + Wother (4.55) 
CS 


Control Volume Equation 
Substituting the expression for W from Eq. 4.55 into Eq. 4.54 gives 
ms a a ee 
Q-W,+ Onn V -dA — Wshear — Wother = 5, epd¥ + epV -dA 
Cs dt Iev Cs 
Rearranging this equation, we obtain 
oe ; a a ae 
QO — W, — Wshear — Wother = >: epd¥ + epV-dA— Onn V-dA 
dt Icv Cs cs 
Since p = 1/v, where v is specific volume, then 
[oom dd = fom pV aa 
cs cs 


Hence 


QO W, Wear Wother = : i; ep d¥ + | (e a Frat) pV ? dA 
Ot Icv cs 


Viscous effects can make the normal stress, on», different from the negative of the 
thermodynamic pressure, —p. However, for most flows of common engineering 
interest, o,, ~ —p. Then 


O= We = Weteac— W other = =| epa¥+ | (e+pv) pV -dA 
Ot Joy cs 
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Finally, substituting e = u + V*/2 + gz into the last term, we obtain the familiar form 
of the first law for a control volume, 


3 0 G 2 2 = = 
Q=W% = Ween = Wotiner = af epa¥ + f (u+po+ is +82) pV -dA (4.56) 
Ot Icy cs 2 


Each work term in Eq. 4.56 represents the rate of work done by the control volume on 
the surroundings. Note that in thermodynamics, for convenience, the combination 
u + pv (the fluid internal energy plus what is often called the “flow work”) is usually 
replaced with enthalpy, 4 = u + pv (this is one of the reasons h was invented). 


a ple 4.16 COMPRESSOR: FIRST LAW ANALYSIS 


Air at 14.7 psia, 70°F, enters a compressor with negligible velocity and is discharged at 50 psia, 100°F through a pipe 
with 1 ft? area. The flow rate is 20 lbm/s. The power input to the compressor is 600 hp. Determine the rate of heat 
transfer. 


. . : = 50 psia 
Given: Air enters a compressor at (1) and leaves at @) with ve is 


conditions as shown. The air flow rate is 20 Ibm/s and the 
power input to the compressor is 600 hp. —> A= 1 ft? 


Find: Rate of heat transfer. 


T> = 100°F 


Solution: 


Governing equations: 
= 0(1) 


OT wav [ pV -dA =0 
thoy ES 


= 0(4) = 0(1) 
ee . a y? eee 
OD Wi Wan epdavt+ u+ pu t+ > + gz|pV-da 
tl} cy (eS 


Assumptions: (1) Steady flow. 
(2) Properties uniform over inlet and outlet sections. 
(3) Treat air as an ideal gas, p = pRT. 
(4) Area of CV at () and @) perpendicular to velocity, thus Wares = 0: 
(5) Z1 = Zo. 
(6) Inlet kinetic energy is negligible. 


Under the assumptions listed, the first law becomes 


. . 2 > > 
o-W.= | (utpo+ 4 ez) pV -ad 
cv 2 


: =. Ve => => 
o-v. = | (n+ + +02) Vad 
cs 2 
or 


. . 2 = > 
O=wW+ [ (n+ > +0z)oV-dA 
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For uniform properties, assumption (2), we can write 
~0(6) 


5 5 V2 y2 
Wie (i, ‘ y 5: gzil-p.VAD 8 (i, soe g2)(p2VoAn) 
For steady flow, from conservation of mass, 


[ ov ad =0 
ES 


Therefore, —(p1V1A,) + (p2V2A2) = 0, or p1V1A1 = p2V2A2 = m. Hence we can write 
=0(5) 
: : F y2 
O=W, +m la. =a) Se ae, «| 


Assume that air behaves as an ideal gas with constant c,. Then hz — h; =c,(T>— T;), and 


on W, + mil op(Ta— Th) + = 


From continuity Vz = m/p,A>. Since p2 = p2RT», 


mm RT» Ibm | 1 ft - Ibf in? ft? 
= =2 x 2% De x ‘RX ——— X — > 
V2 Ax pr i s 1t2 = : eR 208 50lbf 144 in.? 
V2 = 82.9 ft/s 
Note that power input is to the CV, so W, = —600 hp, and 
ees Ve 
Q = W, + me (Ty, —T,) +m a 
. ft - lbf Btu Ibm Btu 
= —600 hp x ar 20) X 0.24——_ X 30°R 
ae een 5 Ibm°R 
Aap Ibm . (82.9)? ft? slug Btu Ibf - s? 
S 2 s* 32.2lbm 778 ft-lbf slug: ft 


OQ =-277Btu/s. {heat rejection}Q 


ample 4. ING: FIRST LAW ANALYSIS 


A tank of 0.1 m? volume is connected to a high-pressure air line; both line and tank are initially at a uniform 
temperature of 20°C. The initial tank gage pressure is 100 kPa. The absolute line pressure is 2.0 MPa; the line is large 
enough so that its temperature and pressure may be assumed constant. The tank temperature is monitored by a fast- 
response thermocouple. At the instant after the valve is opened, the tank temperature rises at the rate of 0.05°C/s. 
Determine the instantaneous flow rate of air into the tank if heat transfer is neglected. 
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Given: Air supply pipe and tank as shown. At t=0*, OT /0t = 0.05°C/s. 
Find: matt=0". 

Solution: 

Choose CV shown, apply energy equation. 


High-pressure line 


f= ZO 
p= 20 MPa 
(absolute) 


Tank ¥ = 0.1 m® 
Initial conditions: T= 20°C 
p = 100 kPa (gage) 


Governing equation: 


= 0(1) =0(2) =0(3) = 0(4) 


PV. tal weole= 2f epae | (e + pu)pV -dA 
Ot Vi ES 


=06) =0© 
eau We gh 


Assumptions: (1) Q = 0 (given). 
(2) W, = 0. 
(3) Wshear =I 
(4) W other = 0. 
(5) Velocities in line and tank are small. 
(6) Neglect potential energy. 
(7) Uniform flow at tank inlet. 
(8) Properties uniform in tank. 
(9) Ideal gas, p = pRT, du =c,dT. 


Then 


O 
=f Utankp a¥ + (u + PU)hine(— PVA) al) 
CV 


This expresses the fact that the gain in energy in the tank is due to influx of fluid energy (in the form of enthalpy 
h=u + pv) from the line. We are interested in the initial instant, when T is uniform at 20°C, so Utank = Uline = U, the 
internal energy at 7; also, PUjine = RTiine = RT, and 


=f upd¥+(u+RT)(-pVA) =0 
Ot Jov 


Since tank properties are uniform, 0/Ot may be replaced by d/dt, and 


d 
qi eM) = (u+RT)m 


(where & is the instantaneous mass in the tank and m = pVA is the mass flow rate), or 


dM du 
—— +M— =um+RTn 
us M— um+ RTm (1) 
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The term dM/dt may be evaluated from continuity: 


Governing equation: 


= pd¥+ | pV-ad =0 
Ot Joy cs 


M M 
ait + (-pVA) = 0 or aM =m 


Substituting in Eq. 1 gives 
i 
win + Me =umt+RTm 


or 


vp = MeldT/dt) _ p¥e(dT /dt) 


JRO RT 
But at t=0, Ptank = 100 kPa (gage), and 
7) N ke-K 1 
P= Prank = “ER = (1.00 + 1.01)10° — x ST X ae 
= 2.39kg/m? 


Substituting into Eq. 2, we obtain 


N-m , 
kg-K 


k K 
rh = 239-8 X0.1m3X717 C05 
m S 


kg-K 1 g 
x x = 
287N-m 293K Be kg 


m=0.102¢/s ~ 


4.9 The Second law of Thermodynamics 


Recall that the system formulation of the second law is 


dS 1 . 
—— > 4. 
i) system T r oa 


where the total entropy of the system is given by 


Ssystem = | sdm = | spdV¥ (4.5b) 
M(system) (system) 


To derive the control volume formulation of the second law of thermodynamics, we set 


N=S and n=s 
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in Eq. 4.10 and obtain 


a a) 5 4? 
= =2 spd¥+ | spV-dA 4.57) 
dt system ot CV cS ( 


The system and the control volume coincide at fo; thus in Eq. 4.5a, 


1. oe 1/Q 
72) T ev I, + (§)aa 


In light of this, Eqs. 4.5a and 4.57 yield the control volume formulation of the second 
law of thermodynamics 


wr fyseate f sov-ddz f 3 (6 
— Goal? sr spV-dA= = | = \aA 4.58 
Ot Jov p Cs cs +(§) oo 


In Eq. 4.58, the factor (O /A) represents the heat flux per unit area into the control 
volume through the area element dA. To evaluate the term 


1/Q 
=—|=]dA 
Lil) 
both the local heat flux, (Q/A), and local temperature, T, must be known for each 
area element of the control surface. 


4.10 Summary and Useful Equations 


In this chapter we wrote the basic laws for a system: mass conservation (or continuity), Newton’s second law, the angular- 
momentum equation, the first law of thermodynamics, and the second law of thermodynamics. We then developed an equation 
(sometimes called the Reynolds Transport Theorem) for relating system formulations to control volume formulations. Using this we 
derived control volume forms of: 


v The mass conservation equation (sometimes called the continuity equation). 
v¥ Newton’s second law (in other words, a momentum equation) for: 
o An inertial control volume. 
o A control volume with rectilinear acceleration. 
o Acontrol volume with arbitrary acceleration (on the Web). 
v The angular-momentum equation for:* 
o A fixed control volume. 
o A rotating control volume (on the Web). 
v The first law of thermodynamics (or energy equation). 
v The second law of thermodynamics. 


We discussed the physical meaning of each term appearing in these control volume equations, and used the 
equations for the solution of a variety of flow problems. In particular, we used a differential control volume* to 
derive a famous equation in fluid mechanics—the Bernoulli equation—and while doing so learned about the 
restrictions on its use in solving problems. 


*These topics apply to a section that may be omitted without loss of continuity in the text material 
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Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Chapter Basic Equations in Integral Form for a Control Volume 


Continuity (mass conservation), ae (4.13a) | Page 
incompressible fluid: I : V-dA =0 105 
Continuity (mass conservation), 7 (4.13b) | Page 
incompressible fluid, S- Ps A=0 105 
uniform flow: 
Continuity (mass conservation), (4.15a) | Page 
steady flow: ie pV dA = 106 
Continuity (mass conservation), = S (4.15b) | Page 
steady flow, uniform flow: Dae? et 106 
Momentum (Newton’s , i = ra) , eek | es (4.17a) | Page 
second law): fair ky = ah” pd¥+ Lv pV -dA 111 
Momentum (Newton’s second a se a . ae ae ee (4.17b) | Page 
law), uniform flow: F = Fyt+ Fz = mf 04% + Docs VOV -A 111 
Momentum (Newton’s second ra) es (4.18a) | Page 
law), scalar components: B= fy tly 5h! pd¥ + [. upV-dA 112 

F, = Fs + Fp -5/ vpa¥+ | vpV-daa 8b) 

: * Ot Jey cs 

R=Ft Fy = 5 weaves [ wov-ad (4.18¢) 
Momentum (Newton’s second _ _ oO = (4.18d) | Page 
law), uniform flow, scalar fh Te = a pav+ Ss ee 112 
components: 9 

= = rar 4.1 
B= Fs +P = 5 f vpd¥+ Yo vev A ine) 
a a 

F, = Fs + Fz = 5 fy? AE * Dac OVA (4.18f) 
Bernoulli equation (steady, y2 (4.24) | Page 
incompressible, frictionless, P + > + gz = constant 124 
flow along a streamline): p 
Momentum (Newton’s second 9 (4.26) | Page 
law), inertial control volume F = Fyot+F, = a Vaye PAK + | Vays pVaye dA 126 
(stationary or constant speed): cv cs 
Momentum (Newton’s second 9 (4.33) | Page 
law), rectilinear acceleration of | Fy + Fz — / dp pd¥ = a | Vie pd¥ | Ve OV ryz° dA 130 
control volume: cv cv cs 
Angular-momentum principle: = Fe (4.46) | Page 

rxP.+ [Px epd¥+ Pons 136 
Vv 


=f rxV pave | 7x V pV -dA 
cs 
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First law of thermodynamics: O — W, — Wenear — Wother (4.56) | Page 
a y2 os 143 
=5/ epa¥s | (u+po+ 5 +42) ov dA 
dt Jov cs 2 
Second law of a eee 1/0 (4.58) | Page 
thermodynamics: wf sete [se V-dA =f TIA dA 147 


Case Study 


“Lab-on-a-Chip” 


| =| 
to 


(a) (b) (c) 


Mixing two fluids in a “lab-on-a-chip.” 


An exciting new area in fluid mechanics is microfluidics, 
applied to microelectromechanical systems (MEMS—the 
technology of very small devices, generally ranging in 
size from a micrometer to a millimeter). In particular, a lot 
of research is being done in “lab-on-a-chip” technology, 
which has many applications. An example of this is in 
medicine, with devices for use in the immediate point-of- 
care diagnosis of diseases, such as real-time detection of 
bacteria, viruses, and cancers in the human body. In the 
area of security, there are devices that continuously 
sample and test air or water samples for biochemical 
toxins and other dangerous pathogens such as those in 
always-on early warning systems. 

Because of the extremely small geometry, flows in 
such devices will be very low Reynolds numbers and 
therefore laminar; surface tension effects will also be 
significant. In many common applications (for example, 


Problems 


Basic Laws for a System 


4.1 A mass of 5 Ibm is released when it is just in contact with a 
spring of stiffness 25 Ibf/ft that is attached to the ground. 
What is the maximum spring compression? Compare this to 
the deflection if the mass was just resting on the compressed 
spring. What would be the maximum spring compression if 
the mass was released from a distance of 5 ft above the top 
of the spring? 


typical water pipes and air conditioning ducts), laminar 
flow would be desirable, but the flow is turbulent—it 
costs more to pump a turbulent as opposed to a laminar 
flow. In certain applications, turbulence is desirable 
instead because it acts as a mixing mechanism. If you 
couldn’t generate turbulence in your coffee cup, it would 
take a lot of stirring before the cream and coffee were 
sufficiently blended; if your blood flow never became 
turbulent, you would not get sufficient oxygen to your 
organs and muscles! In the lab-on-a-chip, turbulent flow 
is usually desirable because the goal in these devices is 
often to mix minute amounts of two or more fluids. 

How do we mix fluids in such devices that are inher- 
ently laminar? We could use complex geometries, or 
relatively long channels (relying on molecular diffusion), 
or some kind of MEM device with paddles. Research by 
professors Goullet, Glasgow, and Aubry at the New Jer- 
sey Institute of Technology instead suggests pulsing the 
two fluids. Part a of the figure shows a schematic of two 
fluids flowing at a constant rate (about 25 nL/s, average 
velocity less than 2 mm/s, in ducts about 200 jzm wide) 
and meeting in a T junction. The two fluids do not mix 
because of the strongly laminar nature of the flow. Part b 
of the figure shows a schematic of an instant of a pulsed 
flow, and part c shows an instant computed using a 
computational fluid dynamics (CFD) model of the same 
flow. In this case, the interface between the two fluid 
samples is shown to stretch and fold, leading to good 
nonturbulent mixing within 2 mm downstream of 
the confluence (after about 1s of contact). Such a 
compact mixing device would be ideal for many of the 
applications mentioned above. 


4.2 An ice-cube tray containing 250 mL of freshwater at 15°C 
is placed in a freezer at —S°C. Determine the change in 
internal energy (kJ) and entropy (kJ/K) of the water when it 
has frozen. 


4.3 A small steel ball of radius r = 1 mm is placed on top of a 
horizontal pipe of outside radius R = 50 mm and begins to 
roll under the influence of gravity. Rolling resistance and air 
resistance are negligible. As the speed of the ball increases, it 
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eventually leaves the surface of the pipe and becomes a 
projectile. Determine the speed and location at which the 
ball loses contact with the pipe. 


4.4 A fully loaded Boeing 777-200 jet transport aircraft 
weighs 325,000 kg. The pilot brings the 2 engines to full 
takeoff thrust of 450 kN each before releasing the brakes. 
Neglecting aerodynamic and rolling resistance, estimate the 
minimum runway length and time needed to reach a takeoff 
speed of 225 kph. Assume engine thrust remains constant 
during ground roll. 


4.5 A police investigation of tire marks showed that a car 
traveling along a straight and level street had skidded to a 
stop for a total distance of 200 ft after the brakes were 
applied. The coefficient of friction between tires and pave- 
ment is estimated to be yz: = 0.7. What was the probable 
minimum speed (mph) of the car when the brakes were 
applied? How long did the car skid? 


4.6 A high school experiment consists of a block of mass 2 kg 
sliding across a surface (coefficient of friction jz: = 0.6). If it is 
given an initial velocity of 5 m/s, how far will it slide, and how 
long will it take to come to rest? The surface is now rough- 
ened a little, so with the same initial speed it travels a dis- 
tance of 2 m. What is the new coefficient of friction, and how 
long does it now slide? 


4.7 A car traveling at 30 mph encounters a curve in the road. 
The radius of the road curve is 100 ft. Find the maximum 
speeds (mph) before losing traction, if the coefficient of friction 
on a dry road is gry = 0.7 and on a wet road is fyet = 0.3. 


4.8 Air at 20°C and an absolute pressure of 1 atm is com- 
pressed adiabatically in a piston-cylinder device, without 
friction, to an absolute pressure of 4 atm in a piston-cylinder 
device. Find the work done (MJ). 


4.9 In an experiment with a can of soda, it took 2 hr to cool 
from an initial temperature of 80°F to 45°F in a 35°F 
refrigerator. If the can is now taken from the refrigerator and 
placed in a room at 72°F, how long will the can take to reach 
60°F? You may assume that for both processes the heat 
transfer is modeled by Ow k(T — Tamp), Where T is the can 
temperature, Tamp is the ambient temperature, and k is a 
heat transfer coefficient. 


4.10 A block of copper of mass 5 kg is heated to 90°C and 
then plunged into an insulated container containing 4 L of 
water at 10°C. Find the final temperature of the system. For 
copper, the specific heat is 385 J/kg-K, and for water the 
specific heat is 4186 J/kg-K. 


4.11 The average rate of heat loss from a person to the sur- 
roundings when not actively working is about 85 W. Suppose 
that in an auditorium with volume of approximately 3.5 x 
10° m*, containing 6000 people, the ventilation system fails. 
How much does the internal energy of the air in the audi- 
torium increase during the first 15 min after the ventilation 
system fails? Considering the auditorium and people as 
a system, and assuming no heat transfer to the surroundings, 
how much does the internal energy of the system change? How 
do you account for the fact that the temperature of the air 
increases? Estimate the rate of temperature rise under these 
conditions. 


Conservation of Mass 


4.12 The velocity field in the region shown is given by 
V = (aj+byk) where a=10m/s and b=5s'. For the 1m 
X 1 mtriangular control volume (depth w = 1 m perpendicular 
to the diagram), an element of area CD) may be represented 
by, dA, = wdzj —wdyk and an element of area @ by 
dA, = —wayk. 

(a) Find an expression for V dA). 

(b) Evaluate J), V -dA\. 

(c) Find an expression for V - dAy. 

(d) Find an eee for V(V - dA). 
(e) Evaluate f, V (V -dAy). 


P4.12 


4.13 The shaded area shownis ina flow WhelS the velocity field 
is given by V =axi+ byj;a = b =1s |, and the coordinates 
are measured in meters. Evaluate the volume flow rate and 
the momentum flux through the shaded area (p = 1 kg/m’). 


z 


Xx 
P4.13 


4.14 The area shown shaded is in a flow where ine velocity field 
is given by V = axi+ by) +ck;a =b =2s 'andc =1 ms. 
Write a vector expression for an element of the shaded area. 
Evaluate the integrals LV dA and LV( (V-dA) over the 
shaded area. 


P4.14 


4.15 Obtain expressions for the volume flow rate and the 
momentum flux through cross section @ of the control 
volume shown in the diagram. 


P4.15 


4.16 For the flow of Problem 4.15, obtain an expression for 
the kinetic energy flux, [(V7/2)pV - dA, through cross sec- 
tion (1) of the control volume shown. 


4.17 The velocity distribution for laminar flow in a long cir- 
cular tube of radius R is given by the one-dimensional 


expression, 
> * r\2| 5 
V = ul = Umax c (=) ji 


For this profile obtain expressions for the volume flow rate and 
the momentum flux through a section normal to the pipe axis. 


4.18 For the flow of Problem 4.17, obtain an expression for 
the kinetic energy flux, [(V?/2)pV - dA, through a section 
normal to the pipe axis. 


4.19 A shower head fed by a %-in. ID water pipe consists of 
50 nozzles of /-in. ID. Assuming a flow rate of 2.2 gpm, what 
is the exit velocity (ft/s) of each jet of water? What is the 
average velocity (ft/s) in the pipe? 


4.20 A farmer is spraying a liquid through 10 nozzles, %-in. 
ID, at an average exit velocity of 10 ft/s. What is the average 
velocity in the 1-in. ID head feeder? What is the system flow 
rate, in gpm? 


4.21 A cylindrical holding water tank has a 3 m ID and a 
height of 3 m. There is one inlet of diameter 10 cm, an exit of 
diameter 8 cm, and a drain. The tank is initially empty when 
the inlet pump is turned on, producing an average inlet 
velocity of 5 m/s. When the level in the tank reaches 0.7 m, 
the exit pump turns on, causing flow out of the exit; the exit 
average velocity is 3 m/s. When the water level reaches 2 m 
the drain is opened such that the level remains at 2 m. Find 
(a) the time at which the exit pump is switched on, (b) the 
time at which the drain is opened, and (c) the flow rate into 
the drain (m?/min). 

4.22 A university laboratory that generates 15 m°/s of air 
flow at design condition wishes to build a wind tunnel with 
variable speeds. It is proposed to build the tunnel with a 
sequence of three circular test sections: section 1 will have a 
diameter of 1.5 m, section 2 a diameter of 1 m, and section 3 
a diameter such that the average speed is 75 m/s. 

(a) What will be the speeds in sections 1 and 2? 
(b) What must the diameter of section 3 be to attain the 
desired speed at design condition? 


4.23 A wet cooling tower cools warm water by spraying it 
into a forced dry-air flow. Some of the water evaporates in 
this air and is carried out of the tower into the atmosphere; 
the evaporation cools the remaining water droplets, which 
are collected at the exit pipe (6 in. ID) of the tower. 
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Measurements indicate the warm water mass flow rate is 
250,000 Ib/hr, and the cool water (70°F) flows at an average 
speed of 5 ft/s in the exit pipe. The moist air density is 0.065 
lb/ft®. Find (a) the volume flow rate (ft?/s) and mass flow rate 
(lb/hr) of the cool water, (b) the mass flow rate (lb/hr) of the 
moist air, and (c) the mass flow rate (lb/hr) of the dry air. 
Hint: Google “density of moist air” for information on 
relating moist and dry air densities! 


Moist air 
> Sel nae 
\ / 
\ I 
] I 
I \ 
! \ 
/ \ 
1cs 
Warm Cool 
water Jo LS water 
——> > 
P4.23 


4.24 Fluid with 65 Ibm/ft* density is flowing steadily through 
the rectangular box shown. Given A, =0.5 ft’, A,=0.1 ft’, 
A3=0.6 ft, V; = 10/ft/s, and V> = 20/ft/s, determine 
velocity V3. 


: Az = 0.02 m@ 


Loc] 
+> V2 = 10 m/s 
Too 


Ay = 0.05 m@ 
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4.25 Consider steady, incompressible flow through the 
device shown. Determine the magnitude and direction of 
the volume flow rate through port 3. 


4.26 A rice farmer needs to fill her 150 m X 400 m field with 
water to a depth of 7.5 cm in 1 hr. How many 37.5-cm- 
diameter supply pipes are needed if the average velocity in 
each must be less than 2.5 m/s? 


4.27 You are making beer. The first step is filling the glass 
carboy with the liquid wort. The internal diameter of the 
carboy is 15 in., and you wish to fill it up to a depth of 2 ft. If 
your wort is drawn from the kettle using a siphon process 
that flows at 3 gpm, how long will it take to fill? 


4.28 In your kitchen, the sink is 2 ft by 18 in. by 12 in. deep. You 
are filling it with water at the rate of 4 gpm. How long willit take 
(in min) to half fill the sink? After this you turn off the faucet 
and open the drain slightly so that the tank starts to drain at 
1 gpm. What is the rate (in./min) at which the water level drops? 


4.29 Ventilation air specifications for classrooms require 
that at least 8.0 L/s of fresh air be supplied for each person in 
the room (students and instructor). A system needs to be 
designed that will supply ventilation air to 6 classrooms, each 
with a capacity of 20 students. Air enters through a central 
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duct, with short branches successively leaving for each 
classroom. Branch registers are 200 mm high and 500 mm 
wide. Calculate the volume flow rate and air velocity enter- 
ing each room. Ventilation noise increases with air velocity. 
Given a supply duct 500 mm high, find the narrowest supply 
duct that will limit air velocity to a maximum of 1.75 m/s. 


4.30 You are trying to pump storm water out of your base- 
ment during a storm. The pump can extract 27.5 gpm. The 
water level in the basement is now sinking by about 4 in./hr. 
What is the flow rate (gpm) from the storm into the base- 
ment? The basement is 30 ft x 20 ft. 


4.31 In steady-state flow, downstream the density is 1 kg/m’, 
the velocity is 1000 m/sec, and the area is 0.1 m*. Upstream, the 
velocity is 1500 m/sec, and the area is 0.25 m*. What is 
the density upstream? 


2. 4.32 In the incompressible flow through the device shown, 
velocities may be considered uniform over the inlet and outlet 
sections. The following conditions are known: A; = 0.1 m, 
A,=0.2 m’, A;=0.15 m’, V,=10e m/s, and V>= 
2 cos(27rt) m/s (tf in seconds). Obtain an expression for the 
velocity at section @), and plot V3 as a function of time. At 
what instant does V3 first become zero? What is the total 
mean volumetric flow at section G)? 


| 
Flow———_ 


® 
On 
Flow 


olf 
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4.33 Oil flows steadily in a thin layer down an inclined plane. 
The velocity profile is 


‘a é 
y= essin ny a 
Lb 


ef Surface 


P4.33 
Express the mass flow rate per unit width in terms of p, 1, g, 
0, and h. 


4.34 Water enters a wide, flat channel of height 2h with a 
uniform velocity of 2.5 m/s. At the channel outlet the veloc- 
ity distribution is given by 


a 


where y is measured from the centerline of the channel. 
Determine the exit centerline velocity, Umax. 


4.35 Water flows steadily through a pipe of length L and 
radius R= 75 mm. Calculate the uniform inlet velocity, U, if 
the velocity distribution across the outlet is given by 


r 
u = Umax c ~ = 


and Umax = 3 m/s. 


UL 
ie I ae fr. = 
I x 

- L - 
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4.36 Incompressible fluid flows steadily through a plane 
diverging channel. At the inlet, of height H, the flow is 
uniform with magnitude V;. At the outlet, of height 2H, the 
velocity profile is 

ny 
V2 = Vin (=) 
2 COS | 555 
where y is measured from the channel centerline. Express V,,, 
in terms of Vj. 

4.37 The velocity profile for laminar flow in an annulus is al 

given by 


u(r Ap 2 _ 2 4 
~~ GaE J in(R/R,) 


where Ap/L = —10 kPa/m is the pressure gradient, y is the 
viscosity (SAE 10 oil at 20°C), and R, = 5 mm and R; = 1 mm 
are the outer and inner radii. Find the volume flow rate, the 
average velocity, and the maximum velocity. Plot the velocity 
distribution. 


Ro Ri % 


In 
r 
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4.38 A two-dimensional reducing bend has a linear velocity 
profile at section (1). The flow is uniform at sections @) and 
@). The fluid is incompressible and the flow is steady. Find 
the maximum velocity, Vj max, at section ©. 


Vy ;max 


hy = 0.5 


@ 


@ v3 =5 m/s 


h3 = 0.15 m 


4.39 Water enters a two-dimensional, square channel of 
constant width, 4 = 75.5 mm, with uniform velocity, U. The 
channel makes a 90° bend that distorts the flow to produce 
the linear velocity profile shown at the exit, with Umax =2 
Umin. Evaluate Umin, if U = 7.5 m/s. 


max 


min 


et 
| 
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4.40 Viscous liquid from a circular tank, D = 300 mm in diam- 
eter, drains through a long circular tube of radius R = 50 mm. 
The velocity profile at the tube discharge is 


“= toa t=), 


Show that the average speed of flow in the drain tube is 
Vs 5 Wana Evaluate the rate of change of liquid level in the 
tank at the instant when u,,,, = 0.155 m/s. 

4.41 A porous round tube with D = 60 mm carries water. The 
inlet velocity is uniform with V;=7.0 m/s. Water flows 
radially and axisymmetrically outward through the porous 
walls with velocity distribution 


Hf) 


where Vp =0.03 m/s and L =0.950 m. Calculate the mass 
flow rate inside the tube at x = L. 


4.42 A rectangular tank used to supply water for a Reynolds 
flow experiment is 230 mm deep. Its width and length are 
W = 150 mm and L = 230 mm. Water flows from the outlet 
tube (inside diameter D=6.35 mm) at Reynolds number 
Re = 2000, when the tank is half full. The supply valve is 
closed. Find the rate of change of water level in the tank at 
this instant. 


4.43 A hydraulic accumulator is designed to reduce pressure 
pulsations in a machine tool hydraulic system. For the instant 
shown, determine the rate at which the accumulator gains or 
loses hydraulic oil. 


D=1.25 in. 


Q =5.75 gom —> —— V = 4.35 ft/s 
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4.44 A cylindrical tank, 0.3 m in diameter, drains through a 
hole in its bottom. At the instant when the water depth is 0.6 m, 
the flow rate from the tank is observed to be 4 kg/s. Determine 
the rate of change of water level at this instant. 

4.45 A tank of 0.4 m? volume contains compressed air. A 
valve is opened and air escapes with a velocity of 250 m/s 
through an opening of 100 mm* area. Air temperature 
passing through the opening is —20°C and the absolute 
pressure is 300 kPa. Find the rate of change of density of 
the air in the tank at this moment. 


4.46 Air enters a tank through an area of 0.2 ft? with a 
velocity of 15 ft/s and a density of 0.03 slug/ft®. Air leaves 
with a velocity of 5 ft/s and a density equal to that in the tank. 
The initial density of the air in the tank is 0.02 slug/ft®. The 
total tank volume is 20 ft? and the exit area is 0.4 ft?. Find 
the initial rate of change of density in the tank. 


4.47 A recent TV news story about lowering Lake Shafer 
near Monticello, Indiana, by increasing the discharge 
through the dam that impounds the lake, gave the following 
information for flow through the dam: 


290 cfs 
2000 cfs 


(The flow rate during draining was stated to be equivalent to 
16,000 gal/s.) The announcer also said that during draining 
the lake level was expected to fall at the rate of 1 ft every 
8 hr. Calculate the actual flow rate during draining in gal/s. 
Estimate the surface area of the lake. 


4.48 A cylindrical tank, of diameter D = 6 in., drains 
through an opening, d = 0.25 in., in the bottom of the tank. 
The speed of the liquid leaving the tank is approximately 
V= /2gy where y is the height from the tank bottom to the 
free surface. If the tank is initially filled with water to yo = 3 
ft, determine the water depths at ¢ = 1 min, ¢ = 2 min, and t = 
3 min. Plot y (ft) versus ¢ for the first three min. 


4.49 For the conditions of Problem 4.48, estimate the times 
required to drain the tank from initial depth to a depth y = 2 ft 
(a change in depth of 1 ft), and from y = 2 ft to y = 1 ft (alsoa 
change in depth of 1 ft). Can you explain the discrepancy in 
these times? Plot the time to drain to a depth y = 1 ft asa 
function of opening sizes ranging from d = 0.1 in. to 0.5 in. 


4.50 A conical flask contains water to height H = 36.8 mm, 
where the flask diameter is D = 29.4 mm. Water drains out 
through a smoothly rounded hole of diameter d = 7.35 mm at 
the apex of the cone. The flow speed at the exit is approxi- 
mately V = \/2gy, where y is the height of the liquid free 
surface above the hole. A stream of water flows into the top of 
the flask at constant volume flow rate, Q = 3.75 X 1077 m°/hr. 
Find the volume flow rate from the bottom of the flask. 
Evaluate the direction and rate of change of water surface 
level in the flask at this instant. 


Normal flow rate 
Flow rate during draining of lake 


4.51 A conical funnel of half-angle 6 = 15°, with maximum 
diameter D=70 mm and height H, drains through a hole 
(diameter d = 3.12 mm) in its bottom. The speed of the liquid 
leaving the funnel is approximately V = ,/2gy, where y is 
the height of the liquid free surface above the hole. Find the 
rate of change of surface level in the funnel at the instant 
when y = H7/2. 
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4.52 Water flows steadily past a porous flat plate. Constant 
suction is applied along the porous section. The velocity 
profile at section cd is 


ae 


Evaluate the mass flow rate across section bc. 
U=3 m/s ‘ 

b oe 
y -7 
oc 

x aa a a 
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V=-0.2} ed 


- L=2m >| 
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4.53 Consider incompressible steady flow of standard air in a 
boundary layer on the length of porous surface shown. 
Assume the boundary layer at the downstream end of the 
surface has an approximately parabolic velocity profile, 
w/U ., = 2(y/5) — (y/6)’. Uniform suction is applied along 
the porous surface, as shown. Calculate the volume flow 
rate across surface cd, through the porous suction surface, 
and across surface bce. 


4.54 A tank of fixed volume contains brine with initial 
density, p;, greater than water. Pure water enters the tank 
steadily and mixes thoroughly with the brine in the tank. The 
liquid level in the tank remains constant. Derive expressions 
for (a) the rate of change of density of the liquid mixture 
in the tank and (b) the time required for the density to reach 
the value py, where p;, > pp > Pyo- 


Ts 
Mout 
d ¥ = constant 7 
"in a 
PHO 
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4 4.55 A conical funnel of half-angle @ = 30° drains through a 


small hole of diameter d = 0.25 in. at the vertex. The speed 
of the liquid leaving the funnel is approximately V = \/2gy, 
where y is the height of the liquid free surface above the 
hole. The funnel initially is filled to height yo = 12 in. Obtain 
an expression for the time, f, for the funnel to completely 
drain, and evaluate. Find the time to drain from 12 in. to 6 in. 
(a change in depth of 6 in.), and from 6 in. to completely 
empty (also a change in depth of 6 in.). Can you explain the 
discrepancy in these times? Plot the drain time ¢ as a function 
diameter d for d ranging from 0.25 in. to 0.5 in. 


_| 4.56 For the funnel of Problem 4.55, find the diameter d 


required if the funnel is to drain in ¢ = 1 min. from an initial 
depth yy) = 12 in. Plot the diameter d required to drain the 
funnel in 1 min as a function of initial depth yo, for yo ranging 
from 1 in. to 24 in. 
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4.57 Over time, air seeps through pores in the rubber of high- 
pressure bicycle tires. The saying is that a tire loses pressure at 
the rate of “a pound [1 psi] a day.” The true rate of pressure 
loss is not constant; instead, the instantaneous leakage mass 
flow rate is proportional to the air density in the tire and to the 
gage pressure in the tire, m«pp. Because the leakage rate is 
slow, air in the tire is nearly isothermal. Consider a tire that 
initially is inflated to 0.6 MPa (gage). Assume the initial rate 
of pressure loss is 1 psi per day. Estimate how long it will take 
for the pressure to drop to 500 kPa. How accurate is “a pound 
a day” over the entire 30 day period? Plot the pressure as a 
function of time over the 30 day period. Show the rule-of- 
thumb results for comparison. 


Momentum Equation for Inertial Control Volume 


4.58 Evaluate the net rate of flux of momentum out through 
the control surface of Problem 4.24. 


4.59 For the conditions of Problem 4.34, evaluate the ratio of 
the x-direction momentum flux at the channel outlet to that 
at the inlet. 


4.60 For the conditions of Problem 4.35, evaluate the ratio of 
the x-direction momentum flux at the pipe outlet to that at 
the inlet. 


4.61 Evaluate the net momentum flux through the bend of 
Problem 4.38, if the depth normal to the diagram is w = 1 m. 


4.62 Evaluate the net momentum flux through the channel 
of Problem 4.39. Would you expect the outlet pressure to be 
higher, lower, or the same as the inlet pressure? Why? 


4.63 Water jets are being used more and more for metal 
cutting operations. If a pump generates a flow of 1 gpm 
through an orifice of 0.01 in. diameter, what is the average jet 
speed? What force (bf) will the jet produce at impact, 
assuming as an approximation that the water sprays sideways 
after impact? 


.64 Considering that in the fully developed region of a pipe, 
the integral of the axial momentum is the same at all cross 
sections, explain the reason for the pressure drop along 
the pipe. 

4.65 Find the force required to hold the plug in place at the 
exit of the water pipe. The flow rate is 1.5 m*/s, and the 
upstream pressure is 3.5 MPa. 


- 


0.25 m 0.2m 
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4.66 A jet of water issuing from a stationary nozzle at 10 m/s 
(A; = 0.1 m’) strikes a turning vane mounted on a cart as 
shown. The vane turns the jet through angle 0=40°. 
Determine the value of M required to hold the cart sta- 
tionary. If the vane angle @ is adjustable, plot the mass, M, 
needed to hold the cart stationary versus @ for 0 = @ = 180°. 


M 


P4.66 
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4 4.67 A large tank of height 4 = 1 m and diameter D = 0.75 m 


is affixed to a cart as shown. Water issues from the tank 
through a nozzle of diameter d= 15 mm. The speed of the 
liquid leaving the tank is approximately V = \/2gy, where y 
is the height from the nozzle to the free surface. Determine 
the tension in the wire when y = 0.9 m. Plot the tension in the 
wire as a function of water depth for 0 = y = 0.9 m. 


4.68 A circular cylinder inserted across a stream of flowing 
water deflects the stream through angle 0, as shown. (This is 
termed the “Coanda effect.”) For a=12.5 mm, b =2.5 mm, 
V =3 m/s, and 6 = 20°, determine the horizontal component 
of the force on the cylinder caused by the flowing water. 


P4.68 
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ee! 4.69 A vertical plate has a sharp-edged orifice at its center. 


A water jet of speed V strikes the plate concentrically. 
Obtain an expression for the external force needed to hold 
the plate in place, if the jet leaving the orifice also has speed 
V. Evaluate the force for V=15 ft/s, D =4 in., and d= 1 in. 
Plot the required force as a function of diameter ratio for a 
suitable range of diameter d. 


4.790 In a laboratory experiment, the water flow rate is to be 
measured catching the water as it vertically exits a pipe into 
an empty open tank that is on a zeroed balance. The tank is 
10 m directly below the pipe exit, and the pipe diameter is 
50 mm. One student obtains a flow rate by noting that after 
60 s the volume of water (at 4°C) in the tank was 2 m*. 
Another student obtains a flow rate by reading the instan- 
taneous weight accumulated of 3150 kg indicated at the 60-s 
point. Find the mass flow rate each student computes. Why 
do they disagree? Which one is more accurate? Show that 
the magnitude of the discrepancy can be explained by any 
concept you may have. 


4.71 A tank of water sits on a cart with frictionless wheels as 
shown. The cart is attached using a cable to a mass M = 10 kg, 
and the coefficient of static friction of the mass with the 
ground is 4 = 0.55. If the gate blocking the tank exit is 
removed, will the resulting exit flow be sufficient to start the 
tank moving? (Assume the water flow is frictionless, and that 
the jet velocity is V = \/2gh, where h = 2 m is the water 


Problems 155 


depth.) Find the mass M that is just sufficient to hold the tank 
in place. 


D=50 mm 


Gate 


10 kg 
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4.72 A gate is 1 m wide and 1.2 m tall and hinged at the 
bottom. On one side the gate holds back a 1-m-deep body of 
water. On the other side, a S-cm diameter water jet hits the 
gate at a height of 1 m. What jet speed V is required to hold 
the gate vertical? What will the required speed be if the body 
of water is lowered to 0.5 m? What will the required speed be 
if the water level is lowered to 0.25 m? 


4 
SSS 


Water jet 


'e if 
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4.73 A farmer purchases 675 kg of bulk grain from the local 
co-op. The grain is loaded into his pickup truck from a 
hopper with an outlet diameter of 0.3 m. The loading 
operator determines the payload by observing the indicated 
gross mass of the truck as a function of time. The grain flow 
from the hopper (7 = 40kg/s) is terminated when the 
indicated scale reading reaches the desired gross mass. If 
the grain density is 600 kg/m*, determine the true payload. 


4.74 Water flows steadily through a fire hose and nozzle. The 
hose is 75 mm inside diameter, and the nozzle tip is 25 mm 
ID; water gage pressure in the hose is 510 kPa, and the 
stream leaving the nozzle is uniform. The exit speed and 
pressure are 32 m/s and atmospheric, respectively. Find the 
force transmitted by the coupling between the nozzle and 
hose. Indicate whether the coupling is in tension or 
compression. 


4.75 A shallow circular dish has a sharp-edged orifice at its 
center. A water jet, of speed V, strikes the dish con- 
centrically. Obtain an expression for the external force 
needed to hold the dish in place if the jet issuing from the 
orifice also has speed V. Evaluate the force for V=5 m/s, 
D=100 mm, and d=25 mm. Plot the required force as a 
function of the angle 0 (0 = @ = 90°) with diameter ratio as 
a parameter for a suitable range of diameter d. 
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7 “I 9 = 45° 


1 SN |. 
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4.76 Obtain expressions for the rate of change in mass of the 
control volume shown, as well as the horizontal and vertical 
forces required to hold it in place, in terms of p;, Ai, Vi, po, 
Ad, V2, p3, A3, V3, p4, Aa, V4, and the constant density p. 


22713 
4 
eee 3 (Outlet) 
N 
12). 
5 
4 (Outlet) 
“ n 
1 (Inlet) Jia \ 121 
1 5 
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4.77 A 180° elbow takes in water at an average velocity of 0.8 
m/s and a pressure of 350 kPa (gage) at the inlet, where the 
diameter is 0.2 m. The exit pressure is 75 kPa, and the diameter 
is 0.04 m. What is the force required to hold the elbow in place? 


4.78 Water is flowing steadily through the 180° elbow shown. 
At the inlet to the elbow the gage pressure is 15 psi. The 
water discharges to atmospheric pressure. Assume properties 
are uniform over the inlet and outlet areas: A, =4 in.7, 
A> = 1 in”, and V, = 10 ft/s. Find the horizontal component 
of force required to hold the elbow in place. 


v\— 
<— 
2) 
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4.79 Water flows steadily through the nozzle shown, 
discharging to atmosphere. Calculate the horizontal com- 
ponent of force in the flanged joint. Indicate whether the 
joint is in tension or compression. 


d=15cm 


p = 15 kPa (gage) .: 
A 


6 = 30° 


D=30cm 
7 


Vv, =1.5 m/s — 
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4.80 Assume the bend of Problem 4.39 is a segment of a 
larger channel and lies in a horizontal plane. The inlet 
pressure is 170 kPa (abs), and the outlet pressure is 130 kPa 
(abs). Find the force required to hold the bend in place. 


4.81 A spray system is shown in the diagram. Water is sup- 
plied at p = 1.45 psig, through the flanged opening of area 
A=3 in” The water leaves in a steady free jet at atmo- 
spheric pressure. The jet area and speed are a = 1.0 in.” and 
V=15 ft/s. The mass of the spray system is 0.2 lbm and it 
contains ¥ = 12 in. of water. Find the force exerted on the 
supply pipe by the spray system. 


V= 15 ft/s 
f a=1 in? 
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4.82 A flat plate orifice of 2 in. diameter is located at the end 
of a 4-in.-diameter pipe. Water flows through the pipe and 
orifice at 20 ft*/s. The diameter of the water jet downstream 
from the orifice is 1.5 in. Calculate the external force 
required to hold the orifice in place. Neglect friction on the 
pipe wall. 


D=A4in. 


| one 


—_—_ 


0 


p = 200 psig 


O = 20 ft3/s —> 


P4.82 


4.83 The nozzle shown discharges a sheet of water through a 
180° arc. The water speed is 15 m/s and the jet thickness is 
30 mm at a radial distance of 0.3 m from the centerline of the 
supply pipe. Find (a) the volume flow rate of water in the jet 
sheet and (b) the y component of force required to hold the 
nozzle in place. 


R=0.3m 
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4.84 At rated thrust, a liquid-fueled rocket motor consumes 
80 kg/s of nitric acid as oxidizer and 32 kg/s of aniline as fuel. 
Flow leaves axially at 180 m/s relative to the nozzle and at 
110 kPa. The nozzle exit diameter is D = 0.6m. Calculate the 
thrust produced by the motor on a test stand at standard sea- 
level pressure. 


4.85 A typical jet engine test stand installation is shown, 
together with some test data. Fuel enters the top of the 
engine vertically at a rate equal to 2 percent of the mass flow 
rate of the inlet air. For the given conditions, compute the air 
flow rate through the engine and estimate the thrust. 


© © 


A, = 64 ft? 
Vo = 1200 ft/s <— <— V, = 500 ft/s 
Pp, = -298 psfg 
P2 = Patm 
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A 4.86 Consider flow through the sudden expansion shown. 


If the flow is incompressible and friction is neglected, show 
that the pressure rise, Ap = pz — pj, is given by 


(5) |G), 
=) 
5PV, D Dp 
Plot the nondimensional pressure rise versus diameter ratio 
to determine the optimum value of d/D and the corre- 
sponding value of the nondimensional pressure rise. Hint: 


Assume the pressure is uniform and equal to p; on the ver- 
tical surface of the expansion. 


7 = 7 7 = 7 -—>D 
| 
@ @ 
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4.87 A free jet of water with constant cross-section area 
0.01 m? is deflected by a hinged plate of length 2 m supported 
by a spring with spring constant k = 500 N/m and uncom- 
pressed length x) = 1 m. Find and plot the deflection angle 0 
as a function of jet speed V. What jet speed has a deflection 
of 6 = 5°? 


Spring: 
k = 500 N/m 
Xo=1m 
6 
Hinge 
P4.87 


4.88 A conical spray head is shown. The fluid is water and 
the exit stream is uniform. Evaluate (a) the thickness of the 
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spray sheet at 400 mm radius and (b) the axial force exerted 
by the spray head on the supply pipe. 
A 
IL 
0 = 0.03 mis mal [p = 300 mm 


I 
p, = 150 kPa a Yi = 30° 


vV=10m/s 
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4.89 A reducer in a piping system is shown. The internal 
volume of the reducer is 0.2 m* and its mass is 25 kg. Eval- 
uate the total force that must be provided by the surrounding 
pipes to support the reducer. The fluid is gasoline. 


aw ae 


De eM 


d=0.2m 


Vv, =3 m/s — —_ V2 = 12 mis 


——— 


p, = 58.7 kPa (gage) = pp = 109 kPa (abs) 
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4.90 A curved nozzle assembly that discharges to the atmo- 
sphere is shown. The nozzle mass is 4.5 kg and its internal 
volume is 0.002 m*. The fluid is water. Determine the reaction 
force exerted by the nozzle on the coupling to the inlet pipe. 

V,=2m/s 


p, = 125 kPa ys 
D,=7.5cm |i 
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4.91 A water jet pump has jet area 0.1 ft? and jet speed 100 ft/s. 
The jet is within a secondary stream of water having speed 
V, = 10 ft/s. The total area of the duct (the sum of the jet and 
secondary stream areas) is 0.75 ft*. The water is thoroughly 
mixed and leaves the jet pump in a uniform stream. The 
pressures of the jet and secondary stream are the same at 
the pump inlet. Determine the speed at the pump exit and the 
pressure rise, p2 — pi. 


@ @ 


EE v, = 10 ft/s = 


v= 100 ft/s — 
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4.92 A 30° reducing elbow is shown. The fluid is water. 
Evaluate the components of force that must be provided by 
the adjacent pipes to keep the elbow from moving. 


A Elbow mass, M = 10 kg 


Internal volume, ¥= 0.006 m? 
Q=0.11 m3/s —> 
tog Re 
30° 
Vo 


Pp, = 200 kPa (abs) 
A, = 0.0182 m* 
P> = 120 kPa (abs) 
A> = 0.0081 m? 
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4.93 Consider the steady adiabatic flow of air through a 
long straight pipe with 0.05 m? cross-sectional area. At the 
inlet, the air is at 200 kPa (gage), 60°C, and has a velocity of 
150 m/s. At the exit, the air is at 80 kPa and has a velocity 
of 300 m/s. Calculate the axial force of the air on the pipe. 
(Be sure to make the direction clear.) 


4.94 A monotube boiler consists of a 20 ft length of tubing 
with 0.375 in. inside diameter. Water enters at the rate of 0.3 
Ibm/s at 500 psia. Steam leaves at 400 psig with 0.024 slug/ft* 
density. Find the magnitude and direction of the force 
exerted by the flowing fluid on the tube. 


4.95 A gas flows steadily through a heated porous pipe of 
constant 0.15 m? cross-sectional area. At the pipe inlet, the 
absolute pressure is 400 kPa, the density is 6 kg/m*, and the 
mean velocity is 170 m/s. The fluid passing through the porous 
wall leaves in a direction normal to the pipe axis, and the total 
flow rate through the porous wall is 20 kg/s. At the pipe outlet, 
the absolute pressure is 300 kPa and the density is 2.75 kg/m’. 
Determine the axial force of the fluid on the pipe. 


4.96 Water is discharged at a flow rate of 0.3 m*/s from a narrow 
slot in a 200-mm-diameter pipe. The resulting horizontal two- 
dimensional jet is 1 m long and 20 mm thick, but of nonuniform 
velocity; the velocity at location @) is twice that at location (4). 
The pressure at the inlet section is 50 kPa (gage). Calculate (a) 
the velocity in the pipe and at locations (1) and (2) and (b) the 
forces required at the coupling to hold the spray pipe in place. 
Neglect the mass of the pipe and the water it contains. 


D=200 mm 
Q=0.3 m —f 
vy 


i 


Thickness, t= 20 mm 


Vp = 2V, 
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4.97 Water flows steadily through the square bend of Problem 
4.39. Flow at the inlet is at p; = 185 kPa (abs). Flow at the exit 
is nonuniform, vertical, and at atmospheric pressure. The 
mass of the channel structure is M. = 2.05 kg; the internal 
volume of the channel is ¥ = 0.00355 m3. Evaluate the force 
exerted by the channel assembly on the supply duct. 


4.98 A nozzle for a spray system is designed to produce a 
flat radial sheet of water. The sheet leaves the nozzle at V2 = 
10 m/s, covers 180° of arc, and has thickness t = 1.5 mm. The 
nozzle discharge radius is R = 50 mm. The water supply pipe 
is 35 mm in diameter and the inlet pressure is p; = 150 kPa 
(abs). Evaluate the axial force exerted by the spray nozzle on 


the coupling. 
Pi 
Water —> § 
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4.99 A small round object is tested in a 0.75-m diameter 
wind tunnel. The pressure is uniform across sections (1) and 
@. The upstream pressure is 30 mm HO (gage), the 
downstream pressure is 15 mm H,O (gage), and the mean air 
speed is 12.5 m/s. The velocity profile at section @) is linear; 
it varies from zero at the tunnel centerline to a maximum at 
the tunnel wall. Calculate (a) the mass flow rate in the wind 
tunnel, (b) the maximum velocity at section @) and (c) the 
drag of the object and its supporting vane. Neglect viscous 
resistance at the tunnel wall. 


Thickness, t 


P4.99 
4.100 The horizontal velocity in the wake behind an object 


in an air stream of velocity U is given by 


u(r) = U|1—cos? > |r| <1 


u(r) = |r| >1 

where r is the nondimensional radial coordinate, measured 
perpendicular to the flow. Find an expression for the drag on 
the object. 


4.101 An incompressible fluid flows steadily in the entrance 
region of a two-dimensional channel of height 2h = 100 mm 
and width w = 25 mm. The flow rate is Q = 0.025 m?°/s. Find 
the uniform velocity U, at the entrance. The velocity dis- 
tribution at a section downstream is 


aw. 


Evaluate the maximum velocity at the downstream section. 
Calculate the pressure drop that would exist in the channel if 
viscous friction at the walls could be neglected. 


® @ 
U, 
p = 750 kg/m? 
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4.102 An incompressible fluid flows steadily in the entrance 
region of a circular tube of radius R = 75 mm. The flow rate 
is Q = 0.1 m’/s. Find the uniform velocity U, at the entrance. 
The velocity distribution at a section downstream is 


u r\2 
“1-6 
Umax R 
Evaluate the maximum velocity at the downstream section. 


Calculate the pressure drop that would exist in the channel if 
viscous friction at the walls could be neglected. 


p = 850 kg/m? 
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4.103 Air enters a duct, of diameter D = 25.0 mm, through 
a well-rounded inlet with uniform speed, U; = 0.870 m/s. 
At a downstream section where L = 2.25 m, the fully 
developed velocity profile is 


= 


The pressure drop between these sections is p, — pz = 1.92 N/ 
m/”. Find the total force of friction exerted by the tube on the air. 


~ as =Ge7ime. P= enum 1] 
ri 


L=2.25m 
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4.104 Consider the incompressible flow of fluid in a 
boundary layer as depicted in Example 4.2. Show that the 
friction drag force of the fluid on the surface is given by 


é 
y= : pu(U —u)w dy 
0 


Evaluate the drag force for the conditions of Example 4.2. 


_J 4.105 A fluid with density p = 750 kg/m? flows along a flat 


plate of width 1 m. The undisturbed freestream speed is Up = 
10 m/s. At L = 1 m downstream from the leading edge of the 
plate, the boundary-layer thickness is 6 = 5 mm. The velocity 
profile at this location is 


m7 25-203) 
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Plot the velocity profile. Calculate the horizontal component 
of force required to hold the plate stationary. 


4.106 Air at standard conditions flows along a flat plate. The 
undisturbed freestream speed is Up = 20 m/s. At L = 04m 
downstream from the leading edge of the plate, the boundary- 
layer thickness is 6 = 2 mm. The velocity profile at this 
location is approximated as u/Up = y/é. Calculate the hor- 
izontal component of force per unit width required to hold the 
plate stationary. 


4.107 A sharp-edged splitter plate inserted part way into a flat 
stream of flowing water produces the flow pattern shown. 
Analyze the situation to evaluate 0 as a function of a, where 
0 =a < 0.5. Evaluate the force needed to hold the splitter plate 
in place. (Neglect any friction force between the water stream 
and the splitter plate.) Plot both @ and R, as functions of a. 


ah 
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4.108 Gases leaving the propulsion nozzle of a rocket are 
modeled as flowing radially outward from a point upstream 
from the nozzle throat. Assume the speed of the exit flow, V,, 
has constant magnitude. Develop an expression for the axial 
thrust, 7,,, developed by flow leaving the nozzle exit plane. 
Compare your result to the one-dimensional approximation, 
T = myV.. Evaluate the percent error for a = 15°. Plot the 
percent error versus a for 0 = a = 22.5°. 


P4.108 


4.109 When a plane liquid jet strikes an inclined flat plate, it 
splits into two streams of equal speed but unequal thickness. 
For frictionless flow there can be no tangential force on the 
plate surface. Use this assumption to develop an expression 
for h2/h as a function of plate angle, @. Plot your results and 
comment on the limiting cases, 0 = 0 and 0 = 90°. 


4 


f. 
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*4.110 Two large tanks containing water have small 
smoothly contoured orifices of equal area. A jet of liquid 
issues from the left tank. Assume the flow is uniform and 
unaffected by friction. The jet impinges on a vertical flat 
plate covering the opening of the right tank. Determine the 
minimum value for the height, 4, required to keep the plate 
in place over the opening of the right tank. 


- 


= .const. 
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*4.111 A horizontal axisymmetric jet of air with 0.5 in. 
diameter strikes a stationary vertical disk of 8 in. diameter. 
The jet speed is 225 ft/s at the nozzle exit. A manometer 
is connected to the center of the disk. Calculate (a) the 
deflection, h, if the manometer liquid has SG = 1.75 and 
(b) the force exerted by the jet on the disk. 


~“_ 


—_ 


| V=225ftls 


SG = 1.75 


a 
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*4.112 Students are playing around with a water hose. 
When they point it straight up, the water jet just reaches one 
of the windows of Professor Pritchard’s office, 10 m above. 
If the hose diameter is 1 cm, estimate the water flow rate 
(L/min). Professor Pritchard happens to come along and 
places his hand just above the hose to make the jet spray 
sideways axisymmetrically. Estimate the maximum pressure, 
and the total force, he feels. The next day the students again 
are playing around, and this time aim at Professor Fox’s 
window, 15 m above. Find the flow rate (L/min) and the total 
force and maximum pressure when he, of course, shows up 
and blocks the flow. 


*4.113 A uniform jet of water leaves a 15-mm-diameter 
nozzle and flows directly downward. The jet speed at the 
nozzle exit plane is 2.5 m/s. The jet impinges on a horizontal 
disk and flows radially outward in a flat sheet. Obtain a 
general expression for the velocity the liquid stream would 
reach at the level of the disk. Develop an expression for the 
force required to hold the disk stationary, neglecting the 
mass of the disk and water sheet. Evaluate for h = 3 m. 
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*4.114 A 2-kg disk is constrained horizontally but is free to 
move vertically. The disk is struck from below by a vertical 
jet of water. The speed and diameter of the water jet are 
10 m/s and 25 mm at the nozzle exit. Obtain a general 
expression for the speed of the water jet as a function of 
height, h. Find the height to which the disk will rise and 
remain stationary. 


P slob 


i 


*4.115 Water from a jet of diameter D is used to support 
the cone-shaped object shown. Derive an expression for the 
combined mass of the cone and water, M, that can be supported 
by the jet, in terms of parameters associated with a suitably 
chosen control volume. Use your expression to calculate M 
when Vp = 10 m/s, H=1m,h=0.8m, D =50mm, and 6 = 30°. 
Estimate the mass of water in the control volume. 
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*4.116 A stream of water from a 50-mm-diameter nozzle 
strikes a curved vane, as shown. A stagnation tube connected 
to a mercury-filled U-tube manometer is located in the 
nozzle exit plane. Calculate the speed of the water leaving 
the nozzle. Estimate the horizontal component of force 
exerted on the vane by the jet. Comment on each assumption 
used to solve this problem. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


Stagnation Fixed vane 
[tube i 
ee 0 *— $50 mm dia. 
Ohen i les 
water jet 
Hg —} 0.75 m 
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*4.117 A Venturi meter installed along a water pipe consists 
of a convergent section, a constant-area throat, and a 
divergent section. The pipe diameter is D = 100 mm, and the 
throat diameter is d = 50 mm. Find the net fluid force acting 
on the convergent section if the water pressure in the pipe is 
200 kPa (gage) and the flow rate is 1000 L/min. For this 
analysis, neglect viscous effects. 


*4.118 A plane nozzle discharges vertically 1200 L/s per unit 
width downward to atmosphere. The nozzle is supplied with 
a steady flow of water. A stationary, inclined, flat plate, 
located beneath the nozzle, is struck by the water stream. 
The water stream divides and flows along the inclined plate; 
the two streams leaving the plate are of unequal thickness. 
Frictional effects are negligible in the nozzle and in the flow 
along the plate surface. Evaluate the minimum gage pressure 
required at the nozzle inlet. 
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A *4.119 You turn on the kitchen faucet very slightly, so that a 


very narrow stream of water flows into the sink. You notice 
that it is “glassy” (laminar flow) and gets narrower and 
remains “glassy” for about the first 50 mm of descent. When 
you measure the flow, it takes three min to fill a 1-L bottle, 
and you estimate the stream of water is initially 5 mm in 
diameter. Assuming the speed at any cross section is uniform 
and neglecting viscous effects, derive expressions for and plot 
the variations of stream speed and diameter as functions of z 
(take the origin of coordinates at the faucet exit). What are 
the speed and diameter when it falls to the 50-mm point? 


*4.120 In ancient Egypt, circular vessels filled with water 
sometimes were used as crude clocks. The vessels were 
shaped in such a way that, as water drained from the bottom, 
the surface level dropped at constant rate, s. Assume that 
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water drains from a small hole of area A. Find an expression 
for the radius of the vessel, r, as a function of the water level, 
h. Obtain an expression for the volume of water needed so 
that the clock will operate for n hours. 


*4.121 A stream of incompressible liquid moving at low 
speed leaves a nozzle pointed directly downward. Assume 
the speed at any cross section is uniform and neglect viscous 
effects. The speed and area of the jet at the nozzle exit are Vo 
and Ao, respectively. Apply conservation of mass and the 
momentum equation to a differential control volume of 
length dz in the flow direction. Derive expressions for the 
variations of jet speed and area as functions of z. Evaluate 
the distance at which the jet area is half its original value. 
(Take the origin of coordinates at the nozzle exit.) 


*4.122 Incompressible fluid of negligible viscosity is pumped, 
at total volume flow rate Q, through a porous surface into the 
small gap between closely spaced parallel plates as shown. 
The fluid has only horizontal motion in the gap. Assume uni- 
form flow across any vertical section. Obtain an expression for 
the pressure variation as a function of x. Hint: Apply con- 
servation of mass and the momentum equation to a differential 
control volume of thickness dx, located at position x. 
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*4.123 Incompressible liquid of negligible viscosity is 
pumped, at total volume flow rate Q, through two small 
holes into the narrow gap between closely spaced parallel 
disks as shown. The liquid flowing away from the holes has 
only radial motion. Assume uniform flow across any vertical 
section and discharge to atmospheric pressure at r = R. 
Obtain an expression for the pressure variation and plot as a 
function of radius. Hint: Apply conservation of mass and the 
momentum equation to a differential control volume of 
thickness dr located at radius r. 
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*4.124 The narrow gap between two closely spaced circular 
plates initially is filled with incompressible liquid. At ¢ = 0 the 
upper plate, initially hy above the lower plate, begins to move 
downward toward the lower plate with constant speed, Vo, 
causing the liquid to be squeezed from the narrow gap. 
Neglecting viscous effects and assuming uniform flow in the 
radial direction, develop an expression for the velocity field 
between the parallel plates. Hint: Apply conservation of mass 
to a control volume with the outer surface located at radius r. 
Note that even though the speed of the upper plate is 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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constant, the flow is unsteady. For Vo = 0.01 m/s and hyp = 2 
mm, find the velocity at the exit radius R = 100 mm at t = 0 
and t = 0.1 s. Plot the exit velocity as a function of time, and 
explain the trend. 


* 4.125 Liquid falls vertically into a short horizontal rectan- 
gular open channel of width b. The total volume flow rate, Q, 
is distributed uniformly over area bL. Neglect viscous 
effects. Obtain an expression for , in terms of hz, Q, and b. 
Hint: Choose a control volume with outer boundary located 
at x = L. Sketch the surface profile, h(x). Hint: Use a dif- 
ferential control volume of width dx. 
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a | *4.126 Design a clepsydra (Egyptian water clock)—a vessel 


from which water drains by gravity through a hole in the 
bottom and which indicates time by the level of the 
remaining water. Specify the dimensions of the vessel and 
the size of the drain hole; indicate the amount of water 
needed to fill the vessel and the interval at which it must be 
filled. Plot the vessel radius as a function of elevation. 


4.127 A jet of water is directed against a vane, which could be a 
blade in a turbine or in any other piece of hydraulic machinery. 
The water leaves the stationary 40-mm-diameter nozzle with a 
speed of 25 m/s and enters the vane tangent to the surface at 
A. The inside surface of the vane at B makes angle 0 = 150° 
with the x direction. Compute the force that must be applied to 
maintain the vane speed constant at U = 5 m/s. 
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4.128 Water from a stationary nozzle impinges on a moving 
vane with turning angle 0 = 120°. The vane moves away from 
the nozzle with constant speed, U = 10 m/s, and receives a jet 
that leaves the nozzle with speed V = 30 m/s. The nozzle has 
an exit area of 0.004 m’. Find the force that must be applied 
to maintain the vane speed constant. 


4.129 The circular dish, whose cross section is shown, has an 
outside diameter of 0.20 m. A water jet with speed of 35 m/s 
strikes the dish concentrically. The dish moves to the left at 
15 m/s. The jet diameter is 20 mm. The dish has a hole at its 
center that allows a stream of water 10 mm in diameter to 
pass through without resistance. The remainder of the jet is 
deflected and flows along the dish. Calculate the force 
required to maintain the dish motion. 
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4.130 A freshwater jet boat takes in water through side vents 
and ejects it through a nozzle of diameter D = 75 mm; the jet 
speed is V;. The drag on the boat is given by Farag * kV’, 
where V is the boat speed. Find an expression for the 
steady speed, V, in terms of water density p, flow rate 
through the system of Q, constant k, and jet speed Vj. A jet 
speed V; = 15 m/s produces a boat speed of V = 10 m/s. 
(a) Under these conditions, what is the new flow rate Q? 
(b) Find the value of the constant k. 

(c) What speed V will be produced if the jet speed is 
increased to V; = 25 m/s? 
(d) What will be the new flow rate? 


4.131 A jet of oil (SG = 0.8) strikes a curved blade that turns 
the fluid through angle 9 = 180°. The jet area is 1200 mm? and 
its speed relative to the stationary nozzle is 20 m/s. The blade 
moves toward the nozzle at 10 m/s. Determine the force that 
must be applied to maintain the blade speed constant. 


4.132 The Canadair CL-215T amphibious aircraft is specially 
designed to fight fires. It is the only production aircraft that 
can scoop water—1620 gallons in 12 seconds—from any lake, 
river, or ocean. Determine the added thrust required during 
water scooping, as a function of aircraft speed, for a rea- 
sonable range of speeds. 


D=20mm 


4.133 Consider a single vane, with turning angle 0, moving 
horizontally at constant speed, U, under the influence of an 
impinging jet as in Problem 4.128. The absolute speed of the 
jet is V. Obtain general expressions for the resultant force 
and power that the vane could produce. Show that the power 
is maximized when U = V/3. 


4.134 Water, in a 4-in. diameter jet with speed of 100 ft/s to the 
right, is deflected by a cone that moves to the left at 45 ft/s. 
Determine (a) the thickness of the jet sheet at a radius of 9 in. 
and (b) the external horizontal force needed to move the cone. 


P4.134 


4.135 The circular dish, whose cross section is shown, has an 
outside diameter of 0.15 m. A water jet strikes the dish 
concentrically and then flows outward along the surface of 
the dish. The jet speed is 45 m/s and the dish moves to the 
left at 10 m/s. Find the thickness of the jet sheet at a radius of 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


75 mm from the jet axis. What horizontal force on the dish is 
required to maintain this motion? 
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4.136 Consider a series of turning vanes struck by a con- 
tinuous jet of water that leaves a 50-mm diameter nozzle at 
constant speed, V = 86.6 m/s. The vanes move with constant 
speed, U = 50 m/s. Note that all the mass flow leaving the jet 
crosses the vanes. The curvature of the vanes is described by 
angles 0; = 30° and @ = 45°, as shown. Evaluate the nozzle 
angle, a, required to ensure that the jet enters tangent to the 
leading edge of each vane. Calculate the force that must be 
applied to maintain the vane speed constant. 
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4.137 Consider again the moving multiple-vane system 
described in Problem 4.136. Assuming that a way could be 
found to make a nearly zero (and thus, 6; nearly 90°), 
evaluate the vane speed, U, that would result in maximum 
power output from the moving vane system. 


4.138 A steady jet of water is used to propel a small cart along 
a horizontal track as shown. Total resistance to motion of the 
cart assembly is given by Fp = kU*, where k = 0.92.N - s*/m*. 
Evaluate the acceleration of the cart at the instant when its 
speed is U = 10 m/s. 


P4.138, P4.140, P4.144 


4.139 A plane jet of water strikes a splitter vane and divides 
into two flat streams, as shown. Find the mass flow rate ratio, 
my/m3, required to produce zero net vertical force on the 
splitter vane. If there is a resistive force of 16 N applied to 
the splitter vane, find the steady speed U of the vane. 


Problems 163 


U = 10.0 m/s 
re 


~ A=7.85 x10°m* 


— 
“| V=25.0m/s SN fo=30° 
m3 


P4.139 


Momentum Equation for Control Volume 
with Rectilinear Acceleration 


4.140 The hydraulic catapult of Problem 4.138 is accelerated 
by a jet of water that strikes the curved vane. The cart moves 
along a level track with negligible resistance. At any time its 
speed is U. Calculate the time required to accelerate the cart 
from rest to U = V/2. 

4.141 A vane/slider assembly moves under the influence of a 
liquid jet as shown. The coefficient of kinetic friction for 
motion of the slider along the surface is ju, = 0.30. Calculate 
the terminal speed of the slider. 
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4.142 A cart is propelled by a liquid jet issuing horizontally 
from a tank as shown. The track is horizontal; resistance to 
motion may be neglected. The tank is pressurized so that the 
jet speed may be considered constant. Obtain a general 
expression for the speed of the cart as it accelerates from 
rest. If Myo = 100 kg, p = 999 kg/m*, and A = 0.005 m”, find 
the jet speed V required for the cart to reach a speed of 1.5 
m/s after 30 seconds. For this condition, plot the cart speed U 
as a function of time. Plot the cart speed after 30 seconds as a 
function of jet speed. 


Initial mass, Mo 


U 
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4.143 For the vane/slider problem of Problem 4.141, find and 
plot expressions for the acceleration and speed of the slider 
as a function of time. 

4.144 If the cart of Problem 4.138 is released at t = 0, when 
would you expect the acceleration to be maximum? Sketch 
what you would expect for the curve of acceleration versus 
time. What value of @ would maximize the acceleration at 
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any time? Why? Will the cart speed ever equal the jet speed? 
Explain briefly. 


—J 4.145 The acceleration of the vane/cart assembly of Problem 


4.128 is to be controlled as it accelerates from rest by changing 
the vane angle, @. A constant acceleration, a = 1.5 m/s”, is 
desired. The water jet leaves the nozzle of area. A = 0.025 m?, 
with speed V = 15 m/s. The vane/cart assembly has a mass of 55 
kg; neglect friction. Determine 6 at t = 5 s. Plot A(t) for the 
given constant acceleration over a suitable range of f. 


4.146 The wheeled cart shown rolls with negligible resis- 
tance. The cart is to accelerate to the right at a constant rate 
of 2.5 m/s’. This is to be accomplished by “programming” the 
water jet speed, V(t), that hits the cart. The jet area remains 
constant at 50 mm’. Find the initial jet speed, and the jet 
speed and cart speeds after 2.5 s and 5 s. Theoretically, what 
happens to the value of (V — U) over time? 
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| 4.147 A rocket sled, weighing 10,000 lbf and traveling 600 


mph, is to be braked by lowering a scoop into a water trough. 
The scoop is 6 in. wide. Determine the time required (after 
lowering the scoop to a depth of 3 in. into the water) to bring 
the sled to a speed of 20 mph. Plot the sled speed as a 
function of time. 
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4.148 A rocket sled is to be slowed from an initial speed of 
300 m/s by lowering a scoop into a water trough. The scoop is 
0.3 m wide; it deflects the water through 150°. The trough is 
800 m long. The mass of the sled is 8000 kg. At the initial 
speed it experiences an aerodynamic drag force of 90 KN. 
The aerodynamic force is proportional to the square of the 
sled speed. It is desired to slow the sled to 100 m/s. Deter- 
mine the depth D to which the scoop must be lowered into 
the water. 


A 4.149 Starting from rest, the cart shown is propelled by a 


hydraulic catapult (liquid jet). The jet strikes the curved 
surface and makes a 180° turn, leaving horizontally. Air and 
rolling resistance may be neglected. If the mass of the cart 
is 100 kg and the jet of water leaves the nozzle (of area 
0.001 m*) with a speed of 35 m/s, determine the speed of the 
cart 5 s after the jet is directed against the cart. Plot the cart 
speed as a function of time. 
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4.150 Consider the jet and cart of Problem 4.149 again, but 
include an aerodynamic drag force proportional to the 
square of cart speed, Fp = kU’, with k = 2.0 N - s?/m?. 

Derive an expression for the cart acceleration as a function 

of cart speed and other given parameters. Evaluate the 

acceleration of the cart at U = 10 m/s. What fraction is this 


speed of the terminal speed of the cart? 


4.151 A small cart that carries a single turning vane rolls on a 
level track. The cart mass is M = 5 kg and its initial speed is 
Up = 5 m/s. At t = 0, the vane is struck by an opposing jet of 
water, as shown. Neglect any external forces due to air or 
rolling resistance. Determine the jet speed V required to 
bring the cart to rest in (a) 1 s and (b) 2 s. In each case find 


the total distance traveled. 
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4.152 Solve Problem 4.141 if the vane and slider ride on a 
film of oil instead of sliding in contact with the surface. 
Assume motion resistance is proportional to speed, Fr = kU, 
with k = 7.5N - s/m. 


4.153 For the vane/slider problem of Problem 4.152, plot the 
acceleration, speed, and position of the slider as functions of 
time. (Consider numerical integration.) 


4.154 A rectangular block of mass M, with vertical faces, 
rolls without resistance along a smooth horizontal plane as 
shown. The block travels initially at speed Up. At t = 0 the 
block is struck by a liquid jet and its speed begins to slow. 
Obtain an algebraic expression for the acceleration of the 
block for ¢ > 0. Solve the equation to determine the time at 
which U = 0. 


Mass, M 
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4.155 A rectangular block of mass M, with vertical faces, 
rolls on a horizontal surface between two opposing jets as 
shown. At t = 0 the block is set into motion at speed Up. 
Subsequently, it moves without friction parallel to the 
jet axes with speed U(t). Neglect the mass of any liquid 
adhering to the block compared with M. Obtain general 
expressions for the acceleration of the block, a(t), and the 
block speed, U(‘). 
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4.156 Consider the diagram of Problem 4.154. If M = 100 kg, 
p = 999 kg/m*, and A = 0.01 m’, find the jet speed V 
required for the cart to be brought to rest after one second if 
the initial speed of the cart is Up = 5 m/s. For this condition, 
plot the speed U and position x of the cart as functions of 
time. What is the maximum value of x, and how long does 
the cart take to return to its initial position? 


4.157 Consider the statement and diagram of Problem 4.155. 
Assume that at ¢ = 0, when the block of mass M = 5 kg is at x 
= 0, it is set into motion at speed Up = 10 m/s, to the right. 
The water jets have speed V = 20 m/s and area A = 100 
mm”. Calculate the time required to reduce the block speed 
to U = 2.5 m/s. Plot the block position x versus time. 
Compute the final rest position of the block. Explain why it 
comes to rest. 


*4.158 A vertical jet of water impinges on a horizontal disk 
as shown. The disk assembly mass is 30 kg. When the disk is 
3 m above the nozzle exit, it is moving upward at U = 5 m/s. 
Compute the vertical acceleration of the disk at this instant. 


U=5m/s 
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4.159 A vertical jet of water leaves a 75-mm diameter noz- 
zle. The jet impinges on a horizontal disk (see Problem 
4.158). The disk is constrained horizontally but is free to 
move vertically. The mass of the disk is 35 kg. Plot disk mass 
versus flow rate to determine the water flow rate required to 
suspend the disk 3 m above the jet exit plane. 


4.160 A rocket sled traveling on a horizontal track is slowed 
by a retro-rocket fired in the direction of travel. The initial 
speed of the sled is Up = 500 m/s. The initial mass of the sled 
is My = 1500 kg. The retro-rocket consumes fuel at the rate 
of 7.75 kg/s, and the exhaust gases leave the nozzle at 
atmospheric pressure and a speed of 2500 m/s relative to the 
rocket. The retro-rocket fires for 20 s. Neglect aerodynamic 
drag and rolling resistance. Obtain and plot an algebraic 
expression for sled speed U as a function of firing time. 
Calculate the sled speed at the end of retro-rocket firing. 
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4.161 A manned space capsule travels in level flight above 
the Earth’s atmosphere at initial speed Up = 8.00 km/s. The 
capsule is to be slowed by a retro-rocket to U = 5.00 km/s 
in preparation for a reentry maneuver. The initial mass of 
the capsule is Mo = 1600 kg. The rocket consumes fuel at 
m = 8.0kg/s, and exhaust gases leave at V. = 3000 m/s rela- 
tive to the capsule and at negligible pressure. Evaluate the 
duration of the retro-rocket firing needed to accomplish this. 
Plot the final speed as a function of firing duration for a time 
range +10% of this firing time. 


4.162 A rocket sled accelerates from rest on a level track 
with negligible air and rolling resistances. The initial mass of 
the sled is Mo = 600 kg. The rocket initially contains 150 kg 
of fuel. The rocket motor burns fuel at constant rate 
m = 15kg/s. Exhaust gases leave the rocket nozzle uni- 
formly and axially at V. = 2900 m/s relative to the nozzle, 
and the pressure is atmospheric. Find the maximum speed 
reached by the rocket sled. Calculate the maximum accel- 
eration of the sled during the run. 


4.163 A rocket sled has mass of 5000 kg, including 1000 kg of 
fuel. The motion resistance in the track on which the sled 
rides and that of the air total KU, where k is 50 N-s/m and U 
is the speed of the sled in m/s. The exit speed of the exhaust 
gas relative to the rocket is 1750 m/s, and the exit pressure is 
atmospheric. The rocket burns fuel at the rate of 50 kg/s. 
(a) Plot the sled speed as a function of time. 

(b) Find the maximum speed. 
(c) What percentage increase in maximum speed would be 
obtained by reducing k by 10 percent? 


4.164 A rocket sled with initial mass of 900 kg is to be 
accelerated on a level track. The rocket motor burns fuel at 
constant rate m = 13.5kg/s. The rocket exhaust flow is 
uniform and axial. Gases leave the nozzle at 2750 m/s rela- 
tive to the nozzle, and the pressure is atmospheric. Deter- 
mine the minimum mass of rocket fuel needed to propel the 
sled to a speed of 265 m/s before burnout occurs. As a first 
approximation, neglect resistance forces. 


4.165 A rocket motor is used to accelerate a kinetic energy 
weapon to a speed of 3500 mph in horizontal flight. The exit 
stream leaves the nozzle axially and at atmospheric pressure 
with a speed of 6000 mph relative to the rocket. The rocket 
motor ignites upon release of the weapon from an aircraft 
flying horizontally at Up = 600 mph. Neglecting air resis- 
tance, obtain an algebraic expression for the speed reached 
by the weapon in level flight. Determine the minimum 
fraction of the initial mass of the weapon that must be fuel to 
accomplish the desired acceleration. 


4.166 A rocket sled with initial mass of 3 metric tons, 
including 1 ton of fuel, rests on a level section of track. At t = 
0, the solid fuel of the rocket is ignited and the rocket burns 
fuel at the rate of 75 kg/s. The exit speed of the exhaust gas 
relative to the rocket is 2500 m/s, and the pressure is atmo- 
spheric. Neglecting friction and air resistance, calculate the 
acceleration and speed of the sled at t = 10s. 


4.167 A daredevil considering a record attempt—for the 
world’s longest motorcycle jump—asks for your consulting 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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help: He must reach 875 km/hr (from a standing start on 
horizontal ground) to make the jump, so he needs rocket 
propulsion. The total mass of the motorcycle, the rocket 
motor without fuel, and the rider is 375 kg. Gases leave the 
rocket nozzle horizontally, at atmospheric pressure, with a 
speed of 2510 m/s. Evaluate the minimum amount of rocket 
fuel needed to accelerate the motorcycle and rider to the 
required speed. 


4 4.168 A “home-made” solid propellant rocket has an initial 


mass of 20 lbm; 15 lbm of this is fuel. The rocket is directed 
vertically upward from rest, burns fuel at a constant rate of 
0.5 Ibm/s, and ejects exhaust gas at a speed of 6500 ft/s 
relative to the rocket. Assume that the pressure at the exit is 
atmospheric and that air resistance may be neglected. Cal- 
culate the rocket speed after 20 s and the distance traveled 
by the rocket in 20 s. Plot the rocket speed and the distance 
traveled as functions of time. 


4.169 A large two-stage liquid rocket with mass of 30,000 kg is 
to be launched from a sea-level launch pad. The main engine 
burns liquid hydrogen and liquid oxygen in a stoichiometric 
mixture at 2450 kg/s. The thrust nozzle has an exit diameter of 
2.6 m. The exhaust gases exit the nozzle at 2270 m/s and an exit 
plane pressure of 66 kPa absolute. Calculate the acceleration 
of the rocket at liftoff. Obtain an expression for speed as a 
function of time, neglecting air resistance. 


a 4.170 Neglecting air resistance, what speed would a vertically 


directed rocket attain in 5 s if it starts from rest, has initial 
mass of 350 kg, burns 10 kg/s, and ejects gas at atmospheric 
pressure with a speed of 2500 m/s relative to the rocket? What 
would be the maximum velocity? Plot the rocket speed as a 
function of time for the first minute of flight. 


4.171 Inflate a toy balloon with air and release it. Watch as 
the balloon darts about the room. Explain what causes the 
phenomenon you see. 


J 4.172 The vane/cart assembly of mass M = 30 kg, shown in 


Problem 4.128, is driven by a water jet. The water leaves the 
stationary nozzle of area A = 0.02 m?, with a speed of 20 m/s. 
The coefficient of kinetic friction between the assembly 
and the surface is 0.10. Plot the terminal speed of the 
assembly as a function of vane turning angle, 0, for 0 = @ = a/ 
2. At what angle does the assembly begin to move if the 
coefficient of static friction is 0.15? 


4.173 Consider the vehicle shown in Problem 4.149. Starting 
from rest, it is propelled by a hydraulic catapult (liquid jet). 
The jet strikes the curved surface and makes a 180° turn, 
leaving horizontally. Air and rolling resistance may be 
neglected. Using the notation shown, obtain an equation for 
the acceleration of the vehicle at any time and determine the 
time required for the vehicle to reach U = V/2. 


4.174 The moving tank shown is to be slowed by lowering a 
scoop to pick up water from a trough. The initial mass and 
speed of the tank and its contents are My and Up, respec- 
tively. Neglect external forces due to pressure or friction and 
assume that the track is horizontal. Apply the continuity 
and momentum equations to show that at any instant 
U =U M)/M. Obtain a general expression for U/Up as a 
function of time. 
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4.175 The tank shown rolls with negligible resistance along a 
horizontal track. It is to be accelerated from rest by a liquid 
jet that strikes the vane and is deflected into the tank. The 
initial mass of the tank is Mp). Use the continuity and 
momentum equations to show that at any instant the mass of 
the vehicle and liquid contents is M = MoV/(V — U). Obtain 
a general expression for U/V as a function of time. 


4.176 A model solid propellant rocket has a mass of 69.6 g, 
of which 12.5 g is fuel. The rocket produces 5.75 N of thrust 
for a duration of 1.7 s. For these conditions, calculate the 
maximum speed and height attainable in the absence of air 
resistance. Plot the rocket speed and the distance traveled as 
functions of time. 


4.177 A small rocket motor is used to power a “jet pack” 
device to lift a single astronaut above the Moon’s surface. 
The rocket motor produces a uniform exhaust jet with con- 
stant speed, V. = 3000 m/s, and the thrust is varied by 
changing the jet size. The total initial mass of the astronaut 
and the jet pack is My = 200 kg, 100 kg of which is fuel and 
oxygen for the rocket motor. Find (a) the exhaust mass flow 
rate required to just lift off initially, (b) the mass flow rate 
just as the fuel and oxygen are used up, and (c) the maximum 
anticipated time of flight. Note that the Moon’s gravity is 
about 17 percent of Earth’s. 


*4.178 Several toy manufacturers sell water “rockets” that 
consist of plastic tanks to be partially filled with water and 
then pressurized with air. Upon release, the compressed air 
forces water out of the nozzle rapidly, propelling the rocket. 
You are asked to help specify optimum conditions for this 
water-jet propulsion system. To simplify the analysis, con- 
sider horizontal motion only. Perform the analysis and 
design needed to define the acceleration performance of the 
compressed air/water-propelled rocket. Identify the fraction 
of tank volume that initially should be filled with compressed 
air to achieve optimum performance (i.e., maximum speed 
from the water charge). Describe the effect of varying the 
initial air pressure in the tank. 


P4.178 P4.179 
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*4.179 A disk, of mass M, is constrained horizontally but is 
free to move vertically. A jet of water strikes the disk from 
below. The jet leaves the nozzle at initial speed Vo. Obtain a 
differential equation for the disk height, h(t), above the jet 
exit plane if the disk is released from large height, H. (You 
will not be able to solve this ODE, as it is highly nonlinear!) 
Assume that when the disk reaches equilibrium, its height 
above the jet exit plane is No. 

(a) Sketch A(t) for the disk released at t = 0 from H > ho. 
(b) Explain why the sketch is as you show it. 


| *4.180 Consider the configuration of the vertical jet 


impinging on a horizontal disk shown in Problem 4.158. 
Assume the disk is released from rest at an initial height of 2m 
above the jet exit plane. Using a numerical method such as the 
Euler method (see Section 5.5), solve for the subsequent 
motion of this disk. Identify the steady-state height of the disk. 


4.181 A small solid-fuel rocket motor is fired on a test stand. 
The combustion chamber is circular, with 100 mm diameter. 
Fuel, of density 1660 kg/m*, burns uniformly at the rate of 
12.7 mm/s. Measurements show that the exhaust gases leave 
the rocket at ambient pressure, at a speed of 2750 m/s. The 
absolute pressure and temperature in the combustion chamber 
are 7.0 MPa and 3610 K, respectively. Treat the combustion 
products as an ideal gas with molecular mass of 25.8. Evaluate 
the rate of change of mass and of linear momentum within the 
rocket motor. Express the rate of change of linear momentum 
within the motor as a percentage of the motor thrust. 


*4.182 The capability of the Aircraft Landing Loads and 
Traction Facility at NASA’s Langley Research Center is to 
be upgraded. The facility consists of a rail-mounted carriage 
propelled by a jet of water issuing from a pressurized tank. 
(The setup is identical in concept to the hydraulic catapult of 
Problem 4.138.) Specifications require accelerating the car- 
riage with 49,000 kg mass to a speed of 220 knots in a dis- 
tance of 122 m. (The vane turning angle is 170°.) Identify a 
range of water jet sizes and speeds needed to accomplish this 
performance. Specify the recommended operating pressure 
for the water-jet system and determine the shape and esti- 
mated size of tankage to contain the pressurized water. 


Q *4.183 A classroom demonstration of linear momentum is 


planned, using a water-jet propulsion system for a cart trav- 
eling on a horizontal linear air track. The track is 5 m long, and 
the cart mass is 155 g. The objective of the design is to obtain 
the best performance for the cart, using | L of water contained 
in an open cylindrical tank made from plastic sheet with 
density of 0.0819 g/cm’. For stability, the maximum height of 
the water tank cannot exceed 0.5 m. The diameter of the 
smoothly rounded water jet may not exceed 10 percent of the 
tank diameter. Determine the best dimensions for the tank 
and the water jet by modeling the system performance. Using a 
numerical method such as the Euler method (see Section 5.5), 
plot acceleration, velocity, and distance as functions of time. 
Find the optimum dimensions of the water tank and jet 
opening from the tank. Discuss the limitations on your ana- 
lysis. Discuss how the assumptions affect the predicted per- 
formance of the cart. Would the actual performance of the cart 
be better or worse than predicted? Why? What factors account 
for the difference(s)? 
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*4.184 Analyze the design and optimize the performance of 
a cart propelled along a horizontal track by a water jet that 
issues under gravity from an open cylindrical tank carried on 
board the cart. (A water-jet-propelled cart is shown in the 
diagram for Problem 4.142.) Neglect any change in slope of 
the liquid free surface in the tank during acceleration. 
Analyze the motion of the cart along a horizontal track, 
assuming it starts from rest and begins to accelerate when 
water starts to flow from the jet. Derive algebraic equations 
or solve numerically for the acceleration and speed of the 
cart as functions of time. Present results as plots of accel- 
eration and speed versus time, neglecting the mass of the 
tank. Determine the dimensions of a tank of minimum mass 
required to accelerate the cart from rest along a horizontal 
track to a specified speed in a specified time interval. 


The Angular-Momentum Principle 


*4.185 A large irrigation sprinkler unit, mounted on a cart, 
discharges water with a speed of 40 m/s at an angle of 30° to the 
horizontal. The 50-mm-diameter nozzle is 3 m above the ground. 
The mass of the sprinkler and cart is M = 350 kg. Calculate the 
magnitude of the moment that tends to overturn the cart. What 
value of V will cause impending motion? What will be the nature 
of the impending motion? What is the effect of the angle of jet 
inclination on the results? For the case of impending motion, plot 
the jet velocity as a function of the angle of jet inclination over an 
appropriate range of the angles. 


V 


A30" 
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*4.186 The 90° reducing elbow of Example 4.6 discharges 
to atmosphere. Section @ is located 0.3 m to the right of 
Section @. Estimate the moment exerted by the flange on 
the elbow. 

*4.187 Crude oil (SG = 0.95) from a tanker dock flows 
through a pipe of 0.25 m diameter in the configuration shown. 
The flow rate is 0.58 m*/s, and the gage pressures are shown in 
the diagram. Determine the force and torque that are exerted 
by the pipe assembly on its supports. 


OQ = 0.58 m3/s —> ms 


p = 345 kPa 
L=20m 


D=0.25m 


@ 


p = 332 kPa 
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*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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*4.188 The simplified lawn sprinkler shown rotates in the 
horizontal plane. At the center pivot, Q = 15 L/min of water 
enters vertically. Water discharges in the horizontal plane 
from each jet. If the pivot is frictionless, calculate the torque 
needed to keep the sprinkler from rotating. Neglecting the 
inertia of the sprinkler itself, calculate the angular accel- 
eration that results when the torque is removed. 


ss ae 
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*4.189 Consider the sprinkler of Problem 4.188 again. 
Derive a differential equation for the angular speed of the 
sprinkler as a function of time. Evaluate its steady-state 
speed of rotation if there is no friction in the pivot. 


*4.190 Repeat Problem 4.189, but assume a constant 
retarding torque in the pivot of 0.5 N-m. At what retarding 
torque would the sprinkler not be able to rotate? 


*4.191 Water flows in a uniform flow out of the 2.5-mm slots 
of the rotating spray system, as shown. The flow rate is 3 L/s. 
Find (a) the torque required to hold the system stationary 
and (b) the steady-state speed of rotation after it is released. 


LIL 


250 mm . | 
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*4.192 If the same flow rate in the rotating spray system of 
Problem 4.191 is not uniform but instead varies linearly from 
a maximum at the outer radius to zero at the inner radius, 
find (a) the torque required to hold it stationary and (b) the 
steady-state speed of rotation. 


Dia. = 25 mm 


*4.193 A single tube carrying water rotates at constant 
angular speed, as shown. Water is pumped through the tube 
at volume flow rate Q = 13.8 L/min. Find the torque that 
must be applied to maintain the steady rotation of the tube 
using two methods of analysis: (a) a rotating control volume 
and (b) a fixed control volume. 


d=813mm 
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*4.194 The lawn sprinkler shown is supplied with water al 


at a rate of 68 L/min. Neglecting friction in the pivot, 
determine the steady-state angular speed for 0 = 30°. Plot 
the steady-state angular speed of the sprinkler for 0 = 6 
= 90°. 


| ne 6.35 mm 
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*4.195 A small lawn sprinkler is shown. The sprinkler operates 
at a gage pressure of 140 kPa. The total flow rate of water 
through the sprinkler is 4 L/min. Each jet discharges at 17 m/s 
(relative to the sprinkler arm) in a direction inclined 30° above 
the horizontal. The sprinkler rotates about a vertical axis. Fric- 
tion in the bearing causes a torque of 0.18 N - m opposing 
rotation. Evaluate the torque required to hold the sprinkler 
stationary. 


P4.195, P4.196, P4.197 


*4.196 In Problem 4.195, calculate the initial acceleration 
of the sprinkler from rest if no external torque is applied and 


the moment of inertia of the sprinkler head is 0.1 kg - m* 


when filled with water. 


*4.197 A small lawn sprinkler is shown (Problem 4.196). The 
sprinkler operates at an inlet gage pressure of 140 kPa. 
The total flow rate of water through the sprinkler is 4.0 L/ 
min. Each jet discharges at 17 m/s (relative to the sprinkler 
arm) in a direction inclined 30° above the horizontal. The 
sprinkler rotates about a vertical axis. Friction in the bearing 
causes a torque of 0.18 N - m opposing rotation. Determine 
the steady speed of rotation of the sprinkler and the 
approximate area covered by the spray. 


*4.198 When a garden hose is used to fill a bucket, water 
in the bucket may develop a swirling motion. Why does 
this happen? How could the amount of swirl be calculated 
approximately? 


*4.199 Water flows at the rate of 0.15 m*/s through a nozzle 
assembly that rotates steadily at 30 rpm. The arm and 
nozzle masses are negligible compared with the water inside. 
Determine the torque required to drive the device and the 
reaction torques at the flange. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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*4.200 A pipe branches symmetrically into two legs of length 
L, and the whole system rotates with angular speed w around 
its axis of symmetry. Each branch is inclined at angle a to the 
axis of rotation. Liquid enters the pipe steadily, with zero 
angular momentum, at volume flow rate Q. The pipe diameter, 
D, is much smaller than ZL. Obtain an expression for the 
external torque required to turn the pipe. What additional 
torque would be required to impart angular acceleration w? 


Q 
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*4.201 Liquid in a thin sheet, of width w and thickness h, 
flows from a slot and strikes a stationary inclined flat plate, as 
shown. Experiments show that the resultant force of the liquid 
jet on the plate does not act through point O, where the jet 
centerline intersects the plate. Determine the magnitude and 
line of application of the resultant force as functions of 0. 
Evaluate the equilibrium angle of the plate if the resultant 
force is applied at point O. Neglect any viscous effects. 


a *4.202 For the rotating sprinkler of Example 4.14, what 


value of a will produce the maximum rotational speed? 
What angle will provide the maximum area of coverage by 
the spray? Draw a velocity diagram (using an r, 6, z coor- 
dinate system) to indicate the absolute velocity of the water 
jet leaving the nozzle. What governs the steady rotational 
speed of the sprinkler? Does the rotational speed of the 
sprinkler affect the area covered by the spray? How would 
you estimate the area? For fixed a, what might be done to 
increase or decrease the area covered by the spray? 
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The First Law of Thermodynamics 


4.203 Air at standard conditions enters a compressor at 75 m/s 
and leaves at an absolute pressure and temperature of 200 kPa 
and 345 K, respectively, and speed V = 125 m/s. The flow rate is 
1 kg/s. The cooling water circulating around the compressor 
casing removes 18 kJ/kg of air. Determine the power required 
by the compressor. 


4.204 Compressed air is stored in a pressure bottle with a 
volume of 100 L, at 500 kPa and 20°C. At a certain instant, 
a valve is opened and mass flows from the bottle at 7 = 0.01 
kg/s. Find the rate of change of temperature in the bottle at 
this instant 


4.205 A centrifugal water pump with a 0.1-m-diameter inlet 
and a 0.1-m-diameter discharge pipe has a flow rate of 0.02 m’/s. 
The inlet pressure is 0.2m Hg vacuum and the exit pressure is 
240 kPa. The inlet and outlet sections are located at the same 
elevation. The measured power input is 6.75 kW. Determine the 
pump efficiency. 

4.206 A turbine is supplied with 0.6 m°/s of water from a 
0.3-m-diameter pipe; the discharge pipe has a 0.4 m diam- 
eter. Determine the pressure drop across the turbine if it 
delivers 60 kW. 


4.207 Air enters a compressor at 14 psia, 80°F with negli- 
gible speed and is discharged at 70 psia, 500°F with a speed 
of 500 ft/s. If the power input is 3200 hp and the flow rate is 
20 Ibm/s, determine the rate of heat transfer. 


4.208 Air is drawn from the atmosphere into a turbo- 
machine. At the exit, conditions are 500 kPa (gage) and 
130°C. The exit speed is 100 m/s and the mass flow rate is 
0.8 kg/s. Flow is steady and there is no heat transfer. Com- 
pute the shaft work interaction with the surroundings. 


4.209 All major harbors are equipped with fire boats for 
extinguishing ship fires. A 3-in.-diameter hose is attached to 
the discharge of a 15-hp pump on such a boat. The nozzle 
attached to the end of the hose has a diameter of 1 in. If the 
nozzle discharge is held 10 ft above the surface of the water, 
determine the volume flow rate through the nozzle, 
the maximum height to which the water will rise, and the 
force on the boat if the water jet is directed horizontally over 
the stern. 


4.210 A pump draws water from a reservoir through a 
150-mm-diameter suction pipe and delivers it to a 75-mm- 
diameter discharge pipe. The end of the suction pipe is 2 m 
below the free surface of the reservoir. The pressure gage on 
the discharge pipe (2 m above the reservoir surface) reads 
170 kPa. The average speed in the discharge pipe is 3 m/s. If 
the pump efficiency is 75 percent, determine the power 
required to drive it. 


4.211 The total mass of the helicopter-type craft shown is 
1000 kg. The pressure of the air is atmospheric at the outlet. 
Assume the flow is steady and one-dimensional. Treat the air 
as incompressible at standard conditions and calculate, for a 
hovering position, the speed of the air leaving the craft and 
the minimum power that must be delivered to the air by the 
propeller. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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4.212 Liquid flowing at high speed in a wide, horizontal open 
channel under some conditions can undergo a hydraulic jump, 
as shown. For a suitably chosen control volume, the flows 
entering and leaving the jump may be considered uniform with 


hydrostatic pressure distributions (see Example 4.7). Consider 
a channel of width w, with water flow at D,; = 0.6 m and V; = 


5 m/s. Show that in general, Dy = D, r /1+8V?/gD, — 1 /2. 


D,=0.6m 
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Evaluate the change in mechanical energy through the 
hydraulic jump. If heat transfer to the surroundings is neg- 
ligible, determine the change in water temperature through 
the jump. 
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Case Study in Energy and the Environment 


Wave Power: Aquamarine Oyster viable Oyster wave farms around the world, the first 

Wave Energy Converter planned for 2013. A farm of 20 Oyster devices would 
“Aquamarine Power, a wave energy company provide enough energy to power 9000 homes, off- 
located in Scotland, has developed an innovative setting carbon emissions of about 20,000 metric tons. 
hydroelectric wave energy converter, known as Oyster; _The Oyster device consists of a simple abs 
a demonstration-scale model was installed in 2009 and _| hinged flap, as shown in the figure, connected to the 
began producing power for homes in some regions of | Seabed at around a 10-m depth. As each wave passes 
Scotland. They eventually plan to have commercially | Py; it forces the flap to move; the flap in turn drives 
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Hydroelectric 
Power Conversion Plant 


High-Pressure 
Flow Line 


A schematic of Aquamarine’s Oyster device (Picture courtesy of Aquamarine Power) 


hydraulic pistons to deliver high-pressure water, via a 
pipeline, to an onshore electrical turbine. Oyster farms 
using multiple devices are expected to be capable of 
generating 100 MW or more. 

Oyster has a number of advantages: It has good effi- 
ciency and durability, and, with its low-cost operation, 
maintenance, and manufacture, it is hoped it will 
produce reliable cost-competitive electricity from the 
waves for the first time. The device uses simple and 
robust mechanical offshore component, combined with 
proven conventional onshore hydroelectric compo- 
nents. Designed with the notion that simple is best, less 
is more, it has a minimum of offshore submerged moving 


parts; there are no underwater generators, power elec- 
tronics, or gearboxes. The Oyster is designed to take 
advantage of the more consistent waves found near the 
shore; for durability, any excess energy from excep- 
tionally large waves simply spills over the top of Oysters 
flap. Its motion allows it to literally duck under such 
waves. Aquamarine Power believes its device is com- 
petitive with devices weighing up to five times as much, 
and, with multiple pumps feeding a single onshore 
generator, Oyster will offer good economies of scale. 
As a final bonus, Oyster uses water instead of oil as its 
hydraulic fluid for minimum environmental impact and 
generates essentially no noise pollution. 


In Chapter 4, we developed the basic equations in integral form for a control volume. 
Integral equations are useful when we are interested in the gross behavior of a flow 
field and its effect on various devices. However, the integral approach does not enable 
us to obtain detailed point-by-point knowledge of the flow field. For example, the 
integral approach could provide information on the lift generated by a wing; it could 
not be used to determine the pressure distribution that produced the lift on the wing. 

To see what is happening in a flow in detail, we need differential forms of 
the equations of motion. In this chapter we shall develop differential equations for the 
conservation of mass and Newton’s second law of motion. Since we are interested in 
developing differential equations, we will need to analyze infinitesimal systems and 
control volumes. 


5.7 Conservation of Mass 


In Chapter 2, we developed the field representation of fluid properties. The property 
fields are defined by continuous functions of the space coordinates and time. The 
density and velocity fields were related through conservation of mass in integral form 
in Chapter 4 (Eq. 4.12). In this chapter we shall derive the differential equation for 


5.7 Conservation of Mass 


conservation of mass in rectangular and in cylindrical coordinates. In both cases the 
derivation is carried out by applying conservation of mass to a differential control 
volume. 


Rectangular Coordinate System 


In rectangular coordinates, the control volume chosen is an infinitesimal cube with sides 
of length dx, dy, dz as shown in Fig. 5.1. The density at the center, O, of the control 
volume is assumed to be p and the velocity there is assumed to be V =iut+ jut kw. 

To evaluate the properties at each of the six faces of the control surface, we use a 
Taylor series expansion about point O. For example, at the right face, 


_ Op “ &p\ 1 (dx\* 
P)x+dx/2 Ox ag Ox2) 21\ 2 


Neglecting higher-order terms, we can write 


= Op\ dx 
P)x+dx/2 =p (Z) pa 


_ Ou\ dx 
U) e+de/2 =urt Ox 2 


where p, u, 0p/Ox, and Ou/Ox are all evaluated at point O. The corresponding terms at 


the left face are 
Op dx Op\ dx 
P)x-dx/2 = pt Ox 2 =/p ax} 2 


Ou dx Ou\ dx 
U) de)? = ut ($*)( 5) - (3) 2 
We can write similar expressions involving p and v for the front and back faces and p 
and w for the top and bottom faces of the infinitesimal cube dx dy dz. These can then 
be used to evaluate the surface integral in Eq. 4.12 (recall that foseV : .dA is the net 
flux of mass out of the control volume): 


and 


=f pv | pV-dA = (4.12) 


Control volume 


Zz 
Zz 


Fig. 5.1 Differential control volume in rectangular 
coordinates. 
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Table 5.1 

Mass Flux Through the Control Surface of a Rectangular Differential Control Volume 
Surface Evaluation of / pV -dA 
Left 


Ou\ dx _ i Op\ . (Ou 
|[« (=) 5 | ay ae pu dy dz + 5 \«(3) o( Se) Javayaz 


Ou\ dx < _l Op\ . (Ou 
(=) 5 | ayae pu dy dz + 5 \«(3) + oS) Ja ayaz 


Ov\ dy 1 Op Ou 
dx dz = dx dz 4 dx dy d 
. | i 2l+(3s) oa) a 


=) 3] dx dz = pudx dz + 5|o(52) ($2) Jaray dz 


2 


Ow\ dz a wil Op\ , (Ow 
|| (=) + | aay pw dx dy 4 5\»(5) + oF) acay ae 


Ow dz _ wil Op\ , (Ow 
(=) 5 | ax ay pw dx dy 4 5\»(52) + oF) acay ae 


Adding the results for all six faces, 


rar [ll 


or 
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Table 5.1 shows the details of this evaluation. Note: We assume that the velocity 
components u, v, and w are positive in the x, y, and z directions, respectively; the area 
normal is by convention positive out of the cube; and higher-order terms [e.g., (dx)”] 
are neglected in the limit as dx, dy, and dz — 0. 

The result of all this work is 


Se Ac cLaracLias Ae 


Ox Ox Ox 


This expression is the surface integral evaluation for our differential cube. To com- 
plete Eq. 4.12, we need to evaluate the volume integral (recall that 0/0t{.., pd¥ is the 
rate of change of mass in the control volume): 


0 a) _ Op 
i fp PAY gy laa a Be ez 


Hence, we obtain (after canceling dx dy dz) from Eq. 4.12 a differential form of the 
mass conservation law 
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Opu  Opv.. Opw . Op 
+ + ioe 
Ox Oy OZ Ot 


(5.1a) 


Equation 5.1a is frequently called the continuity equation. 
Since the vector operator, V, in rectangular coordinates, is given by 


70 3;0 .-90 
={—+j—+ 
en ax! Oy . Oz 
then 
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Note that the del operator V acts on p and V. Think of it as V-(pV). The conservation 
of mass may be written as 


VpVi == (5.1b) 


Two flow cases for which the differential continuity equation may be simplified are 
worthy of note. 

For an incompressible fluid, p = constant; density is neither a function of space 
coordinates nor a function of time. For an incompressible fluid, the continuity 
equation simplifies to 


Ou Ov. Ow = 
ee ay 
en AoE WeY =0 (5.1c) 


Thus the velocity field, V(x, y,z,1), for incompressible flow must satisfy V-V = 0. 

For steady flow, all fluid properties are, by definition, independent of time. Thus 
Op/Ot = 0 and at most p = p(x, y, z). For steady flow, the continuity equation can be 
written as 


Opu a Opv és Opw 


= Voy — 1 
Ox Oy Oz NAD eat id) 


(and remember that the del operator V acts on p and V). 


ra 57 INTEGRATION OF TWO-DIMENSIONAL DIFFERENTIAL CONTINUITY EQUATION 


For a two-dimensional flow in the xy plane, the x component of velocity is given by u = Ax. Determine a possible 
y component for incompressible flow. How many y components are possible? 


Given: Two-dimensional flow in the xy plane for which u = Ax. 


Find: (a) Possible y component for incompressible flow. 
(b) Number of possible y components. 
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Solution: 

Governing equation: V-pV + = =0 

For incompressible flow this simplifies to V-V = 0. In rectangular coordinates 
du, 90, Ow _ 
Gye Oy Gk 


= 


For two-dimensional flow in the xy plane, V = V(x,y). Then partial derivatives with respect to z are zero, and 


ou , Ov _ 4 
Ox Oy 
Then 
Ov Ou 
— =-— =-A 
Oy Ox 


which gives an expression for the rate of change of v holding x constant. 
This equation can be integrated to obtain an expression for v. The result is 


v= [Fe tteo = —Ay+tfi(x,t)< a 


{The function of x and t appears because we had a partial derivative of v 
with respect to y.} 


Any function f(x, f) is allowable, since 0/0y f(x,t) = 0. Thus any ; in Ex ae a originally dis- 
number of expressions for v could satisfy the differential continuity ible. 2.1 is indeeq 
equation under the given conditions. The simplest expression for v would 
be obtained by setting f(x, t) =0. Then v =—Ay, and 


v= Axi — Ayj é 


ample 5. DIFFERENTIAL CONTINUITY EQUATION 


A gas-filled pneumatic strut in an automobile suspension system behaves like a piston-cylinder apparatus. At one 
instant when the piston is L = 0.15 m away from the closed end of the cylinder, the gas density is uniform at p = 18kg/m° 
and the piston begins to move away from the closed end at V=12 m/s. Assume as a simple model that the gas 
velocity is one-dimensional and proportional to distance from the closed end; it varies linearly from zero at the 
end to u=V at the piston. Find the rate of change of gas density at this instant. Obtain an expression for 
the average density as a function of time. 


Given: Piston-cylinder as shown. 


Find: (a) Rate of change of density. u= Ve 


—> ,— 
(b) p(t). p = 18 kg/m? V=12 mis 
Solution: 


Governing equation: V-pV + = = 
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Since u = u(x), partial derivatives with respect to y and z are zero, and 


In rectangular coordinates, =0 


Opu Op 
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Cylindrical Coordinate System 


A suitable differential control volume for cylindrical coordinates is shown in Fig. 5.2. 
The density at the center, O, of the control volume is assumed to be p and the velocity 
there is assumed to be V = é6V, + €9Vg + KV, where 6, éy, and k are unit vectors in the 
r, 0, and z directions, respectively, and V,, Vo, and V, are the velocity components in 
the r, 6, and z directions, respectively. To evaluate [(.. pV - dA, we must consider the 
mass flux through each of the six faces of the control surface. The properties at each of 
the six faces of the control surface are obtained from a Taylor series expansion about 
point O. The details of the mass flux evaluation are shown in Table 5.2. Velocity com- 
ponents V,, Vs, and V, are all assumed to be in the positive coordinate directions and we 
have again used the convention that the area normal is positive outwards on each face, 
and higher-order terms have been neglected. 

We see that the net rate of mass flux out through the control surface (the term 
Ts pV -dA in Eq. 4.12) is given by 
OV, | OpVe , OV: 
Or 06 Oz 


pV, +r dr dé dz 
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(a) Isometric view (b) Projection on ré plane 


Fig. 5.2 Differential control volume in cylindrical 
coordinates. 


The mass inside the control volume at any instant is the product of the mass per unit 
volume, p, and the volume, rd@drdz. Thus the rate of change of mass inside the 
control volume (the term 0/0t{-., pd¥ in Eq. 4.12) is given by 


Op 
vad d0 dr dz 


In cylindrical coordinates the differential equation for conservation of mass is then 
pV, , OpVo , OpVe | 


+ — 
ptt, a0 az at 


or 


A(rpV,) , OpVe , OpV. | Op _ 
a ° Oe ee or 


Dividing by r gives 


1 A(rpV,) , 1A(pVs) , A(oV.) , Ap 
ie Gh Be 00 25 Oz 7 


=0 (5.2a) 


In cylindrical coordinates the vector operator V is given by 


d .18 .a 
2 + - 
r OO oe ) 


Equation 5.2a also may be written’ in vector notation as 


+ Op 
; + = : 
Vie += =0 (5.1b) 


For an incompressible fluid, p = constant, and Eq. 5.2a reduces to 


1 0(rV,) | 10V_ , OV, x 
+ + SW 
re OF r 00 Oz aa oe. 


1To evaluate V - pV in cylindrical coordinates, we must remember that 


6Zt 


Table 5.2 
Mass Flux Through the Control Surface of a Cylindrical Differential Control Volume 


Surface Evaluation of / pV -dA 


Inside Op\ dr OV,\ dr dr dr OV,\ dr Op\ dr 
V, d0dz = dé dz4 
Cr) [ (Z) all , (=) IG ) fee ENG OU o( Gr gaeae vi (ge)rG ade 
Outside Op\ dr OV,\ dr dr dr OV,\ dr Op\ dr 
t V,.4 t dod = t t t 
(+r) [ (3) all g () ( ) Z pV, rdé dz pV, 7 40 dz 0) de v. ($e) rao ds 


= ~LP~ (oa) a Ge) lee 


V)\ do do 
~pV, dr dz 4 o(5 ‘) dr dz 4 v1 (50) 5 ar dz 


00) 2 a6 

fal [ (3) a vo (=) : dr dz = pV, drdz+ (3) & drdz+Vo (3) & dr dz 
a [ (# ) 5 ¥. (=) 3 rd0 dr =~ pV.rd0 dr 4 (=) & rd0 dr + V. (# ) & rd0 dr 
ae [ (3) 3 . (=) 3] rd dr = pVprd0 dr4 (FZ) “ rd dr 4 v. (32) “ vib de 


Adding the results for all six faces, 


[oe 8 fmf) oD} ACR) “CD ef CD ee 


or 
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Thus the velocity field, V(x, y, z,t), for incompressible flow must satisfy V-V = 0. For 
steady flow, Eq. 5.2a reduces to 


1 O(rpV,) | 1 O(pVo) , A(pVz) _ rae 
r Or 4 r 00 : Oz eee ae 


(and remember once again that the del operator V acts on p and V). 

When written in vector form, the differential continuity equation (the mathemat- 
ical statement of conservation of mass), Eq. 5.1b, may be applied in any coordinate 
system. We simply substitute the appropriate expression for the vector operator V. In 
retrospect, this result is not surprising since mass must be conserved regardless of our 
choice of coordinate system. 


ample 5. AL CONTINUITY EQUATION IN CYLINDRICAL COORDINATES 
Consider a one-dimensional radial flow in the 7@ plane, given by V,= f(r) and V,=0. Determine the conditions on 


f(r) required for the flow to be incompressible. 


Given: One-dimensional radial flow in the r@ plane: V,= f(r) and V,=0. 


Find: Requirements on f(r) for incompressible flow. 


Solution: 

Governing equation: V-pV + = - 

For incompressible flow in cylindrical coordinates this reduces to Eq. 5.2b, 
10 il @ OV, 
r Or ue) r 00 Vo Oz : 


For the given velocity field, V = V(r). V, = 0 and partial derivatives with respect to z are zero, so 


10 


> Bp) =0 


Integrating with respect to r gives 


rV, = constant 


Thus the continuity equation shows that the radial velocity must be V, = f(r) = C/r for one-dimensional radial flow of 
an incompressible fluid. This is not a surprising result: As the fluid moves outwards from the center, the volume flow 


rate (per unit depth in the z direction) Q =2zrV at any radius r is constant. — 


"02 Stream Function jor Two-Dimensional 
Incompresstble Flow 


We already briefly discussed streamlines in Chapter 2, where we stated that they were 
lines tangent to the velocity vectors in a flow at an instant 


*This section may be omitted without loss of continuity in the text material. 
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dy =< (2.8) 
dx streamline Uu 

We can now develop a more formal definition of streamlines by introducing the 
stream function, w. This will allow us to represent two entities—the velocity compo- 
nents u(x, y, t) and v(x, y, t) of a two-dimensional incompressible flow—with a single 
function W(x, y, f). 

There are various ways to define the stream function. We start with the two- 
dimensional version of the continuity equation for incompressible flow (Eq. 5.1c): 


—a— =C (5.3) 


We use what looks at first like a purely mathematical exercise (we will see a physical 
basis for it later) and define the stream function by 


Oy Ow 
u = and vu = = (5.4) 
so that Eq. 5.3 is automatically satisfied for any w(x, y, t) we choose! To see this, use VIDEO 


Eq. 5.4 in Eq. 5.3: 


An Example of Streamlines/Streaklines. 


du , dv Ow Ow 


Ox Oy OxOy  OyOx 


Using Eq. 2.8, we can obtain an equation valid only along a streamline 
udy — vdx = 0 
or, using the definition of our stream function, 


OY, 
Dx dx 4 ay dy = 0 (5.5) 


On the other hand, from a strictly mathematical point of view, at any instant in time f 
the variation in a function w(x, y, f) in space (x, y) is given by 


_ Oy ow 
dy = 5 Xt By” (5.6) 


Comparing Eqs. 5.5 and 5.6, we see that along an instantaneous streamline, dy = 0; in 
other words, w is a constant along a streamline. Hence we can specify individual 
streamlines by their stream function values: w = 0, 1, 2, etc. What is the significance of 
the w values? The answer is that they can be used to obtain the volume flow rate 
between any two streamlines. Consider the streamlines shown in Fig. 5.3. We can 
compute the volume flow rate between streamlines 7, and w by using line AB, BC, 
DE, or EF (recall that there is no flow across a streamline). 

Let us compute the flow rate by using line AB, and also by using line BC—they 
should be the same! 

For a unit depth (dimension perpendicular to the xy plane), the flow rate across 


AB is 
y2 y2 Ow 
o=- | udy = | =~ dy 
y1 y1 dy 
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>X 


Fig. 5.3 Instantaneous streamlines in a two-dimensional flow. 
But along AB, x = constant, and (from Eq. 5.6) dy = 0w/dy dy. Therefore, 


y2 Yr 
Cae [ava wu 


v1 y Wy 


O= 


For a unit depth, the flow rate across BC is 


x1 xy 


Along BC, y = constant, and (from Eq. 5.6) dy = 0y/0x dx. Therefore, 


xX Ow 
Ox 


Wy 
Ge dx = | db = tn 
2 


xy 


Hence, whether we use line AB or line BC (or for that matter lines DE or DF), we 
find that the volume flow rate (per unit depth) between two streamlines is given by the 
difference between the two stream function values.” (The derivations for lines AB and 
BC are the justification for using the stream function definition of Eq. 5.4.) If 
the streamline through the origin is designated 7 = 0, then the 7 value for any other 
streamline represents the flow between the origin and that streamline. [We are free to 
select any streamline as the zero streamline because the stream function is defined as a 
differential (Eq. 5.3); also, the flow rate will always be given by a difference of 1 
values.] Note that because the volume flow between any two streamlines is constant, 
the velocity will be relatively high wherever the streamlines are close together, and 
relatively low wherever the streamlines are far apart—a very useful concept for 
“eyeballing” velocity fields to see where we have regions of high or low velocity. 

For a two-dimensional, incompressible flow in the r@ plane, conservation of mass, 
Eq. 5.2b, can be written as 


A(rV,) _ Ve 
a ee ‘ 
Or 00 : 2) 


?For two-dimensional steady compressible flow in the xy plane, the stream function, 7, can be defined such that 


Ow 
Ox 


pus and pu=— 


The difference between the constant values of 7 defining two streamlines is then the mass flow rate (per unit 
depth) between the two streamlines. 
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Using a logic similar to that used for Eq. 5.4, the stream function, ~(r, 0, f), then is 
defined such that 


= a and V,=—-— (5.8) 


With w defined according to Eq. 5.8, the continuity equation, Eq. 5.7, is satisfied 
exactly. 


ae 54 STREAM FUNCTION FOR FLOW IN A CORNER 


Given the velocity field for steady, incompressible flow in a corner (Example 2.1), V = Axi— Ayj, with A = 03s", 
determine the stream function that will yield this velocity field. Plot and interpret the streamline pattern in the first 
and second quadrants of the xy plane. 


Given: Velocity field, V = Axi—Ayj, with A=0.3 s!. 


Find: Stream function 7 and plot in first and second quadrants; interpret the results. 


Solution: 
The flow is incompressible, so the stream function satisfies Eq. 5.4. 
From Eq. 5.4, u = a and v = = From the given velocity field, 
u= Ax = “ 
Integrating with respect to y gives 
Ow 
i Fp ie = Axy + f(x) (1) 
where f(x) is arbitrary. The function f(x) may be evaluated using the equation for v. Thus, from Eq. 1, 
__ ob _ df 
° Ox ae dx (2) 


From the given velocity field, v= —Ay. Comparing this with Eq. 2 shows that a 


— = 0, or f(x) = constant. Therefore, 
Eq. 1 becomes ss 


wy = Axytec « MZ 


Lines of constant 7 represent streamlines in the flow field. The constant c may be chosen as any convenient value for 
plotting purposes. The constant is chosen as zero in order that the streamline through the origin be designated as 
w =, = 0. Then the value for any other streamline represents the flow between the origin and that streamline. With 
c=0and A=0.3s_/, then 


w = 0.3xy (m?/s/m) 
{This equation of a streamline is identical to the result (xy = constant) obtained in Example 2.1.} 


Separate plots of the streamlines in the first and second quadrants are presented below. Note that in quadrant 1, 
u>0, so y values are positive. In quadrant 2, u<0, so w values are negative. 

In the first quadrant, since u >0 and v <0, the flow is from left to right and down. The volume flow rate between 
the streamline y = 7, through the origin and the streamline w = y2 is 


On = — — 02 m°/s/m 
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Quadrant 2 Quadrant 1 


tg = -1.2 m2/s/m Ws = 1.2 m3/s/m 
ug = -0.9 me/s/m Uy = 0.9 m/s/m 
ay = -0.6 m3/s/m v3 = 0.6 m:/sim 
We = -0.3 m/s/m w= 0.3 m/s/m 


In the second quadrant, since u <0 and v <0, the flow is from right to left 
and down. The volume flow rate between streamlines 77 and jo is 


O79 = Wy — 7 = [1.2 — (—0.6)])m3/s/m = —0.6 m3/s/m 


The negative sign is consistent with flow having u <0. 
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5.3 Motion of a Fluid Particle (Kinematics) 


Figure 5.4 shows a typical finite fluid element, within which we have selected an 
infinitesimal particle of mass dm and initial volume dx dy dz, at time ¢, and as it (and 
the infinitesimal particle) may appear after a time interval dt. The finite element has 
moved and changed its shape and orientation. Note that while the finite element 
has quite severe distortion, the infinitesimal particle has changes in shape limited to 
stretching/shrinking and rotation of the element’s sides—this is because we are 


Finite element & 
Finite element & infinitesimal 2 infinitesimal particle 
particle at time t at time ¢ + dt 


Z 
Fig. 5.4 Finite fluid element and infinitesimal particle at times t and t + dt. 


5.3 Motion of a Fluid Particle (Kinematics) 


considering both an infinitesimal time step and particle, so that the sides remain 
straight. We will examine the infinitesimal particle so that we will eventually obtain 
results applicable to a point. We can decompose this particle’s motion into four 
components: translation, in which the particle moves from one point to another; 
rotation of the particle, which can occur about any or all of the x, y or z axes; linear 
deformation, in which the particle’s sides stretch or contract; and angular deformation, 
in which the angles (which were initially 90° for our particle) between the sides 
change. 

It may seem difficult by looking at Fig. 5.4 to distinguish between rotation and 
angular deformation of the infinitesimal fluid particle. It is important to do so, because 
pure rotation involves no deformation but angular deformation does and, as we 
learned in Chapter 2, fluid deformation generates shear stresses. Figure 5.5 shows a 
typical xy plane motion decomposed into the four components described above, and 
as we examine each of these four components in turn we will see that we can dis- 
tinguish between rotation and angular deformation. 


Fluid Translation: Acceleration of a Fluid Particle 
in a Velocity Field 


The translation of a fluid particle is obviously connected with the velocity field 
v= V(x, y,z,t) that we previously discussed in Section 2.2. We will need the accel- 
eration of a fluid particle for use in Newton’s second law. It might seem that we could 
simply compute this as @ = OV /dt. This is incorrect, because V is a field, i.e., it 
describes the whole flow and not just the motion of an individual particle. (We can see 
that this way of computing is incorrect by examining Example 5.4, in which particles 
are clearly accelerating and decelerating so @ 4 0, but 0V/dt = 0.) 

The problem, then, is to retain the field description for fluid properties and obtain 
an expression for the acceleration of a fluid particle as it moves in a flow field. Stated 
simply, the problem is: 


Given the velocity field, V= V(x, y,Z,¢),find the acceleration 
of a fluid particle, @,. 
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Fig. 5.5 Pictorial representation of the components of fluid motion. 
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VIDEO 


Particle Motion in a Channel. 


> X > X 


VIDEO 


Particle Motion over a Cylinder. 
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Consider a particle moving in a velocity field. At time ¢, the particle is at the 
position x, y, z and has a velocity corresponding to the velocity at that point in space 
at time f¢, 


=> 


vA = V(x, y, 2,0) 


At t+ dt, the particle has moved to a new position, with coordinates x + dx, y + dy, 
z+ dz, and has a velocity given by 


= 


V> = V(x + dx,y + dy,z+dz,t+dt) 


Ja 
This is shown pictorially in Fig. 5.6. 7 > 7 

The particle velocity at time f (position 7’) is given by V, = V(x,y,z,t). Then dV,, 
the change in the velocity of the particle, in moving from location 7 to 7 + dr, in time 
dt, is given by the chain rule, 


The total acceleration of the particle is given by 


> 


_ dW, _ OV d&y | OV dy | WV dy , aV 


~~ “dt dx dt dy dt dz dt a 
Since 
dX, dyn dz _ 
ee a. and a“ ”™ 
we have 


= dy _ OV, WV, wv, wv 
pdt Ox dy az.—s«O 


To remind us that calculation of the acceleration of a fluid particle in a velocity field 
requires a special derivative, it is given the symbol DV/Dt. Thus 


Dy a ave OV ave av 
= ar w) +wW ar 


je ee a) OE Oy Oz = Ot oe. 


The derivative, D/Dt, defined by Eq. 5.9, is commonly called the substantial derivative 
to remind us that it is computed for a particle of “substance.” It often is called the 
material derivative or particle derivative. 


Particle path 
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Fig. 5.6 Motion of a particle 
in a flow field. 
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The physical significance of the terms in Eq. 5.9 is 


— DV a OY n iv i ov av 
P Dt Ox dy Oz at 
e_ 
total convective local 
acceleration acceleration acceleration 


of a particle 


From Eq. 5.9 we recognize that a fluid particle moving in a flow field may undergo 
acceleration for either of two reasons. As an illustration, refer to Example 5.4. This is a 
steady flow in which particles are convected toward the low-velocity region (near the 
“corner”), and then away to a high-velocity region. If a flow field is unsteady a fluid particle 
will undergo an additional local acceleration, because the velocity field is a function of time. 

The convective acceleration may be written as a single vector expression using the 
gradient operator V. Thus 


; Ox 7 Oy ’ OZ ~ 
(We suggest that you check this equality by expanding the right side of the equation 
using the familiar dot product operation.) Thus Eq. 5.9 may be written as 
av 


=(V-V)V+ ey 


(5.10) 


=a 


be? 
For a two-dimensional flow, say V = V(x, y,t), Eq. 5.9 reduces to 
DY 2 0V a 0V OV 
Dt dx Oy sot 


For a one-dimensional flow, say V = V (x,t), Eq. 5.9 becomes 
DV _ ov n av 
Dt Ox Ot 


Finally, for a steady flow in three dimensions, Eq. 5.9 becomes 


which, as we have seen, is not necessarily zero even though the flow is steady. Thus a 
fluid particle may undergo a convective acceleration due to its motion, even in 
a steady velocity field. 

Equation 5.9 is a vector equation. As with all vector equations, it may be written in 
scalar component equations. Relative to an xyz coordinate system, the scalar com- 
ponents of Eq. 5.9 are written 


Du Ou Ou Ou Ou 
+ 


ae + Uy Bae ai (5.11a) 
Dov Ov Ov Ov. Ov 

ay = DH = “Sy + U ay + W ae a Ai (5.11b) 

a, = calle Bee OU ea (5.11c) 
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Eulerian and Lagrangian Descriptions 
in Fluid Mechanics. 
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The components of acceleration in cylindrical coordinates may be obtained from 
Eq. 5.10 by expressing the velocity, V, in cylindrical coordinates (Section 5.1) and 
utilizing the appropriate expression (Eq. 3.19, on the Web) for the vector operator V. 
Thus,° 

OV, Va OV, Vi OM, OM, 
= ~ - 
ae Or r 00 r "Oz Ot Coe 
OVe Vo AVo | V,Vo OVe . OVo 
=V, ae + 5.12b 
% " Or r 00 r 0z Ot ( ) 
OV, . Vo OV, OV, _ OV, 
= + + + 
4 = Veo a0 Oc * at Ore 

Equations 5.9, 5.11, and 5.12 are useful for computing the acceleration of a fluid 
particle anywhere in a flow from the velocity field (a function of x, y, z, and f); this is 
the Eulerian method of description, the most-used approach in fluid mechanics. 

As an alternative (e.g., if we wish to track an individual particle’s motion in, for 
example, pollution studies) we sometimes use the Lagrangian description of particle 
motion, in which the acceleration, position, and velocity of a particle are specified as a 
function of time only. Both descriptions are illustrated in Example 5.5. 

ample 5. CCELERATION IN EULERIAN AND LAGRANGIAN DESCRIPTIONS 


Consider two-dimensional, steady, incompressible flow through the plane converging 
channel shown. The velocity on the horizontal centerline (x axis) is given by 
V = V,{1 + (x«/L)]c. Find an expression for the acceleration of a particle moving along the 
centerline using (a) the Eulerian approach and (b) the Lagrangian approach. Evaluate 
the acceleration when the particle is at the beginning and at the end of the channel. 


Given: Steady, two-dimensional, incompressible flow through the converging channel shown. 
V= vi(1+ =); on x axis 
i 
Find: (a) The acceleration of a particle moving along the centerline using the Eulerian 
approach. 
(b) The acceleration of a particle moving along the centerline using the La- 
grangian approach. 
(c) Evaluate the acceleration when the particle is at the beginning and at the end 
of the channel. 
Solution: 


(a) The Eulerian approach 
The governing equation for acceleration of a fluid particle is Eq. 5.9: 


= 


DV av 


. ) a) A) 
G,(x,y,Z,t) = ar = ua +w + 


"ay "az at 


(5.9) 


3In evaluating (V-V)V, recall that & and 4 are functions of @ (see footnote 1 on p. 178). 
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In this case we are interested in the x component of acceleration (Eq. 5.11a): 


Ou Ou Ou Ou 
+ 


(x th= a u— +v—+w 
FERS Dt Ox Oy Oz Ot 


(5.11a) 


On the x axis, v=w =0 and u = V, (1 ae =), so for steady flow we obtain 


Du Ou V, ( 2) = 


+ — 
OS ye a a5 
or 


ay, (x) = “ania =) & 


This expression gives the acceleration of any particle that is at point x at an instant. 


ax, (x) 


The Lagrangian approach 

In this approach we need to obtain the motion of a fluid particle as we would in particle mechanics; that is, we 
need the position ¥,(t), and then we can obtain the velocity V, (t) = dx,/dt and acceleration a,(t) = dV, /dt. 
Actually, we are considering motion along the x axis, so we want x,(t), u)(t) = dx,/dt, and a, (t) = du,/dt. We 
are not given x,(t), but we do have 


oie Xp 
ieee Gan) 
Separating variables, and using limits x,(¢=0) =0 and x,(t = 1) = Xp, 


Dal i 
i as eee | Vidt and Lin(1 i *) = Vit (1) 
0 (1 ah =) 0 L 
i 
We can then solve for x,(¢): 
Oe Le 1) 
The velocity and acceleration are then 


PO ee Were 


and 


_ dy = Vii vull (2) dy, (t) 
il, < 


This expression gives the acceleration at any time ¢ of the particle that was initially at x =0. 


We wish to evaluate the acceleration when the particle is at x =0 and x = L. For the Eulerian approach this is 
straightforward: 
Vi V3 a 
a,(x = 0) = >, Gk =) oa ze 


For the Lagrangian approach, we need to find the times at which x = 0 and x = L. Using Eq. 1, these are 


t(x, = 0) = = t(x, = L) = = In(2) 
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Then, from Eq. 2, 


V2 This Problem i 
fal = = 7 and ulerian 
=f VG jee i ax, 
ay, ee L° 25 « 


Note that both approaches yield the same results for particle acceleration, as they sHoulda 


Fluid Rotation 


A fluid particle moving in a general three-dimensional flow field may rotate about all 
three coordinate axes. Thus particle rotation is a vector quantity and, in general, 


a = ay + ju + kw, 


where w, is the rotation about the x axis, w, is the rotation about the y axis, and w, is the 
rotation about the z axis. The positive sense of rotation is given by the right-hand rule. 

We now see how we can extract the rotation component of the particle motion. 
Consider the xy plane view of the particle at time ¢. The left and lower sides of the 
particle are given by the two perpendicular line segments oa and ob of lengths Ax 
and Ay, respectively, shown in Fig. 5.7a. In general, after an interval At the particle 
will have translated to some new position, and also have rotated and deformed. 
A possible instantaneous orientation of the lines at time t + At is shown in Fig. 5.7b. 

We need to be careful here with our signs for angles. Following the right-hand rule, 
counterclockwise rotation is positive, and we have shown side oa rotating counter- 
clockwise through angle Aa, but be aware that we have shown edge ob rotating at 
a clockwise angle AG. Both angles are obviously arbitrary, but it will help visualize the 
discussion if we assign values to these angles, e.g., let Aa = 6° and Af = 4°. 

How do we extract from Aa and Af a measure of the particle’s rotation? The 
answer is that we take an average of the rotations Aa and AQ, so that the particle’s 
rigid body counterclockwise rotation is (Aa — A), as shown in Fig. 5.7c. The minus 
sign is needed because the counterclockwise rotation of ob is —AG. Using the 
assigned values, the rotation of the particle is then 5(6° — 4°) = 1°. (Given the two 
rotations, taking the average is the only way we can measure the particle’s rotation, 
because any other approach would favor one side’s rotation over the other, which 
doesn’t make sense.) 
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(a) Original particle (b) Particle after time Ar (c) Rotational component (d) Angular deformation component 


Fig. 5.7 Rotation and angular deformation of perpendicular line segments in a two-dimensional flow. 
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Now we can determine from Aa and AG a measure of the particle’s angular 
deformation, as shown in Fig. 5.7d. To obtain the deformation of side oa in Fig. 5.7d, 
we use Fig. 5.7b and 5.7c: If we subtract the particle rotation (Aa — A{), in Fig. 5.7c, 
from the actual rotation of oa, Aa, in Fig. 5.75, what remains must be pure defor- 
mation [Aa — 5(Aa — Af) = 3(Aa + AQ), in Fig. 5.7d]. Using the assigned values, the 
deformation of side oa is 6° — (6° — 4°) = 5°. By a similar process, for side ob we end 
with AB —3(Aa— AB) =—}(Aa + AB), or a clockwise deformation 5(Aa + AQ), as 
shown in Fig. 5.7d. The total deformation of the particle is the sum of the deforma- 
tions of the sides, or (Aa + AZ) (with our example values, 10°). We verify that this 
leaves us with the correct value for the particle’s deformation: Recall that in Section 
2.4 we saw that deformation is measured by the change in a 90° angle. In Fig. 5.7a we 
see this is angle aob, and in Fig. 5.7d we see the total change of this angle is indeed 
(Aa + AB) +3(Aa + AB) = (Aa + AB). 

We need to convert these angular measures to quantities obtainable from the flow 
field. To do this, we recognize that (for small angles) Aa = An/Ax, and 
AB = Aé/Ay. But AE arises because, if in interval At point o moves horizontally 
distance uAt, then point b will have moved distance (u + [Ou/Oy|Ay)At (using a 
Taylor series expansion). Likewise, A7 arises because, if in interval At point o moves 
vertically distance vAt, then point a will have moved distance (uv + [Ov/Ox]Ax)At. 
Hence, 


Ou Ou 
= pins saa — So 
AE (« Dy Ay) At—uAt Dy AyAt 
and 
Ou Ov 


We can now compute the angular velocity of the particle about the z axis, w,, by 
combining all these results: 


1 1 An _ Ag 1 (Ov Ax Ou Ay 
oo. ee (Z Ay . OR” Oy ay 
w, = lim = lim = lm 
At>0 At At>0 At At>0 At 


By considering the rotation of pairs of perpendicular line segments in the yz and xz 
planes, one can show similarly that 


_1/ow _ dv aad _1/(du_ ow 
Ye Z\ay Oz “4 Daz Ox 


Then @ = iu, + jy + kw, becomes 


._ 1{-/Ow _ Ov\ | ;(Ou _ Ow , (Ov _ Ou 
ss s\'(F a) i(# me) +k (2 | ae) 


We recognize the term in the square brackets as 


cul V =VxV 
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ey CLASSIC VIDEO 


Bel 
Vorticity. 


Then, in vector notation, we can write 


VxV (5.14) 


|] iS 


It is worth noting here that we should not confuse rotation of a fluid particle with flow 
consisting of circular streamlines, or vortex flow. As we will see in Example 5.6, in 
such a flow the particles could rotate as they move in a circular motion, but they do 
not have to! 

When might we expect to have a flow in which the particles rotate as they move 
(@ £0)? One possibility is that we start out with a flow in which (for whatever 
reason) the particles already have rotation. On the other hand, if we assumed the 
particles are not initially rotating, particles will only begin to rotate if they experience 
a torque caused by surface shear stresses; the particle body forces and normal 
(pressure) forces may accelerate and deform the particle, but cannot generate a 
torque. We can conclude that rotation of fluid particles will always occur for flows in 
which we have shear stresses. We have already learned in Chapter 2 that shear 
stresses are present whenever we have a viscous fluid that is experiencing angular 
deformation (shearing). Hence we conclude that rotation of fluid particles only occurs 
in viscous flows* (unless the particles are initially rotating, as in Example 3.10). 

Flows for which no particle rotation occurs are called irrotational flows. Although 
no real flow is truly irrotational (all fluids have viscosity), it turns out that many flows 
can be successfully studied by assuming they are inviscid and irrotational, because 
viscous effects are often negligible. As we discussed in Chapter 1, and will again in 
Chapter 6, much of aerodynamics theory assumes inviscid flow. We just need to be 
aware that in any flow there will always be regions (e.g., the boundary layer for flow 
over a wing) in which viscous effects cannot be ignored. 

The factor of $ can be eliminated from Eq. 5.14 by defining the vorticity, C, to be 
twice the rotation, 


(=2a=>V KV (5.15) 


The vorticity is a measure of the rotation of a fluid element as it moves in the flow 
field. In cylindrical coordinates the vorticity is” 


> ,f1 OV, AV, (OV, OV, ~(1 OrVg 1 OV, 
Mane a(- 00 2) a(F a) +k (7 Or r 7) el 


The circulation, T (which we will revisit in Example 6.12), is defined as the line 
integral of the tangential velocity component about any closed curve fixed in the flow, 


b= Ves (5.17) 


where ds’ is an elemental vector tangent to the curve and having length ds of the 
element of arc; a positive sense corresponds to a counterclockwise path of integration 
around the curve. We can develop a relationship between circulation and vorticity by 
considering the rectangular circuit shown in Fig. 5.8, where the velocity components 
at o are assumed to be (u, v), and the velocities along segments bc and ac can be 
derived using Taylor series approximations. 


“A rigorous proof using the complete equations of motion for a fluid particle is given in Li and Lam, 
pp. 142-145. 


“In carrying out the curl operation, recall that é and & are functions of @ (see footnote 1 on p. 178). 
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>< 


For the closed curve oacb, 


Ou Ou Ou 
AD = udx+ (+ sex) Ay~ (w+ sey )Ax— vay | Alia . 
AT = oh — aie AxAy Ze 
Ox Oy ’ Si 

i | vt ayo 

AT = 2uw,AxAy Le : . 

Then, is 
5 7 Fig. 5.8 Velocity components 
T= gv. ds = [rw dA = fo xV).dA (5.18) on the boundaries of a fluid 
c A A element. 


Equation 5.18 is a statement of the Stokes Theorem in two dimensions. Thus the 
circulation around a closed contour is equal to the total vorticity enclosed within it. 


aber 56 FREE-AND_FORCED VORTEX FLOWS 


Consider flow fields with purely tangential motion (circular streamlines): V,=0 and Vy = f(r). Evaluate the rotation, 
vorticity, and circulation for rigid-body rotation, a forced vortex. Show that it is possible to choose f(r) so that flow is 
irrotational, i.e., to produce a free vortex. 


Given: Flow fields with tangential motion, V,=0 and Vy =f(v). 


Find: (a) Rotation, vorticity, and circulation for rigid-body motion (a forced vortex). 
(b) V,=f(r) for irrotational motion (a free vortex). 


Solution: 
Governing equation: (€ =20=VXV (5.15) 
For motion in the r@ plane, the only components of rotation and vorticity are in the z direction, 
a _1@GAmQ 1 OY 
as 7 OP iP Be 
il Ge Vo 


Because V,=0 everywhere in these fields, this reduces to ¢, = 2w, = a 


(a) For rigid-body rotation, Vz = wr. 


die, 11 0 3 A 
ee. Dip Gy 27 Or” 


The circulation is [ = gv. ds = [rwda. (5.18) 
(@ A 


Since w, =w=constant, the circulation about any closed contour is given by I = 2wA, where A is the area 
enclosed by the contour. Thus for rigid-body motion (a forced vortex), the rotation and vorticity are constants; 
the circulation depends on the area enclosed by the contour. 


1 
(b) For irrotational flow, w, = = 2M, = 0. Integrating, we find 


rV) = constant or Vp = f(r) = 


IO 
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For this flow, the origin is a singular point where Vg > oo. The circulation for any contour enclosing the origin is 
aR Qn C 
P= $V-ds = —rd@ = 27C 
ic 0 r 


It turns out that the circulation around any contour not enclosing the singular point at the origin is zero. 
Streamlines for the two vortex flows are shown below, along with the location and orientation at different 
instants of a cross marked in the fluid that was initially at the 12 o’clock position. For the rigid-body motion 
(which occurs, for example, at the eye of a tornado, creating the “dead” region at the very center), the cross 
rotates as it moves in a circular motion; also, the streamlines are closer together as we move away from 
the origin. For the irrotational motion (which occurs, for example, outside the eye of a tornado—in such a large 
region viscous effects are negligible), the cross does not rotate as it moves in a circular motion; also, the 
streamlines are farther apart as we move away from the origin. 


Rigid-body motion Irrotational motion 


Fluid Deformation 


a. Angular Deformation 


As we discussed earlier (and as shown in Fig. 5.7d), the angular deformation of a 
particle is given by the sum of the two angular deformations, or in other words by 
(Aa + Ap). 

We also recall that Aa = An/Ax, AG = Aé/Ay, and AE and An are given by 


AE = (ut Cs At—uAt = OM Rik 
dy dy 
and 
An = {ut Bay At—vAt = Ot Keke 
Ox Ox 


We can now compute the rate of angular deformation of the particle in the xy plane by 
combining these results, 


Rate of angul a 

ate of angular _ (Aa+AB) Ke” Ay 
deformation = lim = lim 
: At>0 At At>0 At 
in xy plane 

Ov Ax ou A 
Rate of angular At a 
deformation = lim ua ane OF Ue (5.19a) 
At—0 At Ox Oy : 


in xy plane 
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Similar expressions can be written for the rate of angular deformation of the particle 


in the yz and zx planes, 
ey CLASSIC VIDEO 
(= rs =) (5.19b) 


Rate of angular deformation in yz plane = {| — + — Bea 
P Oy Oz Deformation of Continuous Media. 
be 0 0 
Rate of angular deformation in zx plane = (F + | (5.19c) 
x Zz 


We saw in Chapter 2 that for one-dimensional laminar Newtonian flow the shear 
stress is given by the rate of deformation (du/dy) of the fluid particle, 


du 

Tye = fl a (2.15) 
We will see shortly that we can generalize Eq. 2.15 to the case of three-dimensional 
laminar flow; this will lead to expressions for three-dimensional shear stresses involving 
the three rates of angular deformation given above. (Eq. 2.15 is a special case of Eq. 5.19a.) 
Calculation of angular deformation is illustrated for a simple flow field in Example 5.7. 


ae 57 ROTATION_IN VISCOMETRIC FLOW 


A viscometric flow in the narrow gap between large parallel 
plates is shown. The velocity field in the narrow gap is given by 
V = U(y/h)i, where U=4 mm/s and h=4 mm. At t=0 line 
segments ac and bd are marked in the fluid to form a cross as 
shown. Evaluate the positions of the marked points at t=1.5 s 
and sketch for comparison. Calculate the rate of angular defor- 
mation and the rate of rotation of a fluid particle in this velocity 
field. Comment on your results. 


Given: Velocity field, V = U(y/h)i: U =4 mm/s, and h=4 mm. Fluid particles marked at t= 0 to form cross as 
shown. 


Find: (a) Positions of points a’, b’, c’, and d’ at t=1.5 s; plot. 
(b) Rate of angular deformation. 
(c) Rate of rotation of a fluid particle. 
(d) Significance of these results. 


Solution: For the given flow field v = 0, so there is no vertical motion. The velocity of each point stays constant, so 
Ax = uAt for each point. At point b, u=3 mm/s, so 


Ax, = a X15s = 45mm 


Similarly, points a and c each move 3 mm, and point d moves 1.5 mm. Hence the plot at t=1.5 s is 


a ae 


a 
Uc’ Lines atr=1.5 s 
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The rate of angular deformation is 
Ou . Ov il U mm 1 


+=- =U-+0=—= x ={s¢ = 
Oy Ox SF ° h S 4mm 4s 


The rate of rotation is 


CUNO ee a ee ee a eee 
a= 2/0098) = 1g BY 4 qt x A ogy 


b. Linear Deformation 


VIDEO During linear deformation, the shape of the fluid element, described by the angles at 
its vertices, remains unchanged, since all right angles continue to be right angles (see 
jae Daum Fig. 5.5). The element will change length in the x direction only if Ou/Ox is other than 


zero. Similarly, a change in the y dimension requires a nonzero value of Ov/Oy and a 
change in the z dimension requires a nonzero value of Ow/0z. These quantities 
represent the components of longitudinal rates of strain in the x, y, and z directions, 
respectively. 

Changes in length of the sides may produce changes in volume of the element. The 
rate of local instantaneous volume dilation is given by 


Ou Ov. Ow ~ 
+i += 


Volume dilation rate = Be By Be VV (5.20) 


For incompressible flow, the rate of volume dilation is zero (Eq. 5.1c). 


ample 5. ION RATES FOR FLOW IN A CORNER 


The velocity field V = Axi—Ayj represents flow in a “corner,” as shown in Example 5.4, where A = 0.3 s | and the 
coordinates are measured in meters. A square is marked in the fluid as shown at t = 0. Evaluate the new positions of 
the four corner points when point a has moved tox = }mafter 7 seconds. Evaluate the rates of linear deformation in the 
x and y directions. Compare area a’b’c'd’ at t= 7 with area abcd at t= 0. Comment on the significance of this result. 


Given: V = Axi—Ayj; A = 0.3s~!,x and y in meters. 


Find: (a) Position of square at t=7 when a is at 


ad atx = 3m. 


(b) Rates of linear deformation. a Square marked 
(c) Area a'b’c'd’ compared with area abcd. atr=0 


(d) Significance of the results. 


a(1,1) d(2,1) 


Solution: 
First we must find 7, so we must follow a fluid particle using a 
Lagrangian description. Thus 


ee agen eee S= [aa and In= = Ar 
dt x eae 0 Xo 


mA © (eet 
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In the y direction 


Pomt 1=0 f= 
a (1,1) (3. ;) 
b (1,2) @ 3) 
c (2, 2) ( 3) 
d (2,1) (a. 5) 


The rates of linear deformation are: 


we = Lae =A =ac! in the x direction 
Ox Ox 
Ou 0 


y = a =-A =-03s1! in the y direction 


The rate of volume dilation is 


x Oy 
Area abcd = 1 m? and area a'b'c'd' = (3-5) (5 -3) = ine 


We have shown in this section that the velocity field can be used to find the 
acceleration, rotation, angular deformation, and linear deformation of a fluid particle 
in a flow field. 


Momentum Equation 5.4 
A dynamic equation describing fluid motion may be obtained by applying Newton’s 
second law to a particle. To derive the differential form of the momentum equation, 


we shall apply Newton’s second law to an infinitesimal fluid particle of mass dm. 
Recall that Newton’s second law for a finite system is given by 


a OP 
F= i) (4.2a) 
system 


where the linear momentum, P, of the system is given by 


ne / Vdm (4.2b) 
mass (system) 
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Then, for an infinitesimal system of mass dm, Newton’s second law can be written 


” dV 
dF = dm—— 5.21 
us 7) eet) 
system 


Having obtained an expression for the acceleration of a fluid element of mass dm, moving 
in a velocity field (Eq. 5.9), we can write Newton’s second law as the vector equation 


gh San =a 


av. av av. av 
+ W + 
Dt 


+ t 
“ox Oy Oz Ot 


(5.22) 


We now need to obtain a suitable formulation for the force, dF , or its components, 
dF, dF,, and dF,, acting on the element. 


Forces Acting on a Fluid Particle 


Recall that the forces acting on a fluid element may be classified as body forces and 
surface forces; surface forces include both normal forces and tangential (shear) forces. 

We shall consider the x component of the force acting on a differential element of 
mass dm and volume d¥ = dx dy dz. Only those stresses that act in the x direction will 
give rise to surface forces in the x direction. If the stresses at the center of the dif- 
ferential element are taken to be oy,, T)x, and 7,,, then the stresses acting in the 
x direction on all faces of the element (obtained by a Taylor series expansion about 
the center of the element) are as shown in Fig. 5.9. 

To obtain the net surface force in the x direction, dF, we must sum the forces in 
the x direction. Thus, 


ae (cu+ OO xy >) apie (on OO yx =) iis 


ax 2 Ox 2 
0 vx O x 
+ (rn + a 3) dx dz (ms 5 3) dx dz 


OT, dz OT,, dz 
+ + ZX pais ZX 
(rs a) ) dx dy (re aa) ) dx dy 


“ 


Fig. 5.9 Stresses in the x direction on an element of fluid. 
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On simplifying, we obtain 


dF; _ 


“4 


Oo>xx OT yy OT zx 
“4+ + —* | dxdyd 
(F Oy 7) ages 


When the force of gravity is the only body force acting, then the body force per unit 
mass is g. The net force in the x direction, dF,, is given by 


OO xx OT yx OT zx 
~4+ “+4 —]|dxdyd 5.23 
Ox Oy se) Ur aia 


We can derive similar expressions for the force components in the y and z directions: 


Oty 9d a 
dF, = dFx + dFs = ( pg, + —% + 2% + [2) dedydz (5.23b) 
» Oe Ay Z 
OTy OTy, Oo 
dF, = dFp + dFs = (ve. a By + a) dx dy dz (5.23c) 


Differential Momentum Equation 


We have now formulated expressions for the components, dF,, dF, and dF-, of the 
force, dF, acting on the element of mass dm. If we substitute these expressions 
(Eqs. 5.23) for the force components into the x, y, and z components of Eq. 5.22, we 
obtain the differential equations of motion, 


OG we " OT yx a Of . {Ou ie wot m Ou + wot (5.24a) 
Poe ae Oy Oz) NOE Ox Oy Oz 
OT: Oo Or Ou Ov Ov Ov 
fe a eS + : 
Pay oe By | Oz OP G "Ox By wo) oa 
OTxz , OTyz  OOzz Ow Ow Ow Ow 
+ - = + + + , 
Pa ay ay az SPN OF Ox Oy. az Sane) 


Equations 5.24 are the differential equations of motion for any fluid satisfying the 
continuum assumption. Before the equations can be used to solve for u, v, and w, 
suitable expressions for the stresses must be obtained in terms of the velocity and 
pressure fields. 


Newtonian Fluid: Navier—Stokes Equations 


For a Newtonian fluid the viscous stress is directly proportional to the rate of shearing 
strain (angular deformation rate). We saw in Chapter 2 that for one-dimensional 
laminar Newtonian flow the shear stress is proportional to the rate of angular defor- 
mation: 7), = du/dy (Eq. 2.15). For a three-dimensional flow the situation is a bit more 
complicated (among other things we need to use the more complicated expressions for 
rate of angular deformation, Eq. 5.19). The stresses may be expressed in terms of 
velocity gradients and fluid properties in rectangular coordinates as follows:° 


°The derivation of these results is beyond the scope of this book. Detailed derivations may be found in Daily 
and Harleman [2], Schlichting [3], and White [4]. 
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Tay = Tie = “(Se 4p ms) (5.25a) 
Tye = Try = (F =) (5.25b) 
Tx = Tu = (5 aa) (5.25c) 
On =—p- suVv-V 4 uct (5.25d) 
Oy =—p- suv-V + 2S (5.25e) 
Or, =—p- FAV V+ 2H (5.25f) 


where p is the local thermodynamic pressure.’ Thermodynamic pressure is related to 
the density and temperature by the thermodynamic relation usually called the 
equation of state. 

If these expressions for the stresses are introduced into the differential equations of 
motion (Eqs. 5.24), we obtain 


Du Op oO Ou 2_ = 0 Ou Ou 
Di Ox Ox f (2 oz a v)| dy E ( dy =) 


(5.26a) 
“2(8-2) 
Oz Ox Oz 
Op Oo Ou | Ov\| _ O Ou 
Pp 8 ay ae (35 az) | * a ay vv) 
(5.26b) 
+ Bfo( +) 
OZ Oz Oy 
Dw Op _ O Ow Ou O Ow Ow 
PDe PR Ge rae =) 5 |o( Se + 3) | 
(5.26c) 


These equations of motion are called the Navier—Stokes equations. The equations are 
greatly simplified when applied to incompressible flow with constant viscosity. Under 
these conditions the equations reduce to 


Ou, Ou, Ou, Ou = oR Pu, Fu, Pu (5.27a) 
P\ at Ox Oy Oz PR ax \ax2 dy? Oz? 


7Sabersky et al. [5] discuss the relation between the thermodynamic pressure and the average pressure 
defined as p = — (oy, + ayy + 0;,)/3. 
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dv Ov. Ov Ov Op 0. 00 OU 
jepies ae pee 3 = pa —- = + et 
. ( . : ts =) PB Oy : (i Oy? x) Ce) 


Ow Ow dw Op ow Cw &w 
p tT Hl a3 2 2 
Ox Oy Oz 


+ + = pg, - - w 
ar Ox | Y y woe) PB Bz ) poe) 


This form of the Navier—Stokes equations is probably (next to the Bernoulli equa- 
tion) the most famous set of equations in fluid mechanics, and has been widely 
studied. These equations, with the continuity equation (Eq. 5.1c), form a set of four 
coupled nonlinear partial differential equations for u, v, w, and p. In principle, these 
four equations describe many common flows; the only restrictions are that the fluid be 
Newtonian (with a constant viscosity) and incompressible. For example, lubrication 
theory (describing the behavior of machine bearings), pipe flows, and even the motion 
of your coffee as you stir it are explained by these equations. Unfortunately, they are 
impossible to solve analytically, except for the most basic cases [3], in which we have 
simple boundaries and initial or boundary conditions! We will solve the equations for 
such a simple problem in Example 5.9. 

The Navier—Stokes equations for constant density and viscosity are given in 
cylindrical coordinates in Appendix B; they have also been derived for spherical 
coordinates [3]. We will apply the cylindrical coordinate form in solving Example 5.10. 

In recent years computational fluid dynamics (CFD) computer applications (such 
as Fluent [6] and STAR-CD [7]) have been developed for analyzing the Navier— 
Stokes equations for more complicated, real-world problems. Although a detailed 
treatment of the topic is beyond the scope of this text, we shall have a brief intro- 
duction to CFD in the next section. 

For the case of frictionless flow (4s = 0) the equations of motion (Eqs. 5.26 or Eqs. 
5.27) reduce to Euler’s equation, 


DV_ 
Oe = pg—Vp 


We shall consider the case of frictionless flow in Chapter 6. 


ene 54 ANALYSIS OF FULLY DEVELOPED LAMINAR FLOW DOWN AN INCLINED PLANE SURFACE 


A liquid flows down an inclined plane surface in a steady, fully developed laminar film of thickness h. Simplify the 
continuity and Navier—Stokes equations to model this flow field. Obtain expressions for the liquid velocity profile, 
the shear stress distribution, the volume flow rate, and the average velocity. Relate the liquid film thickness to the 
volume flow rate per unit depth of surface normal to the flow. Calculate the volume flow rate in a film of water h = 1mm 
thick, flowing on a surface b = 1 m wide, inclined at 9 =15° to the horizontal. 


Given: Liquid flow down an inclined plane surface in a steady, fully developed laminar film of thickness h. 


Find: (a) Continuity and Navier—Stokes equations simplified to model this flow field. 
(b) Velocity profile. 
(c) Shear stress distribution. 
(d) Volume flow rate per unit depth of surface normal to diagram. 
(e) Average flow velocity. 
(f) Film thickness in terms of volume flow rate per unit depth of surface normal to diagram. 
(g) Volume flow rate in a film of water 1 mm thick on a surface 1 m wide, inclined at 15° to the horizontal. 
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Solution: 
The geometry and coordinate system used to model the flow field are shown. (It is convenient to align one coordinate 
with the flow down the plane surface.) 


Width b= 1m 


The governing equations written for incompressible flow with constant viscosity are 


4 3 
av , av, a 
+204 M9 
a é (5.1c) 


4 4 3 

od _@ Oy , hn . Oye (5.27a) 
Of. Be “fe vf) ie + 2 ay” 62 
3 4 5) 3 

_ Op OFU O7U O7U 5.27b 

i ae he WBE ~ rs, 38 +n (+ B+ 2) ze) 
a 3 of, 3 3 

_ Op O7w O7w O7w 5.27c 

ae a ee i eae oo 


The terms canceled to simplify the basic equations are keyed by number to the assumptions listed below. The 
assumptions are discussed in the order in which they are applied to simplify the equations. 


Assumptions: (1) Steady flow (given). 
(2) Incompressible flow; p = constant. 
(3) No flow or variation of properties in the z direction; w =0 and 0/0z =0. 
(4) Fully developed flow, so no properties vary in the x direction; 0/Ox = 0. 


Assumption (1) eliminates time variations in any fluid property. 

Assumption (2) eliminates space variations in density. 

Assumption (3) states that there is no z component of velocity and no property variations in the z direction. All 
terms in the z component of the Navier—Stokes equation cancel. 

After assumption (4) is applied, the continuity equation reduces to 0v/Oy =0. Assumptions (3) and (4) also 
indicate that Ov/Oz = 0 and Ov/Ox = 0. Therefore v must be constant. Since vu is zero at the solid surface, then v must 
be zero everywhere. 

The fact that v = 0 reduces the Navier—Stokes equations further, as indicated by (5) in Eqs 5.27a and 5.27b. The 
final simplified equations are 

2 


Ou 
Deas: (1) 


(2) 


Op 
DREN as 


Since Ou/0z = 0 (assumption 3) and Ou/Ox = 0 (assumption 4), then w is at most a function of y, and 0’u/Oy* = d?uldy’, 
and from Eq. 1, then 
Pu pe sin 0 


pg 
dy? lu lu 
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Integrating, 


and integrating again, 
0 
a Orme rel tS) EL) (4) 


The boundary conditions needed to evaluate the constants are the no-slip condition at the solid surface (u =0 at 
y =0) and the zero-shear-stress condition at the liquid free surface (du/dy =0 at y=h). 
Evaluating Eq. 4 at y=0 gives c7 = 0. From Eq. 3 at y=h, 


in 0 
0= ye ees 
bl 


or 
sin 6 
ey Spe 
fo 
Substituting into Eq. 4 we obtain the velocity profile 
sin 6 y? sin 0 
te ai Serra 
lL lL 
or 
sin 0 Me u 
u = pg (iy -) é (y) 
fo 


The shear stress distribution is (from Eq. 5.25a after setting Ov/Ox to zero, or alternatively, for one-dimensional flow, 
from Eq. 2.15) 


Tyx (y) 


du : 
Tw = WE = pesind (hy) « 


The shear stress in the fluid reaches its maximum value at the wall (y = 0); as we expect, it is zero at the free surface 
(y =h). At the wall the shear stress 7,, is positive but the surface normal for the fluid is in the negative y direction; 
hence the shear force acts in the negative x direction, and just balances the x component of the body force acting on 


the fluid. The volume flow rate is 
h 
Q= [uaa = | u bdy 
lA 0 


where b is the surface width in the z direction. Substituting, 


h : 2 : 2 37 2 
sin 0 sin 0b |h 
Or | s hy — ~\bdy = pg es 
0 Me 2 He 2 6 Jo 
_ pgsindb h* : (5)Q 
[Lb 3 


Q 


The average flow velocity is V = Q/A = Q/bh. Thus 


ve 2x pg sin @ h? 
bh in oO. 


S| 
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Solving for film thickness gives 


n=| 34.0 J 


pgsin 6b (6)h 


A film of water h = 1 mm thick on a plane b= 1 m wide, inclined at 6 = 15°, 
would carry 


_ kg il os é m-s 
Q= 9993 x 9.815 x sin (15°) X 1m x 100x107 ke 
a8 
2 10004 
3 m 
O = 0.846 L/s« Q 
v Equations 6 an 
Even for fairly Sin 
ample 5. OF LAMINAR VISCOMETRIC FLOW BETWEEN COAXIAL CYLINDERS 


A viscous liquid fills the annular gap between vertical concentric cylinders. The inner cylinder is stationary, and the 
outer cylinder rotates at constant speed. The flow is laminar. Simplify the continuity, Navier—Stokes, and tangential 
shear stress equations to model this flow field. Obtain expressions for the liquid velocity profile and the shear stress 
distribution. Compare the shear stress at the surface of the inner cylinder with that computed from a planar 
approximation obtained by “unwrapping” the annulus into a plane and assuming a linear velocity profile across the 
gap. Determine the ratio of cylinder radii for which the planar approximation predicts the correct shear stress at 
the surface of the inner cylinder within 1 percent. 


Given: Laminar viscometric flow of liquid in annular gap between vertical concentric cylinders. The inner cylinder 
is stationary, and the outer cylinder rotates at constant speed. 


Find: (a) Continuity and Navier—Stokes equations simplified to model this flow 

field. 

(b) Velocity profile in the annular gap. 

(c) Shear stress distribution in the annular gap. 

(d) Shear stress at the surface of the inner cylinder. 

(e) Comparison with “planar” approximation for constant shear stress in the 
narrow gap between cylinders. 

(f) Ratio of cylinder radii for which the planar approximation predicts shear 
stress within 1 percent of the correct value. 


Solution: 
The geometry and coordinate system used to model the flow field are shown. (The z 
coordinate is directed vertically upward; as a consequence, g, = gy = 0 and g, =—g.) 
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The continuity, Navier—Stokes, and tangential shear stress equations (from Appendix B) written for incom- 


pressible flow with constant viscosity are 
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(B.1) 


(B.3a) 


(B.3b) 


(B.3c) 


(B.2) 


The terms canceled to simplify the basic equations are keyed by number to the assumptions listed below. The 


assumptions are discussed in the order in which they are applied to simplify the equations. 


Assumptions: (1) Steady flow; angular speed of outer cylinder is constant. 
(2) Incompressible flow; p = constant. 
(3) No flow or variation of properties in the z direction; v, =0 and 0/0z =0. 


(4) Circumferentially symmetric flow, so properties do not vary with 0, so 0/00 = 0. 


Assumption (1) eliminates time variations in fluid properties. 
Assumption (2) eliminates space variations in density. 


Assumption (3) causes all terms in the z component of the Navier—Stokes equation (Eq. B.3c) to cancel, except 


for the hydrostatic pressure distribution. 
After assumptions (3) and (4) are applied, the continuity equation (Eq. B.1) reduces to 
10 


> Bp) =. 


d 
Because 0/00 = 0 and 0/0z = 0 by assumptions (3) and (4), then = eg oe integrating gives 
ru, = constant 


Since v, is zero at the solid surface of each cylinder, then v, must be zero everywhere. 


The fact that v,=0 reduces the Navier—Stokes equations further, as indicated by cancellations (5). The final 


equations (Eqs. B.3a and B.3b) reduce to 
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0 


orf (CS09)} 


But since 0/00 = 0 and 0/0z = 0 by assumptions (3) and (4), then vu, is a function of radius only, and 


Integrating once, 


dr 
or 


Integrating again, 


r r il 
ry = C5 +¢2 or Ge Sa 
Two boundary conditions are needed to evaluate constants c, and c>. The boundary conditions are 
Wy = wR, at [poe R and 
Uy = 0 at r=R, 
Substituting 
il 
wR» = Gil = ar (6) R> 
1 
OS eat te 
Cy 5) C2 R 
After considerable algebra 
2 Se 
Cy = i 5) and C= 7 5) 
qa (25 jee peel 
(x) (x) 
Substituting into the expression for vg, 
i= Wr wR? /r = wR, ir “ 
1 R, sg 1 R, 2 1 R, 2 Ry r . U(r) 
Ry Ry Ry 


The shear stress distribution is obtained from Eq. B.2 after using assumption (4): 
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Tro 


At the surface of the inner cylinder, r= R;, so 
2w) 


T surface 


Tsurface — 


or 
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Ry 
Factoring the denominator of the exact expression for shear stress at the surface 
gives 
2w er) 
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For 1 percent accuracy, 
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1.01 = 
i 
Ry 
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ie (2—1.01) = 0.980. 


Rye eon 


The accuracy criterion is met when the gap width is less than 2 percent of 


the cylinder radius. 
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"5 Introduction to Computational Fluid Dynamics 


In this section we will discuss in a very basic manner the ideas behind computational 
fluid dynamics (CFD). We will first review some very basic ideas in numerically solv- 
ing an ordinary and a partial differential equation using a spreadsheet such as Excel, 
with a couple of Examples. After studying these, the reader will be able to use the PC 
to numerically solve a range of simple CFD problems. Then, for those with further 
interest in CFD, we will review in more detail some concepts behind numerical 
methods, particularly CFD; this review will highlight some of the advantages and 
pitfalls of CFD. We will apply some of these concepts to a simple 1D model, but these 
concepts are so fundamental that they are applicable to almost any CFD calculation. 
As we apply the CFD solution procedure to the model, we’ll comment on the 
extension to the general case. The goal is to enable the reader to apply the CFD 
solution procedure to simple nonlinear equations. 


The Need for CFD 


As discussed in Section 5.4, the equations describing fluid flow can be a bit intimi- 
dating. For example, even though we may limit ourselves to incompressible flows for 
which the viscosity is constant, we still end up with the following equations: 


Ou Ov. Ow 
+ + 


dx dy Oz : a 
(Bu Bg (4 4 BA) ary 
(F ue ! vS + wo) = pg, - | (53 | a + a) (5.27b) 
(Pent oaBe inf) ae Bos(SEe 8S 02) ge 


Equation 5.1c is the continuity equation (mass conservation) and Eqs. 5.27 are the 
Navier—Stokes equations (momentum), expressed in Cartesian coordinates. In prin- 
ciple, we can solve these equations for the velocity field V =iu+jut+kw and 
pressure field p, given sufficient initial and boundary conditions. Note that in general, 
u, U, w, and p all depend on x, y, z, and ¢. In practice, there is no general analytic 
solution to these equations, for the combined effect of a number of reasons (none of 
which is insurmountable by itself): 


1. They are coupled. The unknowns, u, v, w, and p, appear in all the equations (p is 
not in Eq. 5.1c) and we cannot manipulate the equations to end up with a single 
equation for any one of the unknowns. Hence we must solve for all unknowns 
simultaneously. 


2. They are nonlinear. For example, in Eq. 5.27a, the convective acceleration term, 
u Ou/Ox + v Ou/Oy + w Ou/Oz, has products of u with itself as well as with v and w. 
The consequence of this is that we cannot take one solution to the equations and 
combine it with a second solution to obtain a third solution. We will see in Chapter 6 
that if we can limit ourselves to frictionless flow, we can derive linear equations, which 
will allow us to do this combining procedure (you may wish to look at Table 6.3 for 
some beautiful examples of this). 


*This section may be omitted without loss of continuity in the text material. 
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3. They are second-order partial differential equations. For example, in Eq. 5.27a, the 
viscous term, pu(0?u/Ox? + Pu/dy* + u/Oz), is second-order in u. These are 
obviously of a different order of complexity (no pun intended) than, say, a first- 
order ordinary differential equation. 


These difficulties have led engineers, scientists, and mathematicians to adopt several 
approaches to the solution of fluid mechanics problems. 

For relatively simple physical geometries and boundary or initial conditions, the 
equations can often be reduced to a solvable form. We saw two examples of this in 
Examples 5.9 and 5.10 (for cylindrical forms of the equations). 

If we can neglect the viscous terms, the resulting incompressible, inviscid flow can 
often be successfully analyzed. This is the entire topic of Chapter 6. 

Of course, most incompressible flows of interest do not have simple geometries and 
are not inviscid; for these, we are stuck with Eqs. 5.1c and 5.27. The only option 
remaining is to use numerical methods to analyze problems. It is possible to obtain 
approximate computer-based solutions to the equations for a variety of engineering 
problems. This is the main subject matter of CFD. 


Applications of CFD 


CFD is employed in a variety of applications and is now widely used in various VIDEO 
industries. To illustrate the industrial applications of CFD, we present below some 

examples developed using FLUENT, a CFD software package from ANSYS, Inc. turbulent Flow in a Channel. 
CFD is used to study the flow field around vehicles including cars, trucks, airplanes, 
helicopters, and ships. Figure 5.10 shows the paths taken by selected fluid particles 
around a Formula 1 car. By studying such pathlines and other flow attributes, engi- 
neers gain insights into how to design the car so as to reduce drag and enhance 
performance. The flow through a catalytic converter, a device used to clean auto- 
motive exhaust gases so that we can all breathe easier, is shown in Figure 5.11. 
This image shows path lines colored by velocity magnitude. CFD helps engineers 
develop more effective catalytic converters by allowing them to study how different 
chemical species mix and react in the device. Figure 5.12 presents contours of static 
pressure in a backward-inclined centrifugal fan used in ventilation applications. 


VIDEO 


Flow Past a Cylinder. 


Fig. 5.10 Pathlines around a Formula 1 car. (image courtesy of ANSYS, 


Inc. © 2008.) 
e Ti 
aw \\ i 
CSE 


SS . 


Fig. 5.11 Flow through a catalytic converter. 
(image courtesy of ANSYS, Inc. ©2008.) 
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Fig. 5.12 Static pressure contours for flow through a 
centrifugal fan. (image courtesy of ANSYS, Inc. © 2008.) 


Fan performance characteristics obtained from the CFD simulations compared well 
with results from physical tests. 

CFD is attractive to industry since it is more cost-effective than physical testing. 
However, we must note that complex flow simulations are challenging and error- 
prone, and it takes a lot of engineering expertise to obtain realistic solutions. 


Some Basic CFD/Numerical Methods Using a Spreadsheet 


Before discussing CFD in a little more detail, we can gain insight into numerical 
methods to solve some simple problems in fluid mechanics by using the spreadsheet. 
These methods will show how the student may perform elementary CFD using the 
PC. First, we consider solving the simplest form of a differential equation: a first-order 
ordinary differential equation: 


Te fe) Y(%o) = Yo (5.28) 


where f(x,y) is a given function. We realize that graphically the derivative dy/dx is the 
slope of the (as yet unknown) solution curve y(x). If we are at some point (x,, y,) on 
the curve, we can follow the tangent at that point, as an approximation to actually 
moving along the curve itself, to find a new value for y, y,,,1, corresponding to a new x, 
Xn41, aS Shown in Fig. 5.13. We have 


dy — Yn+1— Yn 
dx Xn+1—%n 


If we choose a step size h = Xy41 —X,, then the above equation can be combined with 
the differential equation, Eq. 5.28, to give 


dy Yn+1— Yn 


ao = f (n,n) 
or 
Yn+1 = Ya t+ hf (%n; Yn) (5.29a) 
with 
Int1 =%q th (5.29b) 


Equations 5.29 are the basic concept behind the famous Euler method for solving a 
first-order ODE: A differential is replaced with a finite difference. (As we’ll see in the 
next subsection, equations similar to Eqs. 5.29 could also have been derived more 
formally as the result of a truncated Taylor series.) In these equations, y,,; now 
represents our best effort to find the next point on the solution curve. From Fig. 5.13, 
we see that y,,.1 is not on the solution curve but close to it; if we make the triangle 
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Fig. 5.13 The Euler method. 


much smaller, by making the step size h smaller, then y,,,; will be even closer to the 
desired solution. We can repeatedly use the two Euler iteration equations to start at 
(xo, Yo) and obtain (x1, v1), then (x2, y2), (x3, y3), and so on. We don’t end up with an 
equation for the solution, but with a set of numbers; hence it is a numerical rather than 
an analytic method. This is the Euler method approach. 

This method is very easy to set up, making it an attractive approach, but it is 
not very accurate: Following the tangent to a curve at each point, in an attempt to 
follow the curve, is pretty crude! If we make the step size h smaller, the accuracy 
of the method will generally increase, but obviously we then need more steps to 
achieve the solution. It turns out that, if we use too many steps (if 4 is extremely 
small), the accuracy of the results can actually decrease because, although each small 
step is very accurate, we will now need so many of them that round-off errors can build 
up. As with any numerical method, we are not guaranteed to get a solution or one that 
is very accurate! The Euler method is the simplest but least accurate numerical method 
for solving a first-order ODE; there are a number of more sophisticated ones available, 
as discussed in any good numerical methods text [8, 9]. 

Let’s illustrate the method with an Example. 


Eee Ea) THE-EULER METHOD SOLUTION FOR DRAINING A TANK 


A tank contains water at an initial depth yo = 1 m. The tank diameter is D = 250 mm. A hole of diameter d= 2 mm 
appears at the bottom of the tank. A reasonable model for the water level over time is 


® — (4) Jog (0) = 


Using 11-point and 21-point Euler methods, estimate the water depth after ¢ = 100 min, and 
compute the errors compared to the exact solution 


sant = [va5~ (2) ye] 


Plot the Euler and exact results. 


Given: Water draining from a tank. 

Find: Water depth after 100 min; plot of depth versus time; accuracy of results. 
Solution: Use the Euler equations, Eq. (5.29). 

Governing equations: yn+1 =Ynothf(ti,yn) tr41 =f th 


with 
a 2 
fi (Gaon) i, (5) V 28Yn Mwy = 1 


(Note that in using Eqs. 5.29 we use ¢ instead of x.) 
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This is convenient for solving using a spreadsheet such as Excel, as shown below. We obtain the following results: 
Depth after 100 min = — 0.0021 m (Euler 11 point) 


0.0102 m (Euler 21 point) 
= 0.0224 m (Exact) < y(100 min) 


Error after 100 min = 110% (Euler 11 point) 
= 54% (Euler 21 point) . Error 


Draining a tank 
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Another basic application of a numerical method to a fluid mechanics problem is 
when we have two-dimensional, steady, incompressible, inviscid flow. These seem like 
a severe set of restrictions on the flow, but analysis of flows with these assumptions 
leads to very good predictions for real flows, for example, for the lift on a wing section. 
This is the topic of Chapter 6, but for now we simply state that under many circum- 
stances such flows can be modeled with the Laplace equation, 


where 7 is the stream function. We leave out the steps here (they consist of 
approximating each differential with a Taylor series), but a numerical approximation 
of this equation is 


Pinay + Yi-1j 4 We cey Fm Piet 


72 72 aes 


Here / is the step size in the x or y direction, and 7,; is the value of w at the ith value 
of x and jth value of y (see Fig. 5.14). Rearranging and simplifying, 


1 
= g (Uist Unt diye + 4j-1) (5.30) 


This equation indicates that the value of the stream function 7 is simply the average of 
its four neighbors! To use this equation, we need to specify the values of the stream 
function at all boundaries; Eq. 5.30 then allows computation of interior values. 

Equation 5.30 is ideal for solving using a spreadsheet such as Excel. We again 
consider an Example. 


Fig. 5.14 Scheme for discretizing 
the Laplace equation. 


| aa 512 NUMERICAL MODELING OF FLOW OVER A CORNER 


Consider a two-dimensional steady, incompressible, inviscid flow in a channel in 
which the area is reduced by half. Plot the streamlines. 


Given: Flow in a channel in which the area is reduced by half. 


Find: Streamline plot. 


Solution: Use the numerical approximation of the Laplace equation. 
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5 . 1 
Governing equation: Wij = 4 (Cane SF Wiaaly aE Wied ap Uist) 


This is again convenient for solving using a spreadsheet such as Excel. Each cell in the spreadsheet represents a 
location in physical space, and the value in the cell represents the value of the stream function ~ at that location. 
Referring to the figure, we assign values of zero to a range of cells that represent the bottom of the channel. We then 
assign a value of 10 to a second range of cells to represent the top of the channel. (The choice of 10 is arbitrary for 
plotting purposes; all it determines is the speed values, not the streamline shapes.) Next, we assign a uniform dis- 
tribution of values at the left and right ends, to generate uniform flow at those locations. All inserted values are 
shown in bold in the figure. 

We can now enter formulas in the “interior” cells to compute the stream function. Instead of the above governing 
equation, it is more intuitive to rephrase it as 


= f(a tet Un +) 


0 10 10 10 10 10 10 
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where Wa, Wr, Vp, and wv, represent the values stored in the cells Above, to the Right, Below, and to the Left of the 
current cell. This formula is easy to enter— it is shown in cell C5 in the figure. Then it is copied into all interior cells, 
with one caveat: The spreadsheet will indicate an error of circular calculation. This is a warning that you appear to be 
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making an error; for example, cell C5 needs cell C6 to compute, but cell C6 needs cell C5! Recall that each interior 
cell value is the average of its neighbors. Circular math is usually not what we want, but in this case we do wish it to 
occur. We need to switch on iteration in the spreadsheet. In the case of Excel, 
it’s under menu item Tools/Options/Calculation. Finally, we need to 
repeatedly iterate (in Excel, press the F9 key several times) until we have 
convergence; the values in the interior cells will repeatedly update until the 
variations in values is zero or trivial. After all this, the results can be 
plotted (using a surface plot), as shown. 

We can see that the streamlines look much as we would anticipate, 
although in reality there would probably be flow separation at the corner. 
Note also a mathematical artifact in that there is slight oscillations of 
streamlines as they flow up the vertical surface; using a finer grid (by 
using many more cells) would reduce this. 


Examples 5.11 and 5.12 provide guidance in using the PC to solve some simple 
CFD problems. We now turn to a somewhat more detailed description of some of the 
concepts behind CFD. 


The Strategy of CFD 


Broadly, the strategy of CFD is to replace the continuous problem domain with a 
discrete domain using a “grid” or “mesh.” In the continuous domain, each flow 
variable is defined at every point in the domain. For instance, the pressure p in the 
continuous 1D domain shown in Fig. 5.15 would be given as 


p=p(x), O=x=1 


In the discrete domain, each flow variable is defined only at the grid points. So, in the 
discrete domain in Fig. 5.15, the pressure would be defined only at the N grid points, 


DB = p(%), §=1,2,...,N 


We can extend this continuous-to-discrete conversion to two or three dimensions. 
Figure 5.16 shows a 2D grid used for solving the flow over an airfoil. The grid points are 
the locations where the grid lines cross. In a CFD solution, we would directly solve for the 
relevant flow variables only at the grid points. The values at other locations are determined 
by interpolating the values at the grid points. The governing partial differential equations 
and boundary conditions are defined in terms of the continuous variables p, V, and so on. 
We can approximate these in the discrete domain in terms of the discrete variables p;, Vi, 
and so on. Using this procedure, we end up with a discrete system that consists of a large set 
of coupled, algebraic equations in the discrete variables. Setting up the discrete system and 
solving it (which is a matrix inversion problem) involves a very large number of repetitive 
calculations, a task made possible only with the advent of modern computers. 


Continuous Domain Discrete Domain 
Osx<l X= X1, X92, ... XN 
Grid 
, aa 
x=0 x= 1 xy Xj xy 


Fig. 5.15 Continuous and discrete domains for a one-dimensional problem. 
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Fig. 5.16 Example of a grid used to 
solve for the flow around an airfoil. 


Discretization Using the Finite-Difference Method 


To keep the details simple, we will illustrate the process of going from the continuous 
domain to the discrete domain by applying it to the following simple 1D equation: 


u(0) = 1 (5.31) 


We'll first consider the case where m=1, which is the case when the equation is 
linear. We’ll later consider the nonlinear case m = 2. Keep in mind that the above problem 
is an initial-value problem, while the numerical solution procedure below is more suitable 


for boundary-value problems. Most CFD problems are boundary-value problems. 


x, =0 AQ =a" acs maar x4 = 1 


Fig. 5.17 A simple 1D grid with four 
grid points. 


We'll derive a discrete representation of Eq. 5.31 with m=1 on the rudimentary 
grid shown in Fig. 5.17. This grid has four equally spaced grid points, with Ax = $ being 
the spacing between successive points. Since the governing equation is valid at any 


(=) hie (5.32) 


grid point, we have 


dx 


where the subscript i represents the value at grid point x;. In order to get an expression 
for (du/dx); in terms of u values at the grid points, we expand u;—; in a Taylor series: 


orien du ome d@u\ Ax? Pu Ax 
SE hide), de). 2  \ad), 6 
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Rearranging this gives 


du uj; — Uze-| @u\ Ax Bu\ Ax? 
(=) Ax eS) 2 eS) 6 i 


We'll neglect the second-, third-, and higher-order terms on the right. Thus, the first 
term on the right is the finite-difference representation for (du/dx); we are seeking. 
The error in (du/dx); due to the neglected terms in the Taylor series is called the 
truncation error. In general, the truncation error is the difference between the dif- 
ferential equation and its finite-difference representation. The leading-order term in 
the truncation error in Eq. 5.33 is proportional to Ax. Equation 5.33 is rewritten as 


du Uj — Uz 
ah = + , 
(=) . O(Ax) (5.34) 


where the last term is pronounced “order of delta x.” The notation O(Ax) has a 
precise mathematical meaning, which we will not go into here. Instead, in the interest 
of brevity, we’ll return to it briefly later when we discuss the topic of grid convergence. 
Since the truncation error is proportional to the first power of Ax, this discrete 
representation is termed first-order accurate. 

Using Eq. 5.34 in Eq. 5.32, we get the following discrete representation for our 
model equation: 


Uj; —~ Uj-1 
Ax 


+u,=0 (5.35) 


Note that we have gone from a differential equation to an algebraic equation! Though 
we have not written it out explicitly, don’t forget that the error in this representation is 
O(Ax). 

This method of deriving the discrete equation using Taylor’s series expansions is 
called the finite-difference method. Keep in mind that most industrial CFD software 
packages use the finite-volume or finite-element discretization methods since they are 
better suited to modeling flow past complex geometries. We will stick with the finite- 
difference method in this text since it is the easiest to understand; the concepts dis- 
cussed also apply to the other discretization methods. 


Assembly of Discrete System and Application 
of Boundary Conditions 


Rearranging the discrete equation, Eq. 5.35, we get 
—uj-1 + (1+ Ax)u; = 0 


Applying this equation at grid points i= 2, 3, 4 for the 1D grid in Fig. 5.17 gives 


—u,+ (1+ Ax)uy = 0 (5.36a) 
—u2 + (1+ Ax)uz = 0 (5.36b) 
—u3 + (1+ Ax)u, = 0 (5.36c) 


The discrete equation cannot be applied at the left boundary (i = 1) since u;—1 = up is 
not defined. Instead, we use the boundary condition to get 


u = 1 (5.36d) 
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Equations 5.36 form a system of four simultaneous algebraic equations in the four 
unknowns wu, Uz, U3, and u4. It’s convenient to write this system in matrix form: 


1 0 0 0 Uy 1 
—1 1+Ax 0 0 ur| _ |0 

0 —1 1+ Ax 0 uz|  |0 oa 
0) 0 —1 1+Ax | | ug 0 


In a general situation (e.g.,2D or 3D domains), we would apply the discrete equations 
to the grid points in the interior of the domain. For grid points at or near the 
boundary, we would apply a combination of the discrete equations and boundary 
conditions. In the end, one would obtain a system of simultaneous algebraic equations 
similar to Eqs. 5.36 and a matrix equation similar to Eq. 5.37, with the number of 
equations being equal to the number of independent discrete variables. The process is 
essentially the same as for the model equation above, with the details obviously being 
much more complex. 


Solution of Discrete System 


The discrete system (Eq. 5.37) for our own simple 1D example can be easily inverted, 
using any number of techniques of linear algebra, to obtain the unknowns at the grid 
points. For Ax = 3, the solution is 


u;=1 un = ~ 56 


The exact solution for Eq. 5.31 with m= 1 is easily shown to be 


u exact =e 


Figure 5.18 shows the comparison of the discrete solution obtained on the four-point 
grid with the exact solution, using Excel. The error is largest at the right boundary, 
where it is equal to 14.7 percent. [It also shows the results using eight points (N = 8, 
Ax = 4) and sixteen points (N = 16, Ax = 4), which we discuss below.] 

In a practical CFD application, we would have thousands, even millions, of 
unknowns in the discrete system; if one were to use, say, a Gaussian elimination 
procedure to invert the calculations, it would be extremely time-consuming even with 
a fast computer. Hence a lot of work has gone into optimizing the matrix inversion in 


6) 0.2 0.4 0.6 0.8 1 


Fig. 5.18 Comparison of the numerical solution obtained on three 
different grids with the exact solution. 
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order to minimize the CPU time and memory required. The matrix to be inverted is 
sparse; that is, most of the entries in it are zeros. The nonzero entries are clustered 
around the diagonal since the discrete equation at a grid point contains only quantities 
at the neighboring grid points, as shown in Eq. 5.37. A CFD code would store only the 
nonzero values to minimize memory usage. It would also generally use an iterative 
procedure to invert the matrix; the longer one iterates, the closer one gets to the true 
solution for the matrix inversion. We’ll return to this idea a little later. 


Grid Convergence 


While developing the finite-difference approximation for the 1D model problem 
(Eq. 5.37), we saw that the truncation error in our discrete system is O(Ax). Hence we 
expect that as the number of grid points is increased and Ax is reduced, the error in 
the numerical solution would decrease and the agreement between the numerical and 
exact solutions would get better. 

Let’s consider the effect of increasing the number of grid points N on the numerical 
solution of the 1D problem. We’ll consider N = 8 and N = 16 in addition to the N= 4 
case solved previously. We repeat the above assembly and solution steps on each of 
these additional grids; instead of the 4 x 4 problem of Eq. 5.37, we end up with an 8 X 8 
and a 16 X 16 problem, respectively. Figure 5.18 compares the results obtained (using 
Excel) on the three grids with the exact solution. As expected, the numerical error 
decreases as the number of grid points is increased (but this only goes so far—if we 
make Ax too small, we start to get round-off errors accumulating to make the results 
get worse!). When the numerical solutions obtained on different grids agree to within a 
level of tolerance specified by the user, they are referred to as “grid-converged” solu- 
tions. It is very important to investigate the effect of grid resolution on the solution in all 
CFD problems. We should never trust a CFD solution unless we are convinced that the 
solution is grid-converged to an acceptance level of tolerance (which will be problem 
dependent). 

Let e be some aggregate measure of the error in the numerical solution obtained on 
a specific grid. For the numerical solutions in Fig. 5.19, ¢ is, for instance, estimated as 
the RMS of the difference between the numerical and exact solutions: 


(uj -_ Uist)” 


ee 
N 
0.1 
—€ 0.01 
© Actual error 
Least squares fit 
0.001 
0.01 0.1 1 


Ax 


Fig. 5.19 The variation of the aggregate 
error « with Ax. 
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It’s reasonable to expect that 


ex Ax” 


Since the truncation error is O(Ax) for our discretization scheme, we expect n = 1 (or 
more precisely, 1 > 1 as Ax —> 0). The « values for the three grids are plotted on a 
logarithmic scale in Fig. 5.19. The slope of the least squares fit gives the value of n. For 
Fig. 5.19, we get n = 0.92, which is quite close to 1. We expect that as the grid is refined 
further and Ax becomes progressively smaller, the value of 1 will approach 1. For a 
second-order scheme, we would expect n ~ 2; this means the discretization error will 
decrease twice as fast on refining the grid. 


Dealing with Nonlinearity 


The Navier—Stokes equations (Eqs. 5.27) contain nonlinear convection terms; for 
example, in Eq. 5.27a, the convective acceleration term, wOu/Ox + vou/Oy + wOu/dz, 
has products of wu with itself as well as with v and w. Phenomena such as turbulence 
and chemical reaction introduce additional nonlinearities. The highly nonlinear na- 
ture of the governing equations for a fluid makes it challenging to obtain accurate 
numerical solutions for complex flows of practical interest. 

We will demonstrate the effect of nonlinearity by setting m = 2 in our simple 1D 
example, Eq. 5.31: 

OM ae 6. pipet: u(0) =1 

dx , , 
A first-order finite-difference approximation to this equation, analogous to that in Eq. 
5.35 for m= 1, is 


uj; — Uj-1 2 
+ur =0 5.38 
Ar tM (5.38) 


This is a nonlinear algebraic equation with the u? term being the source of the 
nonlinearity. 

The strategy that is adopted to deal with nonlinearity is to linearize the equations 
around a guess value of the solution and to iterate until the guess agrees with the 
solution to a specified tolerance level. We’ll illustrate this on the above example. Let 
Ug, be the guess for u;. Define 


Au; = Uj; — Ug, 
Rearranging and squaring this equation gives 
uj = uz, + 2ug,Au, + (Au)? 


Assuming that Au; < ug,, we can neglect the (Au;)* term to get 


ur Us, + 2u,, Au = Us, + 2g (iW) 
Thus 

ur me 2Ug Uy — Us, (5.39) 
The finite-difference approximation, Eq. 5.38, after linearization in u;, becomes 


4 + uy - Ww = 0 (5.40) 
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Since the error due to linearization is O(Au’), it tends to zero as Ug U. 

In order to calculate the finite-difference approximation, Eq. 5.40, we need guess 
values uy at the grid points. We start with an initial guess value in the first iteration. 
For each subsequent iteration, the u value obtained in the previous iteration is used as 
the guess value. We continue the iterations until they converge. We’ll defer the dis- 
cussion on how to evaluate convergence until a little later. 

This is essentially the process used in CFD codes to linearize the nonlinear terms in 
the conservation equations, with the details varying depending on the code. The 
important points to remember are that the linearization is performed about a guess 
and that it is necessary to iterate through successive approximations until the itera- 
tions converge. 


Direct and Iterative Solvers 


We saw that we need to perform iterations to deal with the nonlinear terms in the 
governing equations. We next discuss another factor that makes it necessary to carry 
out iterations in practical CFD problems. 

As an exercise, you can verify that the discrete equation system resulting from the 
finite-difference approximation of Eq. 5.40, on our four-point grid, is 


1 0 0 0 uy 1 ' 

—1 1+2Axuy, 0 0 uy | _ | Arte, (5.41) 
0 —1 1+ 2Axu,, 0) U3 Axu;, . 
) 0 =| 1+ 2Axug, ug Axu2 


In a practical problem, one would usually have thousands to millions of grid points or 
cells so that each dimension of the above matrix would be of the order of a million 
(with most of the elements being zeros). Inverting such a matrix directly would take a 
prohibitively large amount of memory, so instead the matrix is inverted using an 
iterative scheme as discussed below. 

Rearrange the finite-difference approximation, Eq. 5.40, at grid point 7 so that u; is 
expressed in terms of the values at the neighboring grid points and the guess values: 


u;, + Ax Us, 
“OK Ug, 
If a neighboring value at the current iteration level is not available, we use the guess 
value for it. Let’s say that we sweep from right to left on our grid; that is, we update w4, 
then us, and finally wz in each iteration. In any iteration, u;—; is not available while 
updating uw; and so we use the guess value wy, _, for it instead: 


2 
Ug, + Ax Us, 


5.42 
1+ 2Ax uy, ( ) 


uj; = 


Since we are using the guess values at neighboring points, we are effectively obtaining 
only an approximate solution for the matrix inversion in Eq. 5.41 during each itera- 
tion, but in the process we have greatly reduced the memory required for the inver- 
sion. This trade-off is a good strategy since it doesn’t make sense to expend a great 
deal of resources to do an exact matrix inversion when the matrix elements depend on 
guess values that are continuously being refined. We have in effect combined 
the iteration to handle nonlinear terms with the iteration for matrix inversion into a 
single iteration process. Most importantly, as the iterations converge and u, — u, the 
approximate solution for the matrix inversion tends towards the exact solution for 
the inversion, since the error introduced by using uw, instead of u in Eq. 5.42 also tends 
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to zero. We arrive at the solution without explicitly forming the matrix system 
(Eq. 5.41), which greatly simplifies the computer implementation. 
Thus, iteration serves two purposes: 


1. It allows for efficient matrix inversion with greatly reduced memory requirements. 


2. It enables us to solve nonlinear equations. 


In steady problems, a common and effective strategy used in CFD codes is to solve 
the unsteady form of the governing equations and “march” the solution in time 
until the solution converges to a steady value. In this case, each time step is effectively 
an iteration, with the guess value at any time level being given by the solution at the 
previous time level. 


Iterative Convergence 


Recall that as uv, — u, the linearization and matrix inversion errors tend to zero. Hence 
we continue the iteration process until some selected measure of the difference 
between u, and u, referred to as the residual, is “small enough.” We could, for instance, 
define the residual R as the RMS value of the difference between u and u, on the grid: 


It’s useful to scale this residual with the average value of u in the domain. Scaling 
ensures that the residual is a relative rather than an absolute measure. Scaling the 
above residual by dividing by the average value of u gives 


= (5.43) 


In our nonlinear 1D example, we’ll take the initial guess at all grid points to be equal 
to the value at the left boundary, that is, ul? = 1 (where “ signifies the first iteration). 
In each iteration, we update u,, sweep from right to left on the grid updating, in turn, 
U4, U3, and uz using Eq. 5.42, and calculate the residual using Eq. 5.43. We’ll terminate 
the iterations when the residual falls below 10° (this is referred to as the convergence 
criterion). The variation of the residual with iterations is shown in Fig. 5.20. Note that 
a logarithmic scale is used for the ordinate. The iterative process converges to a level 
smaller than 10 ° in only six iterations. In more complex problems, many more 
iterations would be necessary for achieving convergence. 

The solution after two, four, and six iterations and the exact solution are shown in 
Fig. 5.21. It can easily be verified that the exact solution is given by 


1 
Uexact = re | 


The solutions for four and six iterations are indistinguishable on the graph. This is 
another indication that the solution has converged. The converged solution doesn’t 
agree well with the exact solution because we are using a coarse grid for which the 
truncation error is relatively large (we will repeat this problem with finer grids as 
problems at the end of the chapter). The iterative convergence error, which is of order 
10-°, is swamped by the truncation error, which is of order 10°’. So driving the 
residual down to 10 ° when the truncation error is of order 10‘ is obviously a waste 
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Fig. 5.20 Convergence history for the model 
nonlinear problem. 
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Fig. 5.21 Progression of the iterative solution. 


of computing resources. In an efficient calculation, both errors would be set at com- 
parable levels, and less than a tolerance level that was chosen by the user. The 
agreement between the numerical and exact solutions should get much better on 
refining the grid, as was the linear case (for m = 1). Different CFD codes use slightly 
different definitions for the residual. You should always read the documentation from 
the application to understand how the residual is calculated. 


Concluding Remarks 


In this section we have introduced some simple ways of using a spreadsheet for the 
numerical solution of two types of fluid mechanics problems. Examples 5.11 and 5.12 
show how certain 1D and 2D flows may be computed. We then studied some concepts 
in more detail, such as convergence criteria, involved with numerical methods and 
CFD, by considering a first-order ODE. In our simple 1D example, the iterations 
converged very rapidly. In practice, one encounters many instances when the iterative 
process doesn’t converge or converges lethargically. Hence, it’s useful to know a priori 
the conditions under which a given numerical scheme converges. This is determined 
by performing a stability analysis of the numerical scheme. Stability analysis of 
numerical schemes and the various stabilization strategies used to overcome non- 
convergence are very important topics and necessary for you to explore if you decide 
to delve further into the topic of CFD. 
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VIDEO 


Fully Turbulent Duct Flow. 


Many engineering flows are turbulent, characterized by large, nearly random fluc- 
tuations in velocity and pressure in both space and time. Turbulent flows often occur in the 
limit of high Reynolds numbers. For most turbulent flows, it is not possible to resolve 
the vast range of time and length scales, even with powerful computers. Instead, one 
solves for a statistical average of the flow properties. In order to do this, it is necessary to 
augment the governing equations with a turbulence model. Unfortunately, there is no 
single turbulence model that is uniformly valid for all flows, so most CFD packages allow 
you to choose from among several models. Before you use a turbulence model, you need 
to understand its possibilities and limitations for the type of flow being considered. 

In this brief introduction we have tried to explain some of the concepts behind CFD. 
Because it is so difficult and time consuming to develop CFD code, most engineers 
use commercial packages such as Fluent [6] and STAR-CD [7]. This introduction will 
have hopefully indicated for you the complexity behind those applications, so that they 
are not completely a “black box” of magic tricks. 


5.6 Summary and Useful Equations 


In this chapter we have: 


Y Derived the differential form of the conservation of mass (continuity) equation in vector form as well as in rectangular and 


cylindrical coordinates. 
*Defined the stream function ~ for a two-dimensional incompressible flow and learned how to derive the velocity components 


< 


from it, as well as to find y from the velocity field. 


eS 


Learned how to obtain the total, local, and convective accelerations of a fluid particle from the velocity field. 
Presented examples of fluid particle translation and rotation, and both linear and angular deformation. 

Defined vorticity and circulation of a flow. 

Derived, and solved for simple cases, the Navier—Stokes equations, and discussed the physical meaning of each term. 
*Been introduced to some basis ideas behind computational fluid dynamics. 


We have also explored such ideas as how to determine whether a flow is incompressible by using the velocity field 
and, given one velocity component of a two-dimensional incompressible flow field, how to derive the other velocity 


component. 


In this chapter we studied the effects of viscous stresses on fluid particle deformation and rotation; in the next 
chapter we examine flows for which viscous effects are negligible. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 


to their page numbers for details! 


Useful Equations 


Continuity equation (general, rectan- Opu _ Opv , Opw , Op 0 (5.1a) Page 175 
gular coordinates): dx dy Oz Ot 
+ Op 
LAV sees (5.1b) 
Mead Ot 
Continuity equation (incompressible, Ou, Ov, Ow 3 (5.1c) Page 175 
: VV =0 
rectangular coordinates): Ox Oy oO 
Continuity equation (steady, rectangu- Opu . Opuv , Opw 3 (5.1d) Page 175 
lar coordinates): Ox Oy Oz 
Continuity equation (general, cylindri- 5.2a Pages 178 
y equal (g y 1 A(reV;) , 1 A(eVo) , AleV:) , AP _ 4 (5.2a) g 
cal coordinates): , OF , 60 Bz at 
+ Op 
pV += (5.1b) 
V-pV at 


*This section may be omitted without loss of continuity in the text material. 
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Continuity equation (incompressible, 10(rV,) | 10V_ , OV, _ v-V =0 (5.2b) Page 178 
cylindrical coordinates): r Or r 00 Oz 
Continuity equation (steady, cylindrical | 1 O(rpV,) 1 O(pVo) O(pV,) - (5.2c) Page 180 
coordinates): ;. oF ; a on VeY = 0 
Continuity equation (2D, incompressi- Ou i Ov _ 0 (5.3) Page 181 
ble, rectangular coordinates): Ox Oy 
Stream function (2D, incompressible, _ Ow d Ow (5.4) Page 181 
rectangular coordinates): vv dy CES ae 
Continuity equation (2D, incompressi- A(rV,) . OVo (5.7) Page 182 
ble, cylindrical coordinates): ap + oa 0 
Stream function (2D, incompressible, 1 Ow Ow (5.8) Page 183 
cylindrical coordinates): V, = r 06 and Vs= ip 
Particle acceleration (rectangular DV OV aV ave oav (5.9) Page 186 
coordinates): Di pu ax U By az at 
Particle acceleration components in Du Bu au du au (5.11a) | Page 187 
rectangular coordinates: oe Hy Fe +U dy mW az Ot 
Dv Ov Ov Ov. Ov 
= = de (5.11b) 
*» ~ De aye? Oy "Oz at 
Dw Ow Ow Ow Ow 
= = om + +f 5.11¢ 
"Dt ox Oy ae Ct aes 
Particle acceleration components in av, V, eV, V2 av. av. (5.12a) | Page 188 
cylindrical coordinates: a, = V,— 7 2+ + 
y Or r 00 r Oz Ot 
a= OV, Vo OV, V,Vo OV, OV, (5.12b) 
: Y OF r 00 r * Oz Ot 
OV, | Vo OV, OV, OV, (5.12¢) 
= 4 + . 
fg = Me Or r 00 * Oz Ot 
Navier—Stokes equations (incompressi- Ou Ou Ou Ou Page 200, 
ble, constant viscosity): p ( at ax tu dy w as) 201 
ies Op f Cu fu Pu (5.27a) 
Ox Ox? = Oy AZ? 
I ca oe 
P\ or Ox Oy OZ 
Op oy. Fw. Cu 
P8y ay M\ 52 aye Oz (5.27b) 
Ow é id % po” + wow 
P\ Ot Ox Oy Oz 
Ip ow Pw Ow 
ea (5.27c) 
PB a, TH oe ay | Oz 
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Case Study 


Olympic Swimming and Bobsledding 


CFD simulation of water flow over typical female elite swimmer in 
the glide position showing contours of shear stress. (Courtesy of 
Speedo and Fluent Inc.) 


Athletes in many competitive sports are using tech- 
nology to gain an advantage. In recent years, Fast- 
skin® fabric has been developed by Speedo. This 
material allows the lowest-drag racing swimwear in 
the world to be developed. The fabric mimics the 
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Problems 


Conservation of Mass 


5.1 Which of the following sets of equations represent pos- 
sible two-dimensional incompressible flow cases? 
(a) u=2x* + y? —x’y; v=x° + x(y* — 4y) 

(b) u=2xy —x’y; v=2xy —y? +.x° 

(c) u=x°t+2y; v=xt — yt 

(d) u= (2x + 4y)xt; v= —3(x + y)yt 


rough denticles of sharks’ skin to reduce drag in key 
areas of the body. (Shark scales are tiny compared 
with those of most fishes and have a toothlike struc- 
ture, called dermal denticles—literally, “tiny skin 
teeth.” These denticles are nature’s way of reducing 
drag on the shark.) Detailed design of swimsuits was 
based on tests in a water flume and on computational 
fluid dynamics (CFD) analyses. The figure shows an 
example of the results obtained. To optimize the suits, 
the results were used to guide the position of the 
seams; gripper panels on the underside of the fore- 
arms; and “vortex” riblets on the chest, shoulders, 
and back of the suit—as well as the positioning of 
different patches of fabric and fabric coatings. 

The same technology is now being used to make 
outfits for athletes in the bobsled and luge events in 
the winter Olympics. The fabric has been modified, 
based on wind tunnel tests, to reduce drag based on 
the airflow direction unique to sledding sports. The 
new outfits also eliminate most of the fabric vibration 
(a major source of drag) found in other speed suits. 

For both summer and winter sports, the ability to 
perform experimental and theoretical fluid dynamics 
analysis and make design changes based on these can 
make the difference in speed of several percent—the 
difference between silver and gold! 
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5.2 Which of the following sets of equations represent pos- 
sible three-dimensional incompressible flow cases? 
(a) u=2y? + 2xz: v 2yz + 6x7 yz; w= 3x72? + x7 y4 
(b) u=xyzt; v =—xyzP; w= 27(x — yd) 
(c) u=x°+2yt+27;v=x-2ytzw 2xzt+y*+2z 


5.3 For a flow in the xy plane, the x component of velocity is 
given by u = Ax(y — B), where A =1ft '-s ', B=6 ft, andx 


and y are measured in feet. Find a possible y component for 
steady, incompressible flow. Is it also valid for unsteady, 
incompressible flow? Why? How many y components are 
possible? 


5.4 The three components of velocity in a velocity field are 
given by u= Ax + By + Cz, v= Dx + Ey + Fz, and w = Gx + 
Hy + Jz. Determine the relationship among the coefficients 
A through J that is necessary if this is to be a possible 
incompressible flow field. 


5.5 For a flow in the xy plane, the x component of velocity is 
given by u=3x’y —y*. Determine a possible y component 
for steady, incompressible flow. Is it also valid for unsteady, 
incompressible flow? Why? How many possible y compo- 
nents are there? 

5.6 The x component of velocity in a steady, incompressible 
flow field in the xy plane is u = A/x, where A =2 m/s, and x 
is measured in meters. Find the simplest y component of 
velocity for this flow field. 

5.7 The y component of velocity in a steady, incompressible 
flow field in the xy plane is v= Axy(x*—y’), where A= 
3 m3.s' and x and y are measured in meters. Find the 
simplest x component of velocity for this flow field. 

5-8 The y component of velocity in a steady incompressible 
flow field in the xy plane is 


_ 2xy 
(2 ty)? 


Show that the simplest expression for the x component of 
velocity is 
1 2y? 
(x? + y?) (x? + y2/? 


u= 


5.9 The x component of velocity in a steady incompressible 
flow field in the xy plane is u=Ae’” cos(y/b), where 
A=10 m/s, b=5 m, and x and y are measured in meters. 
Find the simplest y component of velocity for this flow field. 


5.10 A crude approximation for the x component of velocity 
in an incompressible laminar boundary layer is a linear 
variation from u = 0 at the surface (y = 0 ) to the freestream 
velocity, U, at the boundary-layer edge (y = 6). The equation 
for the profile is u = Uy/5, where 6 = cx!” and c is a constant. 
Show that the simplest expression for the y component of 
velocity is v=uy/4x. Evaluate the maximum value of the 
ratio v/U, at a location where x = 0.5 m and 6=5 mm. 


e.| 5.11 A useful approximation for the x component of velocity 


in an incompressible laminar boundary layer is a parabolic 
variation from u =0 at the surface (y = 0) to the freestream 
velocity, U, at the edge of the boundary layer (y = 6). The 
equation for the profile is u/U =2(y/6) — (y/6)?, where 6 = 
cx’? and c is a constant. Show that the simplest expression 


for the y component of velocity is 

v _ 6\lyy2_ lypyy3 

U x F (5) 3 (;) 
Plot v/U versus y/é to find the location of the maximum value of 
the ratio v/U. Evaluate the ratio where 6 = 5 mm and x = 0.5 m. 
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5.12 A useful approximation for the x component of velocity 
in an incompressible laminar boundary layer is a sinusoidal 
variation from u =0 at the surface (y =0) to the freestream 
velocity, U, at the edge of the boundary layer (y = 6). The 
equation for the profile is wu = U sin(my/26), where 6 = a 
and c is a constant. Show that the simplest expression for the 
y component of velocity is 


o> 3 xl(5 5) * G5)sn(35) - 1 
Plot u/U and v/U versus y/d, and find the location of the 


maximum value of the ratio v/U. Evaluate the ratio where 
x=0.5 m and 6=5 mm. 


5.13 A useful approximation for the x component of velocity 
in an incompressible laminar boundary layer is a cubic var- 
iation from u=0 at the surface (y=0) to the freestream 
velocity, U, at the edge of the boundary layer (y = 6). The 
equation for the profile is u/U=3 (y/6) —4(y/d)°, where 
6= cx"? and c is a constant. Derive the simplest expression 
for v/U, the y component of velocity ratio. Plot u/U and v/U 
versus y/é, and find the location of the maximum value of the 
ratio v/U. Evaluate the ratio where 6 =5 mm and x =0.5 m. 


5.14 For a flow in the xy plane, the x component of velocity is 
given by u = Ax’y’, where A =0.3 m ?-s_', and x and y are 
measured in meters. Find a possible y component for steady, 
incompressible flow. Is it also valid for unsteady, incom- 
pressible flow? Why? How many possible y components are 
there? Determine the equation of the streamline for the 
simplest y component of velocity. Plot the streamlines 
through points (1, 4) and (2, 4). 

5.15 The y component of velocity in a steady, incompressible 
flow field in the xy plane is v =—Bxy*, where B=0.2m ?-s ', 
and x and y are measured in meters. Find the simplest x com- 
ponent of velocity for this flow field. Find the equation of 
the streamlines for this flow. Plot the streamlines through points 
(1, 4) and (2, 4). 

5.16 Consider a water stream from a jet of an oscillating lawn 
sprinkler. Describe the corresponding pathline and 
streakline. 


5.17 Derive the differential form of conservation of mass in 
rectangular coordinates by expanding the products of density 
and the velocity components, pu, pu, and pw, ina Taylor series 
about a point O. Show that the result is identical to Eq. 5.1a. 


5.18 Which of the following sets of equations represent 
possible incompressible flow cases? 
(a) V.=U cos 0; Vg=—U sin 0 
(b) V, =—q/2rr; Vo = K/2nr 
(c) V,=U cos 8 [1 — (a/r)*]; Vo = —U sin O[1 + (a/r)’] 
5.19 Which of the following sets of equations represent(s) 
possible incompressible flow cases? 
(a) V.=—Ki/r; Vg =0 
(b) V,=0; Vy= Kir 
(c) V,=—K cos 6/r°; Vg = —K sin 6/r° 
5.20 For an incompressible flow in the r@ plane, the r com- 
ponent of velocity is given as V, =U cos 0. 
(a) Determine a possible 6 component of velocity. 
(b) How many possible 6 components are there? 
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5.21 For an incompressible flow in the ré plane, the r com- 
ponent of velocity is given as V, =— A cos 6/r’. Determine a 
possible 6 component of velocity. How many possible 0 
components are there? 


5.22 A viscous liquid is sheared between two parallel disks of 
radius R, one of which rotates while the other is fixed. The 
velocity field is purely tangential, and the velocity varies 
linearly with z from V,=0 at z =O (the fixed disk) to the 
velocity of the rotating disk at its surface (z =h). Derive an 
expression for the velocity field between the disks. 


5.23 Evaluate V- pV in cylindrical coordinates. Use the defi- 
nition of V in cylindrical coordinates. Substitute the velocity 
vector and perform the indicated operations, using the hint in 
footnote 1 on page 178. Collect terms and simplify; show that 
the result is identical to Eq. 5.2c. 


Stream Function for Two-Dimensional 
Incompressible Flow 


*5.24 A velocity field in cylindrical coordinates is given as 
V =€A/r+6B/r, where A and B are constants with 
dimensions of m7/s. Does this represent a possible incom- 
pressible flow? Sketch the streamline that passes through the 
point 7=1 m, 6=90° if A=B=1 m’*/s, if A=1 m*/s and 
B=0, and if B=1 m’/s and A =0. 


*5.25 The velocity field for the viscometric flow of Example 
5.7 is V = U(y/h)i. Find the stream function for this flow. 
Locate the streamline that divides the total flow rate into two 


equal parts. 


*5.26 Determine the family of stream functions 7 that will 
yield the velocity field V = 2y(2x + 1)i+ [x(x +1) —2y?Jj. 
*5.27 Does the velocity field of Problem 5.24 represent a 
possible incompressible flow case? If so, evaluate and sketch 
the stream function for the flow. If not, evaluate the rate of 

change of density in the flow field. 


*5.28 The stream function for a certain incompressible flow 
field is given by the expression 4 Ur sin 6 + g6/27. Obtain 
an expression for the velocity field. Find the stagnation 
point(s) where |V| = 0, and show that «= 0 there. 


*5.29 Consider a flow with velocity components u =z 
(3x* — z*), v=0, and w = x(x? — 32’). 
(a) Is this a one-, two-, or three-dimensional flow? 
(b) Demonstrate whether this is an incompressible flow. 
(c) If possible, derive a stream function for this flow. 


*5.30 An incompressible frictionless flow field is specified by 
the stream function 7 = —SAx — 2Ay, where A = 2 m/s, and x 
and y are coordinates in meters. 

(a) Sketch the streamlines y =0 and 7) =5, and indicate the 
direction of the velocity vector at the point (0, 0) on the 
sketch. 

(b) Determine the magnitude of the flow rate between the 
streamlines passing through (2, 2) and (4, 1). 

*5.31 A linear velocity profile was used to model flow in a 
laminar incompressible boundary layer in Problem 5.10. 
Derive the stream function for this flow field. Locate 


streamlines at one-quarter and one-half the total volume 
flow rate in the boundary layer. 


*5.32 A parabolic velocity profile was used to model flow in 
a laminar incompressible boundary layer in Problem 5.11. 
Derive the stream function for this flow field. Locate 
streamlines at one-quarter and one-half the total volume 
flow rate in the boundary layer. 


*5.33 Derive the stream function that represents the sinu- 
soidal approximation used to model the x component of 
velocity for the boundary layer of Problem 5.12. Locate 
streamlines at one-quarter and one-half the total volume 
flow rate in the boundary layer. 


*5.34 A cubic velocity profile was used to model flow in a 
laminar incompressible boundary layer in Problem 5.13. 
Derive the stream function for this flow field. Locate 
streamlines at one-quarter and one-half the total volume 
flow rate in the boundary layer. 


*5.35 A rigid-body motion was modeled in Example 5.6 by 
the velocity field V = rwé). Find the stream function for this 
flow. Evaluate the volume flow rate per unit depth between 
r,=0.10 m and r2=0.12 m, if w=0.5 rad/s. Sketch the 
velocity profile along a line of constant 0. Check the flow rate 
calculated from the stream function by integrating the 
velocity profile along this line. 


*5.36 In a parallel one-dimensional flow in the positive 
x direction, the velocity varies linearly from zero at y =0 to 
30 m/s at y= 1.5 m. Determine an expression for the stream 
function, ~. Also determine the y coordinate above which the 
volume flow rate is half the total between y = 0 and y= 1.5 m. 


*5.37 Example 5.6 showed that the velocity field for a free 
vortex in the 7é plane is V¥=6C /r. Find the stream function 
for this flow. Evaluate the volume flow rate per unit depth 
between r; = 0.20 m and r, = 0.24 m, if C=0.3 m’/s. Sketch 
the velocity profile along a line of constant #. Check the flow 
rate calculated from the stream function by integrating the 
velocity profile along this line. 


Motion of a Fluid Particle (Kinematics) 


5.38 Consider the flow field given by V = xy?i— 1y3/+xyk. 
Determine (a) the number of dimensions of the flow, (b) if it 
is a possible incompressible flow, and (c) the acceleration of 
a fluid particle at point (x, y, z) = (1, 2, 3). 

5-39 Consider the velocity field V = A(x* — 6x*y? + y4)i4 
A(4xy3 — 4x3y)7 in the xy plane, where A =0.25 m~3-s 1, 
and the coordinates are measured in meters. Is this a possible 
incompressible flow field? Calculate the acceleration of a 
fluid particle at point (x, y) = (2, 1). 

5-40 Consider the flow field given by V = ax?yi— byj + cz2k, 
where a=2 ms !, b=2 5 !, andc=1m 's 1. Deter- 
mine (a) the number of dimensions of the flow, (b) if it is a 
possible incompressible flow, and (c) the acceleration of a 
fluid particle at point (x, y, z) = (2, 1, 3). 


5.41 The x component of velocity in a steady, incompressible 
flow field in the xy plane is u = A(x°—10x°y*+5xy*), where 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


A=2m“*-s_! and x is measured in meters. Find the sim- 
plest y component of velocity for this flow field. Evaluate the 
acceleration of a fluid particle at point (x, y) = (1, 3). 


5.42 The velocity field within a laminar boundary layer is 
approximated by the expression 


_ AUy ; 


AUy’ ; 
i Uy’ ; 


. hare 
In this expression, A = 141 m "7, and U=0.240 m/s is the 
freestream velocity. Show that this velocity field represents a 
possible incompressible flow. Calculate the acceleration of a 
fluid particle at point (x, y) = (0.5 m, 5 mm). Determine the 
slope of the streamline through the point. 


5.43 Wave flow of an incompressible fluid into a solid surface 
follows a sinusoidal pattern. Flow is two-dimensional with 
the x axis normal to the surface and y axis along the wall. The 
x component of the flow follows the pattern 


2nt 
= Axsin{ ~— 
u xsin( 7) 


Determine the y component of flow (v) and the convective 
and local components of the acceleration vector. 


5.44 The y component of velocity in a two-dimensional, 
incompressible flow field is given by v = —Axy, where v is in 
m/s, x and y are in meters, and A is a dimensional constant. 
There is no velocity component or variation in the z direc- 
tion. Determine the dimensions of the constant, A. Find the 
simplest x component of velocity in this flow field. Calculate 
the acceleration of a fluid particle at point (x, y) = (1, 2). 

5-45 Consider the velocity field V = Ax/(x? + y*)i+ Ay/ 
(x? + y?)j in the xy plane, where A = 10 m’/s, and x and y are 
measured in meters. Is this an incompressible flow field? Derive 
an expression for the fluid acceleration. Evaluate the velocity 
and acceleration along the x axis, the y axis, and along a line 
defined by y = x. What can you conclude about this flow field? 


5.46 An incompressible liquid with negligible viscosity flows 
steadily through a horizontal pipe of constant diameter. In a 
porous section of length L =0.3 m, liquid is removed at 
a constant rate per unit length, so the uniform axial velocity 
in the pipe is u(x) = U(1 — x/2L), where U=S m/s. Develop 
an expression for the acceleration of a fluid particle along the 
centerline of the porous section. 


ee! 5.47 An incompressible liquid with negligible viscosity flows 


steadily through a horizontal pipe. The pipe diameter linearly 
varies from 4 in. to 1 in. over a length of 6 ft. Develop an 
expression for the acceleration of a fluid particle along the 
pipe centerline. Plot the centerline velocity and acceleration 
versus position along the pipe, if the inlet centerline velocity 
is 3 ft/s. 


5-48 Consider the low-speed flow of air between parallel 
disks as shown. Assume that the flow is incompressible and 
inviscid, and that the velocity is purely radial and uniform at 
any section. The flow speed is V=15 m/s at R=75 mm. 
Simplify the continuity equation to a form applicable to this 
flow field. Show that a general expression for the velocity 
field is V = V(R/r)é for r; = r < R. Calculate the accel- 
eration of a fluid particle at the locations r=r; and r=R. 
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vV=15m/s 
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5.49 Solve Problem 4.123 to show that the radial velocity in 
the narrow gap is V, = Q/2mrh. Derive an expression for the 
acceleration of a fluid particle in the gap. 


5.50 As part of a pollution study, a model concentration c as 
a function of position x has been developed, 


c(x) = Ale" —e7*/*) 


where A =3 X 10° ppm (parts per million) and a = 3 ft. Plot 
this concentration from x = 0 to x = 30 ft. If a vehicle with a 
pollution sensor travels through the area at u= U=70 ft/s, 
develop an expression for the measured concentration rate 
of change of c with time, and plot using the given data. 

(a) At what location will the sensor indicate the most rapid 

rate of change? 
(b) What is the value of this rate of change? 


5.51 After a rainfall the sediment concentration at a certain 
point in a river increases at the rate of 100 parts per 
million (ppm) per hour. In addition, the sediment con- 
centration increases with distance downstream as a result of 
influx from tributary streams; this rate of increase is 50 ppm 
per mile. At this point the stream flows at 0.5 mph. A boat is 
used to survey the sediment concentration. The operator 
is amazed to find three different apparent rates of change of 
sediment concentration when the boat travels upstream, 
drifts with the current, or travels downstream. Explain phys- 
ically why the different rates are observed. If the speed of 
the boat is 2.5 mph, compute the three rates of change. 


5.52 As an aircraft flies through a cold front, an onboard 
instrument indicates that ambient temperature drops at the rate 
of 0.7°F/min. Other instruments show an air speed of 400 knots 
and a 2500 ft/min rate of climb. The front is stationary and 
vertically uniform. Compute the rate of change of temperature 
with respect to horizontal distance through the cold front. 


5.53 An aircraft flies due north at 300 mph ground speed. Its 
rate of climb is 3000 ft/min. The vertical temperature gra- 
dient is —3°F per 1000 ft of altitude. The ground temperature 
varies with position through a cold front, falling at the rate of 
1°F per mile. Compute the rate of temperature change 
shown by a recorder on board the aircraft. 


5.54 Wave flow of an incompressible fluid into a solid surface 
follows a sinusoidal pattern. Flow is axisymmetric about the 
z axis, which is normal to the surface. The z component of 
the flow follows the pattern 
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2Qnt 
V, = Azsin{| — 
zsin( 7) 


Determine (a) the radial component of flow (V,) and (b) the 
convective and local components of the acceleration vector. 


5.55 Expand (V-V)V in rectangular coordinates by direct 
substitution of the velocity vector to obtain the convective 
acceleration of a fluid particle. Verify the results given in 
Eggs. 5.11. 


je! 5-56 A steady, two-dimensional velocity field is given by 
V = Axi- Ayj, where A = 1s~!. Show that the streamlines 
for this flow are rectangular hyperbolas, xy = C. Obtain a 
general expression for the acceleration of a fluid particle in 
this velocity field. Calculate the acceleration of fluid particles 
at the points (x, y) = (5, 2), (1, 1), and (2, 5), where x and 
y are measured in meters. Plot streamlines that correspond 
to C=0, 1, and 2 m? and show the acceleration vectors on 
the streamline plot. 


J 5.57 A velocity field is represented by the expression Ve 
(Ax — B)i- Ayj, where A =0.2s ', B=0.6 m-s |, and the 
coordinates are expressed in meters. Obtain a general 
expression for the acceleration of a fluid particle in this velocity 
field. Calculate the acceleration of fluid particles at points 
(x, y) = (0, 4), (1, 2), and (2, 4). Plot a few streamlines in the 
xy plane. Show the acceleration vectors on the streamline plot. 


je! 5.58 A velocity field is represented by the expression V = 
(Ax — B)i+ Cyj+ Dtk, where A=2s', B=4m-s!, D= 
5 m-s 7, and the coordinates are measured in meters. Deter- 
mine the proper value for C if the flow field is to be incom- 
pressible. Calculate the acceleration of a fluid particle located at 
point (x, y) = (3, 2). Plot a few flow streamlines in the xy plane. 


5.59 A linear approximate velocity profile was used in Prob- 
lem 5.10 to model a laminar incompressible boundary layer 
on a flat plate. For this profile, obtain expressions for the x 
and y components of acceleration of a fluid particle in the 
boundary layer. Locate the maximum magnitudes of the x 
and y accelerations. Compute the ratio of the maximum x 
magnitude to the maximum y magnitude for the flow con- 
ditions of Problem 5.10. 


J 5.60 A parabolic approximate velocity profile was used in 
Problem 5.11 to model flow in a laminar incompressible 
boundary layer on a flat plate. For this profile, find the x com- 
ponent of acceleration, a,, of a fluid particle within the boundary 
layer. Plot a, at location x = 0.8 m, where 6 = 1.2 mm, for a flow 
with U = 6 m/s. Find the maximum value of a, at this x location. 


ee: 5-61 Show that the velocity field of Problem 2.18 represents a 
possible incompressible flow field. Determine and plot the 
streamline passing through point (x, y) = (2, 4) at t=1.5 s. 
For the particle at the same point and time, show on the plot 
the velocity vector and the vectors representing the local, 
convective, and total accelerations. 


eo! 5-62 A sinusoidal approximate velocity profile was used in 
Problem 5.12 to model flow in a laminar incompressible 
boundary layer on a flat plate. For this profile, obtain an 
expression for the x and y components of acceleration of a 
fluid particle in the boundary layer. Plot a, and ay at location 
x =3 ft, where 6 = 0.04 in., for a flow with U = 20 ft/s. Find 
the maxima of a, and a, at this x location. 
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5-63 Air flows into the narrow gap, of height h, between 
closely spaced parallel disks through a porous surface as 
shown. Use a control volume, with outer surface located at 
position r, to show that the uniform velocity in the r direction 
is V = vor/2h. Find an expression for the velocity component 
in the z direction (u)«<V). Evaluate the components of 
acceleration for a fluid particle in the gap. 


P5.63 


5-64 The velocity field for steady inviscid flow from left to 
right over a circular cylinder, of radius R, is given by 


2 2 
v= veosal1-(4) 1+(8)]o 
i r 


Obtain expressions for the acceleration of a fluid particle 
moving along the stagnation streamline (9 = 7) and for the 
acceleration along the cylinder surface (r= R). Plot a, as a 
function of r/R for @ = 7, and as a function of 6 for r= R; plot 
dg as a function of @ for r=R. Comment on the plots. 
Determine the locations at which these accelerations reach 
maximum and minimum values. 


é.— Usin@ 


5.65 Air flows into the narrow gap, of height h, between 
closely spaced parallel plates through a porous surface as 
shown. Use a control volume, with outer surface located at 
position x, to show that the uniform velocity in the x direc- 
tion is u = Uox/h. Find an expression for the velocity com- 
ponent in the y direction. Evaluate the acceleration of a fluid 
particle in the gap. 


» 4 
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5-66 Consider the incompressible flow of a fluid through 
a nozzle as shown. The area of the nozzle is given by A = 
Ao(1 — bx) and the inlet velocity varies according to U= 
Up(0.5 + 0.5cos wt) where Ap =5 ft”, L =20 ft, b = 0.02 ft~', 
w =0.16 rad/s, and Up = 20 ft/s. Find and plot the accelera- 
tion on the centerline, with time as a parameter. 


U 
—_—_»> 
Ao 


| 


ee 
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5-67 Consider again the steady, two-dimensional velocity 
field of Problem 5.56. Obtain expressions for the particle 
coordinates, x, = f\(t) and y, = f(t), as functions of time and 


the initial particle position, (9, yo) at f=0. Determine 
the time required for a particle to travel from initial position, 
(xo, Yo) = (G, 2) to positions (x, y) = (1, 1) and (2, 4). Com- 
pare the particle accelerations determined by differentiating 
f(t) and f2(t) with those obtained in Problem 5.56. 


| 5-68 Consider the one-dimensional, incompressible flow 


through the circular channel shown. The velocity at section 
® is given by U=U)+U, sin wt, where Up=20 m/s, 
U, =2 m/s, and w=0.3 rad/s. The channel dimensions are 
L=1m, R; =0.2 m, and Rp =0.1 m. Determine the particle 
acceleration at the channel exit. Plot the results as a function 
of time over a complete cycle. On the same plot, show the 
acceleration at the channel exit if the channel is constant 
area, rather than convergent, and explain the difference 
between the curves. 


P5.68 
5.69 Which, if any, of the following flow fields are irrotational? 


(a) u=2x* +? —x’y; v=x9 + x(y* — 2y) 
(b) u=2xy-x° +y; v=2xy-y +x? 
(c) u=xt+2y; v=xt — yt 


(d) u=(x+ 2y)xt; v= — (2x + y)yt 

5.70 Expand (V-V)V in cylindrical coordinates by direct 
substitution of the velocity vector to obtain the convective 
acceleration of a fluid particle. (Recall the hint in footnote 1 
on page 178.) Verify the results given in Eqs. 5.12. 


5.71 Consider again the sinusoidal velocity profile used to 
model the x component of velocity for a boundary layer in 
Problem 5.12. Neglect the vertical component of velocity. 
Evaluate the circulation around the contour bounded by 
x = 0.4 m, x = 0.6 m, y = 0, and y=8 mm. What would be the 
results of this evaluation if it were performed 0.2 m further 
downstream? Assume U=0.5 m/s. 


5.72 Consider the velocity field for flow in a rectangular 
“corner,” V = Axi — Ayj, with A = 0.3s_', asin Example 5.8. 
Evaluate the circulation about the unit square of Example 5.8. 

5.73 A flow is represented by the velocity field V= (x7 — 
Q1x5y? + 35x3y4 — Txy®)i + (7x®y — 35x43 + 21x2y5 — y7)j. 
Determine if the field is (a) a possible incompressible flow 
and (b) irrotational. 


5-74 Consider the two-dimensional flow field in which u = Ax? 
and v = Bxy, where A = 1/2 ft"!-s-', B=—1 ft~!-s~', and the 
coordinates are measured in feet. Show that the velocity field 
represents a possible incompressible flow. Determine the 
rotation at point (x, y) = (1, 1). Evaluate the circulation about 
the “curve” bounded by y =0,x =1, y=1, and x =0. 


5.75 Consider the two-dimensional flow field in which u = Axy 
and v = By’, where A = Im~1!-s~!, B =—4m7!.s7!, and 
the coordinates are measured in meters. Show that the velocity 
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field represents a possible incompressible flow. Determine the 
rotation at point (x, y) = (1, 1). Evaluate the circulation about 
the “curve” bounded by y = 0,x = 1, y=1, and x =0. 

™ 5.76 Consider a flow field represented by the stream function 
w = 3xy — 10x°y? + 3xy>. Is this a possible two-dimensional 
incompressible flow? Is the flow irrotational? 

*5.77 Consider the flow field represented by the stream 
function w = x° — 15x4y* + 15x’y4 — y®. Is this a possible two- 
dimensional, incompressible flow? Is the flow irrotational? 


*5.78 Consider a velocity field for motion parallel to the x 
axis with constant shear. The shear rate is du/dy = A, where 
A=0.1 s_!. Obtain an expression for the velocity field, V. 
Calculate the rate of rotation. Evaluate the stream function 
for this flow field. 


*5.79 Consider a flow field represented by the stream function 
w =— A/2(x* + y*), where A = constant. Is this a possible two- 
dimensional incompressible flow? Is the flow irrotational? 


*5.80 Consider the flow field represented by the stream func- 
tion v) = Axy + Ay”, where A = 1s |. Show that this represents 
a possible incompressible flow field. Evaluate the rotation of the 
flow. Plot a few streamlines in the upper half plane. 


*5.81 A flow field is represented by the stream function 
w =x? — y’. Find the corresponding velocity field. Show that 
this flow field is irrotational. Plot several streamlines and 
illustrate the velocity field. 


*5.82 Consider the velocity field given by V = Axi + Bxyj, 
where A =1 ft !-s_'!, B= —2 ft~!-s~', and the coordinates 
are measured in feet. 

(a) Determine the fluid rotation. 

(b) Evaluate the circulation about the “curve” bounded by 
y=0,x=1, y=1, and x=0. 

(c) Obtain an expression for the stream function. 

(d) Plot several streamlines in the first quadrant. 


*5.83 Consider the flow represented by the velocity field 
V = (Ay+B)i+ Ax, where A=10s~', B= 10 ft/s, and the 
coordinates are measured in feet. 

(a) Obtain an expression for the stream function. 

(b) Plot several streamlines (including the stagnation 
streamline) in the first quadrant. 

(c) Evaluate the circulation about the “curve” bounded by 
y=0,x=1, y=1, and x =0. 


5-84 Consider again the viscometric flow of Example 5.7. 
Evaluate the average rate of rotation of a pair of perpendicular 
line segments oriented at +45° from the x axis. Show that this 
is the same as in the example. 


5-85 Consider the pressure-driven flow between stationary 
parallel plates separated by distance b. Coordinate y is mea- 
sured from the bottom plate. The velocity field is given by 
u = U(y/b)[1 — (y/b)]. Obtain an expression for the circulation 
about a closed contour of height 4 and length L. Evaluate when 
h = b/2 and when h = b. Show that the same result is obtained 
from the area integral of the Stokes Theorem (Eq. 5.18). 


*5.86 The velocity field near the core of a tornado can be 
approximated as 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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Is this an irrotational flow field? Obtain the stream function 
for this flow. 


5.87 The velocity profile for fully developed flow in a circular 
tube is V. = Vinax{1 — (r/R)*]. Evaluate the rates of linear and 
angular deformation for this flow. Obtain an expression for 
the vorticity vector, t; 


5-88 Consider the pressure-driven flow between stationary 
parallel plates separated by distance 2b. Coordinate y is 
measured from the channel centerline. The velocity field is 
given by u = Umax{1 — (y/b)’]. Evaluate the rates of linear and 
angular deformation. Obtain an expression for the vorticity 
vector, ¢. Find the location where the vorticity is a maximum. 


Momentum Equation 


5-89 Consider a steady, laminar, fully developed, incom- 
pressible flow between two infinite plates, as shown. The flow 
is due to the motion of the left plate as well a pressure 
gradient that is applied in the y direction. Given the condi- 
tions that V 4 V(z), w=0, and that gravity points in the 
negative y direction, prove that u=0 and that the pressure 
gradient in the y direction must be constant. 


Vo 


PS5.89 
5.90 Assume the liquid film in Example 5.9 is not isothermal, 
but instead has the following distribution: 
T(y) = Ty + (Ty — To) (1-5) 
where Tp and T,, are, respectively, the ambient temperature 


and the wall temperature. The fluid viscosity decreases with 
increasing temperature and is assumed to be described by 


a 
Pal — To) 
with a>0. In a manner similar to Example 5.9, derive an 
expression for the velocity profile. 


5.91 The x component of velocity in a laminar boundary 
layer in water is approximated as u = U sin(my/26), where 
U=3 m/s and 6=2 mm. The y component of velocity is 
much smaller than uw. Obtain an expression for the net shear 
force per unit volume in the x direction on a fluid element. 
Calculate its maximum value for this flow. 


5.92 A linear velocity profile was used to model flow in a 
laminar incompressible boundary layer in Problem 5.10. 
Express the rotation of a fluid particle. Locate the maximum 
rate of rotation. Express the rate of angular deformation for a 
fluid particle. Locate the maximum rate of angular deforma- 
tion. Express the rates of linear deformation for a fluid 


particle. Locate the maximum rates of linear deformation. 
Express the shear force per unit volume in the x direction. 
Locate the maximum shear force per unit volume; interpret 
this result. 


5.93 Problem 4.35 gave the velocity profile for fully devel- 
oped laminar flow in a circular tube as uv = Umax[1 — (1/R)’]. 
Obtain an expression for the shear force per unit volume 
in the x direction for this flow. Evaluate its maximum value 
for the conditions of Problem 4.35. 


5.94 Assume the liquid film in Example 5.9 is horizontal (i.e., 
@=0°) and that the flow is driven by a constant shear stress 
on the top surface (y=h), Ty, =C. Assume that the liquid 
film is thin enough and flat and that the flow is fully devel- 
oped with zero net flow rate (flow rate Q = 0). Determine the 
velocity profile u(y) and the pressure gradient dp/dx. 


5.95 Consider a planar microchannel of width h, as shown (it is 
actually very long in the x direction and open at both ends). 
A Cartesian coordinate system with its origin positioned at the 
center of the microchannel is used in the study. The micro- 
channel is filled with a weakly conductive solution. When an 
electric current is applied across the two conductive walls, the 
current density, /, transmitted through the solution is parallel 
to the y axis. The entire device is placed in a constant magnetic 
field, B, which is pointed outward from the plane (the z 
direction), as shown. Interaction between the current density 
and the magnetic field induces a Lorentz force of density 
J x B. Assume that the conductive solution is incompressible, 
and since the sample volume is very small in lab-on-a-chip 
applications, the gravitational body force is neglected. Under 
steady state, the flow driven by the Lorentz force is described 
by the continuity (Eq. 5.1a) and Navier—Stokes equations 
(Eqs. 5.27), except the x, y, and z components of the latter have 
extra Lorentz force components on the right. Assuming that 
the flow is fully developed and the velocity field V is a function 
of y only, find the three components of velocity. 


Conductive wall 


Conductive wall 
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5.96 The common thermal polymerase chain reaction (PCR) 
process requires the cycling of reagents through three dis- 
tinct temperatures for denaturation (90—94°C), annealing 
(50—55°C), and extension (72°C). In continuous-flow PCR 
reactors, the temperatures of the three thermal zones are 
maintained as fixed while the reagents are cycled con- 
tinuously through these zones. These temperature variations 
induce significant variations in the fluid density, which under 
appropriate conditions can be used to generate fluid motion. 
The figure depicts a thermosiphon-based PCR device 
(Chen et al., 2004, Analytical Chemistry, 76, 3707—3715). 


The closed loop is filled with PCR reagents. The plan of the 

loop is inclined at an angle a with respect to the vertical. 

The loop is surrounded by three heaters and coolers that 

maintain different temperatures. 

(a) Explain why the fluid automatically circulates in the 
closed loop along the counterclockwise direction. 

(b) What is the effect of the angle a on the fluid velocity? 


' Cooling section if 


/ 50-55°C 90-94°C / 


, 


72°C ' 


5.97 Electro-osmotic flow (EOF) is the motion of liquid 
induced by an applied electric field across a charged capillary 
tube or microchannel. Assume the channel wall is negatively 
charged, a thin layer called the electric double layer (EDL) 
forms in the vicinity of the channel wall in which the number 
of positive ions is much larger than that of the negative ions. 
The net positively charged ions in the EDL then drag the 
electrolyte solution along with them and cause the fluid to 
flow toward the cathode. The thickness of the EDL is typically 
on the order of 10 nm. When the channel dimensions are 
much larger than the thickness of EDL, there is a slip velocity, 
yr 8 , on the channel wall, where ¢ is the fluid permittivity, 
¢ is the negative surface electric potential, E is the electric 
field intensity, and jis the fluid dynamic viscosity. Consider a 
microchannel formed by two parallel plates. The walls of the 
channel have a negative surface electric potential of ¢. The 
microchannel is filled with an electrolyte solution, and the 
microchannel ends are subjected to an electric potential dif- 
ference that gives rise to a uniform electric field strength of E 
along the x direction. The pressure gradient in the channel is 
zero. Derive the velocity of the steady, fully developed elec- 
tro-osmotic flow. Compare the velocity profile of the EOF to 
that of pressure-driven flow. Calculate the EOF velocity using 
©=7.08 x 10° C.V'm, ¢=-0.1 V, »=10°% Pa-s, and 
E = 1000 V/m. 


Negatively charged wall 


Anode 


® 


Cathode 


S) 


Negatively charged wall 
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*5.98 A tank contains water (20°C) at an initial depth yy = 
1m. The tank diameter is D = 250 mm, and a tube of diameter 
d=3 mm and length L = 4 mis attached to the bottom of the 
tank. For laminar flow a reasonable model for the water level 
over time is 


Using Euler methods with time steps of 12 min and 6 min: 
(a) Estimate the water depth after 120 min, and compute 
the errors compared to the exact solution 


Yexact (t) = yoe 
(b) Plot the Euler and exact results. 


D 
<—————— > 
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*5.99 Use the Euler method to solve and plot 


ay 2 cos(x) y(0) = 0 


dx 
from x = 0 to x = 7/2, using step sizes of 7/48, 7/96, and 7/144. 
Also plot the exact solution, 


y(x) = sin(x) 


and compute the errors at x = 7/2 for the three Euler method 
solutions. 


*5.100 Use Excel to generate the solution of Eq. 5.31 form =1 
shown in Fig. 5.18. To do so, you need to learn how to perform 
linear algebra in Excel. For example, for N = 4 you will end up 
with the matrix equation of Eq. 5.37. To solve this equation for 
the wu values, you will have to compute the inverse of the 4 x 4 
matrix, and then multiply this inverse into the 4 x 1 matrix on 
the right of the equation. In Excel, to do array operations, 
you must use the following rules: Pre-select the cells that will 
contain the result; use the appropriate Excel array function 
(look at Excel’s Help for details); press Ctrl+Shift+Enter, 
not just Enter. For example, to invert the 4 xX 4 matrix you 
would: Pre-select a blank 4 X 4 array that will contain the 
inverse matrix; type = minverse([array containing matrix to be 
inverted]); press Ctrl+ Shift+ Enter. To multiply a 4 X 4 matrix 
into a4 X 1 matrix you would: Pre-select a blank 4 x 1 array 
that will contain the result; type = mmult([array containing 
4x4 matrix], [array containing 4X1 matrix]); press 
Ctrl+ Shift+ Enter. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


] 


] 
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*5.101 Following the steps to convert the differential equa- 
tion Eq. 5.31 (for m=1) into a difference equation (for 
example, Eq. 5.37 for N = 4), solve 

du 


— + = 
zt 2cos(2x) 


Osx=1 


u(0) = 0 
for N =4, 8, and 16 and compare to the exact solution 
2 


4. 
5 sin(2x) rd 


—x 


2, 
Uexact = 5 008(2x) + 


Hints: Follow the rules for Excel array operations as 
described in Problem 5.100. Only the right side of the dif- 
ference equations will change, compared to the solution 
method of Eq. 5.31 (for example, only the right side of Eq. 
5.37 needs modifying). 


*5.102 Following the steps to convert the differential 
equation Eq. 5.31 (for m= 1) into a difference equation (for 
example, Eq. 5.37 for N = 4), solve 


d 
Pe eee 


for N =4, 8, and 16 and compare to the exact solution 


Uexact = 2X° — 3x +3 


Hint: Follow the hints provided in Problem 5.101. 


*5.103 A 50-mm cube of mass M =3 kg is sliding across an 
oiled surface. The oil viscosity is js =0.45 N-s/m’, and the 
thickness of the oil between the cube and surface is 6 = 0.2 mm. 
If the initial speed of the block is up = 1 m/s, use the numerical 
method that was applied to the linear form of Eq. 5.31 to 
predict the cube motion for the first second of motion. Use 
N=4, 8, and 16 and compare to the exact solution 


= — (Ap/M6)t 
Uexact — Ue sila, 


where A is the area of contact. Hint: Follow the hints pro- 
vided in Problem 5.101. 
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*5.104 Use Excel to generate the solutions of Eq. 5.31 for 
m =2, as shown in Fig. 5.21. 


*5.105 Use Excel to generate the solutions of Eq. 5.31 for 
m = 2, as shown in Fig. 5.21, except use 16 points and as many 
iterations as necessary to obtain reasonable convergence. 


*5.106 Use Excel to generate the solutions of Eq. 5.31 for 
m = —1, with u(0) = 3, using 4 and 16 points over the interval 
from x = 0 to x = 3, with sufficient iterations, and compare to 
the exact solution 


Uexact = VI— 2x 
To do so, follow the steps described in “Dealing with Non- 
linearity” section. 


*5.107 An environmental engineer drops a pollution mea- 
suring probe with a mass of 0.3 slugs into a fast moving river 
(the speed of the water is U=25 ft/s). The equation of 
motion for your speed uw is 


where k = 0.02 Ibf-s’/ft? is a constant indicating the drag of 
the water. Use Excel to generate and plot the probe speed 
versus time (for the first 10 s) using the same approach as the 
solutions of Eq. 5.31 for m= 2, as shown in Fig 5.21, except 
use 16 points and as many iterations as necessary to obtain 
reasonable convergence. Compare your results to the exact 
solution 


kU*t 
M+kwUt 


Uexact = 


Hint: Use a substitution for (U —u) so that the equation of 
motion looks similar to Eq. 5.31. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


Incompressible 
Inviscid How 


6.1 Momentum Equation for Frictionless Flow: Euler’s Equation 

6.2 Euler’s Equations in Streamline Coordinates 

6.3 Bernoulli Equation: Integration of Euler’s Equation Along a Streamline for Steady Flow 

6.4 The Bernoulli Equation Interpreted as an Energy Equation 

6.5 Energy Grade Line and Hydraulic Grade Line 

6.6 Unsteady Bernoulli Equation: Integration of Euler’s Equation Along a Streamline (on the Web) 
6.7 Irrotational Flow 


6.8 Summary and Useful Equations 


Case Study in Energy and the Environment 


Technical issues are rapidly being resolved with many of 


Wave Power: The Limpet 
these devices, but the Achilles heel of each of them is 


As we have discussed in previous Case 


~~ Studies in Energy and the Environment, ocean 
waves contain a lot of energy; some regions of the world 
have an energy density (energy per width of water flow) 
of up to 75 kW/m in deep water, and up to 25 kW/m at 
the shoreline. Many ideas are being explored (some of 
which we have discussed earlier) for extracting this 
energy, from tethered buoys to articulated mechanisms. 


making the technologies work at a cost, for the power 
produced, that the consumer is willing to pay. Long- 
term, fossil fuels will become more expensive, and wave 
power will fall in cost, but we are not yet at the cross- 
over point. In the 1980s, wind power had the same 
kind of difficulty, but after several countries initially 
subsidized the industry, it is now becoming very 
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cost-competitive. As with wind power, initial capital 
costs typically account for more than 90 percent of the 
cost of producing wave power; for fossil fuel plants the 
fuel supply itself is an ongoing part of the cost. To 
succeed, wave energy device developers have focused 
on driving down the initial capital costs. 

The Voith Hydro Wavegen Limited company has 
been making big efforts in analyzing the costs and 
benefits of wave power with their Limpet (Land 
Installed Marine Powered Energy Transformer) device, 
shown in the photograph. This device was designed 
to be placed in onshore areas of high wave activity; in 
the long term, such devices will be designed for the 
higher-energy offshore regions. It is not a particularly 
impressive-looking device, but it has some interesting 
features. It looks like just a concrete block, but in fact 
is hollow and open to the sea on the underside, 
creating a trapped-air chamber; attached to it is an air 
turbine. It works pretty much like the swimming pool 
wave machine used at many amusement parks, except 
it runs in reverse. In these machines, air is blown in 
and out of a chamber beside the pool, which makes 
the water outside bob up and down, causing waves. 
For the Limpet, the arriving waves cause water in the 
chamber to rise and fall, which in turn compresses and 
expands the air trapped in the Limpet. If this is all we 
had, we would just have a device in which the water 
waves repeatedly compress and expand the trapped 
air. The clever innovation of the Limpet device is that a 


Two views of Wavegen’s Limpet device (Pictures courtesy of Wavegen Ltd.) 


specially designed turbine is attached to the air 
chamber, so that the air flows through it first one way 
and then the other, extracting power. The Wells turbine 
(developed by Professor Alan Wells of Queen’s Uni- 
versity, Belfast) is a low-pressure air turbine that rotates 
continuously in one direction in spite of the direction of 
the air flow driving it. Its blades feature a symmetrical 
airfoil with its plane of symmetry in the plane of rotation 
and perpendicular to the air stream. Use of this bidir- 
ectional turbine allows power to be extracted as the air 
flows in and out of the chamber, avoiding the need for an 
expensive check valve system. The trade-off for the 
bidirectional turbine is that its efficiency is lower than 
that of a turbine with a constant air stream direction. 
However, the turbine is very simple and rugged: The 
blades are fixed onto the rotor and have no pitch- 
adjusting mechanism or gearbox and make no contact 
with the seawater. Turbines are discussed in some detail 
in Chapter 10, and some design concepts behind airfoil 
blade design in Chapter 9. 

The whole device—concrete chamber, Wells tur- 
bine, and associated electronics—is rugged, inexpen- 
sive, and durable, so the goal of minimizing the initial 
capital cost is close to being realized. The technology 
used is called OSW (oscillating water column). A new 
project involving the installation of 16 turbines into a 
breakwater off the coast of Spain is being constructed 
and is intended to supply green electricity to around 
250 households with a rated power of nearly 300 kW. 


In Chapter 5 we devoted a great deal of effort to deriving the differential equations 
(Eqs. 5.24) that describe the behavior of any fluid satisfying the continuum assump- 
tion. We also saw how these equations reduced to various particular forms—the most 
well known being the Navier—Stokes equations for an incompressible, constant 
viscosity fluid (Eqs. 5.27). Although Eqs. 5.27 describe the behavior of common fluids 
(e.g., water, air, lubricating oil) for a wide range of problems, as we discussed in 
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Chapter 5, they are unsolvable analytically except for the simplest of geometries and 
flows. For example, even using the equations to predict the motion of your coffee as 
you slowly stir it would require the use of an advanced computational fluid dynamics 
computer application, and the prediction would take a lot longer to compute than the 
actual stirring! In this chapter, instead of the Navier—Stokes equations, we will study 
Euler’s equation, which applies to an inviscid fluid. Although truly inviscid fluids do 
not exist, many flow problems (especially in aerodynamics) can be successfully ana- 
lyzed with the approximation that js = 0. 


Momentum Equation jor Frictionless 6.7 
Flow: Euler's Equation 


Euler’s equation (obtained from Eqs. 5.27 after neglecting the viscous terms) is 


DV, 
Oe = Pep (6.1) 


This equation states that for an inviscid fluid the change in momentum of a fluid 
particle is caused by the body force (assumed to be gravity only) and the net pressure 
force. For convenience we recall that the particle acceleration is 

DV_ WV ow ae 

— = —+(V-V)V 5.10 

Dt Ot ( ” ( ) 
In this chapter we will apply Eq. 6.1 to the solution of incompressible, inviscid flow 
problems. In addition to Eq. 6.1 we have the incompressible form of the mass con- 
servation equation, 


VV =0 (5.1c) 


Equation 6.1 expressed in rectangular coordinates is 


Ou Ou Ou Ou Op 
+ + - = p& — 
: ( at ax jy =) ey: ay) 
Ou Ou Ou Ou Op 
+ ~ ~ = pg, — 2 
i (F “Ox” Oy si a) AN Oy 22) 
Ow Ow Ow Ow\ _ _ Op 
(F +u a +u By +w _ pP&— a, (6.2c) 


If the z axis is assumed vertical, then g, =0, g, =0, and g, = —g, so g = — gk. 
In cylindrical coordinates, the equations in component form, with gravity the only 
body force, are 


_ OV, , Vo OV, OV Ve ee OP 
ag of Ot ye Or " r 00 oe Oz r Dae oe 


= OVs OVo Vo OVs OV» V,Vo = -_ il Op 
tae (F ie Or 24 r 00 Pe Oz ss r ) P80 | 80 oP) 


av. AV, . Vy dV, av, a 
pa, = o( See = ae | Se = _ (6.3c) 
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6.2 


If the z axis is directed vertically upward, then g, = g,=0 and g, = —g. 

Equations 6.1, 6.2, and 6.3 apply to problems in which there are no viscous stresses. 
Before continuing with the main topic of this chapter (inviscid flow), let’s consider for 
a moment when we have no viscous stresses, other than when js = 0. We recall from 
previous discussions that, in general, viscous stresses are present when we have fluid 
deformation (in fact this is how we initially defined a fluid); when we have no 
fluid deformation, i.e., when we have rigid-body motion, no viscous stresses will be 
present, even if ss 4 0. Hence Euler’s equations apply to rigid-body motions as well as 
to inviscid flows. We discussed rigid-body motion in detail in Section 3.7 as a special 
case of fluid statics. As an exercise, you can show that Euler’s equations can be used to 
solve Examples 3.9 and 3.10. 


Euler's Equations in Streamline Coordtnates 


In Chapters 2 and 5 we pointed out that streamlines, drawn tangent to the velocity 
vectors at every point in the flow field, provide a convenient graphical representation. 
In steady flow a fluid particle will move along a streamline because, for steady flow, 
pathlines and streamlines coincide. Thus, in describing the motion of a fluid particle in 
a steady flow, in addition to using orthogonal coordinates x, y, z, the distance along a 
streamline is a logical coordinate to use in writing the equations of motion. 
“Streamline coordinates” also may be used to describe unsteady flow. Streamlines in 
unsteady flow give a graphical representation of the instantaneous velocity field. 

For simplicity, consider the flow in the yz plane shown in Fig. 6.1. We wish to write the 
equations of motion in terms of the coordinate s, distance along a streamline, and 
the coordinate n, distance normal to the streamline. The pressure at the center of the 
fluid element is p. If we apply Newton’s second law in the direction s of the streamline, to 
the fluid element of volume ds dn dx, then neglecting viscous forces we obtain 


(> 2b >) dn dx (» + 2p San dx — pgsin 8ds dn dx = pa,ds dn dx 
KY AY 


where (3 is the angle between the tangent to the streamline and the horizontal, and a, 
is the acceleration of the fluid particle along the streamline. Simplifying the equation, 
we obtain 


a 
= — pg sin 8 = pay 


— 
Oey 
a] 
rf 
SS 
NE: 
os 
= 
> 


>y 


Fig. 6.1 Fluid particle moving along a streamline. 
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Since sin 3 = 0z/0s, we can write 


1 Op OZ _ 
p Os Os 


Along any streamline V = V(s, ¢), and the material or total acceleration of a fluid 
particle in the streamwise direction is given by 


Euler’s equation in the streamwise direction with the z axis directed vertically upward 
is then 


1 Op Oz _ OV OV 
p Os 59s Ot ie Os a) 


For steady flow, and neglecting body forces, Euler’s equation in the streamwise 
direction reduces to 


1 Op OV 
oo: V Ds (6.4b) 
which indicates that (for an incompressible, inviscid flow) a decrease in velocity is 
accompanied by an increase in pressure and conversely. This makes sense: The only 
force experienced by the particle is the net pressure force, so the particle accelerates 
toward low-pressure regions and decelerates when approaching high-pressure regions. 
To obtain Euler’s equation in a direction normal to the streamlines, we apply ey CLASSIC VIDEO 
Newton’s second law in the n direction to the fluid element. Again, neglecting viscous = 
forces, we obtain Pressure Fields and Fluid Acceleration. 


a laa 


where (3 is the angle between the v direction and the vertical, and a,, is the acceleration 
of the fluid particle in the n direction. Simplifying the equation, we obtain 


Op 


— Bq PB COB = 0A 
Since cos 3 = 0z/On, we write 
1 Op OZ _ 
p On San 


The normal acceleration of the fluid element is toward the center of curvature of the 
streamline, in the minus 7 direction; thus in the coordinate system of Fig. 6.1, 
the familiar centripetal acceleration is written 


y 
RR 


an = 


for steady flow, where R is the radius of curvature of the streamline at the point 
chosen. Then, Euler’s equation normal to the streamline is written for steady flow as 


1d, 0 WwW 
p on 8 Bn R (6.5a) 
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For steady flow in a horizontal plane, Euler’s equation normal to a streamline 


ey CLASSIC VIDEO becomes 


ped 


Pressure Fields and Fluid Acceleration. 


2 
a aepae (6.5b) 
p On R 

Equation 6.5b indicates that pressure increases in the direction outward from the center 

of curvature of the streamlines. This also makes sense: Because the only force 

experienced by the particle is the net pressure force, the pressure field creates the 

centripetal acceleration. In regions where the streamlines are straight, the radius of 

curvature, R, is infinite so there is no pressure variation normal to straight streamlines. 


ample 6. BEND 


The flow rate of air at standard conditions in a flat duct is to be determined by installing pressure taps across a 
bend. The duct is 0.3 m deep and 0.1 m wide. The inner radius of the bend is 0.25 m. If the measured pressure 
difference between the taps is 40 mm of water, compute the approximate flow rate. 


Given: Flow through duct bend as shown. 


P2—Pi = Pu,og Sh 


where Ah = 40 mm HO. Air is at STP. 


Find: Volume flow rate, Q. 


Solution: 
Apply Euler’s n component equation across flow streamlines. 
: , Op _ pV” 
Governing equation: ——- = —— 
ce Or r 


Assumptions: (1) Frictionless flow. 
(2) Incompressible flow. 
(3) Uniform flow at measurement section. 


For this flow, p = p(r), so 


Op _ dp _ pV? 
Or dr r 


or 
dp = pvr 


Integrating gives 


h-h= pV? Inr |? = pV? n= 


and hence 
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(Vp 
a 
But Ap =») - Pp, = Ah, so V = |—=—_ 
Bae Bes anon i In(n/7) 
Substituting numerical values, 
, 1/2 
kg m m 1 
= = SVisll <0, x x 
eae) EE ES rae oS = 


= 30.8 m/s 
For uniform flow 


Q = VA = 308 X0.1mx03m 


QO = 0.924 m3/s. Q 


Bernoull Equation: Integration of Euler's 6.3 
Equation Along a Streamline jor Steady Flow 


Compared to the viscous-flow equivalents, the momentum or Euler’s equation for 
incompressible, inviscid flow (Eq. 6.1) is simpler mathematically, but solution (in 
conjunction with the mass conservation equation, Eq. 5.1c) still presents formidable 
difficulties in all but the most basic flow problems. One convenient approach for a 
steady flow is to integrate Euler’s equation along a streamline. We will do this below 
using two different mathematical approaches, and each will result in the Bernoulli 
equation. Recall that in Section 4.4 we derived the Bernoulli equation by starting with 
a differential control volume; these two additional derivations will give us more 
insight into the restrictions inherent in use of the Bernoulli equation. 


*Derivation Using Streamline Coordinates 


Euler’s equation for steady flow along a streamline (from Eq. 6.4a) is 


1 Op Oz _ ,, OV 
p Os 59s v Os “— 


If a fluid particle moves a distance, ds, along a streamline, then 


oD i, = dp (the change in pressure along s) 


Os 

Oz : 

aso = dz (the change in elevation along s) 
s 

OV . 

3, 3 = dV __ (the change in speed along s) 


Thus, after multiplying Eq. 6.6 by ds, we can write 
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AP Ae yay or AV iMedia (along s) 
p p 


Integration of this equation gives 


d 2 
[? + - + gz = constant (along s) (6.7) 
p 
Before Eq. 6.7 can be applied, we must specify the relation between pressure and 


density. For the special case of incompressible flow, p = constant, and Eq. 6.7 becomes 
the Bernoulli equation, 


+ + gz = constant (6.8) 


5S) (as) 


y 
a 


Restrictions: (1) Steady flow. 
(2) Incompressible flow. 
(3) Frictionless flow. 
(4) Flow along a streamline. 


The Bernoulli equation is probably the most famous, and abused, equation in all of 
fluid mechanics. It is always tempting to use because it is a simple algebraic equation 
for relating the pressure, velocity, and elevation in a fluid. For example, it is used to 
explain the lift of a wing: In aerodynamics the gravity term is usually negligible, so Eq. 
6.8 indicates that wherever the velocity is relatively high (e.g., on the upper surface of 
a wing), the pressure must be relatively low, and wherever the velocity is relatively 
low (e.g., on the lower surface of a wing), the pressure must be relatively high, gen- 
erating substantial lift. Equation 6.8 indicates that, in general (if the flow is not 
constrained in some way), if a particle increases its elevation (z ft) or moves into a 
higher pressure region (p f¢), it will tend to decelerate (V |); this makes sense from 
a momentum point of view (recall that the equation was derived from momentum 
considerations). These comments only apply if the four restrictions listed are rea- 
sonable. For example, Eq. 6.8 cannot be used to explain the pressure drop in a hor- 
izontal constant diameter pipe flow: according to it, for z = constant and V = constant, 
p =constant! We cannot stress enough that you should keep the restrictions firmly in 
mind whenever you consider using the Bernoulli equation! (In general, the Bernoulli 
constant in Eq. 6.8 has different values along different streamlines.') 


*Derivation Using Rectangular Coordinates 


The vector form of Euler’s equation, Eq. 6.1, also can be integrated along a stream- 
line. We shall restrict the derivation to steady flow; thus, the end result of our effort 
should be Eq. 6.7. 
For steady flow, Euler’s equation in rectangular coordinates can be expressed as 
DV_ WV, WV, WV_.ioe_ 1 . 
= + =(V-V)V =——Vp- gk 6.9 
Di" ox ” Oy "Oz ( ) ras S a 


For steady flow the velocity field is given by V= V(x, y,z). The streamlines are 
lines drawn in the flow field tangent to the velocity vector at every point. Recall again 
that for steady flow, streamlines, pathlines, and streaklines coincide. The motion of a 


'For the case of irrotational flow, the constant has a single value throughout the entire flow field (Section 6.7). 


*This section may be omitted without loss of continuity in the text material. 
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particle along a streamline is governed by Eq. 6.9. During time interval df the particle 
has vector displacement ds along the streamline. 

If we take the dot product of the terms in Eq. 6.9 with displacement ds’ along the 
streamline, we obtain a scalar equation relating pressure, speed, and elevation along 
the streamline. Taking the dot product of ds’ with Eq. 6.9 gives 


(evi aia psd (6.10) 
p 


where 
ds = dxi+dyj+dzk (along s) 

Now we evaluate each of the three terms in Eq. 6.10, starting on the right, 

,0p Op 


+ tk 
Ox Tay Oz 


~*vp-d¥ =-* iz 
p p 


| - [dxi + dyj + dzk] 


1 | Op Op Op 
+ t 
; E dx By dy az az| (along s) 


1 1 
—-Vp-ds =--d, along s 
ae a (along s) 


and 


—gk- ds = —gk- [dxi + dyj + dzk] 
=—gdz (along s) 


Using a vector identity,” we can write the third term as 


(V-V)V -ds = [5107 -V)-V xv x V)] a 
- {ow V)} di —{V x (Vx V)} di 


The last term on the right side of this equation is zero, since V is parallel to ds’ [recall 
from vector math that V X (V XV)-ds =-(V XV) XV-ds =-(V XV)-V Xds]. 


Consequently, 


1 OV 2 ~OV 2 ~ 0W2 a Aa A 
j +7 + -|dxi + dyj + 
i J . k -| [dxi + dyj + dzk| 


2 2 2 
y Oz 


(7-1 -a¥ = 5a(V2) (alone s) 
The vector identity 


(VV) = 5V(V-V)-Vx(VxV) 


may be verified by expanding each side into components. 
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Substituting these three terms into Eq. 6.10 yields 


i + 5a(V?) + gdz =0 (alongs) 
p 


Integrating this equation, we obtain 


4 2 
/ oF . + gz = constant (alongs) 
p 


If the density is constant, we obtain the Bernoulli equation 


y2 
+ ae + gz = constant 


P 

p 
As expected, we see that the last two equations are identical to Eqs. 6.7 and 6.8 
derived previously using streamline coordinates. The Bernoulli equation, derived 
using rectangular coordinates, is still subject to the restrictions: (1) steady flow, 
(2) incompressible flow, (3) frictionless flow, and (4) flow along a streamline. 


Static, Stagnation, and Dynamic Pressures 


The pressure, p, which we have used in deriving the Bernoulli equation, Eq. 6.8, is the 
thermodynamic pressure; it is commonly called the static pressure. The static pressure 
is the pressure experienced by the fluid particle as it moves (so it is something of a 
misnomer! )—we also have the stagnation and dynamic pressures, which we will define 
shortly. How do we measure the pressure in a fluid in motion? 

In Section 6.2 we showed that there is no pressure variation normal to straight 
streamlines. This fact makes it possible to measure the static pressure in a flowing fluid 
using a wall pressure “tap,” placed in a region where the flow streamlines are straight, 
as shown in Fig. 6.2a. The pressure tap is a small hole, drilled carefully in the wall, with 
its axis perpendicular to the surface. If the hole is perpendicular to the duct wall and 
free from burrs, accurate measurements of static pressure can be made by connecting 
the tap to a suitable pressure-measuring instrument [1]. 

In a fluid stream far from a wall, or where streamlines are curved, accurate static 
pressure measurements can be made by careful use of a static pressure probe, shown 
in Fig. 6.2b. Such probes must be designed so that the measuring holes are placed 
correctly with respect to the probe tip and stem to avoid erroneous results [2]. In use, 
the measuring section must be aligned with the local flow direction. (In these figures, it 
may appear that the pressure tap and small holes would allow flow to enter or leave or 
otherwise be entrained by the main flow, but each of these is ultimately attached to a 
pressure sensor or manometer and is therefore a dead-end, leading to no flow being 
possible—see Example 6.2.) 


his holes 
———— Fl 
Flow 9 ——______ > ow 
streamlines —————————__»> 
Sa 
| | Stem 
Pressure 7" 
tap 
To manometer or 
pressure gage 
(a) Wall pressure tap (b) Static pressure probe 


Fig. 6.2 Measurement of static pressure. 
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Static pressure probes, such as that shown in Fig 6.25, and in a variety of other 
forms, are available commercially in sizes as small as 1.5 mm (in.) in diameter [3]. 

The stagnation pressure is obtained when a flowing fluid is decelerated to zero 
speed by a frictionless process. For incompressible flow, the Bernoulli equation can be 
used to relate changes in speed and pressure along a streamline for such a process. 
Neglecting elevation differences, Eq. 6.8 becomes 

2 

Bes constant 
p 
If the static pressure is p at a point in the flow where the speed is V, then the stag- 
nation pressure, Po, where the stagnation speed, Vo, is zero, may be computed from 


=0 
Poy Wi = P + Vy? 
p # p 2 
or 
1 2 
Po = Ppt sev (6.11) 


Equation 6.11 is a mathematical statement of the definition of stagnation pressure, 
valid for incompressible flow. The term 5 pV” generally is called the dynamic pressure. 
Equation 6.11 states that the stagnation (or total) pressure equals the static pressure 
plus the dynamic pressure. One way to picture the three pressures is to imagine you are 
standing in a steady wind holding up your hand: The static pressure will be atmo- 
spheric pressure; the larger pressure you feel at the center of your hand will be the 
stagnation pressure; and the buildup of pressure (the difference between the stagnation 
and static pressures) will be the dynamic pressure. Solving Eq. 6.11 for the speed, 


y= [ae (6.12) 


Thus, if the stagnation pressure and the static pressure could be measured at a point, 
Eq. 6.12 would give the local flow speed. 

Stagnation pressure is measured in the laboratory using a probe with a hole that 
faces directly upstream as shown in Fig. 6.3. Such a probe is called a stagnation 
pressure probe, or pitot (pronounced pea-toe) tube. Again, the measuring section 
must be aligned with the local flow direction. 

We have seen that static pressure at a point can be measured with a static pressure 
tap or probe (Fig. 6.2). If we knew the stagnation pressure at the same point, then 
the flow speed could be computed from Eq. 6.12. Two possible experimental setups 
are shown in Fig. 6.4. 

In Fig. 6.4a, the static pressure corresponding to point A is read from the wall static 
pressure tap. The stagnation pressure is measured directly at A by the total head tube, 


Flow 
a Pd 


Small hole 


To manometer or 
pressure gage 


Fig. 6.3 Measurement of stagnation pressure. 
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Static 
pressure 
Total FI [ holes 
Flow | _-head eS. He 

A ? tube e 
C 
| 
|| | 
P Po Pp 

Po 
(a) Total head tube used (b) Pitot-static tube 


with wall static tap 


Fig. 6.4 Simultaneous measurement of stagnation and static pressures. 


as shown. (The stem of the total head tube is placed downstream from the mea- 
surement location to minimize disturbance of the local flow.) 

Two probes often are combined, as in the pitot-static tube shown in Fig. 6.45. The 
inner tube is used to measure the stagnation pressure at point B, while the static 
pressure at C is sensed using the small holes in the outer tube. In flow fields where the 
static pressure variation in the streamwise direction is small, the pitot-static tube may 
be used to infer the speed at point B in the flow by assuming pg =pc and using 
Eq. 6.12. (Note that when pz # pc, this procedure will give erroneous results.) 

Remember that the Bernoulli equation applies only for incompressible flow (Mach 
number M = 0.3). The definition and calculation of the stagnation pressure for 
compressible flow will be discussed in Section 12.3. 


SME imple co Preriun—_ 


A pitot tube is inserted in an air flow (at STP) to measure the flow speed. The tube is inserted so that it points 
upstream into the flow and the pressure sensed by the tube is the stagnation pressure. The static pressure is measured 
at the same location in the flow, using a wall pressure tap. If the pressure difference is 30 mm of mercury, determine 


the flow speed. 


Given: A pitot tube inserted 
Find: The flow speed. 


Solution: 


2) 
Governing equation: EZ 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 
(3) Flow along a streamline. 
(4) Frictionless deceleration along stagnation streamline. 


in a flow as shown. The flowing fluid is air and the manometer liquid is mercury. 


4 
= + = + gz = constant Air flow 
p 


Writing Bernoulli’s equation along the stagnation streamline (with Az = 0) yields we 
Mercury 
2 
Lee a 
p p 2 


Po is the stagnation pressure at the tube opening where the speed has been reduced, without friction, to zero. Solving 


for V gives 


y — ,/2\=P) 
Pair 
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From the diagram, 


P0— P = PueSh = Py,o8hSGug 


and 

vs 2 Pu,084SGue 

Pair 
kg m m? dm 
= x —= X9.81— Xx x 13.6 X x 
\2 1000-3 9.815 30 mm X 13.6 1.23 ke * 1000 mm 

V=80.8m/s « Vv 
At T=20°C, the speed of sound in air is 343 m/s. Hence, M =0.236 the assumption of incompressible 
flow is valid. 
Applications 


The Bernoulli equation can be applied between any two points on a streamline 
provided that the other three restrictions are satisfied. The result is 


y 2 
Pl + 14+ 97 = Pp + Va + 8% (6.13) 
2 p 2 


where subscripts 1 and 2 represent any two points on a streamline. Applications of 
Eggs. 6.8 and 6.13 to typical flow problems are illustrated in Examples 6.3 through 6.5. 

In some situations, the flow appears unsteady from one reference frame, but steady 
from another, which translates with the flow. Since the Bernoulli equation was derived 
by integrating Newton’s second law for a fluid particle, it can be applied in any inertial 
reference frame (see the discussion of translating frames in Section 4.4). The proce- 
dure is illustrated in Example 6.6. 


Cae é 3 ™“NOZZLE_FLOW 


Air flows steadily at low speed through a horizontal nozzle (by definition a device for accelerating a flow), dis- 
charging to atmosphere. The area at the nozzle inlet is 0.1 m’. At the nozzle exit, the area is 0.02 m’. Determine the 
gage pressure required at the nozzle inlet to produce an outlet speed of 50 m/s. 


Given: Flow through a nozzle, as shown. 
Find: p1— Patm- 
Solution: 


Governing equations: 


eee es 
ee ye al 
5 82 (6.13) 


Continuity for incompressible and uniform flow: 


ViegV A=0 (4.13b) 
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Assumptions: (1) Steady flow. 
(2) Incompressible flow. 
(3) Frictionless flow. 
(4) Flow along a streamline. 
OMzae a. 
(6) Uniform flow at sections (1) and (2). 


The maximum speed of 50 m/s is well below 100 m/s, which corresponds to Mach number M ~ 0.3 in standard air. 
Hence, the flow may be treated as incompressible. 
Apply the Bernoulli equation along a streamline between points (1) and (2) to evaluate p;. Then 
p 
Jt — joan > [Ll jo = 5 —V?) 


Apply the continuity equation to determine V,, 


(=pViA1) +(pV2A2)=0 or ViA;i = V2Ap 


Notes: 
v ° 
so that This Problem ; 
. ™ illust 
applicatio rates a typ; 
Ay m__ 0.02 m2 pa ee 8 Ol thelan ¥Pical 
= = 50 = jl quation. Moulli 
V, err 5 : Oa 0 m/s 


The stream); 
amlines 
at the; Must b : 
a i inlet and exit in eee 
ve uniform Order to 
s 


For air at standard conditions, p = 1.23 kg/m*. Then 


p 
Pi Patm AVE = Va) 
al kg pm am || Nes: 
5 Ds [EOFS 1) | 
Pi — Pam = 1.48 kPa .~ 
ample 6. OUGH A SIPHON 


A U-tube acts as a water siphon. The bend in the tube is 1 m above the water surface; the tube outlet is 7 m below the 
water surface. The water issues from the bottom of the siphon as a free jet at atmospheric pressure. Determine (after 
listing the necessary assumptions) the speed of the free jet and the minimum absolute pressure of the water in the 
bend. 


Given: Water flowing through a siphon as shown. 


Find: (a) Speed of water leaving as a free jet. 
(b) Pressure at point @) (the minimum pressure point) in the flow. 


Solution: 

‘ ey eo 
Governing equation: — + ae + gz = constant 
p 


Assumptions: (1) Neglect friction. 
(2) Steady flow. 
(3) Incompressible flow. 
(4) Flow along a streamline. 
(5) Reservoir is large compared with pipe. 


Apply the Bernoulli equation between points (1) and (2). 
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+ ar Bal = = ar = a BH 


a ja OD 
D} p 2 


SINCE ALCArescrvoir > ALCApipe, then V; ~ 0. Also p; = p2 = Patm, SO 


2 
2 


7 18% and = V5 = 2g(z — a) 


&1 = 


V2 = \/28(z1 — Z2) = ee x7 ia 


= 11.7 m/s < V2 


To determine the pressure at location @), we write the Bernoulli 
equation between (1) and @). 


PA Vi DPA Ve, 
— + —+ = — ++ 
? 5) §21 ii 5 §ZA 


Again V, = 0 and from conservation of mass V, = V>. Hence 


PA Py V 3 PA V 5 
a —- oes —— + = ae, 
ar al 5) §ZA g(Z1 ZA) 5) 


V3 
Pa = pi + pela — Za) =m 


N kg m N 
= 10110 — 4009 == 9 1 = 1 F 
m2 m e (Cl ea Chapter g is rela 


N-s? 
kg-m 


e ees St For 
ffects in internal ie frictional 


1 kg ie 
5 X 999-5 x (LT) x 


Pa = 22.8 kPa (abs) or —78.5 kPa (gage) < 


ae zB 5" FEOW-UNDER A SLUICE GATE 


Water flows under a sluice gate on a horizontal bed at the inlet to a flume. Upstream from the gate, the water depth is 
1.5 ft and the speed is negligible. At the vena contracta downstream from the gate, the flow streamlines are straight 
and the depth is 2 in. Determine the flow speed downstream from the gate and the discharge in cubic feet per second 
per foot of width. 


Given: Flow of water under a sluice gate. 


Find: (a) Vo. ; Sluice gate 
(b) Q in ft°/s/ft of width. Vana contracts 
Solution: 


Under the assumptions listed below, the flow satisfies all 
conditions necessary to apply the Bernoulli equation. The 
question is, what streamline do we use? 
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V2 
% a + 8% 


. : VG 
Governing equation: ? + i + 9% = 3 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 
(3) Frictionless flow. 
(4) Flow along a streamline. 
(5) Uniform flow at each section. 
(6) Hydrostatic pressure distribution (at each location, pressure increases linearly with depth). 


If we consider the streamline that runs along the bottom of the channel (z=0), because of assumption 6 the 
pressures at (1) and (@) are 


[Da = [Dx 3° BID) and = 2. = Patm + pgD2 


so that the Bernoulli equation for this streamline is 


(Pam + P81) | Vi _ (Pam + p82) , V5 
p 2, p 2, 


or 
2 
Ua 


V3 
ae = 24 
5 gD, 5) gD» (1) 


On the other hand, consider the streamline that runs along the free surface on both sides and down the inner surface 
of the gate. For this streamline 


a Dp 
Patm at Vi + gD, = Patm ai Vs + gD, 
p 2 a 
or 
Vi V3 
oF + gD, = =a + gD, ) 


We have arrived at the same equation (Eq. 1) for the streamline at the bottom and the streamline at the free surface, 
implying the Bernoulli constant is the same for both streamlines. We will see in Section 6.6 that this flow is one of a 
family of flows for which this is the case. Solving for V> yields 


Vo = y/2g(D, - Dy) + V3 


But V? ~ 0, so 


ft ft 
VY = = = oN DS ST 
a Ad 2X 32.25 [isi oie =| 


V2 = 9.27 ft/s « a 


For uniform flow, OQ = VA = VDw, or 
Q 
w 


—wiSoats 


sre Wiese Orme on ee 
Ss (2s 


=lt0 


“= 1.55 ft?/s/foot of width  < 
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eae be BERNOULLI EQUATION IN TRANSLATING REFERENCE FRAME 


A light plane flies at 150 km/hr in standard air at an altitude of 1000 m. Determine the stagnation pressure at the 
leading edge of the wing. At a certain point close to the wing, the air speed relative to the wing is 60 m/s. Compute 
the pressure at this point. 


Given: Aircraft in flight at 150 km/hr at 1000 m altitude in standard air. 


Vair = 0 
Pair @ 1000 m 


V; = 60 m/s Observer 
A B (relative to wing) e 


V,, = 150 km/hr << A 


Find: Stagnation pressure, po,, at point A and static pressure, pz, at point B. 


Solution: 
Flow is unsteady when observed from a fixed frame, that is, by an observer on the ground. However, an observer on 
the wing sees the following steady flow: 


Observer \ 


© 2B Vz,=60ms 
/ emir: 


—_> 
Pair @ 1000 m 
Voir = V,, = 150 km/hr 


At z=1000 m in standard air, the temperature is 281 K and the speed of sound is 336 m/s. Hence at point B, 
Mz = Va/c = 0.178. This is less than 0.3, so the flow may be treated as incompressible. Thus the Bernoulli equation 
can be applied along a streamline in the moving observer’s inertial reference frame. 


: ? nee V4 (ae 
Governing equation: a + ae + 22a = a + s +974 = = + 5 + gzp 


Assumptions: (1) Steady flow. 
(2) Incompressible flow (V < 100 m/s). 
(3) Frictionless flow. 
(4) Flow along a streamline. 
(5) Neglect Az. 


Values for pressure and density may be found from Table A.3. Thus, at 1000 m, p/ps; = 0.8870 and p/ps, = 0.9075. 
Consequently, 


N 
p = 0.8870ps;, = 0.8870 X 1.01 x 10° — = 8.96 x 10* N/m? 


and 


kg 


p = 0.9075ps,, = 0.9075 x 1.23] = 1.12 kg/m’ 


Since the speed is V4 = 0 at the stagnation point, 


il 
Po, = Pair sty 5 PV air 


N 1 kg km m hr 2 N- 52 
a= 4 
= 8.96 x 10° +5 x 1128 (150 = x 1000 x :) ean 


Po, = 90.6 kPa(abs) « Po 
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Solving for the static pressure at B, we obtain 


1 
PB = Pais + 5 P(Vair — Vi) 


N il k km m he 
= aN a4 g kein a 
Pp = 8.96 X 10 m2 + 5 <1 | (130 Re x 10007 x ) 


Pp = 88.6 kPa(abs) 


€ 


m> 3600 s 


9m” N-s2 
2 


BO) alee 


PB 


ey CLASSIC VIDEO 


bed 


Flow Visualization. 


a,a Significant effect 


Cautions on Use of the Bernoulli Equation 


In Examples 6.3 through 6.6, we have seen several situations where the Bernoulli 
equation may be applied because the restrictions on its use led to a reasonable flow 
model. However, in some situations you might be tempted to apply the Bernoulli 
equation where the restrictions are not satisfied. Some subtle cases that violate the 
restrictions are discussed briefly in this section. 

Example 6.3 examined flow in a nozzle. In a subsonic nozzle (a converging section) 
the pressure drops, accelerating a flow. Because the pressure drops and the walls 
of the nozzle converge, there is no flow separation from the walls and the boundary 
layer remains thin. In addition, a nozzle is usually relatively short so frictional effects 
are not significant. All of this leads to the conclusion that the Bernoulli equation is 
suitable for use for subsonic nozzles. 

Sometimes we need to decelerate a flow. This can be accomplished using a subsonic 
diffuser (a diverging section), or by using a sudden expansion (e.g., from a pipe into a 
reservoir). In these devices the flow decelerates because of an adverse pressure gra- 
dient. As we discussed in Section 2.6, an adverse pressure gradient tends to lead to 
rapid growth of the boundary layer and its separation. Hence, we should be careful in 
applying the Bernoulli equation in such devices—at best, it will be an approximation. 
Because of area blockage caused by boundary-layer growth, pressure rise in actual 
diffusers always is less than that predicted for inviscid one-dimensional flow. 

The Bernoulli equation was a reasonable model for the siphon of Example 6.4 
because the entrance was well rounded, the bends were gentle, and the overall length 
was short. Flow separation, which can occur at inlets with sharp corners and in abrupt 
bends, causes the flow to depart from that predicted by a one-dimensional model and the 
Bernoulli equation. Frictional effects would not be negligible if the tube were long. 

Example 6.5 presented an open-channel flow analogous to that in a nozzle, for 
which the Bernoulli equation is a good flow model. The hydraulic jump is an example 
of an open-channel flow with adverse pressure gradient. Flow through a hydraulic 
jump is mixed violently, making it impossible to identify streamlines. Thus the Ber- 
noulli equation cannot be used to model flow through a hydraulic jump. We will see a 
more detailed presentation of open channel flows in Chapter 11. 

The Bernoulli equation cannot be applied through a machine such as a propeller, 
pump, turbine, or windmill. The equation was derived by integrating along a stream 
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tube (Section 4.4) or a streamline (Section 6.3) in the absence of moving surfaces such 
as blades or vanes. It is impossible to have locally steady flow or to identify stream- 
lines during flow through a machine. Hence, while the Bernoulli equation may be ey CLASSIC VIDEO 
applied between points before a machine, or between points after a machine = 
(assuming its restrictions are satisfied), it cannot be applied through the machine. (In waves in Fluids and Stratified Flow. 
effect, a machine will change the value of the Bernoulli constant.) 

Finally, compressibility must be considered for flow of gases. Density changes caused 
by dynamic compression due to motion may be neglected for engineering purposes if the 
local Mach number remains below about M ~ 0.3, as noted in Examples 6.3 and 6.6. 
Temperature changes can cause significant changes in density of a gas, even for low-speed 
flow. Thus the Bernoulli equation could not be applied to air flow through a heating 
element (e.g., of a hand-held hair dryer) where temperature changes are significant. 


The Bernoulli Equation Interpreted 6.4 
as an Energy Equation 


The Bernoulli equation, Eq. 6.8, was obtained by integrating Euler’s equation along a 
streamline for steady, incompressible, frictionless flow. Thus Eq. 6.8 was derived from 
the momentum equation for a fluid particle. 

An equation identical in form to Eq. 6.8 (although requiring very different 
restrictions) may be obtained from the first law of thermodynamics. Our objective in 
this section is to reduce the energy equation to the form of the Bernoulli equation 
given by Eq. 6.8. Having arrived at this form, we then compare the restrictions on the 
two equations to help us understand more clearly the restrictions on the use of Eq. 6.8. 

Consider steady flow in the absence of shear forces. We choose a control volume 
bounded by streamlines along its periphery. Such a boundary, shown in Fig. 6.5, often 
is called a stream tube. 


Basic equation: 


01) = 02) = 0G) = 04) 


0-H Who han Bf epavs ferret di (456) 
tJ cy CS 


y 
eet a Re 


Restrictions: (1) W, = 0. 
(2) Wehear = 0. 
(3) Wother = 0. 
(4) Steady flow. 
(5) Uniform flow and properties at each section. 


Flow 


Fig. 6.5 Flow through a stream tube. 
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(Remember that here uv represents the specific volume, and u represents the specific 
internal energy, not velocity!) Under these restrictions, Eq. 4.56 becomes 


V2 y2 . 
(us + p1,vy + 5 +821] (—p, V1 A1) + (u. + p2U2 + os +822) (P2V2A2) -Q=0 


From continuity, with restrictions (4) and (5): 


Yo eV A = 0 (4.15b) 
or 
(—p,V1A1) + (p.V2A2) = 0 
That is, 
m = pi ViA, = p,V2A2 
Also 


60 60 dm _ 5Q. 
dt am dt dm 


Thus, from the energy equation, after rearranging 


V2 V2 . 6 : 
(eave + = +22) - (a + fae + gz) |i | (u uy 2) in =0 


OQ 


or 


Ve V3 5Q 
Privy + > + 221 = Pp2v2 + 5) + 8Z2 + | U2 — Uy an 


Under the additional assumption (6) of incompressible flow, v; = v2 = 1/p and hence 


y2 y2 6 
ra 3 ss ars = +gz2+ (mm ~ 32) (6.14) 


Equation 6.14 would reduce to the Bernoulli equation if the term in parentheses were 
zero. Thus, under the further restriction, 


6Q 
7 — uy — =0 
(1) (w—m- =) 
the energy equation reduces to 
ma, Vi Po, V5 
= i424 
p 7 §Z1 2 §%2 
or 
y 
E 4: a + gz = constant (6.15) 
p 


Equation 6.15 is identical in form to the Bernoulli equation, Eq. 6.8. The Bernoulli 
equation was derived from momentum considerations (Newton’s second law), and is valid 
for steady, incompressible, frictionless flow along a streamline. Equation 6.15 was 
obtained by applying the first law of thermodynamics to a stream tube control volume, 
subject to restrictions 1 through 7 above. Thus the Bernoulli equation (Eq. 6.8) and the 
identical form of the energy equation (Eq. 6.15) were developed from entirely different 
models, coming from entirely different basic concepts, and involving different restrictions. 
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It looks like we needed restriction (7) to finally transform the energy equation into the 
Bernoulli equation. In fact, we didn’t! It turns out that for an incompressible and fric- 
tionless flow [restriction (6), and the fact we are looking only at flows with no shear 
forces], restriction (7) is automatically satisfied, as we will demonstrate in Example 6.7. 


ae a INTERNAL ENERGY AND HEAT TRANSFER IN FRICTIONLESS INCOMPRESSIBLE FLOW 


Consider frictionless, incompressible flow with heat transfer. Show that 


Given: Frictionless, incompressible flow with heat transfer. 


Show: wu2-—1™ = 62 
dm 
Solution: 
In general, internal energy can be expressed as u = u(T, v). For incompressible flow, v = constant, and u = u(T). Thus 
the thermodynamic state of the fluid is determined by the single thermodynamic property, 7. For any process, the 
internal energy change, u2—u;, depends only on the temperatures at the end states. 
From the Gibbs equation, Tds = du + p dv, valid for a pure substance undergoing any process, we obtain 


aks = ap 


for incompressible flow, since dv = 0. Since the internal energy change, du, between specified end states, is inde- 
pendent of the process, we take a reversible process, for which Tds = d(é6Q/dm) = du. Therefore, 


For the steady, frictionless, and incompressible flow considered in this section, it is 
true that the first law of thermodynamics reduces to the Bernoulli equation. Each term 
in Eq. 6.15 has dimensions of energy per unit mass (we sometimes refer to the three 
terms in the equation as the “pressure” energy, kinetic energy, and potential energy per 
unit mass of the fluid). It is not surprising that Eq. 6.15 contains energy terms—after all, 
we used the first law of thermodynamics in deriving it. How did we end up with 
the same energy-like terms in the Bernoulli equation, which we derived from the 
momentum equation? The answer is because we integrated the momentum equation 
(which involves force terms) along a streamline (which involves distance), and by doing 
so ended up with work or energy terms (work being defined as force times distance): 
The work of gravity and pressure forces leads to a kinetic energy change (which came 
from integrating momentum over distance). In this context, we can think of the Ber- 
noulli equation as a mechanical energy balance—the mechanical energy (“pressure” 
plus potential plus kinetic) will be constant. We must always bear in mind that for the 
Bernoulli equation to be valid along a streamline requires an incompressible inviscid 
flow, in addition to steady flow. It’s interesting that these two properties of the flow—its 
compressibility and friction—are what “link” thermodynamic and mechanical energies. 
If a fluid is compressible, any flow-induced pressure changes will compress or expand 
the fluid, thereby doing work and changing the particle thermal energy; and friction, as 
we know from everyday experience, always converts mechanical to thermal energy. 
Their absence, therefore, breaks the link between the mechanical and thermal energies, 
and they are independent—it’s as if they’re in parallel universes! 
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In summary, when the conditions are satisfied for the Bernoulli equation to be 
valid, we can consider separately the mechanical energy and the internal thermal 
energy of a fluid particle (this is illustrated in Example 6.8); when they are not 
satisfied, there will be an interaction between these energies, the Bernoulli equation 
becomes invalid, and we must use the full first law of thermodynamics. 


ample 6. SS FLOW WITH HEAT TRANSFER 


Water flows steadily from a large open reservoir through a short length of pipe and a nozzle with cross-sectional area 
A = 0.864 in.” A well-insulated 10 kW heater surrounds the pipe. Find the temperature rise of the water. 


Given: Water flows from a large reservoir through the system shown and 
discharges to atmospheric pressure. The heater is 10 kW; Aq = 0.864 in.” 


Find: The temperature rise of the water between points (1) and (). 


Solution: 


2 
Governing equations: = 7 + gz = constant (6.8) 
p 


Vig¥ A=0 (4.13b) 


Heater 


= 04) — 04) = 01) 


F J Q 2 => =) 
Q jh. — uw -2/ ep d¥ +) [. F pv oF > ain e| pV -dA (4.56) 
t CV cs 


Assumptions: (1) Steady flow. 
(2) Frictionless flow. 
(3) Incompressible flow. 
(4) No shaft work, no shear work. 
(5) Flow along a streamline. 
(6) Uniform flow at each section [a consequence of assumption (2)]. 


Under the assumptions listed, the first law of thermodynamics for the CV shown becomes 


5 2 => => 
o-[ (u+po+ 5 +e2)o¥- A 
cs 2 


Vv? 3 a7 We ee 
-| (utpo+ 5 +82) pV -aa+ f (utpo+ 5 +e2) Vad 
A, zZ Ad Z 


For uniform properties at (1) and @) 


4 y2 V2 
O— =(pViAi) («1 aP [DD sr os +821] + (pV2Az2) (1 AP Dn) 36 = + g22) 


From conservation of mass, pV,;A; = pV>A, =m, so 


; D 2 
0 = m|us n+ (B+ 2 +en)—- (+ BP +801)| 
p 2 p 2; 


6.5 Energy Grade Line and Hydraulic Grade Line 


For frictionless, incompressible, steady flow, along a streamline, 


L + — + gz = constant 


p 2 
Therefore, 
Q = m(u,— uy) 


Since, for an incompressible fluid, uw. — u, =c(T> — T;), then 


In-T, = = 
From continuity, 
m = pV4A4 
To find V4, write the Bernoulli equation between the free surface at @) and point (4). 
PV ages = ha Ma gry 


Since p3 = p4 and V3 = 0, then 


ft 
V4 = V/28(Z3 — Z4) = 2 x 32.25 x 10 ft = 25.4 ft/s 


and 
; slug ft es 2 
= pV4A4 = 1.94 —= X 25.4— X 0.864 in.” X = 0.296 slug/s 
tee ft? s 144 in? 8/ 
Assuming no heat loss to the surroundings, we obtain 
QO Btu hr 
— = —_ = <4 
Ty = Th ae 10 kW Xx 3413 3600 5 
oe s slug Ibm -° R 
0.296 slug 32.2 Ibm 1 Btu 
T,-T, =0.995°R « at 


Energy Grade Line and Hydraulic Grade Line 6.5 


We have learned that for a steady, incompressible, frictionless flow, we may use the 
Bernoulli equation (Eq. 6.8), derived from the momentum equation, and also Eq. 
6.15, derived from the energy equation: 
2 
ae - + gz = constant (6.15) 
p 


We also interpreted the three terms comprised of “pressure,” kinetic, and potential 
energies to make up the total mechanical energy, per unit mass, of the fluid. If we 
divide Eq. 6.15 by g, we obtain another form, 
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poe 
Sot te = Jil 6.16a 
pg 2g ( ) 


Here H is the total head of the flow; it measures the total mechanical energy in units of 
meters or feet. We will learn in Chapter 8 that in a real fluid (one with friction) this head 
will not be constant but will continuously decrease in value as mechanical energy is 
converted to thermal; in this chapter His constant. We can go one step further here and get 
a very useful graphical approach if we also define this to be the energy grade line (EGL), 


2 
je) ae a eae (6.16b) 
pg 28 


This can be measured using the pitot (total head) tube (shown in Fig. 6.3). Placing 
such a tube in a flow measures the total pressure, py = p + pV’, so this will cause the 
height of a column of the same fluid to rise to a height h = po/pg = p/pg + V7 /2g. If 
the vertical location of the pitot tube is z, measured from some datum (e.g., the 
ground), the height of column of fluid measured from the datum will then be 
h+z=p/pg+V?/2g+z = EGL = H. In summary, the height of the column, 
measured from the datum, attached to a pitot tube directly indicates the EGL. 

We can also define the hydraulic grade line (HGL), 


HGL = (6.16c) 
pg 


This can be measured using the static pressure tap (shown in Fig. 6.2a). Placing such a 
tube in a flow measures the static pressure, p, so this will cause the height of a column 
of the same fluid to rise to a height h = p/pg. If the vertical location of the tap is also 
at z, measured from some datum, the height of column of fluid measured from the 
datum will then be h+ z = p/pg+z = HGL. The height of the column attached to a 
static pressure tap thus directly indicates the HGL. 

From Eqs. 6.16b and 6.16c we obtain 


V2 
EGL-HGL = 5. (6.16d) 


which shows that the difference between the EGL and HGL is always the dynamic 
pressure term. 

To see a graphical interpretation of the EGL and HGL, refer to the example shown 
in Fig. 6.6, which shows frictionless flow from a reservoir, through a pipe reducer. 

At all locations the EGL is the same because there is no loss of mechanical energy. 
Station (1) is at the reservoir, and here the EGL and HGL coincide with the free surface: 
in Eqs. 6.16b and 6.16c p = 0 (gage), V = 0, and z = z},so EGL,; = HGL, = H = z,; all of 
the mechanical energy is potential. (If we were to place a pitot tube in the fluid at station 
@, the fluid would of course just rise to the free surface level.) 

At station @) we have a pitot (total head) tube and a static head tap. The pitot 
tube’s column indicates the correct value of the EGL (EGL,=EGL,z=H), but 
something changed between the two stations: The fluid now has significant kinetic 
energy and has lost some potential energy (can you determine from the figure what 
happened to the pressure?). From Eq. 6.16d, we can see that the HGL is lower than 
the EGL by V3/2g; the HGL at station @ shows this. 

From station @) to station @) there is a reduction in diameter, so continuity requires 
that V3 > V>; hence the gap between the EGL and HGL increases further, as shown. 
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Fig. 6.6 Energy and hydraulic grade lines for frictionless flow. 


Station @) is at the exit (to the atmosphere). Here the pressure is zero (gage), so the 
EGL consists entirely of kinetic and potential energy terms, and HGL4,= HGL3. We 
can summarize two important ideas when sketching EGL and HGL curves: 


1. The EGL is constant for incompressible, inviscid flow (in the absence of work 
devices). We will see in Chapter 8 that work devices may increase or decrease the 
EGL, and friction will always lead to a fall in the EGL. 


2. The HGL is always lower than the EGL by distance V*/2g. Note that the value of 
velocity V depends on the overall system (e.g., reservoir height, pipe diameter, 
etc.), but changes in velocity only occur when the diameter changes. 


Unsteady Bernoulli Equation: Integration Bb" 
of Euler's Equation Along a Streamline 
(on the Web) 


Irrotational Flow 6.7” 


We have already discussed irrotational flows in Section 5.3. These are flows in which 
the fluid particles do not rotate (@ = 0). We recall that the only stresses that can 
generate particle rotation are shear stresses; hence, inviscid flows (i.e., those with zero 


*These sections may be omitted without loss of continuity in the text material. (Note that Section 5.2 
contains background material needed for study of Section 6.7.) 
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shear stresses) will be irrotational, unless the particles were initially rotating. Using 
Eq. 5.14, we obtain the irrotationality condition 


VxV =0 (6.22) 
leading to 


Ow Ov Ou Ow Ov. Ou 
Oy Oz Oz Ox Ox Oy ' coe 


In cylindrical coordinates, from Eq. 5.16, the irrotationality condition requires that 


1 0V, OV, _ OV, OV, 1 OrVg 1 OV, _ 
r 006 Oz Oz Or r Or r 00 


0 (6.24) 


Bernoulli Equation Applied to Irrotational Flow 


In Section 6.3, we integrated Euler’s equation along a streamline for steady, incom- 
pressible, inviscid flow to obtain the Bernoulli equation 

2 
P+ as + gz = constant (6.8) 
p 2 

Equation 6.8 can be applied between any two points on the same streamline. In 
general, the value of the constant will vary from streamline to streamline. 

If, in addition to being inviscid, steady, and incompressible, the flow field is also 
irrotational (i.e., the particles had no initial rotation), so that V x V = 0 (Eq. 6.22), 
we can show that Bernoulli’s equation can be applied between any and all points in 
the flow. Then the value of the constant in Eq. 6.8 is the same for all streamlines. To 
illustrate this, we start with Euler’s equation in vector form, 


=> 


(V-V)V =~" Vp— ei (6.9) 
Using the vector identity 

(Vv) = 5 VV -V)-Vx(VxV) 
we see for irrotational flow, where V X V= 0, that 


il 


(Vey = VV) 
and Euler’s equation for irrotational flow can be written as 
1 379 1 y 1 ‘ 


Consider a displacement in the flow field from position 7 to position 7 + dr; the dis- 
placement dr is an arbitrary infinitesimal displacement in any direction, not neces- 
sarily along a streamline. Taking the dot product of d7 = dxi + dyj + dzk with each of 
the terms in Eq. 6.25, we have 


and hence 


or 


OD 5 a yee pde = 
p 2 


Integrating this equation for incompressible flow gives 


y 
ae ae + gz = constant (6.26) 
p 2 
Since dr was an arbitrary displacement, Eq. 6.26 is valid between any two points (i.e., 
not just along a streamline) in a steady, incompressible, inviscid flow that is also 
irrotational (see Example 6.5). 


Velocity Potential 


We were introduced in Section 5.2 to the notion of the stream function 7 for a two- 
dimensional incompressible flow. 

For irrotational flow we can introduce a companion function, the potential function 
@, defined by 


V =-V¢ (6.27) 


Why this definition? Because it guarantees that any continuous scalar function (x, y, 
z, t) automatically satisfies the irrotationality condition (Eq. 6.22) because of a fun- 
damental identity:* 


V XV =-V XV =—curl(grad ¢) =0 (6.28) 


The minus sign (used in most textbooks) is inserted simply so that ¢ decreases in the 
flow direction (analogous to the temperature decreasing in the direction of heat flow 
in heat conduction). Thus, 


= = d = 6.29 
u 7) , and w Az (6.29) 
(You can check that the irrotationality condition, Eq. 6.22, is satisfied identically.) 
In cylindrical coordinates, 
) 10.20 


ee es (3.19) 


From Eq. 6.27, then, in cylindrical coordinates 


Op 1 0¢ Op 
Ms Or Yo r 00 Ve Oz om 

Because V X V¢ = 0 for all ¢, the velocity potential exists only for irrotational flow. 

Irrotationality may be a valid assumption for those regions of a flow in which 
viscous forces are negligible. (For example, such a region exists outside the boundary 
layer in the flow over a wing surface, and can be analyzed to find the lift produced by 
the wing.) The theory for irrotational flow is developed in terms of an imaginary ideal 
fluid whose viscosity is identically zero. Since, in an irrotational flow, the velocity field 
may be defined by the potential function ¢, the theory is often referred to as potential 
flow theory. 


3That V X V( ) = 0 can easily be demonstrated by expanding into components. 
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An Example of Irrotational Flow. 
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All real fluids possess viscosity, but there are many situations in which the 
assumption of inviscid flow considerably simplifies the analysis and, at the same time, 
gives meaningful results. Because of its relative simplicity and mathematical beauty, 
potential flow has been studied extensively.* 


Stream Function and Velocity Potential for Two-Dimensional, 
Irrotational, Incompressible Flow: Laplace’s Equation 


For a two-dimensional, incompressible, irrotational flow we have expressions for the 
velocity components, u and v, in terms of both the stream function 7, and the velocity 
potential ¢, 


_ Ow me 

We ay ee 
_ _9¢ _ _o¢ 

u x v By (6.29) 


Ov Ou 
——-.— =0 6.23 
Ox Oy ( ) 
we obtain 
Pw | 0 yp = pA — 
ae ay? Vw =0 (6.31) 


Ou Ov 
Be By 0 (5:3) 
we obtain 
Po Fd 9, | 
ax ay? V°¢ =0 (6.32) 


Equations 6.31 and 6.32 are forms of Laplace’s equation—an equation that arises in 
many areas of the physical sciences and engineering. Any function w or ¢ that satisfies 
Laplace’s equation represents a possible two-dimensional, incompressible, irrota- 
tional flow field. 

Table 6.1 summarizes the results of our discussion of the stream function and 
velocity potential for two dimensional flows. 

The same rules (of when incompressibility and irrotationality apply, and with the 
appropriate form of Laplace’s equation) are valid for the stream function and velocity 
potential when expressed in cylindrical coordinates, 


Oy __ op 
060 and Vo ne GP (5.8) 


‘Anyone interested in a detailed study of potential flow theory may find [4—6] of interest. 
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Table 6.1 
Definitions of y and ¢, and Conditions Necessary for Satisfying Laplace’s Equation 


Satisfies Laplace equation ... 


H() , 0 


2 
Definition Always satisfies ... ax * dy? vo=o 
Stream function w ... Incompressibility: ... only if irrotational: 
we Ow ge Ou , dv _ Fw Ow =, dv Ou Pw Py _ 
oy Ox Ox Oy  Oxdy  OydOx — Ox Oy OxOx  Oydy 
Velocity potential ¢ ... Irrotationality: ... only if incompressible: 
ee 0 = To) dv Ou &d Oo <i du dv &o ro _ 
Ox oy Ox Oy OxOy  OyOx — dx Oy OxOx  Oydy 
and 
__ 9 __1 d¢ 


In Section 5.2 we showed that the stream function y is constant along any 
streamline. For w = constant, dy =0 and 


Oy Oy 
,= + 7 
dy Dx dx By dy = 0 


The slope of a streamline—a line of constant 7—is given by 


dy\ — OW/dx = -v_v 
dx } Ox /Oy u u 


(6.34) 


Along a line of constant ¢, dé = 0 and 


o9 dx + ae 


do = Ox Oy 


dy = 0 
Consequently, the slope of a potential line — a line of constant ¢ — is given by 


>) _  O0¢/Ox _ —u 
dx} . 0¢/Oy v 


(The last equality of Eq. 6.35 follows from use of Eq. 6.29.) 

Comparing Eqs. 6.34 and 6.35, we see that the slope of a constant w line at any 
point is the negative reciprocal of the slope of the constant ¢ line at that point; this 
means that lines of constant 1 and constant @ are orthogonal. This property of 
potential lines and streamlines is useful in graphical analyses of flow fields. 


ease 6.10 VELOCITY POTENTIAL 


Consider the flow field given by ~ = ax’ — ay’, where a=3 s |. Show that the flow is irrotational. Determine the 
velocity potential for this flow. 


(6.35) 


Given: Incompressible flow field with = ax* — ay”, where a=3s |. 


Find: (a) Whether or not the flow is irrotational. 
(b) The velocity potential for this flow. 
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Solution: If the flow is irrotational, V77 = 0. Checking for the given flow, 
(bes o 
Vow ve (ax” — ay’) ay (@e =ayr) a—2a=0 


so that the flow is irrotational. As an alternative proof, we can compute the fluid particle rotation (in the xy plane, 
the only component of rotation is w,): 


ue = and ua p= - 2 
then 
Ue © (ax? —ay’)=—2ay and = v=~=-(ax"—ay’) = —2ax 
Oy A 
sO 
2, = = = x = FC 2an)- 5 (-2ay) =—2a+2a = 0< 2ur, 


Once again, we conclude that the flow is irrotational. Because it is irrotational, @ must exist, and 


_ _ 9 _ _ 96 
a. and v= a 
iy Oo ae ; 
Consequently, u = — as —2ay and nee 2ay. Integrating with respect to x gives ¢ = 2axy + f(y), where f(y) is an 
arbitrary function of y. Then 
do 
= —2ax =-— =-— 7 
v = —2ax Dy py Poy + £0) 
Tinereiore, = 2a = = Dane = ofly) = =p = af so a= 0 and f=constant. Thus 
Oy dy dy 
o = 2axy + constant. @ 


We also can show that lines of constant y and constant ¢ are orthogonal. 


w = ax’ —ay* and ob = 2axy 
For 7 =constant, dy) = 0 = 2axdx — 2aydy; hence wy =~ 
dx b= eC Y 
= ae dy may. 
For ¢=constant, dé = 0 = 2aydx + 2axdy; hence — =TF 
dx i Bye 


The slopes of lines of constant ¢ and constant 7 are negative reciprocals. 
Therefore lines of constant ¢ are orthogonal to lines of constant . 


Elementary Plane Flows 


The ~ and ¢ functions for five elementary two-dimensional flows—a uniform flow, a 
source, a sink, a vortex, and a doublet—are summarized in Table 6.2. The w and ¢ 
functions can be obtained from the velocity field for each elementary flow. (We saw in 
Example 6.10 that we can obtain ¢ from u and v.) 
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Table 6.2 

Elementary Plane Flows 
— — 
—_> — 
—e —» 
es ce 
— —> 
—_ —_ 
—_ —_ 

r 

* a 


7 BY 
y 
Y 
x v4 
SZ, 
74N 
a K 
4 
Va — 
e 4k 


Uniform Flow (positive x 
direction) 


u=U w = Uy 
v =0 op =—Ux 


[=0 around any closed 
curve 


Source Flow (from origin) 


_ _ | 
MS 2ur v an” 
_ __ 4 
Vo = 0 o) =——Inr 
Qn 


Origin is singular point 

q is volume flow rate per unit 
depth 

IT =0 around any closed curve 


Sink Flow (toward origin) 


qd qd 
V,= a 0 
if 2nr ? Qn 


Y20 g= fir 
20 

Origin is singular point 

q is volume flow rate per unit 

depth 

IT =0 around any closed curve 


Irrotational Vortex 
(counterclockwise, center 
at origin) 


Yoo. ¢2 ae 
Tv 


2 
K K 
Vy = = 0 
. 2ur ¢ Qn 


Origin is singular point 

K is strength of the vortex 

T = K around any closed curve 
enclosing origin 

IT =0 around any closed curve 
not enclosing origin 


az 2S 
Vso TT 
oul io 
ee 6 86 
I = 
1 p= ee 
: bee 
} = 
1y ae 
t »=0 
I x 
ot p= -cy 
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(Continued) 
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Elementary Plane Flows (Continued ) 
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Table 6.2 
A 
\ 
{ 
\ 


ri = 
ZL 


Doublet (center at origin) 


A A sin 6 
V, =—-=c0s0 p=— 
r r 
. A A 0 
F cos 
WH sent == 
r r 
= ste. eh hey : 
Origin is singular point 
A is strength of the doublet 
r T= around any closed curve 


A uniform flow of constant velocity parallel to the x axis satisfies the continuity 
equation and the irrotationality condition identically. In Table 6.2 we have shown the 
w and @ functions for a uniform flow in the positive x direction. 

For a uniform flow of constant magnitude V, inclined at angle a to the x axis, 


w = (Vcosa)y —(V sina)x 
@ =—(Vsina)y — (V cos a)x 


A simple source is a flow pattern in the xy plane in which flow is radially outward 
from the z axis and symmetrical in all directions. The strength, g, of the source is the 
volume flow rate per unit depth. At any radius, r, from a source, the tangential 
velocity, Vo, is zero; the radial velocity, V,, is the volume flow rate per unit depth, q, 
divided by the flow area per unit depth, 27r. Thus V, = g/2zr for a source. Knowing V, 
and Vp, obtaining 7 and ¢ from Eqs. 5.8 and 6.33, respectively, is straightforward. 

In a simple sink, flow is radially inward; a sink is a negative source. The w and ¢ 
functions for a sink shown in Table 6.2 are the negatives of the corresponding func- 
tions for a source flow. 

The origin of either a sink or a source is a singular point, since the radial velocity 
approaches infinity as the radius approaches zero. Thus, while an actual flow may 
resemble a source or a sink for some values of r, sources and sinks have no exact 
physical counterparts. The primary value of the concept of sources and sinks is that, 
when combined with other elementary flows, they produce flow patterns that ade- 
quately represent realistic flows. 

A flow pattern in which the streamlines are concentric circles is a vortex; in a free 
(irrotational) vortex, fluid particles do not rotate as they translate in circular paths 
around the vortex center. There are a number of ways of obtaining the velocity field, 
for example, by combining the equation of motion (Euler’s equation) and the 
Bernoulli equation to eliminate the pressure. Here, though, for circular streamlines, 
we have V,=0 and V, = f(@) only. We also have previously introduced the condition 
of irrotationality in cylindrical coordinates, 


1orV, 10V, | 
r Or r 00 


0 (6.24) 


Hence, using the known forms of V, and V», we obtain 


Integrating this equation gives 
Var = constant 


The strength, K, of the vortex is defined as K = 2arV»; the dimensions of K are Sb 
(volume flow rate per unit depth). Once again, knowing V, and V», obtaining 7 and @ 
from Eqs. 5.8 and 6.33, respectively, is straightforward. The irrotational vortex is a 
reasonable approximation to the flow field in a tornado (except in the region of the 
origin; the origin is a singular point). 

The final “elementary” flow listed in Table 6.2 is the doublet of strength A. This 
flow is produced mathematically by allowing a source and a sink of numerically equal 
strengths to merge. In the limit, as the distance, 6s, between them approaches zero, 
their strengths increase so the product qés/2m tends to a finite value, A, which is 
termed the strength of the doublet. 


Superposition of Elementary Plane Flows 


We saw earlier that both ¢ and w satisfy Laplace’s equation for flow that is both 
incompressible and irrotational. Since Laplace’s equation is a linear, homogeneous 
partial differential equation, solutions may be superposed (added together) to develop 
more complex and interesting patterns of flow. Thus if ~, and 72 satisfy Laplace’s 
equation, then so does ~3=w1,+ 2. The elementary plane flows are the building 
blocks in this superposition process. There is one note of caution: While Laplace’s 
equation for the stream function, and the stream function-velocity field equations (Eq. 
5.3) are linear, the Bernoulli equation is not; hence, in the superposition process we 
will have W3 = + 2, U3 =U, + U2, and v3 =v, + U2, but p3 # p; + p2! We must use 
the Bernoulli equation, which is nonlinear in V, to find p3. 

We can add together elementary flows to try and generate recognizable flow pat- 
terns. The simplest superposition approach is called the direct method, in which we try 
different combinations of elementary flows and see what kinds of flow patterns are 
produced. This sounds like a random process, but with a little experience it becomes a 
quite logical process. For example, look at some of the classic examples listed in 
Table 6.3. The source and uniform flow combination makes sense—we would intui- 
tively expect a source to partially push its way upstream, and to divert the flow around 
it. The source, sink, and uniform flow (generating what is called a Rankine body) is 
also not surprising—the entire flow out of the source makes its way into the sink, 
leading to a closed streamline. Any streamline can be interpreted as a solid surface 
because there is no flow across it; we can therefore pretend that this closed streamline 
represents a solid. We could easily generalize this source-sink approach to any 
number of sources and sinks distributed along the x axis, and as long as the sum of the 
source and sink strengths added up to zero, we would generate a closed streamline 
body shape. The doublet-uniform flow (with or without a vortex) generates a very 
interesting result: flow over a cylinder (with or without circulation)! We first saw the 
flow without circulation in Fig. 2.12a. The flow with a clockwise vortex produces a top- 
to-bottom asymmetry. This is because in the region above the cylinder the velocities 
due to the uniform flow and vortex are in the same overall direction and lead to a high 
velocity; below the cylinder they are in opposite directions and therefore lead to a low 
velocity. As we have learned, whenever velocities are high, streamlines will be close 
together, and vice versa—explaining the pattern shown. More importantly, from the 
Bernoulli equation we know that whenever the velocity is high the pressure will be 
low, and vice versa—hence, we can anticipate that the cylinder with circulation will 
experience a net upward force (lift) due to pressure. This approach, of looking at 
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Table 6.3 


Superposition of Elementary Plane Flows 


Source and Uniform Flow (flow past a half-body) 
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Source and Sink (equal strength, separation distance on x axis = 2a) 
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Source, Sink, and Uniform Flow (flow past a Rankine body) 


vy V3 w Vso Wei uf Wy CD) | 3 
qd qd ean 
= ~-4- ht ee een eee ee 
20 a 20 ary ee | 


qd ‘i 
b = = (0,;-6) + 
; om . - ad - ; i. = | 
Q 


Ps0 | Psi | Puf gy 2 $3 eee ee ee 


q 4 
7, in rt 5, n 1. — Ux ie ae ee es 


o= Jy Ur cos 0 
Qn ry 


Vortex (clockwise) and Uniform Flow 
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Table 6.3 


Superposition of Elementary Plane Flows (Continued ) 


Doublet and Uniform Flow (flow past a cylinder) 
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Doublet, Vortex (clockwise), and Uniform Flow (flow past a cylinder with circulation) 
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Table 6.3 


Superposition of Elementary Plane Flows (Continued) 


Sink and Vortex 


Vortex Pair (equal strength, opposite rotation, separation distance on x axis = 2a) 


iS > 
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streamline patterns to see where we have regions of high or low velocity and hence 
low or high pressure, is very useful. We will examine these last two flows in Examples 
6.11 and 6.12. The last example in Table 6.3, the vortex pair, hints at a way to create 
flows that simulate the presence of a wall or walls: for the y axis to be a stream- 
line (and thus a wall), simply make sure that any objects (e.g., a source, a vortex) in 
the positive x quadrants have mirror-image objects in the negative x quadrants; the y 
axis will thus be a line of symmetry. For a flow pattern in a 90° corner, we need to 
place objects so that we have symmetry with respect to both the x and y axes. For flow 
in a corner whose angle is a fraction of 90° (e.g., 30°), we need to place objects in a 
radially symmetric fashion. 

Because Laplace’s equation appears in many engineering and physics applications, 
it has been extensively studied. We saw in Example 5.12 that Laplace’s equation is 
sometimes amenable to a fairly simple numerical solution using a spreadsheet. For 
analytic solutions, one approach is to use conformal mapping with complex notation. 
It turns out that any continuous complex function f(z) (where z=x+iy, and 
i = V—1) is a solution of Laplace’s equation, and can therefore represent both ¢ 
and w. With this approach many elegant mathematical results have been derived 
[7—10]. We mention only two: the circle theorem, which enables any given flow [e.g., 
from a source at some point (a, b)] to be easily transformed to allow for the presence 
of a cylinder at the origin; and the Schwarz-Christoffel theorem, which enables a given 
flow to be transformed to allow for the presence of virtually unlimited stepwise linear 
boundaries (e.g., the presence on the x axis of the silhouette of a building). 
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Much of this analytical work was done centuries ago, when it was called “hydro- 
dynamics” instead of potential theory. A list of famous contributors includes Ber- 
noulli, Lagrange, d’Alembert, Cauchy, Rankine, and Euler [11]. As we discussed in 
Section 2.6, the theory immediately ran into difficulties: In an ideal fluid flow no body 
experiences drag—the d’Alembert paradox of 1752—a result completely counter 
to experience. Prandtl, in 1904, resolved this discrepancy by describing how real flows 
may be essentially inviscid almost everywhere, but there is always a “boundary layer” 
adjacent to the body. In this layer significant viscous effects occur, and the no-slip 
condition is satisfied (in potential flow theory the no-slip condition is not satisfied). 
Development of this concept, and the Wright brothers’ historic first human flight, led 
to rapid developments in aeronautics starting in the 1900s. We will study boundary 
layers in detail in Chapter 9, where we will see that their existence leads to drag on 
bodies, and also affects the lift of bodies. 

An alternative superposition approach is the inverse method in which distributions 
of objects such as sources, sinks, and vortices are used to model a body [12]. It is called 
inverse because the body shape is deduced based on a desired pressure distribution. 
Both the direct and inverse methods, including three-dimensional space, are today 
mostly analyzed using computer applications such as Fluent [13] and STAR-CD [14]. 


Ee 6.11 FEOW-OVER A CYLINDER: SUPERPOSITION OF DOUBLET AND UNIFORM FLOW 


For two-dimensional, incompressible, irrotational flow, the superposition of a doublet and a uniform flow represents 
flow around a circular cylinder. Obtain the stream function and velocity potential for this flow pattern. Find the 
velocity field, locate the stagnation points and the cylinder surface, and obtain the surface pressure distribution. 
Integrate the pressure distribution to obtain the drag and lift forces on the circular cylinder. 


Given: Two-dimensional, incompressible, irrotational flow formed from superposition of a doublet and 
a uniform flow. 


Find: (a) Stream function and velocity potential. 
(b) Velocity field. 
(c) Stagnation points. 
(d) Cylinder surface. 
(e) Surface pressure distribution. 
(f) Drag force on the circular cylinder. 
(g) Lift force on the circular cylinder. 


Solution: Stream functions may be added because the flow field is incompressible and irrotational. Thus from Table 
6.2, the stream function for the combination is 


Asin 0 
b= dat dy = = + Ursin 6 « v 
The velocity potential is 
Acos 0 
P= Mt Pye == “= = URCOs¢ < a 


The corresponding velocity components are obtained using Eqs. 6.30 as 


V, = i se aicacs 
Or r2 
Ve 10¢  Asiné U sind 


r OO r2 
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The velocity field is 


Acos0 Asin 
V = V.6+ Vale = (- = + c0s0)é + (- ale — usin )éy« 
ie ie 


Nu 


Stagnation points are where V = V,é. + Voé, = 0 


VA eee! + Ucosé = cos o( U- >) 
r r 
A 
Thus V, = 0 when r = U7 a. Also, 
Vo a ld — Usin6@ =-sino(U+ >) 
r r 


Thus V,=0 when 6 =0, z. 


Stagnation points are (r,@) = (a,0),(a,7).<« Stagnation points 


Note that V,=0 along r=a, so this represents flow around a circular cylinder, as shown in Table 6.3. Flow is 
irrotational, so the Bernoulli equation may be applied between any two points. Applying the equation between a 
point far upstream and a point on the surface of the cylinder (neglecting elevation differences), we obtain 


2 a 
De 0 Bere ds 


Thus, 


Along the surface, r= a, and 


2 
u) sin?@ = 4U? sin? 


since A = Ua’. Substituting yields 


1 1 
P—Po = 5 P(U" 4U’ sin’6) = 5 pU(1 — 4sin*8) 
or 


Pressure 


1 Se ee eC distribution 


1 

2 

Drag is the force component parallel to the freestream flow direction. 
The drag force is given by 


20 
Fp = [-pdAcoso = [ —pa dé bcos @ 
‘A 0 


since dA =a dé b, where b is the length of the cylinder normal to the diagram. 


1 
Substituting p = p, + 5 pU(1 4 sin’ 0), 
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Dae Qn 1 
f= [ p.oabcos.di+ f — 5 U*(1 — sin? @)ab cos 0 db 
0 0 


Qn Qn Qn 


if il 4 
=—Py absin | ~ 5pU%ab sin | + =pU°ab= sin? 0 


0 0 0 


Fp = 0c Fp 


Lift is the force component normal to the freestream flow direction. (By convention, positive lift is an upward force.) 
The lift force is given by 


2a 
Fr = Je dA(-sin 0) = =| pa dé bsin@ 
A 0 
Substituting for p gives 


Qn Qn 4 
F, = = p.,ab sin 0 do — i 5 Pur( —4sin? 0)ab sin 0 dO 
0 0 


4 cos? 6 


Qn il Qa 1 
= p~a bcos 7 + = pU*ab cos | oF pU°ab| 
0 2 0 2 


F, =0. Ey, 


aa é 72 FEOW-OVER A CYLINDER WITH CIRCULATION: SUPERPOSITION OF DOUBLET, 


UNIFORM FLOW, AND CLOCKWISE FREE VORTEX 


For two-dimensional, incompressible, irrotational flow, the superposition of a doublet, a uniform flow, and a free 
vortex represents the flow around a circular cylinder with circulation. Obtain the stream function and velocity 
potential for this flow pattern, using a clockwise free vortex. Find the velocity field, locate the stagnation points and 
the cylinder surface, and obtain the surface pressure distribution. Integrate the pressure distribution to obtain the 
drag and lift forces on the circular cylinder. Relate the lift force on the cylinder to the circulation of the free vortex. 


Given: Two-dimensional, incompressible, irrotational flow formed from superposition of a doublet, a uniform flow, 
and a clockwise free vortex. 


Find: (a) Stream function and velocity potential. 
(b) Velocity field. 
(c) Stagnation points. 
(d) Cylinder surface. 
(e) Surface pressure distribution. 
(f) Drag force on the circular cylinder. 
(g) Lift force on the circular cylinder. 
(h) Lift force in terms of circulation of the free vortex. 


Solution: 
Stream functions may be added because the flow field is incompressible and irrotational. From Table 6.2, the stream 
function and velocity potential for a clockwise free vortex are 
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K K 
pv = 5, nr fy = oe 


TT 
Using the results of Example 6.11, the stream function for the combination is 
w = Wa + Duf as wy v 


Asin @ 
p= 


ar (Uh Sit @) ae fae < L 
21 


The velocity potential for the combination is 
Q a Qa oF Put ar Pfv 


Acos@ 
g=- 


— Urcos@+ ae, « @ 
27 


The corresponding velocity components are obtained using Eqs. 6.30 as 


(ero) A cos @ 
- = ~ 
V, ar 7 U cos 0 (1) 
_ 1 0¢ _ Asind : K 
Vo ; 80 n U sin @ ore (2) 
The velocity field is 
V = Ws é, ar Vo é4 
= A cos 6 Asin 6 K Vi 
V= [- ae + Uc0s0)é + (- bia - Usind- =) €g< ia 
r 2nr 
Stagnation points are located where v= V, 6+ Vo é& = 0. From Eq. 1, 
A cos 0 A 
V,=- = +Ucos@ = cos o(U - >) 
r r 
am = = Cylinder surface 
Thus V,=O whenr = \/A/U=a . 
The stagnation points are located on r= a. Substituting into Eq. 2 with r=a, 
A sin @ , K 
Vg =- Z —Usind— 5 
A sin @ : K 
= AJU — Usin@ ee 
K 
Vo =—2U sin 8 -— — 
27a 
Thus V,=0 along r=a when 
: ae K Rey eA | |e K 
sin @ = reer or ? = sin aaa 
=K é : 
Stagnation points; r=a 6=sin | € Stagnation points 
4nUa 


As in Example 6.11, V, = 0 along r =a, so this flow field once again represents flow around a circular cylinder, as 
shown in Table 6.3. For K = 0 the solution is identical to that of Example 6.11. 
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The presence of the free vortex (K >0) moves the stagnation points below the center of the cylinder. Thus the 
free vortex alters the vertical symmetry of the flow field. The flow field has two stagnation points for a range of vortex 
strengths between K =0 and K = 47rUa. 

A single stagnation point is located at @ = —7/2 when K = 47Ua. 

Even with the free vortex present, the flow field is irrotational, so the Bernoulli equation may be applied between 
any two points. Applying the equation between a point far upstream and a point on the surface of the cylinder we 
obtain 


Along the surface r=a and V,=0, so 


Va (-2u sino - =) 


27a 
and 
Wve a DK ve K? 
(5) = 4sin ee ee 
Thus 
P=Pot eu (1 —4sin°é a! aie) ¢ 


Drag is the force component parallel to the freestream flow direction. As in Example 6.11, the drag force is given by 


20 
Fy = [-pdAcose = | —pa déb cos 0 
A 0 


since dA =a dé b, where b is the length of the cylinder normal to the diagram. 
Comparing pressure distributions, the free vortex contributes only to the terms containing the factor K. The 
contribution of these terms to the drag force is 


Fp,, ie 2K ; K2 
Ge = i (Fy sin 0 + wre) ab cos 6 dé (3) 
2 p 
Qn 
Fp 2K sin’ 0 2 a fy 
WO : = 'D 
ie ar a 5) ae Ue ab sin | =(0. 
aed 
0 


Lift is the force component normal to the freestream flow direction. (Upward force is defined as positive lift.) The 
lift force is given by 


20 
f= [-pdasing = [ —pa dé bsin 0 
‘A 0 
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Comparing pressure distributions, the free vortex contributes only to the terms containing the factor K. The con- 
tribution of these terms to the lift force is 


F, PNK Ke 
ia | =* sin 6 + ab sin 6 dé 
0 


Ee mUa 4n2U2a2 
2 
DE Qn 6 K2 2n ' 
— pee he eee 
RG ab sin“ @d6 rue | ab sin 0 d@ 
Qn 
2Kb|0 sin? 0 Kb ee 
= == |= = S| OF eee OSE 
mU |2 4 4n2U2a 6 


Fi, _ 2Kb|2x| _ 2Kb 
nU | 2 U 


Then F,,, = pUKb« FL 


The circulation is defined by Eq. 5.18 as 


r= 4V-as 


On the cylinder surface, r =a, and v= Vo é%, SO 
Qn 
K 
T= | —2U sin 6 — —— éy add ég 
0 27a 


Qn an ik 
--[ 2Uasino do | — do 
0 0 20 


I= ike Circulation v d 7 
Per unit length i 
a this ex, 


Substituting into the expression for lift, 


Pression fo 
di ; 


F,, = pUKb = pU(-T)b =—pUTb 


or the lift force per unit length of cylinder is 


= —=olUAV < 


au, 
b 


6.8 Summary and Useful Equations 


In this chapter we have: 


Y Derived Euler’s equations in vector form and in rectangular, cylindrical, and streamline coordinates. 

Y Obtained Bernoulli’s equation by integrating Euler’s equation along a steady-flow streamline, and discussed its restrictions. We 
have also seen how for a steady, incompressible flow through a stream tube the first law of thermodynamics reduces to the 
Bernoulli equation if certain restrictions apply. 
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Defined the static, dynamic, and stagnation (or total) pressures. 

Defined the energy and hydraulic grade lines. 

*Derived an unsteady flow Bernoulli equation, and discussed its restrictions. 

*Observed that for an irrotational flow that is steady and incompressible, the Bernoulli equation applies between any two points 
in the flow. 

¥ *Defined the velocity potential ¢ and discussed its restrictions. 


{44S 


We have also explored in detail two-dimensional, incompressible, and irrotational flows, and learned that for these flows: 
the stream function yw and the velocity potential ¢ satisfy Laplace’s equation; 7 and @ can be derived from the velocity 
components, and vice versa, and the iso-lines of the stream function w and the velocity potential ¢ are orthogonal. We 
explored for such flows how to combine potential flows to generate various flow patterns, and how to determine the 
pressure distribution and lift and drag on, for example, a cylindrical shape. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


The Euler equation for pv (6.1) Page 
incompressible, inviscid — = pg—Vp 237 
flow: Dt 
The Euler equation Ou Ou Ou Ou\ _ Op Page 
(rectangular (F oe ax =e F) - a ) P&E (52a) 237 
coordinates): 
Ov Ou Ou Ou Op 
+ + + = 2 
p (5 “Ox ay a) PBy ~ ay i) 
Ow , Ow get 2.08 Op Ee 
P\ at Ox Oy Oz PB Bz ne 
The Euler equation OV, OV, Vo OV, OV, vi Op Page 
(cylindrical coordinates): | °% ~ ? ( Ot 7M Or 7 r 00 vie aor ) ~ PB ap 8) 237 
OVo OV» Vo OV» OV, V,Vo 1 Op 
= + + = 6.3b 
ie ( Ot Vr Or r 00 : Oz r PaO 80 em) 
OV, OV, _ Vo OV, OV, Op 
= + + + = : 
we o( ot " Or r 06 ie Oz pee Be i 
The Bernoulli equation (6.8) Page 
(steady, incompressible, pW , 242 
inviscid, along a a get ee CONS 
streamline): 
Definition of total head V2 Page 
of a flow: P4_4z=H G-Poa)| 558 
pg 28 
Definition of energy V2 Page 
P 
grade line (EGL): EGE: = *e au 28 +z (6-190): | 558 
Definition of hydraulic P Page 
grade line (HGL): HGL = pe +z (6.16) | 958 


*These topics apply to sections that may be omitted without loss of continuity in the text material. 
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Relation between EGL, Page 
HGL, and dynamic EGE =HEL= a coTod) 258 
pressure: 2g 

The unsteady Bernoulli (6.21) Page 
equation (incompressi- pV? Po 7 2 . W-16 
ble, inviscid, along a F Py ee = a Tee / Or d. 

streamline): : 

Definition of stream Page 
function (2D, incom- i= op v= op eo) 262 
pressible flow): oy Ox 

Definition of velocity Page 
potential (2D irrota- ce op v= og (02) 262 
tional flow): Ox Oy 

Definition of stream (5.8) Page 
function (2D, incom- _ 1 dy Oy : 262 
pressible flow, cylindrical = ry 00 and Vo = ” BF 

coordinates): 

Definition of velocity (6.33) Page 
potential (2D irrota- _ 0g _ 1 d¢ ° 263 
tional flow, cylindrical = Or and Ve =— r 00 

coordinates): 


Case Study 


The Blended Wing-Body Aircraft 


more like a modified triangular-shaped wing than tra- 
ditional aircraft, which essentially consist of a tube and 
wing with a tail. The concept of a BWB actually goes 
back to the 1940s, but developments in composite 
materials and fly-by-wire controls are making it more 
feasible. Researchers have tested a 6.3-m wingspan 
(8.5 percent scale) prototype of the X-48B, a BWB 
aircraft that could have military and commercial appli- 
cations. The next step is for NASA to flight-test a scale- 
model variant called X-48C. The X-48C will be used to 
examine how engines mounted to the rear and above 
the body help to shield the ground from engine noise 
on takeoff and approach. It also features tail fins for 
additional noise shielding and for flight control. 

The big difference between BWB aircraft and the tra- 
ditional tube-and-wing aircraft, apart from the fact that 
the tube is absorbed into the wing shape, is that it does 
not have a tail. Traditional aircraft need a tail for stability 


The X-48B prototype in the full-scale NASA tunnel. (Credit: Boeing/ 
Bob Ferguson) 


Boeing Phantom Works has partnered with NASA and 
the U.S. Air Force Research Laboratory to study an 
advanced-concept, fuel-efficient, blended wing-body. It 
is called a blended wing-body (BWB) because it looks 


and control; the BWB uses a number of different multiple- 
control surfaces and possibly tail fins to control the 
vehicle. There will be a number of advantages to the BWB 
if it proves feasible. Because the entire structure 


generates lift, less power is needed for takeoff. Studies 
have also shown that BWB designs can fit into the 80-m 
(260-ft) envelope that is the current standard for airplane 
maneuver at airports. A BWB could carry up to 1000 
people, making such a future U.S. product a challenge to 
Airbus’s A380 and future stretched versions. 

Apart from possible fuel savings of up to 30 percent 
due to improved streamlining, the interior of a 
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Problems 


Euler’s Equation 


6.1 Consider the flow field with velocity given by 
V = [A(y? — x2) — Bx]i + [2Axy + By]; A=1ft"!-s 4, B=1 
ft~'.s~'; the coordinates are measured in feet. The density is 
2 slug/ft®, and gravity acts in the negative y direction. Cal- 
culate the acceleration of a fluid particle and the pressure 
gradient at point (x, y) = (1, 1). 


6.2 An incompressible frictionless flow field is given by 
V = (Ax + By)i+ (Bx — Ay)j, where A =2s7! and B=2s"1, 
and the coordinates are measured in meters. Find the magni- 
tude and direction of the acceleration ofa fluid particle at point 
(x, y) = (2, 2). Find the pressure gradient at the same point, if 
g = —gj and the fluid is water. 


6.3 A horizontal flow of water is described by the velocity 
field V = (—Ax + Bt)it+ (Ay+Bt)j, where A=1 s! and 
B=2 mis’, x and y are in meters, and ¢ is in seconds. Find 
expressions for the local acceleration, the convective 
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commercial BWB airplane would be radically different 
from that of current airplanes. Passengers would enter a 
room like a movie theater rather than a cramped half- 
cylinder, there would be no windows (video screens 
would be connected to external cameras instead), 
and passengers would be seated in the large movie 
theater—like room (because seating is not only in the 
central core but also well out into the blended wings). 
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acceleration, and the total acceleration. Evaluate these at point 
(1, 2) at t= 5 seconds. Evaluate Vp at the same point and time. 
6.4 A velocity field in a fluid with density of 1000 kg/m’ is given 
by V = (—Ax + By)ti+ (Ay + Bx)tj, where A=2 s” and 
B=1s7,x and y are in meters, and fis in seconds. Body forces 
are negligible. Evaluate Vp at point (x, y) = (1,1) atr=1s. 


6.5 Consider the flow field with velocity given by 
V = [A(x? — y*) — 3Bx]i — [2Axy — 3By]j, where A =1 ft !- 
s 1,B=1s 1, and the coordinates are measured in feet. The 
density is 2 slug/ft* and gravity acts in the negative y direc- 
tion. Determine the acceleration of a fluid particle and the 
pressure gradient at point (x, y) = (1, 1). 


6.6 The x component of velocity in an incompressible flow 
field is given by u = Ax, where A = 2s”! and the coordinates 
are measured in meters. The pressure at point (x, y) = (0, 0) 
is po = 190 kPa (gage). The density is p = 1.50 kg/m* and the 
Z axis is vertical. Evaluate the simplest possible y component 
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of velocity. Calculate the fluid acceleration and determine 
the pressure gradient at point (x, y) = (2, 1). Find the pres- 
sure distribution along the positive x axis. 


6.7 Consider the flow field with velocity given by "= 
Ax sin(2mwt)i — Ay sin(2mwt)j, where A=2s 'andw=1s 1. 
The fluid density is 2 kg/m*. Find expressions for the local 
acceleration, the convective acceleration, and the total 
acceleration. Evaluate these at point (1, 1) at t=0, 0.5, and 
1 seconds. Evaluate Vp at the same point and times. 


S| 6.8 The velocity field for a plane source located distance 


h=1 m above an infinite wall aligned along the x axis is 
given by 


q xi 4 h)j 
" 7 | (y—h)j] 


| 4 [xi + (y + h)j] 


where q = 2 m*/s/m. The fluid density is 1000 kg/m* and body 
forces are negligible. Derive expressions for the velocity and 
acceleration of a fluid particle that moves along the wall, and 
plot from x =0 to x=+10h. Verify that the velocity and 
acceleration normal to the wall are zero. Plot the pressure 
gradient Op/Ox along the wall. Is the pressure gradient along 
the wall adverse (does it oppose fluid motion) or not? 


y 


— 


P6.8 


6.9 The velocity distribution in a two-dimensional steady 
flow field in the xy plane is V = (Ax—B)i+(C-—Ay)j, 
where A=2s ', B=5m-s_!, and C=3 m-s_}; the coor- 
dinates are measured in meters, and the body force dis- 
tribution is g =—gk. Does the velocity field represent the 
flow of an incompressible fluid? Find the stagnation point 
of the flow field. Obtain an expression for the pressure gra- 
dient in the flow field. Evaluate the difference in pressure 
between point (x, y) = (1, 3) and the origin, if the density is 
1.2 kg/m?. 

6.10 In a two-dimensional frictionless, incompressible 
(p = 1500 kg/m?) flow, the velocity field in meters per second 
is given by V = (Ax + By)i+ (Bx —Ay)j; the coordinates 
are measured in meters, and A =4 s ' and B=2s !. The 
pressure is po = 200 kPa at point (x, y) =(0, 0). Obtain an 
expression for the pressure field, p(x, y) in terms of po, A, and 
B, and evaluate at point (x, y) = (2, 2). 


4 6.11 An incompressible liquid with a density of 1250 kg/m? 


and negligible viscosity flows steadily through a horizontal 
pipe of constant diameter. In a porous section of length L = 
5 m, liquid is removed at a constant rate per unit length so that 
the uniform axial velocity in the pipe is u(x) = U(1 —x/L), 
where U=15 m/s. Develop expressions for and plot the 
pressure gradient along the centerline. Evaluate the outlet 


pressure if the pressure at the inlet to the porous section is 
100 kPa (gage). 


6.12 An incompressible liquid with a density of 900 kg/m? and 
negligible viscosity flows steadily through a horizontal pipe of 
constant diameter. In a porous section of length L =2 m, 
liquid is removed at a variable rate along the length so that the 
uniform axial velocity in the pipe is u(x) = Ue~*/4, where 
U = 20 m/s. Develop expressions for and plot the acceleration 
of a fluid particle along the centerline of the porous section 
and the pressure gradient along the centerline. Evaluate the 
outlet pressure if the pressure at the inlet to the porous section 
is 50 kPa (gage). 

e413 For the flow of Problem 4.123 show that the uniform 
radial velocity is V,= Q/2nrh. Obtain expressions for the r 
component of acceleration of a fluid particle in the gap and 
for the pressure variation as a function of radial distance 
from the central holes. 


On 


6.14 The velocity field for a plane vortex sink is given by 
V = (-q/2nr)é.+(K/2nr)é, where qg=2 m/?/s/m and 
K=1 m*/s/m. The fluid density is 1000 kg/m*. Find the 
acceleration at (1, 0), (1, 7/2), and (2, 0). Evaluate Vp under 
the same conditions. 


6.15 An incompressible, inviscid fluid flows into a horizontal 
round tube through its porous wall. The tube is closed at the 
left end and the flow discharges from the tube to the atmo- 
sphere at the right end. For simplicity, consider the x compo- 
nent of velocity in the tube uniform across any cross section. 
The density of the fluid is p, the tube diameter and length are 
D and L, respectively, and the uniform inflow velocity is vp. 
The flow is steady. Obtain an algebraic expression for the x 
component of acceleration of a fluid particle located at posi- 
tion x, in terms of vo, x, and D. Find an expression for the 
pressure gradient, 0p /Ox, at position x. Integrate to obtain an 
expression for the gage pressure at x = 0. 


6.16 An incompressible liquid with negligible viscosity and 
density p= 1.75 slug/ft* flows steadily through a horizontal 
pipe. The pipe cross-section area linearly varies from 15 in? to 
2.5 in? over a length of 10 feet. Develop an expression for and 
plot the pressure gradient and pressure versus position along 
the pipe, if the inlet centerline velocity is 5 ft/s and inlet 
pressure is 35 psi. What is the exit pressure? Hint: Use relation 


ou 10,4 

“oe 3 ax") 

6.17 An incompressible liquid with negligible viscosity and 
density p= 1250 kg/m?* flows steadily through a 5-m-long 
convergent-divergent section of pipe for which the area 
varies as 

A(x) = Ap(1 + e t/a _ e*/2@) 

where Ap = 0.25 m? and a= 1.5 m. Plot the area for the first 

5 m. Develop an expression for and plot the pressure gradient 

and pressure versus position along the pipe, for the first 5 m, 

if the inlet centerline velocity is 10 m/s and inlet pressure is 

300 kPa. Hint: Use relation 


ee! 6.18 A nozzle for an incompressible, inviscid fluid of density 


p= 1000 kg/m* consists of a converging section of pipe. At 
the inlet the diameter is D; = 100 mm, and at the outlet the 
diameter is D, =20 mm. The nozzle length is L = 500 mm, 
and the diameter decreases linearly with distance x along the 
nozzle. Derive and plot the acceleration of a fluid particle, 
assuming uniform flow at each section, if the speed at 
the inlet is V; = 1 m/s. Plot the pressure gradient through the 
nozzle, and find its maximum absolute value. If the pressure 
gradient must be no greater than S MPa/m in absolute value, 
how long would the nozzle have to be? 


ee 6.19 A diffuser for an incompressible, inviscid fluid of den- 


sity p = 1000 kg/m? consists of a diverging section of pipe. At 
the inlet the diameter is D; = 0.25 m, and at the outlet the 
diameter is D, = 0.75 m. The diffuser length is L = 1 m, and 
the diameter increases linearly with distance x along the 
diffuser. Derive and plot the acceleration of a fluid particle, 
assuming uniform flow at each section, if the speed at the 
inlet is V;=5 m/s. Plot the pressure gradient through the 
diffuser, and find its maximum value. If the pressure gradient 
must be no greater than 25 kPa/m, how long would the dif- 
fuser have to be? 


6.20 Consider the flow of Problem 5.48. Evaluate the mag- 
nitude and direction of the net pressure force that acts on the 
upper plate between 7; and R, if r; = R/2. 


6.21 Consider again the flow field of Problem 5.65. Assume the 
flow is incompressible with p = 1.23 kg/m? and friction is neg- 
ligible. Further assume the vertical air flow velocity is Uo = 15 
mm/s, the half-width of the cavity is L = 22 mm, and its height is 
h=1.2 mm. Calculate the pressure gradient at (x, y) = (L, h). 
Obtain an equation for the flow streamlines in the cavity. 


6.22 A liquid layer separates two plane surfaces as shown. 
The lower surface is stationary; the upper surface moves 
downward at constant speed V. The moving surface has width 
w, perpendicular to the plane of the diagram, and w » L. The 
incompressible liquid layer, of density p, is squeezed from 
between the surfaces. Assume the flow is uniform at any cross 
section and neglect viscosity as a first approximation. Use a 
suitably chosen control volume to show that u = Vx/b within 
the gap, where b= bo — Vt. Obtain an algebraic expression 
for the acceleration of a fluid particle located at x. Determine 
the pressure gradient, Op/Ox, in the liquid layer. Find the 
pressure distribution, p(x). Obtain an expression for the net 
pressure force that acts on the upper (moving) flat surface. 
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2 6.23 A rectangular computer chip floats on a thin layer of air, 


h=0.5 mm thick, above a porous surface. The chip width is 
b = 40 mm, as shown. Its length, L, is very long in the direction 
perpendicular to the diagram. There is no flow in the z direction. 
Assume flow in the x direction in the gap under the chip is 
uniform. Flow is incompressible, and frictional effects may be 
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neglected. Use a suitably chosen control volume to show that 
U(x) = qx/h in the gap. Find a general expression for the (2D) 
acceleration of a fluid particle in the gap in terms of q, h, x, and y. 
Obtain an expression for the pressure gradient Op/Ox. Assum- 
ing atmospheric pressure on the chip upper surface, find an 
expression for the net pressure force on the chip; is it directed 
upward or downward? Explain. Find the required flow rate q 
(m*/s/m”) and the maximum velocity, if the mass per unit length 
of the chip is 0.005 kg/m. Plot the pressure distribution as part of 
your explanation of the direction of the net force. 
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6.24 Heavy weights can be moved with relative ease on air 
cushions by using a load pallet as shown. Air is supplied from 
the plenum through porous surface AB. It enters the gap 
vertically at uniform speed, g. Once in the gap, all air flows in 
the positive x direction (there is no flow across the plane at 
x=0). Assume air flow in the gap is incompressible and 
uniform at each cross section, with speed u(x), as shown in 
the enlarged view. Although the gap is narrow (h « L), 
neglect frictional effects as a first approximation. Use a 
suitably chosen control volume to show that u(x) = qx/h in 
the gap. Calculate the acceleration of a fluid particle in the 
gap. Evaluate the pressure gradient, Op/Ox, and sketch 
the pressure distribution within the gap. Be sure to indicate the 
pressure at x = L. 
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6.25 A velocity field is given by V = [Ax? + Bxy2Ji+ 
[Ay? + Bx’y|j; A=0.2 m-?-s-!, B is a constant, and the 
coordinates are measured in meters. Determine the value and 
units for B if this velocity field is to represent an incompres- 
sible flow. Calculate the acceleration of a fluid particle at point 
(x,y) = (2,1). Evaluate the component of particle acceleration 
normal to the velocity vector at this point. 


6.26 The y component of velocity in a two-dimensional 
incompressible flow field is given by v = —Axy, where vu is in 
m/s, the coordinates are measured in meters, and A=1 
m '-s -. There is no velocity component or variation in the 
z direction. Calculate the acceleration of a fluid particle at 
point (x, y)=(1, 2). Estimate the radius of curvature of the 
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streamline passing through this point. Plot the streamline 
and show both the velocity vector and the acceleration vec- 
tor on the plot. (Assume the simplest form of the x compo- 
nent of velocity.) 

6.27 Consider the velocity field V = A[x* — 6x*y? + y*4]i+ B 
[ey —xy*]; A=2 m-3-s_|, B is a constant, and the coor- 
dinates are measured in meters. Find B for this to be an 
incompressible flow. Obtain the equation of the streamline 
through point (x, y) = (1, 2). Derive an algebraic expression 
for the acceleration of a fluid particle. Estimate the radius of 
curvature of the streamline at (x, y) = (1, 2). 


6.28 The velocity field for a plane doublet is given in Table 6.2. 
Find an expression for the pressure gradient at any point (r, 9). 


a | 6.29 Air flow over a stationary circular cylinder of radius a is 


modeled as a steady, frictionless, and incompressible flow 
from right to left, given by the velocity field 


v= u((2) = 1 cos 0é, + u| (2) + 1 sin 0é, 


Consider flow along the streamline forming the cylinder 
surface, r=a. Express the components of the pressure gra- 
dient in terms of angle @. Obtain an expression for the var- 
iation of pressure (gage) on the surface of the cylinder. For 
U=75 m/s and a=150 mm, plot the pressure distribution 
(gage) and explain, and find the minimum pressure. Plot the 
speed V as a function of r along the radial line 0 = 7/2 for 
r>a (that is, directly above the cylinder), and explain. 


a 6.30 To model the velocity distribution in the curved inlet 


section of a water channel, the radius of curvature of the 
streamlines is expressed as R = LR)/2y. As an approximation, 
assume the water speed along each streamline is V = 10 m/s. 
Find an expression for and plot the pressure distribution from 
y=0 to the tunnel wall at y = L/2, if the centerline pressure 
(gage) is 50 kPa, L = 75 mm, and Ro = 0.2 m. Find the value of 
V for which the wall static pressure becomes 35 kPa. 
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6.31 Air at 20 psia and 100°F flows around a smooth corner 
at the inlet to a diffuser. The air speed is 150 ft/s, and the 
radius of curvature of the streamlines is 3 in. Determine 
the magnitude of the centripetal acceleration experienced by 
a fluid particle rounding the corner. Express your answer in 
gs. Evaluate the pressure gradient, Op/dr. 


6.32 Repeat Example 6.1, but with the somewhat more 
realistic assumption that the flow is similar to a free vortex 


(irrotational) profile, V»=c/r (where c is a constant), as 
shown in Fig. P6.32. In doing so, prove that the flow rate is 
given by Q = k,/Ap, where k is 


Ar, | 
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6.33 The velocity field in a two-dimensional, steady, inviscid 
flow field in the horizontal xy plane is given by 
V = (Ax+B)i — Ayj, where A=1s~' and B=2 m/s; x and 
y are measured in meters. Show that streamlines for this flow 
are given by (x + B/A)y =constant. Plot streamlines passing 
through points (x, y)=(1, 1), (1, 2), and (2, 2). At point 
(x, y) =(1, 2), evaluate and plot the acceleration vector and 
the velocity vector. Find the component of acceleration 
along the streamline at the same point; express it as a vector. 
Evaluate the pressure gradient along the streamline at the 
same point if the fluid is air. What statement, if any, can you 
make about the relative value of the pressure at points (1, 1) 
and (2, 2)? 

6.34 Using the analyses of Example 6.1 and Problem 6.32, 
plot the discrepancy (percent) between the flow rates 
obtained from assuming uniform flow and the free vortex 
(irrotational) profile as a function of inner radius 7. 


6.35 The x component of velocity in a two-dimensional, 
incompressible flow field is given by u = Ax’; the coordi- 
nates are measured in feet and A =1 ft~'-s~'. There is no 
velocity component or variation in the z direction. Calcu- 
late the acceleration of a fluid particle at point (x, y) =(1, 
2). Estimate the radius of curvature of the streamline 
passing through this point. Plot the streamline and show 
both the velocity vector and the acceleration vector on the 
plot. (Assume the simplest form of the y component of 
velocity.) 


6.36 The x component of velocity in a two-dimensional al 


incompressible flow field is given by u =—A(x?—y7)/ 
(x? + y?)*, where u is in m/s, the coordinates are measured in 
meters, and A =2 m°-s’ ’. Show that the simplest form of the 
y component of velocity is given by v = —2Axy/(x? + y*)’. 
There is no velocity component or variation in the z direc- 
tion. Calculate the acceleration of fluid particles at points 
(x, y) = (0, 1), (0, 2), and (0, 3). Estimate the radius of cur- 
vature of the streamlines passing through these points. What 
does the relation among the three points and their radii of 
curvature suggest to you about the flow field? Verify this by 
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plotting these streamlines. [Hint: You will need to use an 
integrating factor. ] 


e.| 6.37 The x component of velocity in a two-dimensional, 


incompressible flow field is given by u=Axy; the coordi- 
nates are measured in meters and A =2 m~!-s7!. There is 
no velocity component or variation in the z direction. 
Calculate the acceleration of a fluid particle at point 
(x, y)=(2, 1). Estimate the radius of curvature of the 
streamline passing through this point. Plot the streamline 
and show both the velocity vector and the acceleration 
vector on the plot. (Assume the simplest form of the y 
component of velocity.) 


The Bernoulli Equation 


6.38 Water flows at a speed of 25 ft/s. Calculate the dynamic 
pressure of this flow. Express your answer in inches of 
mercury. 


6.39 Calculate the dynamic pressure that corresponds to a 
speed of 100 km/hr in standard air. Express your answer in 
millimeters of water. 


| 6.40 Plot the speed of air versus the dynamic pressure 


(in millimeters of mercury), up to a dynamic pressure of 
250 mm Hg. 


6.41 You present your open hand out of the window of an 
automobile perpendicular to the airflow. Assuming for sim- 
plicity that the air pressure on the entire front surface is 
stagnation pressure (with respect to automobile coordi- 
nates), with atmospheric pressure on the rear surface, esti- 
mate the net force on your hand when driving at (a) 30 mph 
and (b) 60 mph. Do these results roughly correspond with 
your experience? Do the simplifications tend to make the 
calculated force an over- or underestimate? 


6.42 A jet of air from a nozzle is blown at right angles 
against a wall in which two pressure taps are located. A 
manometer connected to the tap directly in front of the 
jet shows a head of 25 mm of mercury above atmospheric. 
Determine the approximate speed of the air leaving the 
nozzle if it is at —10°C and 200 kPa. At the second tap 
a manometer indicates a head of 5 mm of mercury 
above atmospheric; what is the approximate speed of the air 
there? 


6.43 A pitot-static tube is used to measure the speed of air at 
standard conditions at a point in a flow. To ensure that the 
flow may be assumed incompressible for calculations of 
engineering accuracy, the speed is to be maintained at 100 
m/s or less. Determine the manometer deflection, in milli- 
meters of water, that corresponds to the maximum desirable 
speed. 


6.44 The inlet contraction and test section of a laboratory 
wind tunnel are shown. The air speed in the test section is 
U=5S0 m/s. A total-head tube pointed upstream indicates 
that the stagnation pressure on the test section centerline is 
10 mm of water below atmospheric. The laboratory is main- 
tained at atmospheric pressure and a temperature of —S°C. 
Evaluate the dynamic pressure on the centerline of the wind 
tunnel test section. Compute the static pressure at the same 
point. Qualitatively compare the static pressure at the tunnel 
wall with that at the centerline. Explain why the two may not 
be identical. 
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6.45 Maintenance work on high-pressure hydraulic systems EL 


requires special precautions. A small leak can result in a high- 
speed jet of hydraulic fluid that can penetrate the skin and 
cause serious injury (therefore troubleshooters are cautioned 
to use a piece of paper or cardboard, not a finger, to search for 
leaks). Calculate and plot the jet speed of a leak versus system 
pressure, for pressures up to 40 MPa (gage). Explain how a 
high-speed jet of hydraulic fluid can cause injury. 


6.46 An open-circuit wind tunnel draws in air from the 
atmosphere through a well-contoured nozzle. In the test 
section, where the flow is straight and nearly uniform, a static 
pressure tap is drilled into the tunnel wall. A manometer 
connected to the tap shows that static pressure within the 
tunnel is 45 mm of water below atmospheric. Assume that 
the air is incompressible, and at 25°C, 100 kPa (abs). Cal- 
culate the air speed in the wind-tunnel test section. 


6.47 The wheeled cart shown in Problem 4.128 rolls with 
negligible resistance. The cart is to accelerate to the right. 
The jet speed is V = 40 m/s. The jet area remains constant at 
A=25 mm’. Neglect viscous forces between the water and 
vane. When the cart attains speed U= 15 m/s, calculate the 
stagnation pressure of the water leaving the nozzle with 
respect to a fixed observer, the stagnation pressure of the 
water jet leaving the nozzle with respect to an observer on 
the vane, the absolute velocity of the jet leaving the vane 
with respect to a fixed observer, and the stagnation pressure 
of the jet leaving the vane with respect to a fixed observer. 
How would viscous forces affect the latter stagnation pres- 
sure, i.e., would viscous forces increase, decrease, or leave 
unchanged this stagnation pressure? Justify your answer. 


6.48 Water flows steadily up the vertical 1-in.-diameter pipe 
and out the nozzle, which is 0.5 in. in diameter, discharging to 
atmospheric pressure. The stream velocity at the nozzle exit 
must be 30 ft/s. Calculate the minimum gage pressure 
required at section (1). If the device were inverted, what 
would be the required minimum pressure at section (1) to 
maintain the nozzle exit velocity at 30 ft/s? 
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6.49 Water flows in a circular duct. At one section the diam- 
eter is 0.3 m, the static pressure is 260 kPa (gage), the velocity is 
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3 m/s, and the elevation is 10 m above ground level. At a sec- 
tion downstream at ground level, the duct diameter is 0.15 m. 
Find the gage pressure at the downstream section if frictional 
effects may be neglected. 


6.50 You are on a date. Your date runs out of gas unex- 
pectedly. You come to your own rescue by siphoning gas from 
another car. The height difference for the siphon is about 1 ft. 
The hose diameter is 0.5 in. What is your gasoline flow rate? 


A 6.51 You (a young person of legal drinking age) are making 


homemade beer. As part of the process you have to siphon 
the wort (the fermenting beer with sediment at the bottom) 
into a clean tank using a 5-mm ID tubing. Being a young 
engineer, you’re curious about the flow you can produce. 
Find an expression for and plot the flow rate Q (liters per 
minute) versus the differential in height 4 (millimeters) 
between the wort free surface and the location of the hose 
exit. Find the value of h for which Q =2 L/min. 


6.52 A tank at a pressure of 50 kPa (gage) gets a pinhole 
rupture and benzene shoots into the air. Ignoring losses, to 
what height will the benzene rise? 


6.53 A can of Coke (you’re not sure if it’s diet or regular) has 
a small pinhole leak in it. The Coke sprays vertically into the 
air to a height of 0.5 m. What is the pressure inside the can of 
Coke? (Estimate for both kinds of Coke.) 


6.54 The water flow rate through the siphon is 5 Lis, its 
temperature is 20°C, and the pipe diameter is 25 mm. 
Compute the maximum allowable height, h, so that the 
pressure at point A is above the vapor pressure of the water. 
(Assume the flow is frictionless.) 
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6.55 A stream of liquid moving at low speed leaves a nozzle 
pointed directly downward. The velocity may be considered 
uniform across the nozzle exit and the effects of friction may 
be ignored. At the nozzle exit, located at elevation Zo, the jet 
velocity and area are Vo and Apo, respectively. Determine the 
variation of jet area with elevation. 


6.56 Water flows from a very large tank through a 5-cm- 
diameter tube. The dark liquid in the manometer is mercury. 
Estimate the velocity in the pipe and the rate of discharge 
from the tank. (Assume the flow is frictionless.) 
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6.57 In a laboratory experiment, water flows radially out- 
ward at moderate speed through the space between circular 
plane parallel disks. The perimeter of the disks is open 
to the atmosphere. The disks have diameter D = 150 mm and 
the spacing between the disks is h = 0.8 mm. The measured 
mass flow rate of water is 7 = 305 g/s. Assuming frictionless 
flow in the space between the disks, estimate the theoretical 
static pressure between the disks at radius r= 50 mm. In the 
laboratory situation, where some friction is present, would 
the pressure measured at the same location be above or 
below the theoretical value? Why? 


6.58 Consider frictionless, incompressible flow of air over 
the wing of an airplane flying at 200 km/hr. The air 
approaching the wing is at 65 kPa and —10°C. At a certain 
point in the flow, the pressure is 60 kPa. Calculate the speed 
of the air relative to the wing at this point and the absolute 
air speed. 


6.59 A speedboat on hydrofoils is moving at 20 m/s in a 
freshwater lake. Each hydrofoil is 3 m below the surface. 
Assuming, as an approximation, frictionless, incompres- 
sible flow, find the stagnation pressure (gage) at the front 
of each hydrofoil. At one point on a hydrofoil, the pressure 
is —75 kPa (gage). Calculate the speed of the water rela- 
tive to the hydrofoil at this point and the absolute water 
speed. 


6.60 A mercury barometer is carried in a car on a day when 
there is no wind. The temperature is 20°C and the corrected 
barometer height is 761 mm of mercury. One window is 
open slightly as the car travels at 105 km/hr. The barometer 
reading in the moving car is 5 mm lower than when the car 
is stationary. Explain what is happening. Calculate the local 
speed of the air flowing past the window, relative to the 
automobile. 


6.61 A fire nozzle is coupled to the end of a hose with inside 
diameter D = 3 in. The nozzle is contoured smoothly and has 
outlet diameter d=1 in. The design inlet pressure for the 
nozzle is p; =100 psi (gage). Evaluate the maximum flow 
rate the nozzle could deliver. 


6.62 A racing car travels at 235 mph along a straightaway. 
The team engineer wishes to locate an air inlet on the body 
of the car to obtain cooling air for the driver’s suit. The plan 
is to place the inlet at a location where the air speed is 
60 mph along the surface of the car. Calculate the static 
pressure at the proposed inlet location. Express the pressure 
rise above ambient as a fraction of the freestream dynamic 
pressure. 


6.63 Steady, frictionless, and incompressible flow from left to 
right over a stationary circular cylinder, of radius a, is 
represented by the velocity field 


V = ul1- (5) cos 06. — uli+ (2) sin 0 é, 


Obtain an expression for the pressure distribution along the 
streamline forming the cylinder surface, r=a. Determine 
the locations where the static pressure on the cylinder is 
equal to the freestream static pressure. 

6.64 The velocity field for a plane source at a distance h 
above an infinite wall aligned along the x axis was given in 
Problem 6.8. Using the data from that problem, plot the 


pressure distribution along the wall from x= —10h to x= 
+10h (assume the pressure at infinity is atmospheric). Find 
the net force on the wall if the pressure on the lower surface 
is atmospheric. Does the force tend to pull the wall towards 
the source, or push it away? 


6.65 The velocity field for a plane doublet is given in Table 
6.2. If A=3 m’-s |, the fluid density is p= 1.5 kg/m*, and 
the pressure at infinity is 100 kPa, plot the pressure along the 
x axis from x = —2.0 m to —0.5 m and x = 0.5 m to 2.0 m. 


6.66 A smoothly contoured nozzle, with outlet diameter 
d = 20 mm, is coupled to a straight pipe by means of flanges. 
Water flows in the pipe, of diameter D=50 mm, and the 
nozzle discharges to the atmosphere. For steady flow and 
neglecting the effects of viscosity, find the volume flow rate 
in the pipe corresponding to a calculated axial force of 45.5 N 
needed to keep the nozzle attached to the pipe. 


6.67 A fire nozzle is coupled to the end of a hose with inside 
diameter D = 75 mm. The nozzle is smoothly contoured and 
its outlet diameter is d=25 mm. The nozzle is designed to 
operate at an inlet water pressure of 700 kPa (gage). 
Determine the design flow rate of the nozzle. (Express your 
answer in L/s.) Evaluate the axial force required to hold the 
nozzle in place. Indicate whether the hose coupling is in 
tension or compression. 


6.68 Water flows steadily through a 3.25-in.-diameter pipe 
and discharges through a 1.25-in.-diameter nozzle to atmo- 
spheric pressure. The flow rate is 24.5 gpm. Calculate the 
minimum static pressure required in the pipe to produce this 
flow rate. Evaluate the axial force of the nozzle assembly on 
the pipe flange. 

6.69 Water flows steadily through the reducing elbow 
shown. The elbow is smooth and short, and the flow accel- 
erates; so the effect of friction is small. The volume flow rate 
is Q =2.5 L/s. The elbow is in a horizontal plane. Estimate 
the gage pressure at section (1). Calculate the x component 
of the force exerted by the reducing elbow on the supply 


pipe. 
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6.70 A flow nozzle is a device for measuring the flow 
rate in a pipe. This particular nozzle is to be used to 
measure low-speed air flow for which compressibility may 
be neglected. During operation, the pressures p; and p> are 
recorded, as well as upstream temperature, 7;. Find the 
mass flow rate in terms of Ap = pz — p; and T;, the gas constant 
for air, and device diameters D,; and Dz. Assume the flow is 
frictionless. Will the actual flow be more or less than this pre- 
dicted flow? Why? 
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6.71 The branching of a blood vessel is shown. Blood at a 
pressure of 140 mm Hg flows in the main vessel at 4.5 L/min. 
Estimate the blood pressure in each branch, assuming that 
blood vessels behave as rigid tubes, that we have frictionless 
flow, and that the vessel lies in the horizontal plane. What is 
the force generated at the branch by the blood? You may 
approximate blood to have a density of 1060 kg/m’. 
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6.72 An object, with a flat horizontal lower surface, moves 
downward into the jet of the spray system of Problem 4.81 with 
speed U=5 ft/s. Determine the minimum supply pressure 
needed to produce the jet leaving the spray system at V = 15 ft/s. 
Calculate the maximum pressure exerted by the liquid jet on the 
flat object at the instant when the object is h = 1.5 ft above 
the jet exit. Estimate the force of the water jet on the flat object. 


6.73 A water jet is directed upward from a well-designed 
nozzle of area A, = 600 mm”; the exit jet speed is V; = 6.3 m/s. 
The flow is steady and the liquid stream does not break up. 
Point @) is located H = 1.55 m above the nozzle exit plane. 
Determine the velocity in the undisturbed jet at point @). 
Calculate the pressure that would be sensed by a stagnation 
tube located there. Evaluate the force that would be exerted 
on a flat plate placed normal to the stream at point (2). Sketch 
the pressure distribution on the plate. 


6.74 Water flows out of a kitchen faucet of 1.25 cm diameter 
at the rate of 0.1 L/s. The bottom of the sink is 45 cm below 
the faucet outlet. Will the cross-sectional area of the fluid 
stream increase, decrease, or remain constant between the 
faucet outlet and the bottom of the sink? Explain briefly. 
Obtain an expression for the stream cross section as a 
function of distance y above the sink bottom. If a plate is 
held directly under the faucet, how will the force required to 
hold the plate in a horizontal position vary with height above 
the sink? Explain briefly. 


6. An old magic trick uses an empty thread spool and a 
g ply P 
playing card. The playing card is placed against the bottom of 
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the spool. Contrary to intuition, when one blows downward 
through the central hole in the spool, the card is not blown 
away. Instead it is “sucked” up against the spool. Explain. 


a 6.76 A horizontal axisymmetric jet of air with 0.4 in. diameter 


strikes a stationary vertical disk of 7.5 in. diameter. The jet 
speed is 225 ft/s at the nozzle exit. A manometer is connected 
to the center of the disk. Calculate (a) the deflection, if 
the manometer liquid has SG = 1.75, (b) the force exerted by 
the jet on the disk, and (c) the force exerted on the disk if it is 
assumed that the stagnation pressure acts on the entire for- 
ward surface of the disk. Sketch the streamline pattern and 
plot the distribution of pressure on the face of the disk. 


A 6.77 The tank, of diameter D, has a well-rounded nozzle with 


diameter d. At t = 0, the water level is at height 49. Develop an 
expression for dimensionless water height, h/ho, at any later 
time. For D/d = 10, plot h/ho as a function of time with ho as 
a parameter for 0.1 = ho = 1 m. For ho = 1 m, plot h/ho as a 
function of time with D/d as a parameter for 2 = D/d = 10. 
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4 6.78 The water level in a large tank is maintained at height H 


above the surrounding level terrain. A rounded nozzle 
placed in the side of the tank discharges a horizontal jet. 
Neglecting friction, determine the height h at which the 
orifice should be placed so the water strikes the ground at 
the maximum horizontal distance X from the tank. Plot jet 
speed V and distance X as functions of h (0<h< AH). 


6.79 The flow over a Quonset hut may be approximated by 
the velocity distribution of Problem 6.63 with 0 = 0 = 7c. 
During a storm the wind speed reaches 100 km/hr; the out- 
side temperature is 5°C. A barometer inside the hut reads 
720 mm of mercury; pressure p., is also 720 mm Hg. The hut 
has a diameter of 6 m and a length of 18 m. Determine the 
net force tending to lift the hut off its foundation. 


Quonset hut 
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6.80 Many recreation facilities use inflatable “bubble” 
structures. A tennis bubble to enclose four courts is shaped 
roughly as a circular semicylinder with a diameter of 50 ft and 
a length of 50 ft. The blowers used to inflate the structure 
can maintain the air pressure inside the bubble at 0.75 in. of 
water above ambient pressure. The bubble is subjected to a 
wind that blows at 35 mph in a direction perpendicular to the 


axis of the semicylindrical shape. Using polar coordinates, 
with angle 0 measured from the ground on the upwind side of 
the structure, the resulting pressure distribution may be 
expressed as 

P—Po 


I 
= pV 
7 Vn 


=1-—4sin’ 0 


where p is the pressure at the surface, p,, the atmospheric 
pressure, and V,, the wind speed. Determine the net vertical 
force exerted on the structure. 


6.81 High-pressure air forces a stream of water from a tiny, 
rounded orifice, of area A, in a tank. The pressure is high 
enough that gravity may be neglected. The air expands slowly, 
so that the expansion may be considered isothermal. The initial 
volume of air in the tank is Vo. At later instants the volume of air 
is V(t); the total volume of the tank is ¥,. Obtain an algebraic 
expression for the mass flow rate of water leaving the tank. 
Find an algebraic expression for the rate of change in mass of 
the water inside the tank. Develop an ordinary differential 
equation and solve for the water mass in the tank at any instant. 
If Wy =5 m’, ¥,=10 m*, A=25 mm”, and po =1 MPa, plot 
the water mass in the tank versus time for the first forty minutes. 

6.82 Water flows at low speed through a circular tube with 
inside diameter of 2 in. A smoothly contoured body of 1.5 in. 
diameter is held in the end of the tube where the water dis- 
charges to atmosphere. Neglect frictional effects and assume 
uniform velocity profiles at each section. Determine the pressure 
measured by the gage and the force required to hold the body. 


@ 
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6.83 Repeat Problem 6.81 assuming the air expands so 
rapidly that the expansion may be treated as adiabatic. 


6.84 Describe the pressure distribution on the exterior of a 
multistory building in a steady wind. Identify the locations of 
the maximum and minimum pressures on the outside of the 
building. Discuss the effect of these pressures on infiltration 
of outside air into the building. 


6.85 Imagine a garden hose with a stream of water flowing out 
through a nozzle. Explain why the end of the hose may be 
unstable when held a half meter or so from the nozzle end. 


6.86 An aspirator provides suction by using a stream of water 
flowing through a venturi. Analyze the shape and dimensions 
of such a device. Comment on any limitations on its use. 


6.87 A tank witha reentrant orifice called a Borda mouthpiece is 
shown. The fluid is inviscid and incompressible. The reentrant 
orifice essentially eliminates flow along the tank walls, so the 
pressure there is nearly hydrostatic. Calculate the contraction 
coefficient, C, = Aj!Ao. Hint: Equate the unbalanced hydro- 
static pressure force and momentum flux from the jet. 


<1 
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Unsteady Bernoulli Equation 


*6.88 Apply the unsteady Bernoulli equation to the U-tube 
manometer of constant diameter shown. Assume that the 
manometer is initially deflected and then released. Obtain a 
differential equation for / as a function of time. 


P6.88 
*6.89 Compressed air is used to accelerate water from a 
tube. Neglect the velocity in the reservoir and assume the 
flow in the tube is uniform at any section. At a particular 
instant, it is known that V =6 ft/s and dV/dt =7.5 ft/s”. The 
cross-sectional area of the tube is A = 32 in.?. Determine the 
pressure in the tank at this instant. 


h=4.5 ft 


jx ei 


P6.89, P6.90, P6.92 


*6.90 If the water in the pipe in Problem 6.89 is initially at 
rest and the air pressure is 3 psig, what will be the initial 
acceleration of the water in the pipe? 


*6.91 Consider the reservoir and disk flow system with the 
reservoir level maintained constant. Flow between the disks 
is started from rest at t=0. Evaluate the rate of change of 
volume flow rate at f=0, if r, =50 mm. 


h=1.5mm 4 Tc 
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*6.92 If the water in the pipe of Problem 6.89 is initially 
at rest, and the air pressure is maintained at 1.5 psig, derive 
a differential equation for the velocity V in the pipe as a 
function of time, integrate, and plot V versus t fort =0 to 5s. 


*6.93 Consider the tank of Problem 4.46. Using the Ber- 
noulli equation for unsteady flow along a streamline, evalu- 
ate the minimum diameter ratio, D/d, required to justify the 
assumption that flow from the tank is quasi-steady. 


*6.94 Two circular disks, of radius R, are separated by dis- 
tance b. The upper disk moves toward the lower one at 
constant speed V. The space between the disks is filled with a 
frictionless, incompressible fluid, which is squeezed out as the 
disks come together. Assume that, at any radial section, the 
velocity is uniform across the gap width b. However, note that 
b is a function of time. The pressure surrounding the disks is 
atmospheric. Determine the gage pressure at r= 0. 


Energy Grade Line And Hydraulic Grade Line 


6.95 Carefully sketch the energy grade lines (EGL) and 
hydraulic grade lines (HGL) for the system shown in Fig. 6.6 
if the pipe is horizontal (i.e., the outlet is at the base of the 
reservoir), and a water turbine (extracting energy) is located 
at point (2), or at point @). In Chapter 8 we will investigate 
the effects of friction on internal flows. Can you anticipate 
and sketch the effect of friction on the EGL and HGL for the 
two cases? 


6.96 Carefully sketch the energy grade lines (EGL) and 
hydraulic grade lines (HGL) for the system shown in Fig. 6.6 
if a pump (adding energy to the fluid) is located at point (), 
or at point @), such that flow is into the reservoir. In Chapter 
8 we will investigate the effects of friction on internal flows. 
Can you anticipate and sketch the effect of friction on the 
EGL and HGL for the two cases? 


Irrotational Flow 


*6.97 Determine whether the Bernoulli equation can be 
applied between different radii for the vortex flow fields 
(a) V = wr & and (b) V = & K/2nr. 

*6.98 Consider a two-dimensional fluid flow: u = ax + by and 
v =cx+dy, where a, b, c and d are constant. If the flow is 
incompressible and irrotational, find the relationships among 
a, b, c, and d. Find the stream function and velocity potential 
function of this flow. 


*6.99 Consider the flow represented by the stream function 
w =Ax’y, where A is a dimensional constant equal to 2.5 
m '-s +. The density is 1200 kg/m’. Is the flow rotational? 
Can the pressure difference between points (x, y) = (1, 4) and 


(2, 1) be evaluated? If so, calculate it, and if not, explain why. 


*6.100 The velocity field for a two-dimensional flow is 
V = (Ax — By)ti— (Bx + Ay)tj, where A=1s°* B=2s%, 
t is in seconds, and the coordinates are measured in meters. 
Is this a possible incompressible flow? Is the flow steady or 
unsteady? Show that the flow is irrotational and derive an 
expression for the velocity potential. 


*6.101 Using Table 6.2, find the stream function and velocity 
potential for a plane source, of strength g, near a 90° corner. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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The source is equidistant h from each of the two infinite 
planes that make up the corner. Find the velocity distribution 
along one of the planes, assuming p= po at infinity. By 
choosing suitable values for g and h, plot the streamlines and 
lines of constant velocity potential. (Hint: Use the Excel 
workbook of Example 6.10.) 


*6.102 The flow field for a plane source at a distance h 
above an infinite wall aligned along the x axis is given by 


V= sl xi h)j 
Ine? + (y — hy] [eu + (y —h)y] 

t 7 XL + h)j 
See = EA [a + (y + h)y] 


where q is the strength of the source. The flow is irrotational 
and incompressible. Derive the stream function and velocity 
potential. By choosing suitable values for g and h, plot the 
streamlines and lines of constant velocity potential. (Hint: 
Use the Excel workbook of Example 6.10.) 


| *6.103 Using Table 6.2, find the stream function and veloc- 


ity potential for a plane vortex, of strength K, near a 90° 
corner. The vortex is equidistant h from each of the two 
infinite planes that make up the corner. Find the velocity 
distribution along one of the planes, assuming p=po at 
infinity. By choosing suitable values for K and h, plot the 
streamlines and lines of constant velocity potential. (Hint: 
Use the Excel workbook of Example Problem 6.10.) 


*6.104 The stream function of a flow field is 
y = Ax’y — By?, where A=1m™!-s'', B=1}m'!-s "1, and 
the coordinates are measured in meters. Find an expression 
for the velocity potential. 


*6.105 A flow field is represented by the stream function 
w = x° —10x3y? + 5xy4*. Find the corresponding velocity 
field. Show that this flow field is irrotational and obtain the 
potential function. 


*6.106 The stream function of a flow field is 
w = Ax’ — Bxy?, where A=1m!-s' and B=3m!-s 1, 
and coordinates are measured in meters. Find an expression 
for the velocity potential. 


*6.107 The stream function of a flow field is y= Ax°+ 
B(xy? +x? — y’), where ~, x, y, A, and B are all dimen- 
sionless. Find the relation between A and B for this to be an 
irrotational flow. Find the velocity potential. 


*6.108 A flow field is represented by the stream function 
w= x —15x4y? + 15x°y4-— y®. Find the corresponding 
velocity field. Show that this flow field is irrotational and 
obtain the potential function. 


*6.109 Consider the flow field represented by the potential 
function ¢ = Ax? + Bxy — Ay’. Verify that this is an incom- 
pressible flow and determine the corresponding stream function. 

*6.110 Consider the flow field presented by the potential 
function @ = x° — 10x3y? + 5xy4 — x* + y*. Verify that this is 
an incompressible flow, and obtain the corresponding stream 
function. 


*6.111 Consider the flow field presented by the potential 
function ¢ = x° — 15x4y? + 15x’y* — y®. Verify that this is an 
incompressible flow and obtain the corresponding stream 
function. 


*6.112 Show by expanding and collecting real and imaginary 
terms that f= z° (where z is the complex number z = x + iy) 
leads to a valid velocity potential (the real part of f) and a 
corresponding stream function (the negative of the imagi- 
nary part of f) of an irrotational and incompressible flow. 
Then show that the real and imaginary parts of df/dz yield 
—u and v, respectively. 


*6.113 Show that any differentiable function f(z) of the 
complex number z = x + iy leads to a valid potential (the real 
part of f) and a corresponding stream function (the negative 
of the imaginary part of f) of an incompressible, irrotational 
flow. To do so, prove using the chain rule that f(z) 
automatically satisfies the Laplace equation. Then show that 
dfldz =—u + iv. 


*6.114 Consider the flow field represented by the velocity 
potential ¢=Ax+Bx’-—By*, where A=1 m-s |, 
B=1m '-s ',and the coordinates are measured in meters. 
Obtain expressions for the velocity field and the stream 
function. Calculate the pressure difference between the ori- 
gin and point (x, y) = (1, 2). 

*6.115 A flow field is represented by the potential function 
¢ = Ay>— Bx’y, where A=1/3m''-s', B=1m''-s |, 
and the coordinates are measured in meters. Obtain an 
expression for the magnitude of the velocity vector. Find the 
stream function for the flow. Plot the streamlines and 
potential lines, and visually verify that they are orthogonal. 
(Hint: Use the Excel workbook of Example 6.10.) 


*6.116 An incompressible flow field is characterized by the 
stream function ~=3Ax°y — Ay*, where A=1 m!-s |. 
Show that this flow field is irrotational. Derive the velocity 
potential for the flow. Plot the streamlines and potential 
lines, and visually verify that they are orthogonal. (Hint: Use 
the Excel workbook of Example 6.10.) 


*6.117 A certain irrotational flow field in the xy plane has 
the stream function 7) = Bxy, where B=0.25 s~', and the 
coordinates are measured in meters. Determine the rate of 
flow between points (x, y)=(2, 2) and (3, 3). Find the 
velocity potential for this flow. Plot the streamlines and 
potential lines, and visually verify that they are orthogonal. 
(Hint: Use the Excel workbook of Example 6.10.) 


*6.118 The velocity distribution in a two-dimensional, 
steady, inviscid flow field in the xy plane is 
V = (Ax+B)i+(C—Ay)j, where A=3 s', B=6 mis, 
C=4 m/s, and the coordinates are measured in meters. 
The body force distribution is B = —gk and the density is 
825 kg/m*. Does this represent a possible incompressible 
flow field? Plot a few streamlines in the upper half plane. 
Find the stagnation point(s) of the flow field. Is the flow 
irrotational? If so, obtain the potential function. Evaluate 
the pressure difference between the origin and point 
(x, y, Z) = (2, 2, 2). 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


*6.119 Consider flow around a circular cylinder with free- 
stream velocity from right to left and a counterclockwise free 
vortex. Show that the lift force on the cylinder can be 
expressed as F, = —pUT, as illustrated in Example 6.12. 


*6.120 Consider the flow past a circular cylinder, of radius a, 
used in Example 6.11. Show that V,=0 along the lines 
(r, 0) = (r, 7/2). Plot V,/U versus radius for r = a, along the 
line (r, 6)=(r, 7/2). Find the distance beyond which 
the influence of the cylinder is less than 1 percent of U. 


*6.121 A crude model of a tornado is formed by combining a 
sink, of strength g = 2800 m’/s, and a free vortex, of strength 
K =5600 m?/s. Obtain the stream function and velocity 
potential for this flow field. Estimate the radius beyond 
which the flow may be treated as incompressible. Find the 
gage pressure at that radius. 


*6.122 A source and a sink with strengths of equal magni- 
tude, g =3a m/s, are placed on the x axis at x = —a and x 
=a, respectively. A uniform flow, with speed U = 20 m/s, in 
the positive x direction, is added to obtain the flow past a 
Rankine body. Obtain the stream function, velocity poten- 
tial, and velocity field for the combined flow. Find the value 
of w = constant on the stagnation streamline. Locate the 
stagnation points if a=0.3 m. 

*6.123 Consider again the flow past a Rankine body of 
Problem 6.122. The half-width, h, of the body in the y 
direction is given by the transcendental equation 


h (=) 
— = cot| —— 
a q 


Evaluate the half-width, h. Find the local velocity and the 
pressure at points (x, y) = (0, +h). Assume the fluid density 
is that of standard air. 
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*6.124 A flow field is formed by combining a uniform flow 
in the positive x direction, with U=10 m/s, and a counter- 
clockwise vortex, with strength K = 167 m/s, located at the 
origin. Obtain the stream function, velocity potential, and 
velocity field for the combined flow. Locate the stagnation 
point(s) for the flow. Plot the streamlines and potential lines. 
(Hint: Use the Excel workbook of Example 6.10.) 


*6.125 Consider the flow field formed by combining a uni- 
form flow in the positive x direction with a sink located at the 
origin. Let U = 50 m/s and q = 90 m’/s. Use a suitably chosen 
control volume to evaluate the net force per unit depth 
needed to hold in place (in standard air) the surface shape 
formed by the stagnation streamline. 


*6.126 Consider the flow field formed by combining a uni- 
form flow in the positive x direction and a source located at 
the origin. Obtain expressions for the stream function, 
velocity potential, and velocity field for the combined flow. 
If U=25 m/s, determine the source strength if the stagnation 
point is located at x = —1 m. Plot the streamlines and potential 
lines. (Hint: Use the Excel workbook of Example 6.10.) 


*6.127 Consider the flow field formed by combining a uni- 
form flow in the positive x direction and a source located 
at the origin. Let U = 30 m/s and q = 150 m?/s. Plot the ratio 
of the local velocity to the freestream velocity as a function 
of 6 along the stagnation streamline. Locate the points on the 
stagnation streamline where the velocity reaches its max- 
imum value. Find the gage pressure there if the fluid density 
is 1.2 kg/m?. 
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Case Study in Energy and the Environment 


Ocean Current Power: The Vivace 
We have so far presented Case Studies in 


proportional to density. Hence water moving at 10 mph 
exerts about the same amount of force as a 100-mph 


Energy and the Environment mostly on wave 
power, but many developments are taking place in 
ocean current power—actually, in the power available 
wherever there is a current, such as in estuaries and 
rivers, not just in the ocean. Plenty of power is avail- 
able. Although ocean and river currents move slowly 
compared to typical wind speeds, they carry a great 
deal of energy because water is about 1000 times as 
dense as air, and the energy flux in a current is directly 
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wind. Ocean and river currents thus contain an enor- 
mous amount of energy that can be captured and 
converted to a usable form. For example, near the 
surface of the Florida Straits Current, the relatively 
constant extractable energy density is about 1 kW/m? 
of flow area. It has been estimated that capturing just 
1/1000th of the available energy from the Gulf Stream 
could supply Florida with 35 percent of its electrical 
needs. 
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A horizontal- and a vertical-axis turbine, and an oscillating foil device (Courtesy the University of Strathclyde) 


Ocean current energy is at an early stage of devel- 
opment, and only a small number of prototypes and 
demonstration units have so far been tested. A team 
of young engineers at the University of Strathclyde in 
Scotland recently did a survey of current develop- 
ments. They found that perhaps the most obvious 
approach is to use submerged turbines. The first fig- 
ure shows a horizontal-axis turbine (which is similar to 
a wind turbine) and a vertical-axis turbine. In each 
case, columns, cables, or anchors are required to keep 
the turbines stationary relative to the currents with 
which they interact. For example, they may be teth- 
ered with cables, in such a way that the current 
interacts with the turbine to maintain its location and 
stability; this is analogous to underwater kite flying in 
which the turbine plays the role of kite and the ocean- 
bottom anchor, the role of kite flyer. Turbines can 
include venturi-shaped shrouds around the blades to 
increase the flow speed and power output from the 
turbine. In regions with powerful currents over a large 
area, turbines could be assembled in clusters, similar 
to wind turbine farms. Space would be needed 
between the water turbines to eliminate wake- 
interaction effects and to allow access by maintenance 
vessels. The engineers at Strathclyde also discuss the 
third device shown in the figure, an oscillating foil 
design, in which a hydrofoil’s angle of attack would be 
repeatedly adjusted to generate a lift force that is 
upward, then downward. The mechanism and controls 
would use this oscillating force to generate power. The 
advantage of this design is that there are no rotating 
parts that could become fouled, but the disadvantage 
is that the control systems involved would be quite 
complex. 

For ocean current energy to be commercially suc- 
cessful, a number of technical challenges need to be 
addressed, including cavitation problems, prevention 
of marine growth buildup on turbine blades, and cor- 
rosion resistance. Environmental concerns include the 


protection of wildlife (fish and marine mammals) from 
turning turbine blades. 

As the research in these types of turbines and foils 
continues, engineers are also looking at alternative 
devices. A good example is the work of Professor 
Michael Bernitsas, of the Department of Naval Archi- 
tecture and Marine Engineering at the University of 
Michigan. He has developed a novel device, called the 
Vivace Converter, which uses the well-known phe- 
nomenon of vortex-induced vibrations to extract power 
from a flowing current. We are all familiar with vortex- 
induced vibrations, in which an object in a flow is 
made to vibrate due to vortices shedding first from 
one side and then the other side of the object’s rear. 
For example, cables or wires often vibrate in the wind, 
sometimes sufficiently to make noise (Aeolian tones); 
many factory chimneys and car antennas have a spiral 
surface built into them specifically to suppress this 
vibration. Another famous example is the collapse of 
the Tacoma Narrows Bridge in Washington State in 
1940, which many engineers believe was due to 
vortex-shedding of cross winds (a quite scary, but 


The Vivace Converter (Courtesy Professor Michael Bernitsas) 
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fascinating, video of this can easily be found on the 
Internet). Professor Bernitas has made a source of 
energy from a phenomenon that is usually a nuisance 
or a danger! 

The figure shows a conceptualization of his device, 
which consists of an assemblage of horizontal sub- 
merged cylinders. As the current flows across these, 
vortex shedding occurs, generating an oscillating up- 
and-down force on each cylinder. Instead of the 
cylinders being rigidly mounted, they are attached toa 
hydraulic system designed in such a way that, as the 
cylinders are forced up and down, they generate 
power. Whereas existing turbine systems need a cur- 
rent of about 5 knots to operate efficiently, the Vivace 
can generate energy using currents that are as slow as 
1 knot (most of the earth’s currents are slower than 
3 knots). The device also does not obstruct views or 
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access on the water’s surface because it can be 
installed on the river or ocean floor. It’s probable that 
this new technology is gentler on aquatic life because 
it is slow moving and mimics the natural vortex pat- 
terns created by the movement of swimming fish. An 
installation of 1 < 1.5 km (less than 1/2 mi*) in a 
current of 3 knots could generate enough power for 
100,000 homes. A prototype, funded by the U.S. 
Department of Energy and the Office Naval Research, 
is currently operating in the Marine Hydrodynamics 
Laboratory at the University of Michigan. The phe- 
nomenon of vortex shedding is discussed in Chapter 9; 
the vortex flow meter, which exploits the phenomenon 
to measure flow rate, is discussed in Chapter 8. We 
will discuss airfoil design in Chapter 9 and concepts 
behind the operation of turbines and propellers in 
Chapter 10. 


In previous chapters we have mentioned several instances in which we claim a 
simplified flow exists. For example, we have stated that a flow with typical speed V will 
be essentially incompressible if the Mach number, M = V/c (where c is the speed of 
sound), is less than about 0.3 and that we can neglect viscous effects in most of a flow if 
the Reynolds number, Re = pVL/u (L is a typical or “characteristic” size scale of the 
flow), is “large.” We will also make extensive use of the Reynolds number based 
on pipe diameter, D (Re = pVD/,), to predict with a high degree of accuracy whether 
the pipe flow is laminar or turbulent. It turns out that there are many such interesting 
dimensionless groupings in engineering science—for example, in heat transfer, the 
value of the Biot number, Bi=hL/k, of a hot body, size L and conductivity k, indi- 
cates whether that body will tend to cool on the outside surface first or will basically 
cool uniformly when it’s plunged into a cool fluid with convection coefficient h. (Can 
you figure out what a high Bi number predicts?) How do we obtain these groupings, 
and why do their values have such powerful predictive power? 

The answers to these questions will be provided in this chapter when we introduce 
the method of dimensional analysis. This is a technique for gaining insight into fluid 
flows (in fact, into many engineering and scientific phenomena) before we do either 
extensive theoretical analysis or experimentation; it also enables us to extract trends 
from data that would otherwise remain disorganized and incoherent. 

We will also discuss modeling. For example, how do we correctly perform tests on 
the drag on a 3/8-scale model of an automobile in a wind tunnel to predict what the 
drag would be on the full-size automobile at the same speed? Must we use the same 
speed for model and full-size automobile? How do we scale up the measured model 
drag to find the automobile drag? 


7.7 Nondimensionalizing the Basic 


Differential Equations 


Before describing dimensional analysis let us see what we can learn from our previous 
analytical descriptions of fluid flow. Consider, for example, a steady incompressible 
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two-dimensional flow of a Newtonian fluid with constant viscosity (already quite a list 
of assumptions!). The mass conservation equation (Eq. 5.1c) becomes 


Ou Ov 
bs F 
ax * By 0 (7.1) 


and the Navier—Stokes equations (Eqs. 5.27) reduce to 


du, Ou\ Op Pu Pu 
o(u ae" oS) x + (7.2) 


and 


Ov. av Op Ov ov 
= + 4 
(« ox” >) us Oy is (zs x2) Mea) 


As we discussed in Section 5.4, these equations form a set of coupled nonlinear partial 
differential equations for u, v, and p, and are difficult to solve for most flows. 
Equation 7.1 has dimensions of 1/time, and Eqs. 7.2 and 7.3 have dimensions of force/ 
volume. Let us see what happens when we convert them into dimensionless equations. 
(Even if you did not study Section 5.4 you will be able to understand the following 
material.) 

To nondimensionalize these equations, divide all lengths by a reference length, L, 
and all velocities by a reference speed, V,,, which usually is taken as the freestream 
velocity. Make the pressure nondimensional by dividing by pV2, (twice the freestream 
dynamic pressure). Denoting nondimensional quantities with asterisks, we obtain 
x y uesy v Pp 


ko ko = d k= 
Con ee a ee Se ae 


xe = 


(7.4) 


so that x =x*L, y=y*L, u=u*V,,, and so on. We can then substitute into Eqs. 7.1 
through 7.3; below we show two representative substitutions: 


Ou atu*V.) _ V2, Ou* 


— 7% 
“Ox Voc O(x*L) L Ox® 


and 


Fu  OHVn) . Vo Pu 
Ox O(a LA Ox? 


Using this procedure, the equations become 


Va Ou* — Veg Ov* _ 
L Ox*  L @y* 


2 * * 2 * 24k 24k 
pV, ut Ou ee ae _ pV, Op ' UV, (Ou Oru (7.6) 
L Ox* oy* L Ox* L? \Oxn" Oy” 
2 * * 2 * 21) 3k 2 7 y3 
pV, = Ou Eye gut * pV~, Op UV 4 (Ov Orv (7.7) 
i Ox* Oy* L Ooy* I> \ox® Oy 
Dividing Eq. 7.5 by V.,/L and Egs. 7.6 and 7.7 by pV2,/L gives 
ok * 
ae = % (7.8) 


Ox* — Oy* 
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ie 


ou* Ou* Op* [Lb Out Put 
+ 4 yt = | + 7.9 
Uu axe U dy* Ox* pV»L ( dy*2 ( ) 
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Equations 7.8, 7.9, and 7.10 are the nondimensional forms of our original equations 
(Eqs. 7.1, 7.2, 7.3). As such, we can think about their solution (with appropriate 
boundary conditions) as an exercise in applied mathematics. Equation 7.9 contains a 
dimensionless coefficient p/pV ., L (which we recognize as the inverse of the Reynolds 
number) in front of the second-order (viscous) terms; Eq. 7.10 contains this and 
another dimensionless coefficient, gl/V2, (which we will discuss shortly) for the 
gravity force term. We recall from the theory of differential equations that 
the mathematical form of the solution of such equations is very sensitive to the values 
of the coefficients in the equations (e.g., certain second-order partial differential 
equations can be elliptical, parabolic, or hyperbolic depending on coefficient values). 

These equations tell us that the solution, and hence the actual flow pattern they 
describe, depends on the values of the two coefficients. For example, if p/pV.,L is 
very small (i.e., we have a high Reynolds number), the second-order differentials, 
representing viscous forces, can be neglected, at least in most of the flow, and we end 
up with a form of Euler’s equations (Eqs. 6.2). We say “in most of the flow” because 
we have already learned that in reality for this case we will have a boundary layer in 
which there is significant effect of viscosity; in addition, from a mathematical point of 
view, it is always dangerous to neglect higher-order derivatives, even if their coeffi- 
cients are small, because reduction to a lower-order equation means we lose a 
boundary condition (specifically the no-slip condition). We can predict that if ju/pV.L 
is large or small, then viscous forces will be significant or not, respectively; if gLV2, is 
large or small, we can predict that gravity forces will be significant or not, respectively. 
We can thus gain insight even before attempting a solution to the differential equa- 
tions. Note that for completeness, we would have to apply the same non- 
dimensionalizing approach to the boundary conditions of the problem, which often 
introduce further dimensionless coefficients. 

Writing nondimensional forms of the governing equations, then, can yield insight 
into the underlying physical phenomena, and indicate which forces are dominant. If 
we had two geometrically similar but different scale flows satisfying Eqs. 7.8, 7.9, and 
7.10 (for example, a model and a prototype), the equations would only yield the same 
mathematical results if the two flows had the same values for the two coefficients (i.e., 
had the same relative importance of gravity, viscous, and inertia forces). This non- 
dimensional form of the equations is also the starting point in numerical methods, 
which is very often the only way of obtaining their solution. Additional derivations 
and examples of establishing similitude from the governing equations of a problem 
are presented in Kline [1] and Hansen [2]. 

We will now see how the method of dimensional analysis can be used instead of the 
above procedure to find appropriate dimensionless groupings of physical parameters. 
As we have mentioned, using dimensionless groupings is very useful for experimental 
measurements, and we will see in the next two sections that we can obtain them even 
when we do not have the governing equations such as Eqs. 7.1, 7.2, and 7.3 to work from. 


Nature of Dimensional Analysis 


Most phenomena in fluid mechanics depend in a complex way on geometric and flow 
parameters. For example, consider the drag force on a stationary smooth sphere 
immersed in a uniform stream. What experiments must be conducted to determine the 
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drag force on the sphere? To answer this question, we must specify what we believe 
are the parameters that are important in determining the drag force. Clearly, we would 
expect the drag force to depend on the size of the sphere (characterized by the 
diameter, D), the fluid speed, V, and the fluid viscosity, j. In addition, the density 
of the fluid, p, also might be important. Representing the drag force by F, we can write 
the symbolic equation 


P= 7D. V pelt) 


Although we may have neglected parameters on which the drag force depends, such 
as surface roughness (or may have included parameters on which it does not depend), 
we have set up the problem of determining the drag force for a stationary sphere in 
terms of quantities that are both controllable and measurable in the laboratory. 

We could set up an experimental procedure for finding the dependence of F on V, 
D, p, and 4s. To see how the drag, F, is affected by fluid speed, V, we could place a 
sphere in a wind tunnel and measure F for a range of V values. We could then run 
more tests in which we explore the effect on F of sphere diameter, D, by using dif- 
ferent diameter spheres. We are already generating a lot of data: If we ran the wind 
tunnel at, say, 10 different speeds, for 10 different sphere sizes, we’d have 100 data 
points. We could present these results on one graph (e.g., we could plot 10 curves of F 
vs. V, one for each sphere size), but acquiring the data would already be time con- 
suming: If we assume each run takes } hour, we have already accumulated 50 hours of 
work! We still wouldn’t be finished—we would have to book time using, say, a water 
tank, where we could repeat all these runs for a different value of p and of yu. In 
principle, we would next have to search out a way to use other fluids to be able to do 
experiments for a range of p and y values (say, 10 of each). At the end of the day 
(actually, at the end of about 25 years of 40-hour weeks!) we would have performed 
about 10* tests. Then we would have to try and make sense of the data: How do we 
plot, say, curves of F vs. V, with D, p, and y all being parameters? This is a daunting 
task, even for such a seemingly simple phenomenon as the drag on a sphere! 


Fortunately we do not have to do all this work. As we will see in Example 7.1, using VIDEO 
dimensional analysis, all the data for drag on a smooth sphere can be plotted as a 
single relationship between two nondimensional parameters in the form Flow Around a Sphere 1. 


F pVD 
ro (Tr) 
p ll 

The form of the function f still must be determined experimentally, but the point 
is that all spheres, in all fluids, for most velocities will fall on the same curve. Rather 
than needing to conduct 10* experiments, we could establish the nature of the function 
as accurately with only about 10 tests. The time saved in performing only 10 rather 
than 10‘ tests is obvious. Even more important is the greater experimental con- 
venience. No longer must we find fluids with 10 different values of density and vis- 
cosity. Nor must we make 10 spheres of different diameters. Instead, only the 
parameter pVD/ must be varied. This can be accomplished simply by using one 
sphere (e.g., 1 in. diameter), in one fluid (e.g., air), and only changing the speed, for VIDEO 
example. 

Figure 7.1 shows some classic data for flow over a sphere (the factors 5 and 7/4 have — Flow Around a Sphere 2. 
been added to the denominator of the parameter on the left to make it take the form of 
a commonly used nondimensional group, the drag coefficient, Cp, that we will discuss 
in detail in Chapter 9). If we performed the experiments as outlined above, our results 
would fall on the same curve, within experimental error. The data points represent 
results obtained by various workers for several different fluids and spheres. Note that 
we end up with a curve that can be used to obtain the drag force on a very wide range of 
sphere/fluid combinations. For example, it could be used to obtain the drag on a hot-air 
balloon due to a crosswind, or on a red blood cell (assuming it could be modeled as a 
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Fig. 7.1 Experimentally derived relation between the nondimensional parameters [3]. 


sphere) as it moves through the aorta—in either case, given the fluid (p and ju), the 
flow speed V, and the sphere diameter D, we could compute a value for pVD/j, then 
read the corresponding value for Cp, and finally compute the drag force F. 

In Section 7.3 we introduce the Buckingham Pi theorem, a formalized procedure 
for deducing the dimensionless groups appropriate for a given fluid mechanics or 
other engineering problem. This section, and Section 7.4, may seem a bit difficult to 
follow; we suggest you read them once, then study Examples 7.1, 7.2, and 7.3 to see 
how practical and useful the method in fact is, before returning to the two sections for 
a reread. 

The Buckingham Pi theorem is a statement of the relation between a function 
expressed in terms of dimensional parameters and a related function expressed in 
terms of nondimensional parameters. The Buckingham Pi theorem allows us to 
develop the important nondimensional parameters quickly and easily. 


13 Buckingham Pt Theorem 


In the previous section we discussed how the drag F on a sphere depends on the 
sphere diameter D, fluid density p and viscosity ju, and fluid speed V, or 


F = F(D, p, », V) 


with theory or experiment being needed to determine the nature of function f. More 
formally, we write 


8(F, D, p, uw, V) = 0 


where g is an unspecified function, different from f. The Buckingham Pi theorem [4] 
states that we can transform a relationship between n parameters of the form 


a(N1, q2, eee Qn) = 0 


into a corresponding relationship between n—m independent dimensionless II 
parameters in the form 


G(Ih, Ib, saey Tl,-m) = 0 
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or 
Ty = Gy Tag sass Dye) 


where m is usually the minimum number, r, of independent dimensions (e.g., mass, 
length, time) required to define the dimensions of all the parameters q1, q2,.--, Yn- 
(Sometimes m # r; we will see this in Example 7.3.) For example, for the sphere 
problem, we will see (in Example 7.1) that 


SEP usV)=0. or F= FD, p, pV) 


leads to 


F Lb = FO Lb 
o(aap wb) 0 or pvp o.(sp) 


The theorem does not predict the functional form of G or G;. The functional relation 
among the independent dimensionless II parameters must be determined experimentally. 

The n—m dimensionless II parameters obtained from the procedure are inde- 
pendent. A II parameter is not independent if it can be formed from any combination 
of one or more of the other II parameters. For example, if 


211, 13/4 
Tle = T= — 
5 IbM; or 6 


then neither II; nor I, is independent of the other dimensionless parameters. 
Several methods for determining the dimensionless parameters are available. A 
detailed procedure is presented in the next section. 


Determining the II Groups 7.4 


Regardless of the method to be used to determine the dimensionless parameters, one 
begins by listing all dimensional parameters that are known (or believed) to affect the 
given flow phenomenon. Some experience admittedly is helpful in compiling the list. 
Students, who do not have this experience, often are troubled by the need to apply 
engineering judgment in an apparent massive dose. However, it is difficult to go wrong 
if a generous selection of parameters is made. 

If you suspect that a phenomenon depends on a given parameter, include it. If your 
suspicion is correct, experiments will show that the parameter must be included to get 
consistent results. If the parameter is extraneous, an extra II parameter may result, but 
experiments will later show that it may be eliminated. Therefore, do not be afraid to 
include all the parameters that you feel are important. 

The six steps listed below (which may seem a bit abstract but are actually easy to 
do) outline a recommended procedure for determining the II parameters: 


Step 1. List all the dimensional parameters involved. (Let n be the number of param- 
eters.) If all of the pertinent parameters are not included, a relation may be 
obtained, but it will not give the complete story. If parameters that actually 
have no effect on the physical phenomenon are included, either the process 
of dimensional analysis will show that these do not enter the relation sought, 
or one or more dimensionless groups will be obtained that experiments will 
show to be extraneous. 


Step 2. Select a set of fundamental (primary) dimensions, e.g., MLt or FLt. (Note that 


for heat transfer problems you may also need 7 for temperature, and in 
electrical systems, q for charge.) 
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Step 3. 


Step 4. 


Step 5. 


Step 6. 


List the dimensions of all parameters in terms of primary dimensions. (Let r be 
the number of primary dimensions.) Either force or mass may be selected as a 
primary dimension. 


Select a set of r dimensional parameters that includes all the primary dimen- 
sions. These parameters will all be combined with each of the remaining 
parameters, one of those at a time, and so will be called repeating parameters. 
No repeating parameter should have dimensions that are a power of the 
dimensions of another repeating parameter; for example, do not include both 
an area (L”) and a second moment of area (L*) as repeating parameters. The 
repeating parameters chosen may appear in all the dimensionless groups 
obtained; consequently, do not include the dependent parameter among those 
selected in this step. 


Set up dimensional equations, combining the parameters selected in Step 4 with 
each of the other parameters in turn, to form dimensionless groups. (There will 
be n—™m equations.) Solve the dimensional equations to obtain the n —m 
dimensionless groups. 


Check to see that each group obtained is dimensionless. If mass was initially 
selected as a primary dimension, it is wise to check the groups using force as a 
primary dimension, or vice versa. 


The functional relationship among the II parameters must be determined experi- 
mentally. The detailed procedure for determining the dimensionless II parameters is 
illustrated in Examples 7.1 and 7.2. 


ample 7 E ON A SMOOTH SPHERE 


As noted in Section 7.2, the drag force, F, on a smooth sphere depends on the relative speed, V, the sphere diameter, 
D, the fluid density, p, and the fluid viscosity, j. Obtain a set of dimensionless groups that can be used to correlate 


experimental data. 


Given: F=f(p, V, D, 4s) for a smooth sphere. 


Find: An appropriate set of dimensionless groups. 


Solution: 


(Circled numbers refer to steps in the procedure for determining dimensionless II parameters.) 


dd) F V D p [Ll 


n=5 dimensional parameters 


@) Select primary dimensions M, L, and t. 


(3) ey ee nee em! 
ML L L M M 
eC t ILS iki 


r=3 primary dimensions 


@ Select repeating parameters p, V, D. m=r=3 repeating parameters 


©) Then n — m=2 dimensionless groups will result. Setting up dimensional equations, we obtain 


MEN? ML 
= b — x07 0,0 
Il = p*V°D‘F and ( *) (=) wy( 2 ) Vigo 


Equating the exponents of M, L, and ¢ results in 


M: a+1=0 a 
Jie —3a+b+c+1=0 c=-2 Therefore, II, = 
t: —b-2=0 b 


F 
pV2D2 
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Similarly, 
MIN (Ne M 
— odyepnf AEN fe i Be = 0,0 
Th = p*V°Di and (a) (=) (L) (Z) M°L*t 
M: d+1=0 d=-1 
igs =sasre@ryfel=O0O f= Therefore, 1; = = 
te =C= t= 0 e=-l p 
©) Check using F, L, ¢ dimensions 
F eel 
Gls ce and F5(z) ga = 1 
where [ ] means “has dimensions of,” and 
See Sea oy ie 
Us] = a Pos 
The functional relationship is Il, = f(IIz), or < 
i T 
ea m =a he Exce/ workbook f 
pV2D2 ui pVD i * TOr this 
€nient for Coan 
as noted before. The form of the function, f, must be determined ems 4, 0, and c for this 


experimentally (see Fig. 7.1). 


Dane 72 PRESSURE DROP IN PIPE FLOW 


The pressure drop, Ap, for steady, incompressible viscous flow through a straight horizontal pipe depends on the 
pipe length, /, the average velocity, V, the fluid viscosity, ju, the pipe diameter, D, the fluid density, p, and the average 
“roughness” height, e. Determine a set of dimensionless groups that can be used to correlate data. 


Given: Ap=f(p, V, D, 1, u, e) for flow in a circular pipe. 
Find: A suitable set of dimensionless groups. 


Solution: 


(Circled numbers refer to steps in the procedure for determining dimensionless II parameters.) 


Cd) Ap p [ Vv l D e n=7 dimensional parameters 
@) Choose primary dimensions M, L, and t. 
O®o ef i 8 e 

M M L : : : 

Tp S li ; i ib L r =3 primary dimensions 


@) Select repeating parameters p, V, D. m=r=3 repeating parameters 
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6) Then n —m=4 dimensionless groups will result. Setting up dimensional equations we have: 


Il, = p"V’D°Ap and Tl, = p’V'Dfy and 
NE AEN M nA WACO Li 
aay [eee ci(euae = is 0,0 
(cs) (@) Ge) = 8 (5) Gwe me 
M: O=artl == 1 M: O=d+1 d=-1 
ibs Was b--E= 1 j= —2 ihe UV —seeresey — il =I 
be O==o=2 c=0 t: O=-e-1 f=-1 
Therefore, II, = pV 7D Ap = eu Therefore, II, = ae 
ae pVD 
p 
Il3 = pV' Dil and Wa = pV De and 
k 
M\&/L\" P My! L lee oe 0,0 
8) (ie ane yee se 
M 3 0 = ig g = @) M: 0 = jj ; J — 0) 
L: 0=—3gthtit1} h=0 ES ot al! 
t: O=-h tl t: O=-k — 
e 
Tereroreelin = . Therefore, II, = a 
© Check, using F, L, t dimensions 
Ap 1G ei 
= —— —_ ————_ — = iL 
[Ty] = and L2 Fé L2 
= (£4 Re! 
Ua] = = ere 


Finally, the functional relationship is 


or 
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The procedure outlined above, where m is taken equal to r (the fewest independent 
dimensions required to specify the dimensions of all parameters involved), almost 
always produces the correct number of dimensionless I] parameters. In a few cases, 
trouble arises because the number of primary dimensions differs when variables are 
expressed in terms of different systems of dimensions (e.g., MLt or FLt). The value of 
m can be established with certainty by determining the rank of the dimensional 
matrix; that rank is m. Although not needed in most applications, for completeness, 
this procedure is illustrated in Example 7.3. 

The n — m dimensionless groups obtained from the procedure are independent but 
not unique. If a different set of repeating parameters is chosen, different groups result. 
The repeating parameters are so named because they may appear in all the dimen- 
sionless groups obtained. Based on experience, viscosity should appear in only one 
dimensionless parameter. Therefore j. should not be chosen as a repeating parameter. 

When we have achoice, it usually works out best to choose density p (dimensions M/L* 
in the MLt system), speed V (dimensions L/t), and characteristic length L (dimension L) 
as repeating parameters because experience shows this generally leads to a set of 
dimensionless parameters that are suitable for correlating a wide range of experimental 
data; in addition, p, V, and L are usually fairly easy to measure or otherwise obtain. The 
values of the dimensionless parameters obtained using these repeating parameters 
almost always have a very tangible meaning, telling you the relative strength of various 
fluid forces (e.g., viscous) to inertia forces—we will discuss several “classic” ones shortly. 

It’s also worth stressing that, given the parameters you’re combining, we can often 
determine the unique dimensional parameters by inspection. For example, if we had 
repeating parameters p, V, and L and were combining them with a parameter Ay, 
representing the frontal area of an object, it’s fairly obvious that only the combination 
A,/L? is dimensionless; experienced fluid mechanicians also know that pV’ produces 
dimensions of stress, so any time a stress or force parameter arises, dividing by pV* or 
pV’L? will produce a dimensionless quantity. 

We will find useful a measure of the magnitude of fluid inertia forces, obtained 
from Newton’s second law, F = ma; the dimensions of inertia force are thus MLr’. 
Using p, V, and L to build the dimensions of ma leads to the unique combination 
pV’L? (only p has dimension M, and only V’ will produce dimension f 7; L” is then 
required to leave us with MLr°). 

If n — m= 1, then a single dimensionless II parameter is obtained. In this case, the 
Buckingham Pi theorem indicates that the single II parameter must be a constant. 


1 SBaae 73 CAPHELARY EFFECT: USE OF DIMENSIONAL MATRIX 


When a small tube is dipped into a pool of liquid, surface tension causes a meniscus 
to form at the free surface, which is elevated or depressed depending on the 
contact angle at the liquid-solid-gas interface. Experiments indicate that 
the magnitude of this capillary effect, Ah, is a function of the tube diameter, D, 
liquid specific weight, 7, and surface tension, o. Determine the number of inde- 
pendent II parameters that can be formed and obtain a set. 


Liquid 
(Specific weight = 
Surface tension =o) 


Given: Ah=f(D, 9, c) 


Find: (a) Number of independent II parameters. 
(b) One set of II parameters. 


Solution: 
(Circled numbers refer to steps in the procedure for determining dimensionless II parameters.) 


OQ Be ae n = 4 dimensional parameters 


@) Choose primary dimensions (use both M, L, t and F, L, t dimensions to illustrate the problem in determining ™). 
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@ (a)M,L,t 
Ah D ¥ or 
M 
Deep oe 


r=3 primary dimensions 


(Oi at 


b 
= 
dS 
bi 9 


F 
ie 


r= 2 primary dimensions 


Thus for each set of primary dimensions we ask, “Is m equal to r?” Let us check each dimensional matrix to find out. 


The dimensional matrices are 


| IND ID  @G@ 
M| 0 O 1 il 
i | i dt =2 0 
e| @®@ @ —2 = 


i 0 


=  m=2 
—2 Z| Bona 


id) Z2 IF 
(4) m=2. Choose D, y as repeating parameters. 
(G) n—m=2 dimensionless groups will result. 


Tl, = D*y’Ah and 
b 


a M 
(L) je (L) = M°L°?2 
M: b+0=0 7 
L: a-2b+1=0 ae 
t: —2b+0=0 E 
Ah 


Therefore, II, = ay 


Tb = D°y“4o and 


M d+1= » 
IL e=— 2! = i = ce 
t —2d-2 = 
Wnercior., Il, = Z 


| Ah D ay or 
Fi) 0 0O 1 1 
il il dt =8 =i 
1 | = 
le i|- 1+3=240 
.m=2 
m=r 


m=2. Choose D, y as repeating parameters. 
n—m=2 dimensionless groups will result. 


Tl, = D°’yfAh and 


f 
F 
wr(f) e= es 


Ah 
Therefore, II, = ay 


Il, = D8y"o and 


F: h+1= h=-1 
Ls g=3)p— = g=-2 
a 
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(©) Check, using F, L, t dimensions Check, using M, L, t dimensions 
Ah It Ah IL, 
oO iF il ite oO IM i Lee 
= || toy SPL ce tel = | PAE See eee 4 
| 7527 sre UE ae ned eae 


Therefore, both systems of dimensions yield the same dimensionless 
II parameters. The predicted functional relationship is 


= Ah _,(@ We anal ae 
Tl, = f(Il) or le ip (ss) a YZed this Problem 


e 2.3, Where in Exam- 


~ 400s 
angle), Hence 


Significant Dimensionless Groups 7.5 
in Fluid Mechanics 


Over the years, several hundred different dimensionless groups that are important in 
engineering have been identified. Following tradition, each such group has been given 
the name of a prominent scientist or engineer, usually the one who pioneered its use. 
Several are so fundamental and occur so frequently in fluid mechanics that we should 
take time to learn their definitions. Understanding their physical significance also 
gives insight into the phenomena we study. 

Forces encountered in flowing fluids include those due to inertia, viscosity, pressure, 
gravity, surface tension, and compressibility. The ratio of any two forces will be dimen- 
sionless. We have previously shown that the inertia force is proportional to pV” L?. 

We can now compare the relative magnitudes of various fluid forces to the inertia 
force, using the following scheme: 


: du 4 viscous LVL [Lb 
forcee~ TA=p—A L? = pVL ad ee 
Viscous force i Lh ay re BV aD nertia pV2L2— pVL 
7 pressure ApL? _ Ap 
Pressure force ApA « ApL ae ai pV2L2 pV? 
it ‘iL ie 

Gravity force ~ mg & gpL* so BY T “ =§ 


inertia pV2L2 y 
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Surface tension L so suninee tension ee ul 
ea oO _§— ii. aa C= SO 
inertia pV?7L2— pV?7L 
er compressibility force E,L? E, 
Compressibilit E,A & E,L? so - - ~ = 
Faia ‘ ° ° inertia pV2L2 pV? 


All of the dimensionless parameters listed above occur so frequently, and are so 
powerful in predicting the relative strengths of various fluid forces, that they (slightly 
modified—usually by taking the inverse) have been given identifying names. 

The first parameter, p/pVL, is by tradition inverted to the form pVL/y, and was 
actually explored independently of dimensional analysis in the 1880s by Osborne 
Reynolds, the British engineer, who studied the transition between laminar and tur- 
bulent flow regimes in a tube. He discovered that the parameter (later named after him) 


is a criterion by which the flow regime may be determined. Later experiments have 
shown that the Reynolds number is a key parameter for other flow cases as well. Thus, 
in general, 


Re = —— = — (7.11) 


where L is a characteristic length descriptive of the flow field geometry. The Reynolds 
number is the ratio of inertia forces to viscous forces. Flows with “large” 
Reynolds number generally are turbulent. Flows in which the inertia forces are “small” 
compared with the viscous forces are characteristically laminar flows. 

In aerodynamic and other model testing, it is convenient to modify the second 
parameter, Ap/pV’, by inserting a factor 5 to make the denominator represent the 
dynamic pressure (the factor, of course, does not affect the dimensions). The ratio 


Benen (7.12) 


1 2 
nee 


is formed, where Ap is the local pressure minus the freestream pressure, and p and V 
are properties of the freestream flow. This ratio has been named after Leonhard 
Euler, the Swiss mathematician who did much early analytical work in fluid 
mechanics. Euler is credited with being the first to recognize the role of pressure in 
fluid motion; the Euler equations of Chapter 6 demonstrate this role. The Euler 
number is the ratio of pressure forces to inertia forces. The Euler number is often 
called the pressure coefficient, Cy. 

In the study of cavitation phenomena, the pressure difference, Ap, is taken as 
Ap =p — Pv, Where p is the pressure in the liquid stream, and p, is the liquid vapor 
pressure at the test temperature. Combining these with p and V in the stream yields 
the dimensionless parameter called the cavitation number, 


Ca = —- (7.13) 
Be 


The smaller the cavitation number, the more likely cavitation is to occur. This is 
usually an unwanted phenomenon. 
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William Froude was a British naval architect. Together with his son, Robert 
Edmund Froude, he discovered that the parameter 


V 
Fr = —— (7.14) 
Vel 
was significant for flows with free surface effects. Squaring the Froude number gives 
2 
Fr = a 
gL 


which may be interpreted as the ratio of inertia forces to gravity forces (it is the 
inverse of the third force ratio, V*/gL, that we discussed above). The length, L, is 
a characteristic length descriptive of the flow field. In the case of open-channel flow, 
the characteristic length is the water depth; Froude numbers less than unity indicate 
subcritical flow and values greater than unity indicate supercritical flow. We will have 
much more to say on this in Chapter 11. 

By convention, the inverse of the fourth force ratio, alpV°L, discussed above, is 
called the Weber number; it indicates the ratio of inertia to surface tension forces 


_ pv’L 
(QF 


We (7.15) 


The value of the Weber number is indicative of the existence of, and frequency of, 
capillary waves at a free surface. 
In the 1870s, the Austrian physicist Ernst Mach introduced the parameter 


M = (7.16) 


3 SS 


where V is the flow speed and c is the local sonic speed. Analysis and experiments 
have shown that the Mach number is a key parameter that characterizes compressi- 
bility effects in a flow. The Mach number may be written 


V V V 
M= = = or = = 
c ip E, E,W? E, 
dp p 


which is the inverse of the final force ratio, E,/ pV’, discussed above, and can be 
interpreted as a ratio of inertia forces to forces due to compressibility. For truly 
incompressible flow (and note that under some conditions even liquids are quite 
compressible), c= co so that M=0. 

Equations 7.11 through 7.16 are some of the most commonly used dimensionless 
groupings in fluid mechanics because for any flow pattern they immediately (even 
before performing any experiments or analysis) indicate the relative importance of 
inertia, viscosity, pressure, gravity, surface tension, and compressibility. 


Flow Similarity and Model Studies 7.6 


To be useful, a model test must yield data that can be scaled to obtain the forces, 
moments, and dynamic loads that would exist on the full-scale prototype. What 
conditions must be met to ensure the similarity of model and prototype flows? 
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VIDEO 


Geometric, Not Dynamic, Similarity: 


Flow Past a Block 1. 


VIDEO 


Geometric, Not Dynamic, Similarity: 


Flow Past a Block 2. 


Perhaps the most obvious requirement is that the model and prototype must be 
geometrically similar. Geometric similarity requires that the model and prototype 
be the same shape, and that all linear dimensions of the model be related to corre- 
sponding dimensions of the prototype by a constant scale factor. 

A second requirement is that the model and prototype flows must be kinematically 
similar. Two flows are kinematically similar when the velocities at corresponding 
points are in the same direction and differ only by a constant scale factor. Thus two 
flows that are kinematically similar also have streamline patterns related by a constant 
scale factor. Since the boundaries form the bounding streamlines, flows that are 
kinematically similar must be geometrically similar. 

In principle, in order to model the performance in an infinite flow field correctly, 
kinematic similarity would require that a wind tunnel of infinite cross section be used 
to obtain data for drag on an object. In practice, this restriction may be relaxed 
considerably, permitting use of equipment of reasonable size. 

Kinematic similarity requires that the regimes of flow be the same for model and 
prototype. If compressibility or cavitation effects, which may change even the quali- 
tative patterns of flow, are not present in the prototype flow, they must be avoided in 
the model flow. 

When two flows have force distributions such that identical types of forces are 
parallel and are related in magnitude by a constant scale factor at all corresponding 
points, the flows are dynamically similar. 

The requirements for dynamic similarity are the most restrictive. Kinematic simi- 
larity requires geometric similarity; kinematic similarity is a necessary, but not suffi- 
cient, requirement for dynamic similarity. 

To establish the conditions required for complete dynamic similarity, all forces that 
are important in the flow situation must be considered. Thus the effects of viscous 
forces, of pressure forces, of surface tension forces, and so on, must be considered. 
Test conditions must be established such that all important forces are related by the 
same scale factor between model and prototype flows. When dynamic similarity exists, 
data measured in a model flow may be related quantitatively to conditions in the 
prototype flow. What, then, are the conditions that ensure dynamic similarity between 
model and prototype flows? 

The Buckingham Pi theorem may be used to obtain the governing dimensionless 
groups for a flow phenomenon; to achieve dynamic similarity between geometrically 
similar flows, we must make sure that each independent dimensionless group 
has the same value in the model and in the prototype. Then not only will the 
forces have the same relative importance, but also the dependent dimensionless group 
will have the same value in the model and prototype. 

For example, in considering the drag force on a sphere in Example 7.1, we began 
with 


F = f(D, V, p, «) 


The Buckingham Pi theorem predicted the functional relation 


Fo! f pVD 
pVeD2 Nn 


In Section 7.5 we showed that the dimensionless parameters can be viewed as ratios of 
forces. Thus, in considering a model flow and a prototype flow about a sphere (the flows 
are geometrically similar), the flows also will be dynamically similar if the value of the 
independent parameter, pVD/j,, is duplicated between model and prototype, ie., if 


CF sas” i) 
HL model HB prototype 
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Furthermore, if 


Remodel = Reprototype 


then the value of the dependent parameter, F/pV 7D”, in the functional relationship, 
will be duplicated between model and prototype, 1.e., 


7D!) waa Gaene) 
eve model ge be prototype 


and the results determined from the model study can be used to predict the drag on 
the full-scale prototype. 

The actual force on the object caused by the fluid is not the same for the model and 
prototype, but the value of its dimensionless group is. The two tests can be run using 
different fluids, if desired, as long as the Reynolds numbers are matched. For 
experimental convenience, test data can be measured in a wind tunnel in air and the 
results used to predict drag in water, as illustrated in Example 7.4. 


ama 74 SIMILARITY: DRAG OF A SONAR TRANSDUCER 


The drag of a sonar transducer is to be predicted, based on wind tunnel test data. The prototype, a 1-ft diam- 
eter sphere, is to be towed at 5 knots (nautical miles per hour) in seawater at 40°F. The model is 6 in. in diameter. 
Determine the required test speed in air. If the drag of the model at these test conditions is 0.60 Ibf, estimate the 
drag of the prototype. 


Given: Sonar transducer to be tested in a wind tunnel. 


Find: 2 he JP =6 in 
a — (3— F,,, = 0.60 Ibf 
V, = 5 knots / 
Water at 40°F Air 
Solution: 


Since the prototype operates in water and the model test is to be performed in air, useful results can be expected only 
if cavitation effects are absent in the prototype flow and compressibility effects are absent from the model test. 


Under these conditions, 
ig f pVD 
pV?D* lL 


R €model — Reprototype 


and the test should be run at 


to ensure dynamic similarity. For seawater at 40°F, p = 1.99 slug/ft? and v = 1.69 x 107° ft?/s. At prototype 


conditions, 
nmi ft hr 
4 a —— x =a 
VY, =5 iz 6080 3600 s 8.44 ft/s 
WD) ft 
Jy eS a SG, 
Vp s 1.69 x 10> ft 


The model test conditions must duplicate this Reynolds number. Thus 
= Vr 


Un 


Ren = AO ce 
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For air at STP, p = 0.00238 slug/ft? and v = 1.57 x 10°“ ft*/s. The wind tunnel 
must be operated at 


This Problem: 


tes th 
Vn 5 eal fate il Protot e Calculatj 
= eer ANI «ot a ee ype vy, 1on of 
Vn = Rem Dy, Be eo S 0.5 ft . data, alues from MOdel test 
“R . 
Vin = 157 ft/s « Vin Gated the whoap, 


This speed is low enough to neglect compressibility effects. 
At these test conditions, the model and prototype flows are dynamically 
similar. Hence 


F | oF 
pV2D?),,  pV2D? - 
and 


Ve ibe 1.99 8.44)* 1 
F, = Fy, Boe = 0.60 Ibf X > aosag * ( y x 5 OIG tO say an dias We will have 
(Ve Ibe ! (157) (0.5) Chapter 9. rag Coefficients in 


Fo —s.8lbi « 
If cavitation were expected—if the sonar probe were operated at high speed near_the free surface 
of the seawater—then useful results could not be obtained from a model test in air. 


Incomplete Similarity 


We have shown that to achieve complete dynamic similarity between geometrically 
similar flows, it is necessary to duplicate the values of the independent dimensionless 
groups; by so doing the value of the dependent parameter is then duplicated. 

In the simplified situation of Example 7.4, duplicating the Reynolds number value 
between model and prototype ensured dynamically similar flows. Testing in air 
allowed the Reynolds number to be duplicated exactly (this also could have been 
accomplished in a water tunnel for this situation). The drag force on a sphere actually 
depends on the nature of the boundary-layer flow. Therefore, geometric similarity 
requires that the relative surface roughness of the model and prototype be the same. 
This means that relative roughness also is a parameter that must be duplicated 
between model and prototype situations. If we assume that the model was constructed 
carefully, measured values of drag from model tests could be scaled to predict drag for 
the operating conditions of the prototype. 

In many model studies, to achieve dynamic similarity requires duplication of sev- 
eral dimensionless groups. In some cases, complete dynamic similarity between model 
and prototype may not be attainable. Determining the drag force (resistance) of a 
surface ship is an example of such a situation. Resistance on a surface ship arises from 
skin friction on the hull (viscous forces) and surface wave resistance (gravity forces). 
Complete dynamic similarity requires that both Reynolds and Froude numbers be 
duplicated between model and prototype. 

In general it is not possible to predict wave resistance analytically, so it must be 
modeled. This requires that 


Vin Vp 


Fin = = Fry = 
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To match Froude numbers between model and prototype therefore requires a velocity 
ratio of 


to ensure dynamically similar surface wave patterns. 

Hence for any model length scale, matching the Froude numbers determines the 
velocity ratio. Only the kinematic viscosity can then be varied to match Reynolds 
numbers. Thus 


V, VL 
Re, = mbm = Re = aa 
Vy Vy 
leads to the condition that 
Ym — Vm Lm 
Up V, Lp 


If we use the velocity ratio obtained from matching the Froude numbers, equality of 
Reynolds numbers leads to a kinematic viscosity ratio requirement of 


te (in lg -. fio 
Y Ly L, Ly 


If Lin/Ly = 7 (a typical length scale for ship model tests), then v,,/v, must be 7755. 
Figure A.3 shows that mercury is the only liquid with kinematic viscosity less than that 
of water. However, it is only about an order of magnitude less, so the kinematic 
viscosity ratio required to duplicate Reynolds numbers cannot be attained. 

We conclude that we have a problem: it is impossible in practice for this model/ 
prototype scale of al to satisfy both the Reynolds number and Froude number 
criteria; at best we will be able to satisfy only one of them. In addition, water is the 
only practical fluid for most model tests of free-surface flows. To obtain complete 
dynamic similarity then would require a full-scale test. However, all is not lost: Model 
studies do provide useful information even though complete similarity cannot be 
obtained. As an example, Fig. 7.2 shows data from a test of a 1:80 scale model of a ship 
conducted at the U.S. Naval Academy Hydromechanics Laboratory. The plot displays 
“resistance coefficient” data versus Froude number. The square points are calculated 
from values of total resistance measured in the test. We would like to obtain the 
corresponding total resistance curve for the full-scale ship. 

If you think about it, we can only measure the total drag (the square data points). 
The total drag is due to both wave resistance (dependent on the Froude number) and 
friction resistance (dependent on the Reynolds number), and it’s not possible to 
determine experimentally how much each contributes. We cannot use the total drag 
curve of Fig. 7.2 for the full-scale ship because, as we have discussed above, we can 
never set up the model conditions so that its Reynolds number and Froude number 
match those of the full-scale ship. Nevertheless, we would like to extract from Fig. 7.2 
the corresponding total drag curve for the full-scale ship. In many experimental 
situations we need to use a creative “trick” to come up with a solution. In this case, the 
experimenters used boundary-layer theory (which we discuss in Chapter 9) to predict 
the viscous resistance component of the model (shown as diamonds in Fig. 7.2); 
then they estimated the wave resistance (not obtainable from theory) by simply 
subtracting this theoretical viscous resistance from the experimental total resistance, 
point by point (shown as circles in Fig. 7.2). 

Using this clever idea (typical of the kind of experimental and analytical 
approaches experimentalists need to employ), Fig. 7.2 therefore gives the wave 
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Fig. 7.2 Data from test of 1:80 scale model of U.S. Navy guided 
missile frigate Oliver Hazard Perry (FFG-7). (Data from U.S. Naval 
Academy Hydromechanics Laboratory, courtesy of Professor Bruce 
Johnson.) 
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Froude number 
Fig. 7.3. Resistance of full-scale ship predicted from model test 


results. (Data from U.S. Naval Academy Hydromechanics Labora- 
tory, courtesy of Professor Bruce Johnson.) 


resistance of the model as a function of Froude number. It is also valid for the full- 
scale ship, because wave resistance depends only on the Froude number! We can now 
build a graph similar to Fig. 7.2 valid for the full-scale ship: Simply compute from 
boundary-layer theory the viscous resistance of the full-scale ship and add this to the 
wave resistance values, point by point. The result is shown in Fig. 7.3. The wave 
resistance points are identical to those in Fig. 7.2; the viscous resistance points are 
computed from theory (and are different from those of Fig. 7.2); and the predicted 
total resistance curve for the full-scale ship is finally obtained. 
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In this example, incomplete modeling was overcome by using analytical compu- 
tations; the model experiments modeled the Froude number, but not the Reynolds 
number. 

Because the Reynolds number cannot be matched for model tests of surface ships, 
the boundary-layer behavior is not the same for model and prototype. The model 
Reynolds number is only Li Jby" * as large as the prototype value, so the extent of 
laminar flow in the boundary layer on the model is too large by a corresponding 
factor. The method just described assumes that boundary-layer behavior can be 
scaled. To make this possible, the model boundary layer is “tripped” or “stimulated” 
to become turbulent at a location that corresponds to the behavior on the full-scale 
vessel. “Studs” were used to stimulate the boundary layer for the model test results 
shown in Fig. 7.2. 

A correction sometimes is added to the full-scale coefficients calculated from 
model test data. This correction accounts for roughness, waviness, and unevenness 
that inevitably are more pronounced on the full-scale ship than on the model. Com- 
parisons between predictions from model tests and measurements made in full-scale 
trials suggest an overall accuracy within +5 percent [5]. 

As we will see in Chapter 11, the Froude number is an important parameter in the 
modeling of rivers and harbors. In these situations it is not practical to obtain com- 
plete similarity. Use of a reasonable model scale would lead to extremely small water 
depths, so that viscous forces and surface tension forces would have much larger 
relative effects in the model flow than in the prototype. Consequently, different length 
scales are used for the vertical and horizontal directions. Viscous forces in the deeper 
model flow are increased using artificial roughness elements. 

Emphasis on fuel economy has made reduction of aerodynamic drag important for 
automobiles, trucks, and buses. Most work on development of low-drag configurations 
is done using model tests. Traditionally, automobile models have been built to 3 scale, 
at which a model of a full-size automobile has a frontal area of about 0.3 m*. Thus 
testing can be done in a wind tunnel with test section area of 6 m? or larger. At 2 scale, 
a wind speed of about 150 mph is needed to model a prototype automobile traveling 
at the legal speed limit. Thus there is no problem with compressibility effects, but the 
scale models are expensive and time-consuming to build. 

A large wind tunnel (test section dimensions are 5.4 m high, 10.4 m wide, and 
21.3 m long; maximum air speed is 250 km/hr with the tunnel empty) is used by 
General Motors to test full-scale automobiles at highway speeds. The large test sec- 
tion allows use of production autos or of full-scale clay mockups of proposed auto 
body styles. Many other vehicle manufacturers are using comparable facilities; Fig. 7.4 
shows a full-size sedan under test in the Volvo wind tunnel. The relatively low speed 
permits flow visualization using tufts or “smoke” streams.' Using full-size “models,” 
stylists and engineers can work together to achieve optimum results. 

It is harder to achieve dynamic similarity in tests of trucks and buses; models must 
be made to smaller scale than those for automobiles.’ A large scale for truck and bus 
testing is 1:8. To achieve complete dynamic similarity by matching Reynolds numbers 
at this scale would require a test speed of 440 mph. This would introduce unwanted 
compressibility effects, and model and prototype flows would not be kinematically 
similar. Fortunately, trucks and buses are “bluff” objects. Experiments show that 
above a certain Reynolds number, their nondimensional drag becomes independent 


'A mixture of liquid nitrogen and steam may be used to produce “smoke” streaklines that evaporate and do 
not clog the fine mesh screens used to reduce the turbulence level in a wind tunnel. Streaklines may be made 
to appear “colored” in photos by placing a filter over the camera lens. This and other techniques for flow 
visualization are detailed in Reference [6] and Merzkirch [7]. 


°The vehicle length is particularly important in tests at large yaw angles to simulate crosswind behavior. 
Tunnel blockage considerations limit the acceptable model size. See Reference [8] for recommended 
practices. 
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A 


Fig. 7.4 Full-scale automobile under test in Volvo wind tunnel, using smoke streaklines for flow visualization. 
(Photograph courtesy of Volvo Cars of North America, Inc.) 


of Reynolds number [8]. (Figure 7.1 actually shows an example of this—for a sphere, 
the dimensionless drag is approximately constant for 2000 < Re <2 x 10°.) Although 
similarity is not complete, measured test data can be scaled to predict prototype drag 
forces. The procedure is illustrated in Example 7.5. 


ample 7 E SIMILARITY: AERODYNAMIC DRAG ON A BUS 


The following wind tunnel test data from a 1:16 scale model of a bus are available: 


Air Speed (m/s) 18.0 21.8 26.0 30.1 Bol) 38.5 40.9 44.1 46.7 
Drag Force (N) 3.10 4.41 6.09 VS 10.7 12) 14.7 16.9 18.9 


Using the properties of standard air, calculate and plot the dimensionless aerodynamic drag coefficient, 


F; 
Cp = 2 


it 2 
= A 
ae 


versus Reynolds number Re = pVw/j,i, where w is model width. Find the minimum test speed above which Cp 
remains constant. Estimate the aerodynamic drag force and power requirement for the prototype vehicle at 100 km/ 
hr. (The width and frontal area of the prototype are 8 ft and 84 ft’, respectively.) 


Given: Data from a wind tunnel test of a model bus. Prototype dimensions are width of 8 ft and frontal area of 
84 ft”. Model scale is 1:16. Standard air is the test fluid. 


Find: (a) Aerodynamic drag coefficient, Cp = Fp/4pV7A, versus Reynolds number, Re = pVw/u; plot. 
(b) Speed above which Cp is constant. 


(c) Estimated aerodynamic drag force and power required for the full-scale vehicle at 100 km/hr. 
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Solution: 
The model width is 


il m 
= — xX Xx 0. — =U. 
16 8 ft X 0.3048 - 0.152 m 


The model area is 


eee a te * x 84 £2 x (0.305)? = 0.0305 m? 
TS ie 2 = \ iG ‘| 


The aerodynamic drag coefficient may be calculated as 


F, 
Cp = T 2 
spVrA 
m?> ee 1 kg-m 
=2*xX x x x 
EOS Sie kg (V2 m2 (0.0305 m2 ~ N - #? 
53.3 Fp(N) 
Oa eens 
[V(m/s)] 


pM ae OL 
s 1.46 x 10 ° m2 


Re = 1.04 10* V(m/s) 


The calculated values are plotted in the following figure: 
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Cp, versus Re, 


Model Reynolds number, Re,, (x 10~°) 


The plot shows that the model drag coefficient becomes constant at Cp, © 0.46 above Re, =4 X 10°, which cor- 
responds to an air speed of approximately 40 m/s. Since the drag coefficient is independent of Reynolds number 
above Re ~ 4 X 10°, then for the prototype vehicle (Re ~ 4.5 X 10°), Cp ~ 0.46. The drag force on the full-scale 


vehicle is 


N-s? 
kg-m 


2 
0.46 kg km m hr 5 2m? 
= — X1.23—= | 100— x 1000 — x ——] xX 84 ft* x (0.305)° — x 

m3 hr km 3600 ; ( ) ft? 


line 
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The corresponding power req 


Pp = Fo,Vp 
km m 
= 1.71 X10° Nx 100 —— x 1000 —— 
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uired to overcome aerodynamic drag is 


For additional details on techniques and applications of dimensional analysis 
consult [9—12]. 


Scaling with Multiple Dependent Parameters 


In some situations of practical importance there may be more than one dependent 
parameter. In such cases, dimensionless groups must be formed separately for each 
dependent parameter. 

As an example, consider a typical centrifugal pump. The detailed flow pattern 
within a pump changes with volume flow rate and speed; these changes affect the 
pump’s performance. Performance parameters of interest include the pressure rise (or 
head) developed, the power input required, and the machine efficiency measured 
under specific operating conditions.’ Performance curves are generated by varying an 
independent parameter such as the volume flow rate. Thus the independent variables 
are volume flow rate, angular speed, impeller diameter, and fluid properties. 
Dependent variables are the several performance quantities of interest. 

Finding dimensionless parameters begins from the symbolic equations for the 
dependence of head, h (energy per unit mass, L7/t*), and power, #, on the indepen- 
dent parameters, given by 


h = 21(Q, Ps W, D, LL) 
and 


PP = 2(Q, Ps W, D, 7) 


Straightforward use of the Pi theorem gives the dimensionless head coefficient and 
power coefficient as 


ho OQ  pwD? 
uw D2 fi (3 ’ i ) (7.17) 


5Efficiency is defined as the ratio of power delivered to the fluid divided by input power, 1 =9/Pin. For 
incompressible flow, we will see in Chapter 8 that the energy equation reduces to ? = pQh (when “head” h 
is expressed as energy per unit mass) or to ? = pgQH (when head H is expressed as energy per unit weight). 
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and 


Pp ww D* 
aaps - f(r =) (7.18) 


The dimensionless parameter Q/wD* in these equations is called the flow co- 
efficient. The dimensionless parameter pwD?/p (xpVD/j) is a form of Reynolds 
number. 

Head and power in a pump are developed by inertia forces. Both the flow pattern 
within a pump and the pump performance change with volume flow rate and speed of 
rotation. Performance is difficult to predict analytically except at the design point 
of the pump, so it is measured experimentally. Typical characteristic curves plotted 
from experimental data for a centrifugal pump tested at constant speed are shown 
in Fig. 7.5 as functions of volume flow rate. The head, power, and efficiency curves in 
Fig. 7.5 are smoothed through points calculated from measured data. Maximum 
efficiency usually occurs at the design point. 

Complete similarity in pump performance tests would require identical flow 
coefficients and Reynolds numbers. In practice, it has been found that viscous effects 
are relatively unimportant when two geometrically similar machines operate under 
“similar” flow conditions. Thus, from Eqs. 7.17 and 7.18, when 


Q, _ Q 


= 7.19 
wD? wD} ( ) 
it follows that 
h h 
2 : 2° 2 - 2 (7.20) 
wD; w5D5 
and 
Pp ~p 
— 2 (7.21) 


The empirical observation that viscous effects are unimportant under similar flow 
conditions allows use of Eqs. 7.19 through 7.21 to scale the performance charac- 
teristics of machines to different operating conditions, as either the speed or diameter 
is changed. These useful scaling relationships are known as pump or fan “laws.” If 
operating conditions for one machine are known, operating conditions for any geo- 
metrically similar machine can be found by changing D and w according to Eqs. 7.19 
through 7.21. (More details on dimensional analysis, design, and performance curves 
for fluid machinery are presented in Chapter 10.) 


Efficiency 


Head produced — 
Power input ——— 
Efficiency ———— 


Volume flow rate 


Fig. 7.5 Typical characteristic curves for 
centrifugal pump tested at constant speed. 
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Another useful pump parameter can be obtained by eliminating the machine diameter 
from Eqs. 7.19 and 7.20. If we designate I; = Q/wD? and I, = h/w*D?, then the ratio 


TL! = / re! * is another dimensionless parameter; this parameter is the specific speed, N,, 


DOE 
The specific speed, as defined in Eq. 7.22a, is a dimensionless parameter (provided 
that the head, h, is expressed as energy per unit mass). You may think of specific speed 
as the speed required for a machine to produce unit head at unit volume flow rate. A 
constant specific speed describes all operating conditions of geometrically similar 
machines with similar flow conditions. 

Although specific speed is a dimensionless parameter, it is common practice to use 
a convenient but inconsistent set of units in specifying the variables w and Q, and to 
use the energy per unit weight H in place of energy per unit mass / in Eq. 7.22a. When 
this is done the specific speed, 


KOE 
N,., = B+ (7.22b) 


is not a unitless parameter and its magnitude depends on the units used to calculate it. 
Customary units used in U.S. engineering practice for pumps are rpm for w, gpm for 
Q, and feet (energy per unit weight) for H. In these customary U.S. units, “low” 
specific speed means 5O0<N,,< 4000 and “high” means 10,000<N,,/< 15,000. 
Example 7.6 illustrates use of the pump scaling laws and specific speed parameter. 
More details of specific speed calculations and additional examples of applications to 
fluid machinery are presented in Chapter 10. 
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A centrifugal pump has an efficiency of 80 percent at its design-point specific speed of 2000 (units of rpm, gpm, 
and feet). The impeller diameter is 8 in. At design-point flow conditions, the volume flow rate is 300 gpm of water at 
1170 rpm. To obtain a higher flow rate, the pump is to be fitted with a 1750 rpm motor. Use the pump “laws” to find 
the design-point performance characteristics of the pump at the higher speed. Show that the specific speed remains 


constant for the higher operating speed. Determine the motor size required. 


Given: Centrifugal pump with design specific speed of 2000 (in rpm, gpm, and feet units). Impeller diameter is 


D=8 in. At the pump’s design-point flow conditions, w = 1170 rpm and Q = 300 gpm, with water. 


Find: (a) Performance characteristics, 
(b) specific speed, and 
(c) motor size required, for similar flow conditions at 1750 rpm. 


Solution: From pump “laws,” Q/wD* = constant, so 


3 
a WwW Dy = 1750 3 Q> 
Q.=Q, S (53) 300 gpm (za0) (1)° = 449 gpm .« 


The pump head is not specified at w; = 1170 rpm, but it can be calculated from the specific speed, N,,, = 2000. Using 


the given units and the definition of N,_, 


cu 
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Then H/wD? = constant, so 


2 2 2 
_ W9 Dz = Ws0) y Ab 
Hy = H, (2) (3) 21.9 (5 (1)? = 49.0 ft « 
The pump output power is ; = pgQ,HMj, so at w; = 1170 rpm, 
slug ft gal fie min _ lbf-s? hp-s 
Dy = 1Ob— = << 0S WY) ih x 
: ft s min 7.48 gal 60s slug ft 550 ft- Ibf 
YP, = 1.66 hp 
But %/pu°D* = constant, so 
3 5 3 
Po\ fwo\ [Do 1750 5 0) 
Po = = 1.66 hp(1){ ——) (1)? = 5.55 hp « 
2 = (2) (Gi) (oi) = 29°20) rrp) OF = 55580 
The required input power may be calculated as 
DP S55) Layo) —Pp. 
Pin = — = —— = 6.94 hp ce in 
n 0.80 P 


Thus a 7.5-hp motor (the next larger standard size) probably would be 
specified. 
The specific speed at wz = 1750 rpm is 


Ae 1750(449)1/? 
ee (49.0)°/4 


= 2000 < 


Comments on Model Testing 


While outlining the procedures involved in model testing, we have tried not to imply 
that testing is a simple task that automatically gives results that are easily interpreted, 
accurate, and complete. As in all experimental work, careful planning and execution 
are needed to obtain valid results. Models must be constructed carefully and accu- 
rately, and they must include sufficient detail in areas critical to the phenomenon 
being measured. Aerodynamic balances or other force measuring systems must be 
aligned carefully and calibrated correctly. Mounting methods must be devised that 
offer adequate rigidity and model motion, yet do not interfere with the phenomenon 
being measured. References [13—15] are considered the standard sources for details 
of wind tunnel test techniques. More specialized techniques for water impact testing 
are described in Waugh and Stubstad [16]. 

Experimental facilities must be designed and constructed carefully. The quality 
of flow in a wind tunnel must be documented. Flow in the test section should be 
as nearly uniform as possible (unless the desire is to simulate a special profile 
such as an atmospheric boundary layer), free from angularity, and with little swirl. If 
they interfere with measurements, boundary layers on tunnel walls must be 
removed by suction or energized by blowing. Pressure gradients in a wind tunnel 
test section may cause erroneous drag-force readings due to pressure variations in 
the flow direction. 

Special facilities are needed for unusual conditions or for special test requirements, 
especially to achieve large Reynolds numbers. Many facilities are so large or spe- 
cialized that they cannot be supported by university laboratories or private industry. 
A few examples include [17—19]: 
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e National Full-Scale Aerodynamics Complex, NASA, Ames Research Center, 
Moffett Field, California. 
Two wind tunnel test sections, powered by a 125,000 hp electric drive system: 
e 40 ft high and 80 ft wide (12 X 24 m) test section, maximum wind speed of 
300 knots. 
¢ 80 ft high and 120 ft wide (24 xX 36 m) test section, maximum wind speed of 
137 knots. 


e U.S. Navy, David Taylor Research Center, Carderock, Maryland. 

e High-Speed Towing Basin 2968 ft long, 21 ft wide, and 16 ft deep. Towing carriage 
can travel at up to 100 knots while measuring drag loads to 8000 Ibf and side loads 
to 2000 lbf. 

¢ 36 in. variable-pressure water tunnel with 50 knot maximum test speed at pres- 
sures between 2 and 60 psia. 

e Anechoic Flow Facility with quiet, low-turbulence air flow in 8 ft square by 21 ft- 
long open-jet test section. Flow noise at maximum speed of 200 ft/s is less than 
that of conversational speech. 


e U.S. Army Corps of Engineers, Sausalito, California. 
e San Francisco Bay and Delta Model with slightly more than 1 acre in area, 1:1000 
horizontal scale and 1:100 vertical scale, 13,500 gpm of pumping capacity, use of 
fresh and salt water, and tide simulation. 


e NASA, Langley Research Center, Hampton, Virginia. 
e National Transonic Facility (NTF) with cryogenic technology (temperatures as 
low as —300°F) to reduce gas viscosity, raising Reynolds number by a factor of 6, 
while halving drive power. 


77 Summary and Useful Equations 


In this chapter we have: 


Y Obtained dimensionless coefficients by nondimensionalizing the governing differential equations of a problem. 

v Stated the Buckingham Pi theorem and used it to determine the independent and dependent dimensionless parameters from the 
physical parameters of a problem. 

Y Defined a number of important dimensionless groups: the Reynolds number, Euler number, cavitation number, Froude number, 
Weber number, and Mach number, and discussed their physical significance. 


We have also explored some ideas behind modeling: geometric, kinematic, and dynamic similarity, incomplete 
modeling, and predicting prototype results from model tests. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Reynolds number (inertia to viscous): Re = pVL_ VL (7.11) Page 304 
e= ae 
Euler number (pressure to inertia): E Ap (7.12) Page 304 
u=7 - 
2 Pp 
Cavitation number: Cre P~Pv (7.13) Page 304 
1 in 
aur 
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Froude number (inertia to gravity): V (7.14) Page 305 
Fr = ——= 
Vel 
Weber number (inertia to surface tension): We = pV?L (7.15) Page 305 
= oO 
Mach number (inertia to compressibility): we V (7.16) Page 305 
+ 
Centrifugal pump specific speed wo!/2 (7.22a) Page 316 
(in terms of head h): N; = Pa 
Centrifugal pump specific speed wQ'? (7.22b) Page 316 
(in terms of head H): Ns = B+ 
Case Study 
T. Rex University in Scotland, to try to determine the speed at 


which dinosaurs such as Tyrannosaurus rex may have 
been able to run. The only data available on these crea- 
tures are in the fossil record—the most pertinent data 
being the dinosaurs’ average leg length / and stride s. 
Could these data be used to extract the dinosaurs’ 
speed? Comparing data on / and s and the speed V of 
quadrupeds (e.g., horses, dogs) and bipeds (e.g., 
humans) does not indicate a pattern, unless dimensional 
analysis is used to learn that all of the data should be 
plotted in the following way: Plot the dimensionless 
quantity V*/gl (where V is the measured speed of the 
animal and g is the acceleration of gravity) against 
the dimensionless ratio s/l. When this is done, “magi- 
cally” the data for most animals fall approximately on 
one curve! Hence, the running behavior of most animals 
can be obtained from the graph: In this case, the dino- 
saurs’ value of s/l allows a corresponding value of V7/g/ to 
be interpolated from the curve, leading to an estimate for 
Dimensional analysis, the main topic of this chapter, | V of dinosaurs (because / and g are known). Based on 
is used in many scientific pursuits. It has even been | this, in contrast to the Jurassic Park movies, it seems 
used by Professor Alexander McNeil, now at Heriot-Watt | likely that humans could easily outrun T. rex! 


Tyrannosaurus rex. (California Academy of Sciences) 
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Problems 


Nondimensionalizing the Basic Differential Equations 


| | Many of the Problems in this chapter involve obtaining the II 


groups that characterize a problem. The Excel workbook used 
in Example 7.1 is useful for performing the computations 
involved. To avoid needless duplication, the computer symbol 
will only be used next to Problems when they have an addi- 
tional benefit (e.g., for graphing). 


7-1 The propagation speed of small-amplitude surface waves 
in a region of uniform depth is given by 


2 (< Qn <*) aah 2h 


pA 2a Xr 


where / is depth of the undisturbed liquid and A is wave- 
length. Using L as a characteristic length and Vo as a char- 
acteristic velocity, obtain the dimensionless groups that 
characterize the equation. 


7-2 The equation describing small-amplitude vibration of a 
beam is 
OV fe OF 
A + EI-=5 =0 
pO Oe Ox4 


where y is the beam deflection at location x and time ¢, p and 
E are the density and modulus of elasticity of the beam 
material, respectively, and A and / are the beam cross-sec- 
tion area and second moment of area, respectively. Use the 
beam length L, and frequency of vibration w, to non- 
dimensionalize this equation. Obtain the dimensionless 
groups that characterize the equation. 

7-3 The slope of the free surface of a steady wave in one- 


dimensional flow in a shallow liquid layer is described by the 
equation 
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Use a length scale, L, and a velocity scale, Vo, to non- 
dimensionalize this equation. Obtain the dimensionless groups 
that characterize this flow. 

7-4 One-dimensional unsteady flow in a thin liquid layer is 
described by the equation 


Ou Ou Oh 


bie oe Sx 


Use a length scale, L, and a velocity scale, Vo, to nondimen- 
sionalize this equation. Obtain the dimensionless groups that 
characterize this flow. 

7-5 A two-dimensional steady flow in a viscous liquid is 
described by the equation: 


Ou Oh . be Ou Ou 
Ox Sax" p \Ox2 " dy? 


u 


Use a length scale, L, and a velocity scale, Vo, to non- 
dimensionalize this equation. Obtain the dimensionless 
groups that characterize this flow. 


7.6 In atmospheric studies the motion of the earth’s atmo- 
sphere can sometimes be modeled with the equation 
DV 


eee 1 
— +20XV =—-V, 
Dt p 


where V is the large-scale velocity of the atmosphere across 
the Earth’s surface, Vp is the climatic pressure gradient, and 
Q is the Earth’s angular velocity. What is the meaning of the 
term 0 X V? Use the pressure difference, Ap, and typical 
length scale, L (which could, for example, be the magnitude 
of, and distance between, an atmospheric high and low, 
respectively), to nondimensionalize this equation. Obtain the 
dimensionless groups that characterize this flow. 


7-7 By using order of magnitude analysis, the continuity and 
Navier—Stokes equations can be simplified to the Prandtl 


boundary-layer equations. For steady, incompressible, and 
two-dimensional flow, neglecting gravity, the result is 
ou, Ov _ 
Ox Oy 
Ou | Ou 10p , @u 
Ox | ° ay pox | ” aya 


0 


u 


Use L and Vo as characteristic length and velocity, respec- 
tively. Nondimensionalize these equations and identify the 
similarity parameters that result. 


7.8 An unsteady, two-dimensional, compressible, inviscid 
flow can be described by the equation 


OU Ono ape Oe 
or a a 0) Fp 
Ow rw 
i Plage | = 
Fur = 62) Re A ay 0 


where w is the stream function, u and v are the x and y 
components of velocity, respectively, c is the local speed of 
sound, and ¢ is the time. Using L as a characteristic length 
and cp (the speed of sound at the stagnation point) to non- 
dimensionalize this equation, obtain the dimensionless 
groups that characterize the equation. 

7-9 The equation describing motion of fluid in a pipe due to an 
applied pressure gradient, when the flow starts from rest, is 


Ou 1 Op | Ou _ 1 ou 
Ot p Ox | “\ar "+ ar 
Use the average velocity V, pressure drop Ap, pipe length L, 


and diameter D to nondimensionalize this equation. Obtain 
the dimensionless groups that characterize this flow. 


Determining the II Groups 


7-10 Experiments show that the pressure drop for flow 
through an orifice plate of diameter d mounted in a length of 
pipe of diameter D may be expressed as Ap = p; — p2 = 
f(p, , V, d, D). You are asked to organize some experi- 
mental data. Obtain the resulting dimensionless parameters. 


7-11 At relatively high speeds the drag on an object is inde- 
pendent of fluid viscosity. Thus the aerodynamic drag force, 
F, on an automobile, is a function only of speed, V, air 
density p, and vehicle size, characterized by its frontal area 
A. Use dimensional analysis to determine how the drag force 
F depends on the speed V. 


7.12 At very low speeds, the drag on an object is independent 
of fluid density. Thus the drag force, F, on a small sphere is a 
function only of speed, V, fluid viscosity, 4, and sphere 
diameter, D. Use dimensional analysis to determine how the 
drag force F depends on the speed V. 


7-13 The drag force on the International Space Station 
depends on the mean free path of the molecules A (a length), 
the density p, a characteristic length L, and the mean speed 
of the air molecules c. Find a nondimensional form of this 
functional relationship. 


7-14 We saw in Chapter 3 that the buoyant force, Fg, on a body 
submerged in a fluid is directly proportional to the specific 
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weight of the fluid, y. Demonstrate this using dimensional 
analysis, by starting with the buoyant force as a function of the 
volume of the body and the specific weight of the fluid. 


7-15 When an object travels at supersonic speeds, the aero- 
dynamic drag force F acting on the object is a function of the 
velocity V, air density p, object size (characterized by some 
reference area A), and the speed of sound c (note that all of 
the variables except c were considered when traveling at 
subsonic speeds as in Problem 7.11). Develop a functional 
relationship between a set of dimensionless variables to 
describe this problem. 


7.16 The speed, V, of a free-surface wave in shallow liquid is 
a function of depth, D, density, p, gravity, g, and surface 
tension, 0. Use dimensional analysis to find the functional 
dependence of V on the other variables. Express V in the 
simplest form possible. 


7-17 The wall shear stress, 7,,, in a boundary layer depends on 
distance from the leading edge of the body, x, the density, p, 
and viscosity, 4, of the fluid, and the freestream speed of 
the flow, U. Obtain the dimensionless groups and express the 
functional relationship among them. 


7.18 The boundary-layer thickness, 6, on a smooth flat plate 
in an incompressible flow without pressure gradients 
depends on the freestream speed, U, the fluid density, p, the 
fluid viscosity, js, and the distance from the leading edge of 
the plate, x. Express these variables in dimensionless form. 


7-19 If an object is light enough it can be supported on the 
surface of a fluid by surface tension. Tests are to be done to 
investigate this phenomenon. The weight, W, supportable in 
this way depends on the object’s perimeter, p, and the fluid’s 
density, p, surface tension o, and gravity, g. Determine the 
dimensionless parameters that characterize this problem. 


7-20 The speed, V, of a free-surface gravity wave in deep 
water is a function of wavelength, A, depth, D, density, p, and 
acceleration of gravity, g. Use dimensional analysis to find 
the functional dependence of V on the other variables. 
Express V in the simplest form possible. 


7-21 The mean velocity, 7, for turbulent flow in a pipe or a 
boundary layer may be correlated using the wall shear stress, 
Tw, distance from the wall, y, and the fluid properties, p and ju. 
Use dimensional analysis to find one dimensionless parameter 
containing @ and one containing y that are suitable for orga- 
nizing experimental data. Show that the result may be written 


2. 2H) 


Ux V 


where us = (7,,/p)"” is the friction velocity. 


7-22 The energy released during an explosion, EF, is a func- 
tion of the time after detonation t, the blast radius R at time 
t, and the ambient air pressure p, and density p. Determine, 
by dimensional analysis, the general form of the expression 
for E in terms of the other variables. 


7-23 Capillary waves are formed on a liquid free surface as a 
result of surface tension. They have short wavelengths. The 
speed of a capillary wave depends on surface tension, o, 
wavelength, A, and liquid density, p. Use dimensional anal- 
ysis to express wave speed as a function of these variables. 
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7-24 Measurements of the liquid height upstream from an 
obstruction placed in an open-channel flow can be used to 
determine volume flow rate. (Such obstructions, designed 
and calibrated to measure rate of open-channel flow, are 
called weirs.) Assume the volume flow rate, Q, over a weir is 
a function of upstream height, h, gravity, g, and channel 
width, b. Use dimensional analysis to find the functional 
dependence of Q on the other variables. 


7-25 The torque, T, of a handheld automobile buffer is a 
function of rotational speed, w, applied normal force, F, 
automobile surface roughness, e, buffing paste viscosity, ju, and 
surface tension, o. Determine the dimensionless param- 
eters that characterize this problem. 


7.26 The power, ¥, used by a vacuum cleaner is to be cor- 
related with the amount of suction provided (indicated by 
the pressure drop, Ap, below the ambient room pressure). It 
also depends on impeller diameter, D, and width, d, motor 
speed, w, air density, p, and cleaner inlet and exit widths, d; 
and d,, respectively. Determine the dimensionless param- 
eters that characterize this problem. 


7-27 The load-carrying capacity, W, of a journal bearing is 
known to depend on its diameter, D, length, /, and clearance, 
c, in addition to its angular speed, w, and lubricant viscosity, 
js. Determine the dimensionless parameters that characterize 
this problem. 


7.28 The time, ¢, for oil to drain out of a viscosity calibration 
container depends on the fluid viscosity, j., and density, p, the 
orifice diameter, d, and gravity, g. Use dimensional analysis 
to find the functional dependence of ¢t on the other variables. 
Express ¢ in the simplest possible form. 


7-29 The power per unit cross-sectional area, E, transmitted 
by a sound wave is a function of wave speed, V, medium 
density, p, wave amplitude, r, and wave frequency, n. 
Determine, by dimensional analysis, the general form of the 
expression for E in terms of the other variables. 


7-30 You are asked to find a set of dimensionless parameters 
to organize data from a laboratory experiment, in which 
a tank is drained through an orifice from initial liquid level 
ho. The time, 7, to drain the tank depends on tank diameter, 
D, orifice diameter, d, acceleration of gravity, g, liquid den- 
sity, p, and liquid viscosity, 4. How many dimensionless 
parameters will result? How many repeating variables must 
be selected to determine the dimensionless parameters? 
Obtain the II parameter that contains the viscosity. 


7-31 A continuous belt moving vertically through a bath of 
viscous liquid drags a layer of liquid, of thickness h, along 
with it. The volume flow rate of liquid, Q, is assumed to 
depend on pu, p, g, h, and V, where V is the belt speed. Apply 
dimensional analysis to predict the form of dependence of Q 
on the other variables. 


7-32 The power, , required to drive a fan is believed to 
depend on fluid density, », volume flow rate, Q, impeller 
diameter, D, and angular velocity, w. Use dimensional analysis 
to determine the dependence of ¥ on the other variables. 

7-33 In a fluid mechanics laboratory experiment a tank of 


water, with diameter D, is drained from initial level hp. The 
smoothly rounded drain hole has diameter d. Assume the 


mass flow rate from the tank is a function of h, D, d, g, p, and 
4, where g is the acceleration of gravity and p and yu are fluid 
properties. Measured data are to be correlated in dimen- 
sionless form. Determine the number of dimensionless 
parameters that will result. Specify the number of repeat- 
ing parameters that must be selected to determine the 
dimensionless parameters. Obtain the II parameter that 
contains the viscosity. 


7-34 Cylindrical water tanks are frequently found on the tops 
of tall buildings. When a tank is filled with water, the bottom 
of the tank typically deflects under the weight of the water 
inside. The deflection 6 is a function of the tank diameter D, 
the height of water h, the thickness of the tank bottom d, the 
specific weight of the water y, and the modulus of elasticity 
of the tank material E. Determine the functional relationship 
among these parameters using dimensionless groups. 


7-35 Small droplets of liquid are formed when a liquid jet 
breaks up in spray and fuel injection processes. The resulting 
droplet diameter, d, is thought to depend on liquid density, 
viscosity, and surface tension, as well as jet speed, V, and 
diameter, D. How many dimensionless ratios are required to 
characterize this process? Determine these ratios. 


7-36 The sketch shows an air jet discharging vertically. 
Experiments show that a ball placed in the jet is suspended in 
a stable position. The equilibrium height of the ball in the jet 
is found to depend on D, d, V, p, 4, and W, where W is the 
weight of the ball. Dimensional analysis is suggested to 
correlate experimental data. Find the II parameters that 
characterize this phenomenon. 
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7-37 The diameter, d, of the dots made by an ink jet printer 
depends on the ink viscosity, 1, density, p, and surface ten- 
sion, o, the nozzle diameter, D, the distance, L, of the nozzle 
from the paper surface, and the ink jet velocity, V. Use 
dimensional analysis to find the II parameters that char- 
acterize the ink jet’s behavior. 


7-38 The diameter, d, of bubbles produced by a bubble- 
making toy depends on the soapy water viscosity, ju, density, p, 
and surface tension, o, the ring diameter, D, and the pressure 
differential, Ap, generating the bubbles. Use dimensional 
analysis to find the II parameters that characterize this 
phenomenon. 


7-39 The terminal speed V of shipping boxes sliding down an 
incline on a layer of air (injected through numerous pinholes 
in the incline surface) depends on the box mass, m, and base 
area, A, gravity, g, the incline angle, 0, the air viscosity, j, 
and the air layer thickness, 6. Use dimensional analysis to 
find the II parameters that characterize this phenomenon. 


7-40 The length of the wake w behind an airfoil is a function 
of the flow speed V, chord length L, thickness f, and fluid 
density p and viscosity jz. Find the dimensionless parameters 
that characterize this phenomenon. 


7-41 A washing machine agitator is to be designed. The 
power, %, required for the agitator is to be correlated with 
the amount of water used (indicated by the depth, H, of the 
water). It also depends on the agitator diameter, D, height, h, 
maximum angular velocity, wmax, and frequency of oscilla- 
tions, f, and water density, p, and viscosity, 1. Determine the 
dimensionless parameters that characterize this problem. 


7-42 Choked-flow nozzles are often used to meter the flow of 
gases through piping systems. The mass flow rate of gas is 
thought to depend on nozzle area A, pressure p, and tem- 
perature T upstream of the meter, and the gas constant R. 
Determine how many independent II parameters can be 
formed for this problem. State the functional relationship for 
the mass flow rate in terms of the dimensionless parameters. 


7-43 The time, ¢, for a flywheel, with moment of inertia, J, to 
reach angular velocity, w, from rest, depends on the applied 
torque, 7, and the following flywheel bearing properties: the 
oil viscosity, 4, gap, 6, diameter, D, and length, L. Use 
dimensional analysis to find the II parameters that char- 
acterize this phenomenon. 


7-44 A large tank of liquid under pressure is drained through 
a smoothly contoured nozzle of area A. The mass flow rate is 
thought to depend on nozzle area, A, liquid density, p, dif- 
ference in height between the liquid surface and nozzle, h, 
tank gage pressure, Ap, and gravitational acceleration, g. 
Determine how many independent II parameters can be 
formed for this problem. Find the dimensionless parameters. 
State the functional relationship for the mass flow rate in 
terms of the dimensionless parameters. 


7-45 Spin plays an important role in the flight trajectory of 
golf, Ping-Pong, and tennis balls. Therefore, it is important to 
know the rate at which spin decreases for a ball in flight. The 
aerodynamic torque, 7, acting on a ball in flight, is thought 
to depend on flight speed, V, air density, p, air viscosity, ju, ball 
diameter, D, spin rate (angular speed), w, and diameter of 
the dimples on the ball, d. Determine the dimensionless 
parameters that result. 


7-46 The ventilation in the clubhouse on a cruise ship is 
insufficient to clear cigarette smoke (the ship is not yet com- 
pletely smoke-free). Tests are to be done to see if a larger 
extractor fan will work. The concentration of smoke, c (par- 
ticles per cubic meter) depends on the number of smokers, N, 
the pressure drop produced by the fan, Ap, the fan diameter, 
D, motor speed, w, the particle and air densities, p,, and p, 
respectively, gravity, g, and air viscosity, 4. Determine the 
dimensionless parameters that characterize this problem. 


7-47 The mass burning rate of flammable gas m is a function 
of the thickness of the flame 6, the gas density p, the thermal 
diffusivity a, and the mass diffusivity D. Using dimensional 
analysis, determine the functional form of this dependence in 
terms of dimensionless parameters. Note that a and D have 
the dimensions L7/t. 


7-48 The power loss, %, in a journal bearing depends on 
length, /, diameter, D, and clearance, c, of the bearing, in 
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addition to its angular speed, w. The lubricant viscosity and 
mean pressure are also important. Obtain the dimensionless 
parameters that characterize this problem. Determine the 
functional form of the dependence of # on these parameters. 


7-49 In a fan-assisted convection oven, the heat transfer rate 
to a roast, Q (energy per unit time), is thought to depend on 
the specific heat of air, c,, temperature difference, O, a 
length scale, L, air density, p, air viscosity, 41, and air speed, 
V. How many basic dimensions are included in these vari- 
ables? Determine the number of II parameters needed to 
characterize the oven. Evaluate the II parameters. 


7-50 The thrust of a marine propeller is to be measured during 
“open-water” tests at a variety of angular speeds and forward 
speeds (“speeds of advance”). The thrust, F’7, is thought to 
depend on water density, p, propeller diameter, D, speed of 
advance, V, acceleration of gravity, g, angular speed, w, 
pressure in the liquid, p, and liquid viscosity, ju. Develop a set 
of dimensionless parameters to characterize the performance 
of the propeller. (One of the resulting parameters, gD/V’, is 
known as the Froude speed of advance.) 


7-51 The rate dT/dt at which the temperature T at the center 
of a rice kernel falls during a food technology process is 
critical—too high a value leads to cracking of the kernel, and 
too low a value makes the process slow and costly. The rate 
depends on the rice specific heat, c, thermal conductivity, k, 
and size, L, as well as the cooling air specific heat, c,, density, 
p, viscosity, j1, and speed, V. How many basic dimensions are 
included in these variables? Determine the IT parameters for 
this problem. 


7-52 The power, #, required to drive a propeller is known to 
depend on the following variables: freestream speed, V, 
propeller diameter, D, angular speed, w, fluid viscosity, ju, 
fluid density, p, and speed of sound in the fluid, c. How many 
dimensionless groups are required to characterize this 
situation? Obtain these dimensionless groups. 


7-53 The fluid velocity uw at any point in a boundary layer 
depends on the distance y of the point above the surface, the 
free-stream velocity U and free-stream velocity gradient 
dU/dx, the fluid kinematic viscosity v, and the boundary layer 
thickness 6. How many dimensionless groups are required to 
describe this problem? Find: (a) two II groups by inspection, 
(b) one II that is a standard fluid mechanics group, and (c) any 
remaining II groups using the Buckingham Pi theorem. 
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7-54 When a valve is closed suddenly in a pipe with flowing 
water, a water hammer pressure wave is set up. The very 
high pressures generated by such waves can damage the pipe. 
The maximum pressure, Pmax, generated by water hammer is 
a function of liquid density, p, initial flow speed, Up, and 
liquid bulk modulus, E,. How many dimensionless groups 
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are needed to characterize water hammer? Determine the 
functional relationship among the variables in terms of 
the necessary I] groups. 


Flow Similarity and Model Studies 


7-55 The designers of a large tethered pollution-sampling 
balloon wish to know what the drag will be on the balloon for 
the maximum anticipated wind speed of 5 m/s (the air is 
assumed to be at 20°C). A scale model is built for testing 
in water at 20°C. What water speed is required to model the 
prototype? At this speed the model drag is measured to be 
2 KN. What will be the corresponding drag on the prototype? 


7.56 An airship is to operate at 20 m/s in air at standard 
conditions. A model is constructed to 5;-scale and tested in a 
wind tunnel at the same air temperature to determine drag. 
What criterion should be considered to obtain dynamic 
similarity? If the model is tested at 75 m/s, what pressure 
should be used in the wind tunnel? If the model drag force is 
250 N, what will be the drag of the prototype? 


7-57 To match the Reynolds number in an air flow and a 
water flow using the same size model, which flow will require 
the higher flow speed? How much higher must it be? 


7-58 An ocean-going vessel is to be powered by a rotating 
circular cylinder. Model tests are planned to estimate the 
power required to rotate the prototype cylinder. A dimen- 
sional analysis is needed to scale the power requirements 
from model test results to the prototype. List the parameters 
that should be included in the dimensional analysis. Perform 
a dimensional analysis to identify the important dimension- 
less groups. 


7-59 Measurements of drag force are made on a model auto- 
mobile in a towing tank filled with fresh water. The model 
length scale is } that of the prototype. State the conditions 
required to ensure dynamic similarity between the model and 
prototype. Determine the fraction of the prototype speed in air 
at which the model test should be made in water to ensure 
dynamically similar conditions. Measurements made at various 
speeds show that the dimensionless force ratio becomes con- 
stant at model test speeds above V,,,=4 m/s. The drag force 
measured during a test at this speed is Fp, = 182 N. Calculate 
the drag force expected on the prototype vehicle operating at 
90 km/hr in air. 


7-60 On a cruise ship, passengers complain about the noise 
emanating from the ship’s propellers (probably due to tur- 
bulent flow effects between the propeller and the ship). You 
have been hired to find out the source of this noise. You will 
study the flow pattern around the propellers and have 
decided to use a 1:9-scale water tank. If the ship’s propellers 
rotate at 100 rpm, estimate the model propeller rotation 
speed if (a) the Froude number or (b) the Reynolds number 
is the governing dimensionless group. Which is most likely to 
lead to the best modeling? 


7-61 A =-scale model of a torpedo is tested in a wind tunnel to 
determine the drag force. The prototype operates in water, 
has 533 mm diameter, and is 6.7 m long. The desired oper- 
ating speed of the prototype is 28 m/s. To avoid compressi- 
bility effects in the wind tunnel, the maximum speed is 
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limited to 110 m/s. However, the pressure in the wind tunnel 
can be varied while holding the temperature constant at 
20°C. At what minimum pressure should the wind tunnel be 
operated to achieve a dynamically similar test? At dynami- 
cally similar test conditions, the drag force on the model is 
measured as 618 N. Evaluate the drag force expected on the 
full-scale torpedo. 


7-62 The drag of an airfoil at zero angle of attack is a 
function of density, viscosity, and velocity, in addition to a 
length parameter. A 1:5-scale model of an airfoil was tested 
in a wind tunnel at a speed of 130 ft/s, temperature of 59°F, 
and 5 atmospheres absolute pressure. The prototype airfoil 
has a chord length of 6 ft and is to be flown in air at standard 
conditions. Determine the Reynolds number at which the 
wind tunnel model was tested and the corresponding pro- 
totype speed at the same Reynolds number. 


7-63 Consider a smooth sphere, of diameter D, immersed in 
a fluid moving with speed V. The drag force on a 10-ft- 
diameter weather balloon in air moving at 5 ft/s is to be 
calculated from test data. The test is to be performed in 
water using a 2-in.-diameter model. Under dynamically 
similar conditions, the model drag force is measured as 
0.85 Ibf. Evaluate the model test speed and the drag force 
expected on the full-scale balloon. 


7-64 An airplane wing, with chord length of 1.5 m and span 
of 9 m, is designed to move through standard air at a speed of 
7.5 m/s. A 7-scale model of this wing is to be tested in a 
water tunnel. What speed is necessary in the water tunnel to 
achieve dynamic similarity? What will be the ratio of forces 
measured in the model flow to those on the prototype wing? 


7-65 The fluid dynamic characteristics of a golf ball are to be 
tested using a model in a wind tunnel. Dependent param- 
eters are the drag force, Fp, and lift force, F;, on the ball. 
The independent parameters should include angular speed, 
w, and dimple depth, d. Determine suitable dimensionless 
parameters and express the functional dependence among 
them. A golf pro can hit a ball at V = 75 m/s and w = 
8100 rpm. To model these conditions in a wind tunnel with a 
maximum speed of 25 m/s, what diameter model should be 
used? How fast must the model rotate? (The diameter of a 
USS. golf ball is 4.27 cm.) 


7.66 A water pump with impeller diameter 24 in. is to be 
designed to move 15 ft*/s when running at 750 rpm. Testing is 
performed on a 1:4 scale model running at 2400 rpm using air 
(68°F) as the fluid. For similar conditions (neglecting Rey- 
nolds number effects), what will be the model flow rate? If 
the model draws 0.1 hp, what will be the power requirement 
of the prototype? 


7-67 A model test is performed to determine the flight 
characteristics of a Frisbee. Dependent parameters are drag 
force, Fp, and lift force, F;. The independent parameters 
should include angular speed, w, and roughness height, h. 
Determine suitable dimensionless parameters, and express 
the functional dependence among them. The test (using air) 
on a 1:7-scale model Frisbee is to be geometrically, kine- 
matically, and dynamically similar to the prototype. 
The wind tunnel test conditions are V,,, = 140 ft/s and w,, = 
5000 rpm. What are the corresponding values of V,, and w,? 


7-68 A model hydrofoil is to be tested at 1:20 scale. The test 
speed is chosen to duplicate the Froude number corre- 
sponding to the 60-knot prototype speed. To model cavita- 
tion correctly, the cavitation number also must be 
duplicated. At what ambient pressure must the test be run? 
Water in the model test basin can be heated to 130°F, 
compared to 45°F for the prototype. 


7-69 SAE 10W oil at 77°F flowing in a 1-in.-diameter hor- 
izontal pipe, at an average speed of 3 ft/s, produces a pressure 
drop of 7 psi (gage) over a 500-ft length. Water at 60°F flows 
through the same pipe under dynamically similar conditions. 
Using the results of Example 7.2, calculate the average speed 
of the water flow and the corresponding pressure drop. 


7-70 In some speed ranges, vortices are shed from the rear of 
bluff cylinders placed across a flow. The vortices alternately 
leave the top and bottom of the cylinder, as shown, causing 
an alternating force normal to the freestream velocity. The 
vortex shedding frequency, f, is thought to depend on ap, d, V, 
and y. Use dimensional analysis to develop a functional 
relationship for f. Vortex shedding occurs in standard air on 
two cylinders with a diameter ratio of 2. Determine the 
velocity ratio for dynamic similarity, and the ratio of vortex 
shedding frequencies. 
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7-71 A }scale model of a tractor-trailer rig is tested in a 
pressurized wind tunnel. The rig width, height, and length 
are W = 0.305 m, H = 0.476 m, and L = 2.48 m, respectively. 
At wind speed V=75.0 m/s, the model drag force is Fp = 
128 N. (Air density in the tunnel is p=3.23 kg/m*.) 
Calculate the aerodynamic drag coefficient for the model. 
Compare the Reynolds numbers for the model test and for 
the prototype vehicle at 55 mph. Calculate the aerodynamic 
drag force on the prototype vehicle at a road speed of 
55 mph into a headwind of 10 mph. 


7-72 On a cruise ship, passengers complain about the amount 
of smoke that becomes entrained behind the cylindrical 
smoke stack. You have been hired to study the flow pattern 
around the stack, and have decided to use a 1:15 scale model 
of the 15-ft smoke stack. What range of wind tunnel speeds 
could you use if the ship speed for which the problem occurs 
is 12 to 24 knots? 


7-73 The aerodynamic behavior of a flying insect is to be 
investigated in a wind tunnel using a 1:8-scale model. If the 
insect flaps its wings 60 times per second when flying at 1.5 
m/s, determine the wind tunnel air speed and wing oscillation 
required for dynamic similarity. Do you expect that this 
would be a successful or practical model for generating an 
easily measurable wing lift? If not, can you suggest a dif- 
ferent fluid (e.g., water, or air at a different pressure or 
temperature) that would produce a better modeling? 


7-74 A model test of a tractor-trailer rig is performed in a 
wind tunnel. The drag force, Fp, is found to depend on frontal 
area A, wind speed V, air density p, and air viscosity ju. The 
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model scale is 1:4; frontal area of the model is 7 ft”. Obtain a 
set of dimensionless parameters suitable to characterize 
the model test results. State the conditions required to obtain 
dynamic similarity between model and prototype flows. 
When tested at wind speed V = 300 ft/s in standard air, the 
measured drag force on the model was Fp = 550 Ibf. 
Assuming dynamic similarity, estimate the aerodynamic drag 
force on the full-scale vehicle at V = 75 ft/s. Calculate the 
power needed to overcome this drag force if there is no wind. 


7-75 Tests are performed on a 1:10-scale boat model. What 
must be the kinematic viscosity of the model fluid if friction 
and wave drag phenomena are to be correctly modeled? 
The full-size boat will be used in a freshwater lake where the 
average water temperature is 50°F. 


7-76 Your favorite professor likes mountain climbing, so there 
is always a possibility that the professor may fall into a cre- 
vasse in some glacier. If that happened today, and the pro- 
fessor was trapped in a slowly moving glacier, you are curious 
to know whether the professor would reappear at the down- 
stream drop-off of the glacier during this academic year. 
Assuming ice is a Newtonian fluid with the density of glyc- 
erine but a million times as viscous, you decide to build a 
glycerin model and use dimensional analysis and similarity to 
estimate when the professor would reappear. Assume the real 
glacier is 15 m deep and is on a slope that falls 1.5 m in a 
horizontal distance of 1850 m. Develop the dimensionless 
parameters and conditions expected to govern dynamic simi- 
larity in this problem. If the model professor reappears in the 
laboratory after 9.6 hours, when should you return to the end 
of the real glacier to provide help to your favorite professor? 


7-77 An automobile is to travel through standard air at 
60 mph. To determine the pressure distribution, a +scale 
model is to be tested in water. What factors must be con- 
sidered to ensure kinematic similarity in the tests? Deter- 
mine the water speed that should be used. What is the 
corresponding ratio of drag force between prototype and 
model flows? The lowest pressure coefficient is C, = —1.4 at 
the location of the minimum static pressure on the surface. 
Estimate the minimum tunnel pressure required to avoid 
cavitation, if the onset of cavitation occurs at a cavitation 
number of 0.5. 


7-78 A 1:50-scale model of a submarine is to be tested in a 
towing tank under two conditions: motion at the free surface 
and motion far below the surface. The tests are performed in 
freshwater. On the surface, the submarine cruises at 24 
knots. At what speed should the model be towed to ensure 
dynamic similarity? Far below the surface, the sub cruises at 
0.35 knot. At what speed should the model be towed to 
ensure dynamic similarity? What must the drag of the model 
be multiplied by under each condition to give the drag of the 
full-scale submarine? 


7-79 A wind tunnel is being used to study the aerodynamics 
of a full-scale model rocket that is 12 in. long. Scaling for 
drag calculations are based on the Reynolds number. The 
rocket has an expected maximum velocity of 120 mph. What 
is the Reynolds number at this speed? Assume ambient air is 
at 68°F. The wind tunnel is capable of speeds up to 100 mph; 
so an attempt is made to improve this top speed by varying 
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the air temperature. Calculate the equivalent speed for the 
wind tunnel using air at 40°F and 150°F. Would replacing air 
with carbon dioxide provide higher equivalent speeds? 


7-80 Consider water flow around a circular cylinder, of diam- 
eter D and length /. In addition to geometry, the drag force 
is known to depend on liquid speed, V, density, p, and vis- 
cosity, .. Express drag force, Fp, in dimensionless form as a 
function of all relevant variables. The static pressure dis- 
tribution on a circular cylinder, measured in the laboratory, 
can be expressed in terms of the dimensionless pressure 
coefficient; the lowest pressure coefficient is C,=—2.4 
at the location of the minimum static pressure on the 
cylinder surface. Estimate the maximum speed at which 
a cylinder could be towed in water at atmospheric pressure, 
without causing cavitation, if the onset of cavitation occurs at 
a cavitation number of 0.5. 


7-81 A circular container, partially filled with water, is 
rotated about its axis at constant angular speed, w. At any 
time, 7, from the start of rotation, the speed, Vg, at distance r 
from the axis of rotation, was found to be a function of 7, w, 
and the properties of the liquid. Write the dimensionless 
parameters that characterize this problem. If, in another 
experiment, honey is rotated in the same cylinder at the 
same angular speed, determine from your dimensionless 
parameters whether honey will attain steady motion as 
quickly as water. Explain why the Reynolds number would 
not be an important dimensionless parameter in scaling the 
steady-state motion of liquid in the container. 


7-82 A +-scale model of a tractor-trailer rig is tested in a 
wind tunnel. The model frontal area is A,,, = 0.1 m*. When 
tested at V,,=75 m/s in standard air, the measured drag 
force is Fp =350 N. Evaluate the drag coefficient for the 
model conditions given. Assuming that the drag coefficient is 
the same for model and prototype, calculate the drag force 
on a prototype rig at a highway speed of 90 km/hr. Deter- 
mine the air speed at which a model should be tested to 
ensure dynamically similar results if the prototype speed is 
90 km/hr. Is this air speed practical? Why or why not? 


7-83 It is recommended in [8] that the frontal area of a model 
be less than 5 percent of the wind tunnel test section area and 
Re = Vwilv >2 X 10°, where w is the model width. Further, 
the model height must be less than 30 percent of the test 
section height, and the maximum projected width of the 
model at maximum yaw (20°) must be less than 30 percent 
of the test section width. The maximum air speed should be 
less than 300 ft/s to avoid compressibility effects. A model of 
a tractor-trailer rig is to be tested in a wind tunnel that has a 
test section 1.5 ft high and 2 ft wide. The height, width, and 
length of the full-scale rig are 13 ft 6 in., 8 ft, and 65 ft, 
respectively. Evaluate the scale ratio of the largest model 
that meets the recommended criteria. Assess whether an 
adequate Reynolds number can be achieved in this test 
facility. 

7-84 The power, %, required to drive a fan is assumed 
to depend on fluid density p, volume flow rate Q, impeller 
diameter D, and angular speed w. If a fan with D, = 8 in. 
delivers Q, = 15 ft*/s of air at w, = 2500 rpm, what 
size diameter fan could be expected to deliver Q> = 88 ft*/s of 
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air at w2 = 1800 rpm, provided they were geometrically and 
dynamically similar? 

7-85 Over a certain range of air speeds, V, the lift, F,, pro- 
duced by a model of a complete aircraft in a wind tunnel 
depends on the air speed, air density, p, and a characteristic 
length (the wing base chord length, c=150 mm). The fol- 
lowing experimental data is obtained for air at standard 
atmospheric conditions: 


Vim/s) 10 15 20 25 30 35 40 45 50 
Fr (N) 22 48 87 133 196 265 345 43.8 54 


Plot the lift versus speed curve. By using Excel to perform a 
trendline analysis on this curve, generate and plot data for 
the lift produced by the prototype, which has a wing base 
chord length of 5 m, over a speed range of 75 m/s to 250 m/s. 


7.86 The pressure rise, Ap, of a liquid flowing steadily 
through a centrifugal pump depends on pump diameter D, 
angular speed of the rotor w, volume flow rate Q, and density 
p. The table gives data for the prototype and for a geomet- 
rically similar model pump. For conditions corresponding to 
dynamic similarity between the model and prototype pumps, 
calculate the missing values in the table. 


Variable Prototype Model 

Ap 52.5 kPa 

Q 0.0928 m?/min 
p 800 kg/m? 999 kg/m? 

wW 183 rad/s 367 rad/s 

D 150 mm 50 mm 


7-87 Tests are performed on a 3-ft-long ship model in a water 
tank. Results obtained (after doing some data analysis) are 
as follows: 


V (ft/s) 10 20 30 40 50 60 70 
Dwave (Ibf) 0 0.028 0.112 0.337 0.674 0.899 1.237 
Dyriction (bf) 0.022 0.079 0.169 0.281 0.45 0.618 0.731 


The assumption is that wave drag is done using the Froude 
number and friction drag by the Reynolds number. The full- 
size ship will be 150 ft long when built. Estimate the total 
drag when it is cruising at 15 knots and at 20 knots in a 
freshwater lake. 


7.88 A centrifugal water pump running at speed w = 800 rpm 
has the following data for flow rate, Q, and pressure head, Ap. 


Q (ft/min) 0 50 75 100 120 140 150 = 165 
Ap (psf) Tose 2) ays, (oll?) Net) SOB) ests) 118) 


The pressure head is a function of the flow rate, speed, 
impeller diameter D, and water density p. Plot the pressure 
head versus flow rate curve. Find the two II parameters for 
this problem, and, from the above data, plot one against the 
other. By using Excel to perform a trendline analysis on this 
latter curve, generate and plot data for pressure head versus 
flow rate for impeller speeds of 600 rpm and 1200 rpm. 


7.89 An axial-flow pump is required to deliver 0.75 m*/s of 
water at a head of 15 J/kg. The diameter of the rotor is 0.25 m, 
and it is to be driven at 500 rpm. The prototype is to be modeled 


on a small test apparatus having a 2.25 kW, 1000 rpm power 
supply. For similar performance between the prototype and 
the model, calculate the head, volume flow rate, and diameter 
of the model. 


7-90 A model propeller 1 m in diameter is tested in a wind 
tunnel. Air approaches the propeller at 50 m/s when it 
rotates at 1800 rpm. The thrust and torque measured under 
these conditions are 100 N and 10 N-m, respectively. A 
prototype 8 times as large as the model is to be built. At a 
dynamically similar operating point, the approach air speed 
is to be 130 m/s. Calculate the speed, thrust, and torque 
of the prototype propeller under these conditions, neglecting 
the effect of viscosity but including density. 


7-91 Consider again Problem 7.51. Experience shows that for 
ship-size propellers, viscous effects on scaling are small. 
Also, when cavitation is not present, the nondimensional 
parameter containing pressure can be ignored. Assume that 
torque, 7, and power, ?, depend on the same parameters as 
thrust. For conditions under which effects of 4 and p can be 
neglected, derive scaling “laws” for propellers, similar to the 
pump “laws” of Section 7.6, that relate thrust, torque, and 
power to the angular speed and diameter of the propeller. 


7-92 Water drops are produced by a mechanism that it is 
believed follows the pattern d, = D(We) *°. In this formula, 
d, is the drop size, D is proportional to a length scale, and 
We is the Weber number. In scaling up, if the large-scale 
characteristic length scale was increased by a factor of 20 
and the large-scale velocity decreased by a factor of 5, how 
would the small- and large-scale drops differ from each other 
for the same material, for example, water? 

7-93 Closed-circuit wind tunnels can produce higher speeds 


than open-circuit tunnels with the same power input because 
energy is recovered in the diffuser downstream from the 
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test section. The kinetic energy ratio is a figure of merit 
defined as the ratio of the kinetic energy flux in the test 
section to the drive power. Estimate the kinetic energy ratio 
for the 40 ft x 80 ft wind tunnel at NASA-Ames described 
on page 318. 


7-94 A 1:16 model of a 60-ft-long truck is tested in a wind 
tunnel at a speed of 250 ft/s, where the axial static pressure 
gradient is —0.07 Ibf/ft? per foot. The frontal area of the 
prototype is 110 ft*. Estimate the horizontal buoyancy cor- 
rection for this situation. Express the correction as a fraction 
of the measured Cp, of Cp = 0.85. 


7-95 Frequently one observes a flag on a pole flapping in the 
wind. Explain why this occurs. 


7-96 A 1:16 model of a bus is tested in a wind tunnel in 
standard air. The model is 152 mm wide, 200 mm high, and 
762 mm long. The measured drag force at 26.5 m/s wind 
speed is 6.09 N. The longitudinal pressure gradient in the 
wind tunnel test section is —11.8 N/m?/m. Estimate the cor- 
rection that should be made to the measured drag force to 
correct for horizontal buoyancy caused by the pressure gra- 
dient in the test section. Calculate the drag coefficient for the 
model. Evaluate the aerodynamic drag force on the proto- 
type at 100 km/hr on a calm day. 


7-97 Explore the variation in wave propagation speed given 
by the equation of Problem 7.1 for a free-surface flow 
of water. Find the operating depth to minimize the speed of 
capillary waves (waves with small wavelength, also called 
ripples). First assume wavelength is much smaller than water 
depth. Then explore the effect of depth. What depth do you 
recommend for a water table used to visualize compressible- 
flow wave phenomena? What is the effect of reducing sur- 
face tension by adding a surfactant? 
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8.12 Traversing Methods 


8.13 Summary and Useful Equations 


A Wind Power: The FloDesign 
Wind Turbine 

We are all now familiar with the ubiquitous 
three-bladed wind turbines that are being used to 
generate increasing amounts of power. The technol- 
ogy is already quite mature, so new developments will 
be incremental: improved blade designs, better con- 
trols, and composite materials to allow larger turbines. 
The largest in the world, being built by a Norwegian 
team, will be 533 ft tall with a rotor diameter of 475 ft, 
and it will generate about 10 MW, sufficient for more 
than 2000 homes. Bearing in mind that the Empire 
State Building is 1250 ft tall, this wind turbine will 

be huge—so big it must be installed offshore. 
Engineers are still investigating alternatives to these 
designs. FloDesign Wind Turbine, a spin-off from the 
aerospace company FloDesign based in Wilbraham, 
Massachusetts, is developing a prototype that, 
according to CEO Stanley Kowalski III, will be up to 
three times more efficient than conventional wind 


Two views of the FloDesign Wind Turbine (Pictures courtesy of FloDesign Wind Turbine) 


Case Study in Energy and the Environment 
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turbines. From the front, the wind turbine looks some- 
thing like the air intake of a jet engine (not surprisingly, 
considering FloDesign’s history). The shaped cowlings 
shown in the figure guide the air into spinning vortices 
as it exits the device, accelerating the flow and causing 
a significant pressure drop. The incoming wind first 
meets a set of fixed stator blades, which direct it onto 
the rotor blades to extract power from the flow. The 
exiting air hence has lower energy and velocity than 
the air flowing around the turbine, but the device’s 
shroud is so shaped that the relatively fast-moving 
outside air is blended with the exiting air in the area just 
behind the rotors, creating a low-pressure region 
behind the turbine blades. This is where the device has 
an advantage over conventional turbines; the induced 
low-pressure region actually draws air into the device 
at an increased rate, generating more power. This idea 
is not new, but past attempts to build similar turbines 
were limited by the fact that such a turbine had to be 
very precisely aligned with the wind’s direction (within 
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about 4°); this device will work at angles of up to 20° off 
the wind. 

Theoretically (as we’ll learn in Chapter 10), conven- 
tional wind turbines capture a maximum of 59.3 percent 
of the wind energy. The new design generates as 
much power as a conventional wind turbine with 
blades twice as big. The smaller blade size of the 
new design means the FloDesign Wind Turbine could 
be packed closer together than conventional tur- 
bines, increasing the amount of power that can be 
generated per acre of land. Because its blades are 
lighter and smaller, the design starts spinning and 
generating power at lower wind speeds, and it is 
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excellent for windy regions where large turbines 
cannot be used, such as in cities. Smaller blades can 
also be allowed to spin faster, reducing the need for 
expensive gearboxes that conventional wind turbines 
must use to connect slow-moving rotors to a high- 
speed generator. With fewer gears and other moving 
parts, the company claims it can reduce the number 
of components by up to 75percent, reducing costs 
and making maintenance easier. 

FloDesign has already built a small prototype for 
wind-tunnel tests. Their next step is to build a 12-ft- 
diameter, 10-kW system for field tests. The prototype 
will be finished in 2010, with commercial wind turbines 


more tolerant of unstable wind patterns, making it to follow. 
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Flows completely bounded by solid surfaces are called internal flows. Thus internal 
flows include many important and practical flows such as those through pipes, ducts, 
nozzles, diffusers, sudden contractions and expansions, valves, and fittings. 

Internal flows may be laminar or turbulent. Some laminar flow cases may be solved 
analytically. In the case of turbulent flow, analytical solutions are not possible, and we 
must rely heavily on semi-empirical theories and on experimental data. The nature of 
laminar and turbulent flows was discussed in Section 2.6. For internal flows, the flow 
regime (laminar or turbulent) is primarily a function of the Reynolds number. 

In this chapter we will only consider incompressible flows; hence we will study the 
flow of liquids as well as gases that have negligible heat transfer and for which 
the Mach number M<0.3; a value of M=0.3 in air corresponds to a speed of 
approximately 100 m/s. Following a brief introduction, this chapter is divided into the 
following parts: 


The Reynolds Transition Experiment. 


VIDEO 


Variable Viscosity Experiment 


(Animation). Part A: Part A discusses fully developed laminar flow of a Newtonian fluid between 

parallel plates and in a pipe. These two cases can be studied analytically. 

Part B: Part B is about laminar and turbulent flows in pipes and ducts. The laminar 
flow analysis follows from Part A; the turbulent flow (which is the most 
common) is too complex to be analyzed, so experimental data will be used to 
develop solution techniques. 

Part C: Part C is a discussion of methods of flow measurement. 

8.1 Introduction 
vie Laminar versus Turbulent Flow 


ee As discussed previously in Section 2.6, the pipe flow regime (laminar or turbulent) is 
Variable Viscosity Experiment: Pressure ; — 
Drop. determined by the Reynolds number, Re = pVD/. One can demonstrate, by the 
classic Reynolds experiment, the qualitative difference between laminar and turbulent 
flows. In this experiment water flows from a large reservoir through a clear tube. A 
thin filament of dye injected at the entrance to the tube allows visual observation of 
the flow. At low flow rates (low Reynolds numbers) the dye injected into the flow 
remains in a single filament along the tube; there is little dispersion of dye because the 
flow is laminar. A laminar flow is one in which the fluid flows in laminae, or layers; 
there is no macroscopic mixing of adjacent fluid layers. 


As the flow rate through the tube is increased, the dye filament eventually becomes 
unstable and breaks up into a random motion throughout the tube; the line of dye is 
stretched and twisted into myriad entangled threads, and it quickly disperses 
throughout the entire flow field. This behavior of turbulent flow is caused by small, 
high-frequency velocity fluctuations superimposed on the mean motion of a turbulent 
flow, as illustrated earlier in Fig. 2.15; the mixing of fluid particles from adjacent layers 
of fluid results in rapid dispersion of the dye. We mentioned in Chapter 2 an everyday 
example of the difference between laminar and turbulent flow—when you gently turn 
on the kitchen faucet (not aerated). For very low flow rates, the water exits smoothly 
(indicating laminar flow in the pipe); for higher flow rates, the flow is churned up 
(turbulent flow). 

Under normal conditions, transition to turbulence occurs at Re ~ 2300 for flow in 
pipes: For water flow in a 1-in. diameter pipe, this corresponds to an average speed of 
0.3 ft/s. With great care to maintain the flow free from disturbances, and with smooth 
surfaces, experiments have been able to maintain laminar flow in a pipe to a Reynolds 
number of about 100,000! However, most engineering flow situations are not so 
carefully controlled, so we will take Re ~ 2300 as our benchmark for transition to 
turbulence. Transition Reynolds numbers for some other flow situations are given in 
the Examples. Turbulence occurs when the viscous forces in the fluid are unable to 
damp out random fluctuations in the fluid motion (generated, for example, by 
roughness of a pipe wall), and the flow becomes chaotic. For example, a high-viscosity 
fluid such as motor oil is able to damp out fluctuations more effectively than a low 
viscosity fluid such as water and therefore remains laminar even at relatively high flow 
rates. On the other hand, a high-density fluid will generate significant inertia forces 
due to the random fluctuations in the motion, and this fluid will transition to turbu- 
lence at a relatively low flow rate. 


The Entrance Region 


Figure 8.1 illustrates laminar flow in the entrance region of a circular pipe. The flow 
has uniform velocity Up at the pipe entrance. Because of the no-slip condition at the 
wall, we know that the velocity at the wall must be zero along the entire length of 
the pipe. A boundary layer (Section 2.6) develops along the walls of the channel. 
The solid surface exerts a retarding shear force on the flow; thus the speed of the fluid 
in the neighborhood of the surface is reduced. At successive sections along the pipe in 
this entry region, the effect of the solid surface is felt farther out into the flow. 

For incompressible flow, mass conservation requires that, as the speed close to the 
wall is reduced, the speed in the central frictionless region of the pipe must increase 
slightly to compensate; for this inviscid central region, then, the pressure (as indicated 
by the Bernoulli equation) must also drop somewhat. 

Sufficiently far from the pipe entrance, the boundary layer developing on the pipe wall 
reaches the pipe centerline and the flow becomes entirely viscous. The velocity profile 
shape then changes slightly after the inviscid core disappears. When the profile shape no 
longer changes with increasing distance x, the flow is called fully developed. The distance 


Fully developed 
velocity profile 


|. Entrance length 


Fig. 8.1 Flow in the entrance region of a pipe. 
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downstream from the entrance to the location at which fully developed flow begins is 
called the entrance length. The actual shape of the fully developed velocity profile 
depends on whether the flow is laminar or turbulent. In Fig. 8.1 the profile is shown 
qualitatively for a laminar flow. Although the velocity profiles for some fully developed 
laminar flows can be obtained by simplifying the complete equations of motion from 
Chapter 5, turbulent flows cannot be so treated. 
For laminar flow, it turns out that entrance length, L, is a function of Reynolds 
number, 
= ~ 0.062 


—) 


(8.1) 


where V = Q/A is the average velocity (because flow rate Q=AV =AU), we have 
V = U,). Laminar flow in a pipe may be expected only for Reynolds numbers less than 
2300. Thus the entrance length for laminar pipe flow may be as long as 


L ~ 0.06 ReD < (0.06)(2300) D = 138D 


or nearly 140 pipe diameters. If the flow is turbulent, enhanced mixing among fluid 
layers causes more rapid growth of the boundary layer. Experiments show that the 
mean velocity profile becomes fully developed within 25 to 40 pipe diameters from 
the entrance. However, the details of the turbulent motion may not be fully developed 
for 80 or more pipe diameters. We are now ready to study laminar internal flows (Part 
A), as well as laminar and turbulent flows in pipes and ducts (Part B). For these we 
will be focusing on what happens after the entrance region, 1.e., fully developed flows. 


Part A Fully Developed Laminar Flow 


In this section we consider a few classic examples of fully developed laminar flows. 
Our intent is to obtain detailed information about the velocity field because 
knowledge of the velocity field permits calculation of shear stress, pressure drop, 
and flow rate. 


Fully Developed Laminar Flow 
Between Infinite Parallel Plates 


The flow between parallel plates is appealing because the geometry is the simplest 
possible, but why would there be a flow at all? The answer is that flow could be 
generated by applying a pressure gradient parallel to the plates, or by moving one 
plate parallel with respect to the other, or by having a body force (e.g., gravity) 
parallel to the plates, or by a combination of these driving mechanisms. We will 
consider all of these possibilities. 


Both Plates Stationary 


Fluid in high-pressure hydraulic systems (such as the brake system of an automobile) 
often leaks through the annular gap between a piston and cylinder. For very small 
gaps (typically 0.005 mm or less), this flow field may be modeled as flow between 
infinite parallel plates, as indicated in the sketch of Fig. 8.2. To calculate the leakage 
flow rate, we must first determine the velocity field. 
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Cylinder 


Fig. 8.2 Piston-cylinder approximated as parallel 


plates. 
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Fig. 8.3 Control volume for analysis of laminar flow between stationary infinite 
parallel plates. 


Let us consider the fully developed laminar flow between horizontal infinite par- 
allel plates. The plates are separated by distance a, as shown in Fig. 8.3. The plates are 
considered infinite in the z direction, with no variation of any fluid property in this 
direction. The flow is also assumed to be steady and incompressible. Before starting 
our analysis, what do we know about the flow field? For one thing we know that the 
x component of velocity must be zero at both the upper and lower plates as a result 
of the no-slip condition at the wall. The boundary conditions are then 


Since the flow is fully developed, the velocity cannot vary with x and, hence, depends 
on y only, so that u = u(y). Furthermore, there is no component of velocity in either 
the y or z direction (v = w = 0). In fact, for fully developed flow only the pressure can 
and will change (in a manner to be determined from the analysis) in the x direction. 

This is an obvious case for using the Navier—Stokes equations in rectangular 
coordinates (Eqs. 5.27). Using the above assumptions, these equations can be greatly 
simplified and then solved using the boundary conditions (see Problem 8.17). In this 
section we will instead take a longer route—using a differential control volume—to 
bring out some important features of the fluid mechanics. 

For our analysis we select a differential control volume of size d¥ = dx dy dz, and 
apply the x component of the momentum equation. 
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Basic equation: 


=0(3) = 0) 
Fy + Fh = ral upd¥ +f u pV-dA (4.18a) 
: : Eloy cs 


Assumptions: (1) Steady flow (given) 
(2) Fully developed flow (given) 
(3) Fa, = 0 (given) 


The very nature of fully developed flow is that the velocity profile is the same at all 
locations along the flow; hence there is no change in momentum. Equation 4.18a 
then reduces to the simple result that the sum of the surface forces on the control 
volume is zero, 


Fo=0 (8.2) 


The next step is to sum the forces acting on the control volume in the x direction. We 
recognize that normal forces (pressure forces) act on the left and right faces and 
tangential forces (shear forces) act on the top and bottom faces. 

If the pressure at the center of the element is p, then the pressure force on the left 
face is 


and the pressure force on the right face is 


Op dx 
=-(p+— = 
dFrR (» Ox ay az 


If the shear stress at the center of the element is 7,,, then the shear force on the 
bottom face is 


Note that in expanding the shear stress, 7,,, in a Taylor series about the center of the 
element, we have used the total derivative rather than a partial derivative. We did this 
because we recognized that 7T,, is only a function of y, since u = u(y). 

Using the four surface forces dF,, dFr, dFz, and dFy in Eq. 8.2, this equation 
simplifies to 


(8.3) 


This equation states that because there is no change in momentum, the net pressure 
force (which is actually —Op/Ox) balances the net friction force (which is actually 


—dr,,/dy). Equation 8.3 has an interesting feature: The left side is at most a function 


of x only (this follows immediately from writing the y component of the momentum 
equation); the right side is at most a function of y only (the flow is fully developed, so 
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it does not change with x). Hence, the only way the equation can be valid for all x and 
y is for each side to in fact be constant: 


dT yx Op 
-_ = — = constant 
dy Ox 


Integrating this equation, we obtain 


i) 
Tyx = (2)» + cy 


which indicates that the shear stress varies linearly with y. We wish to find the velocity 
distribution. To do so, we need to relate the shear stress to the velocity field. For a 
Newtonian fluid we can use Eq. 2.15 because we have a one-dimensional flow [or we 
could have started with the full stress equation (Eq. 5.25a) and simplified], 


du 
Tyx = a (2.15) 
sO we get 
du Op 
— =(—}y+ 
dy (2)» 3 
Integrating again 
1 /Op\ 5% 
= 8.4 
u (Fy mote (8.4) 


It is interesting to note that if we had started with the Navier—Stokes equations 
(Eqs. 5.27) instead of using a differential control volume, after only a few steps (i.e., 
simplifying and integrating twice) we would have obtained Eq. 8.4 (see Problem 8.17). 
To evaluate the constants, c; and c2, we must apply the boundary conditions. At y = 0, 
u=0. Consequently, cp =0. At y=a, u=0. Hence 


= Op a+ a 
2 \ Ox m 


This gives 


and hence, 


t= sale) isla)? eG) -@| 9 


At this point we have the velocity profile. This is key to finding other flow properties, 
as we next discuss. 


Shear Stress Distribution 


The shear stress distribution is given by 


coe (Byra= (B)-3Be=e(@E-] 80 
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Volume Flow Rate 


The volume flow rate is given by 


For a depth / in the z direction, 


7 a O 7 a4 dp 4 
Q= i ul dy or 7 | ae (2 (y* — ay) dy 


Thus the volume flow rate per unit depth is given by 


O . 1 /Op\ ; 


Flow Rate as a Function of Pressure Drop 


Since Op/Ox is constant, the pressure varies linearly with x and 


Op _ pP2—p, _ —Ap 


Ox L re 


Substituting into the expression for volume flow rate gives 


es. re] 3s. Ap (8.6c) 


eel ae 12yL 


Average Velocity 


The average velocity magnitude, V, is given by 
— Q 1 /dp\ a’l 1 /Op\ 5 
= = = 8.6d 
CA (2 la 12 \ax)* fo 


Point of Maximum Velocity 


To find the point of maximum velocity, we set du/dy equal to zero and solve for the 
corresponding y. From Eq. 8.5 


Thus, 
du a 
““=0 t == 
dy a aa 
At 
_a _ — 1 fdp\ > 35 
y= 2 u Umax 81 (Ra aV (8.6c) 


Transformation of Coordinates 


In deriving the above relations, the origin of coordinates, y = 0, was taken at the bottom 
plate. We could just as easily have taken the origin at the centerline of the channel. If we 
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Fig. 8.4 Dimensionless velocity profile for fully developed 
laminar flow between infinite parallel plates. 


denote the coordinates with origin at the channel centerline as x, y’, the boundary 
conditions are u =0 at y’= +a/2. 
To obtain the velocity profile in terms of x, y’, we substitute y = y’+a/2 into Eq. 8.5. 


The result is 
Se i 
2 (2) (2) 4 a) 


Equation 8.7 shows that the velocity profile for laminar flow between stationary 
parallel plates is parabolic, as shown in Fig. 8.4. 

Since all stresses were related to velocity gradients through Newton’s law of 
viscosity, and the additional stresses that arise as a result of turbulent fluctuations 
have not been accounted for, all of the results in this section are valid for laminar flow 
only. Experiments show that laminar flow between stationary parallel plates becomes 
turbulent for Reynolds numbers (defined as Re = pValu) greater than approximately 
1400. Consequently, the Reynolds number should be checked after using Eqs. 8.6 to 
ensure a valid solution. 


Baa 81 ““TEAKAGE_FLOW PAST A PISTON 


A hydraulic system operates at a gage pressure of 20 MPa and 55°C. The 
hydraulic fluid is SAE 10W oil. A control valve consists of a piston 25 mm in 
diameter, fitted to a cylinder with a mean radial clearance of 0.005 mm. 
Determine the leakage flow rate if the gage pressure on the low-pressure side 
of the piston is 1.0 MPa. (The piston is 15 mm long.) a= 0.005 mm 


Pp, = 20 MPa (gage) 


Given: Flow of hydraulic oil between piston and cylinder, as shown. Fluid is 
SAE 10W oil at 55°C. 


Find: Leakage flow rate, Q. 


Solution: 
The gap width is very small, so the flow may be modeled as flow between 
parallel plates. Equation 8.6c may be applied. 


Governing equation: Q _ a Ap 


= 8.6 
l 12uL co) P2 = 1.0 MPa (gage) 
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Assumptions: (1) Laminar flow. 
(2) Steady flow. 
(3) Incompressible flow. 
(4) Fully developed flow. 
(Note L/a = 15/0.005 = 3000!) 


The plate width, /, is approximated as / = 7D. Thus 


For SAE 10W oil at 55°C, «4 = 0.018 kg/(m-s), from Fig. A.2, Appendix A. Thus 


oo Ny m:s y 1 . kgm 
m 0.018kg 15mm _ N-s? 


Q =57.6mm?/s . Q 


Q = 5 25mm x (0.005) mm? x (20 ~ 1)1 


To ensure that flow is laminar, we also should check the Reynolds number. 


= QO mm 1 il 1 m 
= = = if x x x x = U. 
Vee ee Os OST TE 
and 
moe pVa _ SGpy,oVa 
lL lL 
For SAE 10W oil, SG = 0.92, from Table A.2, Appendix A. Thus 
kg m m-s m 
= 0.92 X —= Xv. — X0. x x = U. 
Re = 0.92 x 1000 m3 0.147 : 0.005 mm MOR © Wan 0.0375 


Thus flow is surely laminar, since Re<« 1400. "es 


Upper Plate Moving with Constant Speed, U 


The second basic way to generate flow between infinite parallel plates is to have one 
plate move parallel to the other, either with or without an applied pressure gradient. 
We will next analyze this problem for the case of laminar flow. 

Such a flow commonly occurs, for example, in a journal bearing (a commonly used 
type of bearing, e.g., the main crankshaft bearings in the engine of an automobile). In 
such a bearing, an inner cylinder, the journal, rotates inside a stationary member. At 
light loads, the centers of the two members essentially coincide, and the small 
clearance gap is symmetric. Since the gap is small, it is reasonable to “unfold” the 
bearing and to model the flow field as flow between infinite parallel plates, as indi- 
cated in the sketch of Fig. 8.5. 

Let us now consider a case where the upper plate is moving to the right with 
constant speed, U. All we have done in going from a stationary upper plate to a 
moving upper plate is to change one of the boundary conditions. The boundary 
conditions for the moving plate case are 


u=0 at 
u=U at 


e< 
ll 
i) 
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Bearing 


Fig. 8.5 Journal bearing approximated as 
parallel plates. 


Since only the boundary conditions have changed, there is no need to repeat the entire 
analysis of the previous section. The analysis leading to Eq. 8.4 is equally valid for the 
moving plate case. Thus the velocity distribution is given by 


_ th FOR ge. 
u mn ()» + . yto (8.4) 


and our only task is to evaluate constants c, and c2 by using the appropriate boundary 
conditions. [Note once again that using the full Navier—Stokes equations (Eqs. 5.27) 
would have led very quickly to Eq. 8.4.] 


At y = 0, u = 0. Consequently, cp = 0. 
At y =a, u = U. Consequently, 


1 1 
U= a a+ lq and thus gece oa 
2u \Ox [i 2 


Hence, 


1 (/Op\ 5, Uy 1 (Op Uy 1 (oOp\, 5 
= =— + 
a 21 ( 2) : a ( ax ) a2 \ Ox (y~4y) 


2 alle 6) i 


It is reassuring to note that Eq. 8.8 reduces to Eq. 8.5 for a stationary upper plate (set 
U = 0). From Eq. 8.8, for zero pressure gradient (for 0p/Ox = 0) the velocity varies 
linearly with y. This was the case treated earlier in Chapter 2; this linear profile is 
called a Couette flow, after a 19th-century physicist. 

We can obtain additional information about the flow from the velocity distribution 
of Eq. 8.8. 


Shear Stress Distribution 
The shear stress distribution is given by 7,, = u(du/dy), 


_.U .@ fop\(yy 1). Uv Op\ fy 1 
ete 7 2 (Z) FE | er +a(2) F 4] ae 


Volume Flow Rate 


The volume flow rate is given by Q = LV . dA. For depth / in the z direction 


. - Of’ (yrs 1 fer) 55 
o= [way or : [+e (Bo ay)| ay 
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Thus the volume flow rate per unit depth is given by 


ee (Pye (8.9b) 


Average Velocity 


The average velocity magnitude, V, is given by 
= QO ,|Ua 1 /dp\ 3 2 Op\ > 
V A 1 2 2p ay a la = 2 12 Bx a (8.9c) 


Point of Maximum Velocity 


To find the point of maximum velocity, we set du/dy equal to zero and solve for the 
corresponding y. From Eq. 8.8 


2 
7 a tase) eal 7 a tap (PG) 


Thus, 


du _ _ a U/a 
2 (1/n)(@p/0x) 


There is no simple relation between the maximum velocity, Umax, and the mean 
velocity, V, for this flow case. 

Equation 8.8 suggests that the velocity profile may be treated as a combination of a 
linear and a parabolic velocity profile; the last term in Eq. 8.8 is identical to that in 
Eq. 8.5. The result is a family of velocity profiles, depending on U and (1/j:)(Op/0x); 
three profiles are sketched in Fig. 8.6. (As shown in Fig. 8.6, some reverse flow—flow 
in the negative x direction—can occur when Op/0x > 0.) 

Again, all of the results developed in this section are valid for laminar flow only. 
Experiments show that this flow becomes turbulent (for Op/Ox =0) at a Reynolds 
number of approximately 1500, where Re =pUa/y for this flow case. Not much 
information is available for the case where the pressure gradient is not zero. 


3.0 


Fig. 8.6 Dimensionless velocity profile for fully developed laminar flow between infinite 
parallel plates: upper plate moving with constant speed, U. 
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eae 8.2 TORQUE_AND POWER IN A JOURNAL BEARING 


A crankshaft journal bearing in an automobile engine is lubricated by SAE 30 oil at 210°F. The bearing diameter is 
3 in., the diametral clearance is 0.0025 in., and the shaft rotates at 3600 rpm; it is 1.25 in. long. The bearing is under no 
load, so the clearance is symmetric. Determine the torque required to turn the journal and the power dissipated. 


Given: Journal bearing, as shown. Note that the gap width, a, is half the 
diametral clearance. Lubricant is SAE 30 oil at 210°F. Speed is 3600 rpm. 
Find: (a) Torque, T. 

(b) Power dissipated. 


L=1.25 in. 


Solution: 
Torque on the journal is caused by viscous shear in the oil film. The gap width is 
small, so the flow may be modeled as flow between infinite parallel plates: 


Governing equation: 


a 1] (8.9a) 


Assumptions: (1) Laminar flow. 
(2) Steady flow. 
(3) Incompressible flow. 
(4) Fully developed flow. 
(5) Infinite width (L/a = 1.25/0.00125 = 1000, so this is a reasonable assumption). 
(6) Op/Ox = 0 (flow is symmetric in the actual bearing at no load). 


Then 
wR wD 


U 
a Ba ya ay 


For SAE 30 oil at 210°F (99°C), ju = 9.6 X10-°N - s/m?(2.01 x 10-* Ibf - s/ft”), from Fig. A.2, Appendix A. Thus, 


4 Ibf aS) 
ft 


rad min aia il 
rev 60s “2 0.00125 in. 


Ty = 2.01 X 107 X 3600 —~ x 2m 
min 


Tyx = 90.9 Ibf /ft? 


The total shear force is given by the shear stress times the area. It is applied to the journal surface. Therefore, 
for the torque 


Da R=, DR = ae 


T Ibf 5d ft 
= =X IJ X x ss Xi. ‘ 
5 90.9 Dp (3)° in iain? 1.25 in 
T =11.2in. - lbf « if 
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The power dissipated in the bearing is 


We= pe — PR — te 
min rad ft hp-s 


a Tev 
SE ey an 0s ee I SSO RISIEE 


W = 0.640 hp « Ww 


To ensure laminar flow, check the Reynolds number. 
pUa — SGpy,oQUa _ SGpy,qwkRa 
a a a 


Re = 


Assume, as an approximation, the specific gravity of SAE 30 oil is the same 
as that of SAE 10W oil. From Table A.2, Appendix A, SG = 0.92. Thus 
slug . (3600)27 rad 
ft 60 s 
ft” ft” Ibf - s? 
x x - x 
2.01X10‘*Ibf-s  144in.? ~ slug: ft 
Re = 43.6 


Re = 0.92 x 1.94 x 1.5in. X 0.00125 in. 


Therefore, the flow is laminar, since Re « 1500. 


We have seen how steady, one-dimensional laminar flows between two plates can be 
generated by applying a pressure gradient, by moving one plate with respect to the other, 
or by having both driving mechanisms present. To finish our discussion of this type of 
flow, Example 8.3 examines a gravity-driven steady, one-dimensional laminar flow down 
a vertical wall. Once again, the direct approach would be to start with the two- 
dimensional rectangular coordinate form of the Navier—Stokes equations (Eqs. 5.27; 
see Problem 8.44); instead we will use a differential control volume. 


ample o. ILM ON A VERTICAL WALL 


A viscous, incompressible, Newtonian liquid flows in steady, laminar flow down a vertical wall. The thickness, 6, of 
the liquid film is constant. Since the liquid free surface is exposed to atmospheric pressure, there is no pressure 
gradient. For this gravity-driven flow, apply the momentum equation to differential control volume dx dy dz to 
derive the velocity distribution in the liquid film. 


Given: Fully developed laminar flow of incompressible, 
Newtonian liquid down a vertical wall; thickness, 6, of the 
liquid film is constant and Op/Ox = 0. 


Differential 


Find: Expression for the velocity distribution in the film. a lune 


Solution: 
The x component of the momentum equation for a control 
volume is 


pg dx dy dz 


Fy + Fz = 5 [wedee [uo -aa (4.18a) 
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Under the conditions given we are dealing with a steady, incompressible, fully developed laminar flow. 


For steady flow, af upd¥ =0 
Ot Joy 


For fully developed flow, | eV aA — 0 
Thus the momentum equation for the present case reduces to 
Fy + Fp =0 
The body force, Fg, is given by Fg = pg d¥ = pg dx dy dz. The only surface forces acting on the differential 
control volume are shear forces on the vertical surfaces. (Since we have a free-surface flow, with straight streamlines, 


the pressure is atmospheric throughout; no net pressure forces act on the control volume.) 
If the shear stress at the center of the differential control volume is 7,,, then, 


ite Gl 
shear stress on left face isT,,, = @ a > ) 
and 
Ghia: al 
shear stress on right face is Ti, = ba + os 3) 


The direction of the shear stress vectors is taken consistent with the sign convention of Section 2.3. Thus on the left 
face, a minus y surface, 7,,, acts upward, and on the right face, a plus y surface, 7,,, acts downward. 

The surface forces are obtained by multiplying each shear stress by the area over which it acts. Substituting into 
Fs; + Fp = 0, we obtain 


—Tyz, GX dz + Ty, dx dz + pg dx dy dz = 0 


or 


dty, dy lit. ohy 
i TE 3) ax dz+ (t+ A 4 dx dz+ pg dx dy dz = 0 


Simplifying gives 


T yx Tp 
+ pg = 0 =— 
dy P& or dy Ps 
Since 
du Cu 2 pg 
=p— th —— = oS 
ae gy ie pg an 5 7 
Integrating with respect to y gives 
du p 
— =—-“yt+ 
dy Yar Gil 
Integrating again, we obtain 
2 
= ate ar GiiY ar Cp 
jon 2 


To evaluate constants c, and c2, we apply appropriate boundary conditions: 


(i) y= 0, u=0  (no-slip) 


(i) y = 6, ea 0 (neglect air resistance, i.e., assume zero shear stress at free surface) 


From boundary condition (i), cz =0 
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From boundary condition (ii), 0 =— ae Te CF G = nee 


Hence, 
2 
Pea nes PEO (NN yy? 
= 2 2 SS = = a 
i jh 2 ee ais #62((2) 5(3) | 
Using the velocity profile it can be shown that: 
the volume flow rate is Q// = e & 
the maximum velocity is Umax = mr ip 
vit ee ED i 4PProach o 
the average velocity is V = —6 Okes @ ; u 
7s | 3) sult, OMS leads 


Flow in the liquid film is laminar for Re = Vé/v < 1000 [1]. 


3.3 Fully Developed Laminar Flow in a Pipe 


As a final example of fully developed laminar flow, let us consider fully developed laminar 
flow in a pipe. Here the flow is axisymmetric. Consequently it is most convenient to work 


VIDEO in cylindrical coordinates. This is yet another case where we could use the Navier—Stokes 
equations, this time in cylindrical coordinates (Eqs. B.3). Instead we will again take the 
Laminar Flow Exiting from a Tube. longer route—using a differential control volume—to bring out some important features 


of the fluid mechanics. The development will be very similar to that for parallel plates in 
the previous section; cylindrical coordinates just make the analysis a little trickier 
mathematically. Since the flow is axisymmetric, the control volume will be a differential 
annulus, as shown in Fig. 8.7. The control volume length is dx and its thickness is dr. 
For a fully developed steady flow, the x component of the momentum equation 
(Eq. 4.18a), when applied to the differential control volume, once again reduces to 


Fs =0 


The next step is to sum the forces acting on the control volume in the x direction. We 
know that normal forces (pressure forces) act on the left and right ends of the control 
volume, and that tangential forces (shear forces) act on the inner and outer cylindrical 
surfaces. 


Annular differential 
control 


volume | : 
Annular differential 
> control eee Try 2mrrdx 
volume tama 
| a 
aa - - - - P 2ardr —>| \— pt aa 2nrdr 
| 
ree a oe in | 
dr eae a, —_ 
d 
hea dx on ke 4 dr|2n (r + dr) dx 
- - b dr 
(a) End view of CV (b) Side view of CV (c) Forces on CV 


Fig. 8.7 Differential control volume for analysis of fully developed laminar flow in a pipe. 
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If the pressure at the left face of the control volume is p, then the pressure force on 
the left end is 


dF, = p2rr dr 


The pressure force on the right end is 


Op 
— + 
dFrR = (» ax ax) 2nr dr 


If the shear stress at the inner surface of the annular control volume is 7,,, then the 
shear force on the inner cylindrical surface is 


dF, = —7,,2nr dx 


The shear force on the outer cylindrical surface is 


= + 
dFo (> ar 


d 
oe ar) 2n (r + dr)dx 


The sum of the x components of force, dF;, dFr, dF;, and dFo, acting on the 
control volume must be zero. This leads to the condition that 


a 2nr dr dx + T,.2n dr dx + are 2nr dr dx = 0 
Ox dr 


Dividing this equation by 27r dr dx and solving for Op/Ox gives 


Op _ Tr 4 AT yx _ 1 QT) 
Ox r dr r dr 


Comparing this to the corresponding equation for parallel plates (Eq. 8.3) shows the 
mathematical complexity introduced because we have cylindrical coordinates. 
The left side of the equation is at most a function of x only (the pressure is uniform at 
each section); the right side is at most a function of r only (because the flow is fully 
developed). Hence, the only way the equation can be valid for all x and r is for both 
sides to in fact be constant: 


1 d(rtx) _ Op _ d(rTx) _ Op 
ae = ax constant or ip ax 


We are not quite finished, but already we have an important result: In a constant 
diameter pipe, the pressure drops uniformly along the pipe length (except for the 
entrance region). 

Integrating this equation, we obtain 


r? (Op 
TT = (2) Cy 


or 
Ty = 5 (2) 4 (8.10) 


Since T,, = udu/dr, we have 
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and 


r> (Op Cy 
= + —Inr+ 8.11 
Ay (=) a oe 


We need to evaluate constants c, and c2. However, we have only the one boundary 
condition that u = 0 atr = R. What do we do? Before throwing in the towel, let us look at 
the solution for the velocity profile given by Eq. 8.11. Although we do not know the 
velocity at the pipe centerline, we do know from physical considerations that the velocity 
must be finite at r= 0. The only way that this can be true is for c, to be zero. (We could 
have also concluded that c; = 0 from Eq. 8.10—which would otherwise yield an infinite 
stress at r= 0.) Thus, from physical considerations, we conclude that c,; = 0, and hence 


The constant, cz, is evaluated by using the available boundary condition at the pipe 
wall: at r= R, u=0. Consequently, 


This gives 
1: (a) 
C= Nh ee 
Au \ Ox 
and hence 
_ r (op R? (dp\ _ 1 (Op 
“ Au (2) Au (2) Au (Ze a 
or 


EB bi 0 


Since we have the velocity profile, we can obtain a number of additional features of 
the flow. 


Shear Stress Distribution 


The shear stress is 


_ du _r/(op 
Trx ar 5( ) (8.13a) 


Volume Flow Rate 


The volume flow rate is 


ee R eel Op 
Q= | V-dA= f u2nr dr = | ( Jer R?)2ar dr 
A 0 o 4 \ 0x 


R* (9 
o-- Fr (z) 
L x 


(8.13b) 
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Flow Rate as a Function of Pressure Drop 


We proved that in fully developed flow the pressure gradient, Op/Ox, is constant. 


Therefore, Op/Ox = (p2—pi)/L =—Ap/L. Substituting into Eq. 8.13b for the 
volume flow rate gives 
ieee aN ApR* ApD* 
q=-* ee (8.13c) 
Se 8uL 128uL 


for laminar flow in a horizontal pipe. Note that Q is a sensitive function of D; Q ~ D*, 
so, for example, doubling the diameter D increases the flow rate Q by a factor of 16. 


Average Velocity 


The average velocity magnitude, V, is given by 
~_2_@ R* (Op 
= = = 8.13d 
4 A TR? 8 \ Ox ( ) 


Point of Maximum Velocity 


To find the point of maximum velocity, we set du/dr equal to zero and solve for the 
corresponding r. From Eq. 8.12 


Thus, 


At r=0, 


U = Umax = U = (8.13e) 


R? = 
(a) “7 

Au \ Ox 

The velocity profile (Eq. 8.12) may be written in terms of the maximum (centerline) 

velocity as 


= =1- oy (8.14) 


The parabolic velocity profile, given by Eq. 8.14 for fully developed laminar pipe 
flow, was sketched in Fig. 8.1. 


ae 3.4 "CAPHLARY VISCOMETER 


A simple and accurate viscometer can be made from a length of capillary tubing. If the flow rate and pressure drop 
are measured, and the tube geometry is known, the viscosity of a Newtonian liquid can be computed from Eq. 8.13c. 
A test of a certain liquid in a capillary viscometer gave the following data: 


Flow rate: 


Tube diameter: 


Determine the viscosity of the liquid. 


880 mm°/s 
0.50 mm 


Tube length: 


Pressure drop: 


1m 
1.0 MPa 
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Given: Flow in a capillary viscometer. = 


The flow rate is Q = 880 mm?/s. Flow 
Find: The fluid viscosity. L=1m— 


@ 


Solution: Ap = p, - po = 1.0 MPa 


Equation 8.13c may be applied. 
nApD* 


Governing equation: = a 
Lt 


(8.13c) 


Assumptions: (1) Laminar flow. 
Steady flow. 


(3) Incompressible flow. 
(4) Fully developed flow. 
(5) Horizontal tube. 


Then 
nmApD* 6 N nes S 1 m 
= = PaleUE< — X (0. x 
Leos se ee a ee En 
f= 1.74 107 Ns m2 iE 
Check the Reynolds number. Assume the fluid density is similar to that of water, 999 kg/m*. Then 
ak 4 4 ; il 
y= 2 = 82 4 x ggg x __% _yx_™ _ = 44gm/s 
A aD T s (0.50)° mm? = 10° mm 
and Re = YP — 099 = x 4.48 = x 0.50 mm ar 
ie Ittle overs; 
2 2 Pilla 'Mplified, 
x see ee ae st iad eometer the 
1.74X10°N-s 10°mm_ kg-m 
Re = 1290 


Consequently, since Re < 2300, the flow is laminar. 


Part B- Flow in Pipes and Ducts 


In this section we will be interested in determining the factors that affect the pressure 
in an incompressible fluid as it flows in a pipe or duct (we will refer to “pipe” but imply 
“duct,” too). If we ignore friction for a moment (and assume steady flow and consider 
a streamline in the flow), the Bernoulli equation from Chapter 6 applies, 
2 
> + = + gz = constant (6.8) 


From this equation we can see what tends to lead to a pressure decrease along the 
streamline in this frictionless flow: a reduction of area at some point in the pipe 
(causing an increase in the velocity V), or the pipe having a positive incline (so 
z increases). Conversely, the pressure will tend to increase if the flow area is increased 
or the pipe slopes downward. We say “tends to” because one factor may counteract 
another; for example, we may have a downward sloping pipe (tending to increase 
pressure) with a reduction in diameter (tending to decrease pressure). 
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In reality, flows in pipes and ducts experience significant friction and are often 
turbulent, so the Bernoulli equation does not apply (it doesn’t even make sense to use 
V; instead we will use V, to represent the average velocity at a section along the pipe). 
We will learn that, in effect, friction effects lead to a continual reduction in the value 
of the Bernoulli constant of Eq. 6.8 (this represents a “loss” of mechanical energy). 
We have already seen that, in contrast to the Bernoulli equation, for laminar flow 
there is a pressure drop even for a horizontal, constant diameter pipe; in this section 
we will see that turbulent flows experience an even larger pressure drop. We will need 
to replace the Bernoulli equation with an energy equation that incorporates the 
effects of friction. 

In summary, we can state that three factors tend to reduce the pressure in a pipe 
flow: a decrease in pipe area, an upward slope, and friction. For now we will focus on 
pressure loss due to friction and so will analyze pipes that are of constant area and that 
are horizontal. 

We have already seen in the previous section that for laminar flow we can theo- 
retically deduce the pressure drop. Rearranging Eq. 8.13c to solve for the pressure 
drop Ap, 


_ 128uLO 


A 
P aD4 


We would like to develop a similar expression that applies for turbulent flows, but we 
will see that this is not possible analytically; instead, we will develop expressions based 
on a combination of theoretical and experimental approaches. Before proceeding, we 
note that it is conventional to break losses due to friction into two categories: major 
losses, which are losses due to friction in the constant-area sections of the pipe; and 
minor losses (sometimes larger than “major” losses), which are losses due to valves, 
elbows, and so on (and we will treat the pressure drop at the entrance region as a 
minor loss term). 

Since circular pipes are most common in engineering applications, the basic anal- 
ysis will be performed for circular geometries. The results can be extended to other 
geometries by introducing the hydraulic diameter, which is treated in Section 8.7. 
(Open channel flows will be treated in Chapter 11, and compressible flow in ducts will 
be treated in Chapter 13.) 


Shear Stress Distribution in Fully 3.4 
Developed Pipe Flow 


We consider again fully developed flow in a horizontal circular pipe, except now we 


may have laminar or turbulent flow. In Section 8.3 we showed that a force balance 
between friction and pressure forces leads to Eq. 8.10: 


_ r (Op Cy 


Because we cannot have infinite stress at the centerline, the constant of integration c, 
must be zero, so 


Te = =e (8.15) 


Equation 8.15 indicates that for both laminar and turbulent fully developed flows the 
shear stress varies linearly across the pipe, from zero at the centerline to a maximum at 
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the pipe wall. The stress on the wall, 7,, (equal and opposite to the stress in the fluid at 
the wall), is given by 


Tw ~~ Trl, =R- 5 (8.16) 


For laminar flow we used our familiar stress equation 7, = 4 du/dr in Eq. 8.15 to 
eventually obtain the laminar velocity distribution. This led to a set of usable equa- 
tions, Eqs. 8.13, for obtaining various flow characteristics; e.g., Eq. 8.13c gave a 
relationship for the flow rate Q, a result first obtained experimentally by Jean Louis 
Poiseuille, a French physician, and independently by Gotthilf H. L. Hagen, a German 
engineer, in the 1850s [2]. 

Unfortunately there is no equivalent stress equation for turbulent flow, so we 
cannot replicate the laminar flow analysis to derive turbulent equivalents of Eqs. 8.13. 
All we can do in this section is indicate some classic semi-empirical results [3]. 

As we discussed in Section 2.6, and illustrated in Fig. 2.17, turbulent flow is repre- 
sented at each point by the time-mean velocity @ plus (for a two-dimensional flow) 
randomly fluctuating velocity components wu’ and vu’ in the x and y directions (in this 
context y is the distance inwards from the pipe wall). These components continuously 
transfer momentum between adjacent fluid layers, tending to reduce any velocity 
gradient present. This effect shows up as an apparent stress, first introduced by 
Osborne Reynolds, and called the Reynolds stress.' This stress is given by —pu'v’, 
where the overbar indicates a time average. Hence, we find 


du 
T= Tian + Tih = Dy — pu'v' (8.17) 


Do not misunderstand the minus sign in Eq. 8.17—it turns out that w’ and v’ are 
negatively correlated, so that Ti, =—puw'v' is positive. In Fig. 8.8, experimental 
measurements of the Reynolds stress for fully developed turbulent pipe flow at two 
Reynolds numbers are presented; Rey = UD/v, where U is the centerline velocity. 
The turbulent shear stress has been nondimensionalized with the wall shear stress. 
Recall that Eq. 8.15 showed that the shear stress in the fluid varies linearly from 7,, 
at the pipe wall (y/R — 0) to zero at the centerline (y/R = 1); from Fig. 8.8 we see that 
the Reynolds stress has almost the same trend, so that the friction is almost all due to 
Reynolds stress. What Fig. 8.8 doesn’t show is that close to the wall (y/R — 0) 
the Reynolds stress drops to zero. This is because the no-slip condition holds, so not 
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Fig. 8.8 Turbulent shear stress (Reynolds stress) for fully developed 
turbulent flow in a pipe. (Data from Laufer [5].) 


'The Reynolds stress terms arise from consideration of the complete equations of motion for turbulent flow [4]. 
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only does the mean velocity 7-0, but also the fluctuating velocity components wu’ and 
v'—>0 (the wall tends to suppress the fluctuations). Hence, the turbulent stress, 
Tturb = —pu'v’ > 0, as we approach the wall, and is zero at the wall. Since the Reynolds 
stress is zero at the wall, Eq. 8.17 shows that the wall shear is given by 
Ty = [(du/dy),, — 9. In the region very close to the wall, called the wall layer, viscous 
shear is dominant. In the region between the wall layer and the central portion of the 
pipe both viscous and turbulent shear are important. 


Turbulent Velocity Profiles in Fully 
Developed Pipe Flow 


Except for flows of very viscous fluids in small diameter ducts, internal flows generally 
are turbulent. As noted in the discussion of shear stress distribution in fully developed 
pipe flow (Section 8.4), in turbulent flow there is no universal relationship between the 
stress field and the mean velocity field. Thus, for turbulent flows we are forced to rely 
on experimental data. 

Dividing Eq. 8.17 by p gives 


— -uv' (8.18) 


The term 7/p arises frequently in the consideration of turbulent flows; it has dimen- 
sions of velocity squared. In particular, the quantity (7, /p)!/ * is called the friction 
velocity and is denoted by the symbol w+. It is a constant for a given flow. 

The velocity profile for fully developed turbulent flow through a smooth pipe is 
shown in Fig. 8.9. The plot is semilogarithmic; @#/u+ is plotted against log(yu./v). The 
nondimensional parameters @/u» and yu«/v arise from dimensional analysis if one 
reasons that the velocity in the neighborhood of the wall is determined by the con- 
ditions at the wall, the fluid properties, and the distance from the wall. It is simply 
fortuitous that the dimensionless plot of Fig. 8.9 gives a fairly accurate representation 
of the velocity profile in a pipe away from the wall; note the small deviations in the 
region of the pipe centerline. 
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Fig. 8.9 Turbulent velocity profile for fully developed flow in a smooth pipe. 
(Data from Laufer [5].) 


3.5 


VIDEO 


The Glen Canyon Dam: A Turbulent Pipe 
Flow. 
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VIDEO 


Computer Simulation: Turbulent Channel 
Flow 1. 


VIDEO 


Computer Simulation: Turbulent Channel 
Flow 2. 


VIDEO 


Computer Simulation: Turbulent Channel 
Flow 3. 


In the region very close to the wall where viscous shear is dominant, the mean 
velocity profile follows the linear viscous relation 


pot oy (8.19) 


where y is distance measured from the wall (y = R—r; R is the pipe radius), and 7 is 
mean velocity. Equation 8.19 is valid for 0 < y* S 5—7; this region is called the viscous 
sublayer. 

For values of yu«/v > 30, the data are quite well represented by the semiloga- 
rithmic curve-fit equation 


~ =25n>”* +5.0 (8.20) 
Ux Vv 


In this region both viscous and turbulent shear are important (although turbulent 
shear is expected to be significantly larger). There is considerable scatter in the 
numerical constants of Eq. 8.20; the values given represent averages over many 
experiments [6]. The region between y’ = 5—7 and y* = 30 is referred to as the 
transition region, or buffer layer. 

If Eq. 8.20 is evaluated at the centerline (vy = R and u = U) and the general 
expression of Eq. 8.20 is subtracted from the equation evaluated at the centerline, we 
obtain 

eee (8.21) 
Uu y 


where U is the centerline velocity. Equation 8.21, referred to as the defect law, shows 
that the velocity defect (and hence the general shape of the velocity profile in the 
neighborhood of the centerline) is a function of the distance ratio only and does not 
depend on the viscosity of the fluid. 

The velocity profile for turbulent flow through a smooth pipe may also be 
approximated by the empirical power-law equation 


5 ("= 0-5" 2 


where the exponent, n, varies with the Reynolds number. In Fig. 8.10 the data of 
Laufer [5] are shown on a plot of In y/R versus In “@/U. If the power-law profile were 
an accurate representation of the data, all data points would fall on a straight line of 
slope n. Clearly the data for Rey = 5 X 10* deviate from the best-fit straight line in the 
neighborhood of the wall. 

Hence the power-law profile is not applicable close to the wall (y/R < 0.04). Since 
the velocity is low in this region, the error in calculating integral quantities such as 
mass, momentum, and energy fluxes at a section is relatively small. The power-law 
profile gives an infinite velocity gradient at the wall and hence cannot be used in 
calculations of wall shear stress. Although the profile fits the data close to the cen- 
terline, it fails to give zero slope there. Despite these shortcomings, the power-law 
profile is found to give adequate results in many calculations. 

Data from Hinze [7] suggest that the variation of power-law exponent n with 
Reynolds number (based on pipe diameter, D, and centerline velocity, U) for fully 
developed flow in smooth pipes is given by 


n =—1.7+1.8log Rey (8.23) 


for Rey >2 X 10. 
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Fig. 8.10 Power-law velocity profiles for fully developed 
turbulent flow in a smooth pipe. (Data from Laufer [5].) 


Since the average velocity is V = Q/A, and 


= [Vad 
A 


the ratio of the average velocity to the centerline velocity may be calculated for the 
power-law profiles of Eq. 8.22 assuming the profiles to be valid from wall to centerline. 
The result is 


V 2n? 
U (nt iyantl) ee) 


From Eq. 8.24, we see that as n increases (with increasing Reynolds number) the ratio 
of the average velocity to the centerline velocity increases; with increasing Reynolds 
number the velocity profile becomes more blunt or “fuller” (for n = 6, V/U = 0.79 
and for n = 10, V/U = 0.87). As a representative value, 7 often is used for the 
exponent; this gives rise to the term “‘a one-seventh power profile” for fully developed 


turbulent flow: 
ee 


Velocity profiles for n = 6 andn = 10 are shown in Fig. 8.11. The parabolic profile for 
fully developed laminar flow is included for comparison. It is clear that the turbulent 
profile has a much steeper slope near the wall. This is consistent with our discussion 
leading to Eq. 8.17—the fluctuating velocity components uw’ and v’ continuously 
transfer momentum between adjacent fluid layers, tending to reduce the velocity 
gradient. 


Energy Considerations in Pipe Flow 8.6 


We have so far used the momentum and conservation of mass equations, in control 
volume form, to discuss viscous flow. It is obvious that viscous effects will have an 
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Fig. 8.11 Velocity profiles for fully 
developed pipe flow. 


x 
Fig. 8.12 Control volume and coordinates for 
energy analysis of flow through a 90° reducing elbow. 


important effect on energy considerations. In Section 6.5 we discussed the Energy 
Grade Line (EGL), 


p) 
le: a ae ae (6.16b) 
pg 2g 


and saw that this is a measure of the total mechanical energy (“pressure,” kinetic and 
potential, per unit mass) in a flow. We can expect that instead of being constant 
(which it was for inviscid flow), the EGL will continuously decrease in the direction of 
flow as friction “eats” the mechanical energy (Examples 8.9 and 8.10 have sketches 
of such EGL—and HGL—curves; you may wish to preview them). We can now 
consider the energy equation (the first law of thermodynamics) to obtain information 
on the effects of friction. 

Consider, for example, steady flow through the piping system, including a reducing 
elbow, shown in Fig. 8.12. The control volume boundaries are shown as dashed lines. 
They are normal to the flow at sections (1) and @) and coincide with the inside surface 
of the pipe wall elsewhere. 

Basic equation: 


O(1) = 0(2) = 0C1) = 0(3) 


6=W/-WL.-W/.= a epavs | (e+ po)pV- dA (4.56) 
9 CV cs 


y? 
=ut—+ 
e=ut— +8z 


8.6 Energy Considerations in Pipe Flow 355 


Assumptions: (1) We = 0, Woter = 0. 
(2) Wenear = 0 (although shear stresses are present at the walls of the 
elbow, the velocities are zero there, so there is no possibility of work). 
(3) Steady flow. 
(4) Incompressible flow. 
(5) Internal energy and pressure uniform across sections (1) and (). 


Under these assumptions the energy equation reduces to 


O = m(Uu.—u,) +m po a) +mg(z2— 21) 
. (8.25) 


V3 vi 
+f V2 day f — pV; dA, 
A, 2 A, 2 
Note that we have not assumed the velocity to be uniform at sections (1) and Q), since 
we know that for viscous flows the velocity at a cross-section cannot be uniform. 


However, it is convenient to introduce the average velocity into Eq. 8.25 so that we 
can eliminate the integrals. To do this, we define a kinetic energy coefficient. 


Kinetic Energy Coefficient 


The kinetic energy coefficient, a, is defined such that 
a) —2 


2 
[> pV dA = af > pVdA = eh (8.26a) 
ie ‘a2 2 
or 
/ pVrdA 
m 


We can think of a as a correction factor that allows us to use the average velocity V in 
the energy equation to compute the kinetic energy at a cross section. 

For laminar flow in a pipe (velocity profile given by Eq. 8.12), a = 2.0. 

In turbulent pipe flow, the velocity profile is quite flat, as shown in Fig. 8.11. We can 
use Eq. 8.26b together with Eqs. 8.22 and 8.24 to determine a. Substituting the power- 
law velocity profile of Eq. 8.22 into Eq. 8.26b, we obtain 


_ (U : 2n? 
7 (5) (+n) + 2n) pen 


Equation 8.24 gives V/U as a function of the power-law exponent n; combining this 
with Eq. 8.27 leads to a fairly complicated expression in n. The overall result is that in 
the realistic range of n, from n = 6 ton = 10 for high Reynolds numbers, a varies from 
1.08 to 1.03; for the one-seventh power profile (1 =7), a=1.06. Because a is rea- 
sonably close to unity for high Reynolds numbers, and because the change in kinetic 
energy is usually small compared with the dominant terms in the energy equation, we 
shall almost always use the approximation a = 1 in our pipe flow calculations. 


Head Loss 


Using the definition of a, the energy equation (Eq. 8.25) can be written 


—2 —2 
: : : . . fav ayV 
Q = mn(uy my) +10 (22 ~ 24) + rng(ea zx) +m (F 2 _ os ' 
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Dividing by the mass flow rate gives 


6 a 
= u, + 22 Pl 4 ge, 8f1 + 
dm pp 


Rearranging this equation, we write 


—2 2 
V V é 
(2 + ay 7 +4] _ (2 + A io +4] — (uz uy) *e (8.28) 


2 

V 
(E+o¥ +e] 
p 2 


represents the mechanical energy per unit mass at a cross section. (Compare it to the 
EGL expression, Eq. 6.16b, for computing “mechanical” energy, which we discussed 
at the beginning of this section. The differences are that in the EGL we divide by g to 
obtain the EGL in units of feet or meters, and here aV allows for the fact that in a 
pipe flow we have a velocity profile, not a uniform flow.) The term uw. — u, — 6Q/dm is 
equal to the difference in mechanical energy per unit mass between sections (1) and 
©. It represents the (irreversible) conversion of mechanical energy at section (1) to 
unwanted thermal energy (u2—w) and loss of energy via heat transfer (-6Q/dm). We 
identify this group of terms as the total energy loss per unit mass and designate it by 
the symbol /,. Then 


In Eq. 8.28, the term 


P Vi P V3 
(2 +ay cE +4) = (2 +a) a +4] = h, (8.29) 


The dimensions of energy per unit mass FL/M are equivalent to dimensions of L7/’. 
Equation 8.29 is one of the most important and useful equations in fluid mechanics. It 
enables us to compute the loss of mechanical energy caused by friction between two 
sections of a pipe. We recall our discussion at the beginning of Part B, where we dis- 
cussed what would cause the pressure to change. We hypothesized a frictionless flow 
(i.e., described by the Bernoulli equation, or Eq. 8.29 with a = 1 and hy, = 0) so that 
the pressure could only change if the velocity changed (if the pipe had a change in 
diameter), or if the potential changed (if the pipe was not horizontal). Now, with 
friction, Eq. 8.29 indicates that the pressure will change even for a constant-area 
horizontal pipe—mechanical energy will be continuously changed into thermal energy. 

As the empirical science of hydraulics developed during the 19th century, it was 
common practice to express the energy balance in terms of energy per unit weight 
of flowing liquid (e.g., water) rather than energy per unit mass, as in Eq. 8.29. When 
Eq. 8.29 is divided by the acceleration of gravity, g, we obtain 


a) 2 
V hy, 

Pl say ket +24 EB 4 Gy: 2 hy | SS Hi, (8.30) 
ie 2g pg é 


Each term in Eq. 8.30 has dimensions of energy per unit weight of flowing fluid. Then 
the net dimensions of Hj, = hj,/g are (L7/t’?)(t?/L) = L, or feet of flowing liquid. 
Since the term head loss is in common use, we shall use it when referring to either Hj, 
(with dimensions of energy per unit weight or length) or h, = gH, (with dimensions 
of energy per unit mass). 

Equation 8.29 (or Eq. 8.30) can be used to calculate the pressure difference 
between any two points in a piping system, provided the head loss, /,, (or H;,.), can be 
determined. We shall consider calculation of head loss in the next section. 


&./ Calculation of Head Loss 357 


Calculation of Head Loss 8.7 


Total head loss, /,, is regarded as the sum of major losses, h;, due to frictional effects 
in fully developed flow in constant-area tubes, and minor losses, /,,, resulting from 
entrances, fittings, area changes, and so on. Consequently, we consider the major and 
minor losses separately. 


Major Losses: Friction Factor 


The energy balance, expressed by Eq. 8.29, can be used to evaluate the major head 
loss. For fully developed flow through a constant-area pipe, h; = 0, and 
a, (V;/2) = a2 (V>/2); Eq. 8.29 reduces to 


Pi P2 
p 


= g(22-Z) +h (8.31) 


If the pipe is horizontal, then zz = z, and 


las 2 hy (8.32) 
p p 


Thus the major head loss can be expressed as the pressure loss for fully developed flow 
through a horizontal pipe of constant area. 

Since head loss represents the energy converted by frictional effects from 
mechanical to thermal energy, head loss for fully developed flow in a constant-area 
duct depends only on the details of the flow through the duct. Head loss is inde- 
pendent of pipe orientation. 


a. Laminar Flow 


In laminar flow, we saw in Section 8.3 that the pressure drop may be computed 
analytically for fully developed flow in a horizontal pipe. Thus, from Eq. 8.13c, 


er 2 
Kp= ee Z aa /4) _ 32 = a 
Substituting in Eq. 8.32 gives 
L pV LV m 64\ L Ve 
= 2 og yo (1+) 7 (Fe) 5 2 eo 


(We shall see the reason for writing /; in this form shortly.) 


b. Turbulent Flow 


In turbulent flow we cannot evaluate the pressure drop analytically; we must resort to 
experimental results and use dimensional analysis to correlate the experimental data. 
In fully developed turbulent flow, the pressure drop, Ap, caused by friction in a 
horizontal constant-area pipe is known to depend on pipe diameter, D, pipe length, L, 


pipe roughness, e, average flow velocity, V, fluid density, p, and fluid viscosity, yw. In 
functional form 


Ap = Ap(D, L, e, V, p, u) 


We applied dimensional analysis to this problem in Example 7.2. The results were a 
correlation of the form 
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Ap =5( wo OU 5) 
pv" pvD’' D’ D 


We recognize that 4/pVD = 1/Re, so we could just as well write 


AE, = 0(Re 5. 5) 
pV D’ D 


h; ( i e ) 
——a, — Re, — j — 
v D’ D 


Although dimensional analysis predicts the functional relationship, we must obtain 
actual values experimentally. 

Experiments show that the nondimensional head loss is directly proportional to L/D. 
Hence we can write 


wp mlRe p) 


Since the function, ¢, is still undetermined, it is permissible to introduce a constant 
into the left side of the above equation. By convention the number } is introduced into 
the denominator so that the left side of the equation is the ratio of the head loss to the 
kinetic energy per unit mass of flow. Then 


The unknown function, ¢,(Re, e/D), is defined as the friction factor, f, 


e 


f= o(Re, 5) 


and 


ee (8.34) 
or 


Hay. (8.35) 


The friction factor* is determined experimentally. The results, published by L. F. 
Moody [8], are shown in Fig. 8.13. 

To determine head loss for fully developed flow with known conditions, the Rey- 
nolds number is evaluated first. Roughness, e, is obtained from Table 8.1. Then the 
friction factor, f, can be read from the appropriate curve in Fig. 8.13, at the known 
values of Re and e/D. Finally, head loss can be found using Eq. 8.34 or Eq. 8.35. 


°The friction factor defined by Eq. 8.34 is the Darcy friction factor. The Fanning friction factor, less fre- 
quently used, is defined in Problem 8.95. 
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Fig. 8.13 Friction factor for fully developed flow in circular pipes. (Data from Moody [8], used by permission.) 


Table 81 
Roughness for Pipes of Common Engineering Materials 


Roughness, e 


Pipe Feet Millimeters 
Riveted steel 0.003—0.03 0.9—9 
Concrete 0.001—0.01 0.3—3 
Wood stave 0.0006—0.003 0.2—0.9 
Cast iron 0.00085 0.26 
Galvanized iron 0.0005 0.15 
Asphalted cast iron 0.0004 0.12 
Commercial steel or wrought iron 0.00015 0.046 
Drawn tubing 0.000005 0.0015 


Source: Data from Moody [8]. 


Several features of Fig. 8.13 require some discussion. The friction factor for laminar 
flow may be obtained by comparing Eqs. 8.33 and 8.34: 


n= (SEU LV 


Rips) pa 
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Consequently, for laminar flow 


64 
Hiewtion a Re (8.36) 


Thus, in laminar flow, the friction factor is a function of Reynolds number only; it 
is independent of roughness. Although we took no notice of roughness in deriving 
Eq. 8.33, experimental results verify that the friction factor is a function only of 
Reynolds number in laminar flow. 

The Reynolds number in a pipe may be changed most easily by varying the average 
flow velocity. If the flow in a pipe is originally laminar, increasing the velocity until the 
critical Reynolds number is reached causes transition to occur; the laminar flow gives 
way to turbulent flow. The effect of transition on the velocity profile was discussed in 
Section 8.5. Figure 8.11 shows that the velocity gradient at the tube wall is much larger 
for turbulent flow than for laminar flow. This change in velocity profile causes the wall 
shear stress to increase sharply, with the same effect on the friction factor. 

As the Reynolds number is increased above the transition value, the velocity 
profile continues to become fuller, as noted in Section 8.5. For values of relative 
roughness e/D = 0.001, the friction factor at first tends to follow the smooth pipe 
curve, along which friction factor is a function of Reynolds number only. However, as 
the Reynolds number increases, the velocity profile becomes still fuller. The size 
of the thin viscous sublayer near the tube wall decreases. As roughness elements begin 
to poke through this layer, the effect of roughness becomes important, and the friction 
factor becomes a function of both the Reynolds number and the relative roughness. 

At very large Reynolds number, most of the roughness elements on the tube wall 
protrude through the viscous sublayer; the drag and, hence, the pressure loss, depend 
only on the size of the roughness elements. This is termed the “fully rough” flow 
regime; the friction factor depends only on e/D in this regime. 

For values of relative roughness e/D = 0.001, as the Reynolds number is increased 
above the transition value, the friction factor is greater than the smooth pipe value. As 
was the case for lower values of e/D, the value of Reynolds number at which the flow 
regime becomes fully rough decreases with increasing relative roughness. 

To summarize the preceding discussion, we see that as Reynolds number is 
increased, the friction factor decreases as long as the flow remains laminar. At tran- 
sition, f increases sharply. In the turbulent flow regime, the friction factor decreases 
gradually and finally levels out at a constant value for large Reynolds number. 

Bear in mind that the actual loss of energy is h; (Eq. 8.34), which is proportional to f 
and V.. Hence, for laminar flow 4;«V (because f = 64/Re, and Re«V); for the 
transition region there is a sudden increase in h,;; for the fully rough zone h,«xV 
(because f ~ const.), and for the rest of the turbulent region /, increases at a rate 
somewhere between V and V’. We conclude that the head loss always increases with 
flow rate, and more rapidly when the flow is turbulent. 

To avoid having to use a graphical method for obtaining f for turbulent flows, 
various mathematical expressions have been fitted to the data. The most widely used 
formula for friction factor is from Colebrook [9], 


ae —2.0 log (e ar got (8.37) 


Equation 8.37 is implicit in f, but these days most scientific calculators have an 
equation-solving feature that can be easily used to find ffor a given roughness ratio e/D 
and Reynolds number Re (and some calculators have the Colebrook equation itself 
built in!). Certainly a spreadsheet such as Excel, or other mathematical computer 
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applications, can also be used (there is an Excel add-in for computing f for laminar 
and turbulent flows available on the Web site). Even without using these automated 
approaches, Eq. 8.37 is not difficult to solve for f—all we need to do is iterate. 
Equation 8.37 is quite stable—almost any initial guess value for fin the right side will, 
after very few iterations, lead to a converged value for f to three significant figures. 
From Fig. 8.13, we can see that for turbulent flows f< 0.1; hence f= 0.1 would make a 
good initial value. Another strategy is to use Fig. 8.13 to obtain a good first estimate; 
then usually one iteration using Eq. 8.37 yields a good value for f. As an alternative, 
Haaland [10] developed the following equation, 


i e/D\'"' 6.9 

— =-181 oe + — 

Vt ne ( a7 ) Re 

as an approximation to the Colebrook equation; for Re > 3000, it gives results within 


about 2 percent of the Colebrook equation, without the need to iterate. 
For turbulent flow in smooth pipes, the Blasius correlation, valid for Re = 10° , Is 


0.316 
Reo 


f= (8.38) 
When this relation is combined with the expression for wall shear stress (Eq. 8.16), the 
expression for head loss (Eq. 8.32), and the definition of friction factor (Eq. 8.34), a 


useful expression for the wall shear stress is obtained as 
0.25 
fv 
Ty = 0.0332pV (x) (8.39) 
RV 


This equation will be used later in our study of turbulent boundary-layer flow over a 
flat plate (Chapter 9). 

All of the e values given in Table 8.1 are for new pipes, in relatively good condition. 
Over long periods of service, corrosion takes place and, particularly in hard water 
areas, lime deposits and rust scale form on pipe walls. Corrosion can weaken pipes, 
eventually leading to failure. Deposit formation increases wall roughness appreciably, 
and also decreases the effective diameter. These factors combine to cause e/D to 
increase by factors of 5 to 10 for old pipes (see Problem 10.63). An example is shown 
in Fig. 8.14. 

Curves presented in Fig. 8.13 represent average values for data obtained from 
numerous experiments. The curves should be considered accurate within approxi- 
mately +10 percent, which is sufficient for many engineering analyses. If more 
accuracy is needed, actual test data should be used. 


Minor Losses 


The flow in a piping system may be required to pass through a variety of fittings, 
bends, or abrupt changes in area. Additional head losses are encountered, primarily as 
a result of flow separation. (Energy eventually is dissipated by violent mixing in 
the separated zones.) These losses will be minor (hence the term minor losses) if the 
piping system includes long lengths of constant-area pipe. Depending on the device, 
minor losses traditionally are computed in one of two ways, either 


i (8.40a) 
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Fig. 8.14 Pipe section removed after 40 years of service as a water line, showing 
formation of scale. (Photo courtesy of Alan T. McDonald.) 


where the Joss coefficient, K, must be determined experimentally for each situation, or 


(8.40b) 


where L, is an equivalent length of straight pipe. 

For flow through pipe bends and fittings, the loss coefficient, K, is found to vary 
with pipe size (diameter) in much the same manner as the friction factor, f, for flow 
through a straight pipe. Consequently, the equivalent length, L,/D, tends toward a 
constant for different sizes of a given type of fitting. 

Experimental data for minor losses are plentiful, but they are scattered among a 
variety of sources. Different sources may give different values for the same flow 
configuration. The data presented here should be considered as representative for 
some commonly encountered situations; in each case the source of the data is 
identified. 


a. Inlets and Exits 


A poorly designed inlet to a pipe can cause appreciable head loss. If the inlet has 
sharp corners, flow separation occurs at the corners, and a vena contracta is formed. 
The fluid must accelerate locally to pass through the reduced flow area at the vena 
contracta. Losses in mechanical energy result from the unconfined mixing as the flow 
stream decelerates again to fill the pipe. Three basic inlet geometries are shown in 
Table 8.2. From the table it is clear that the loss coefficient is reduced significantly 
when the inlet is rounded even slightly. For a well-rounded inlet (r/D=0.15) the 
entrance loss coefficient is almost negligible. Example 8.9 illustrates a procedure for 
experimentally determining the loss coefficient for a pipe inlet. 

The kinetic energy per unit mass, aV’/2, is completely dissipated by mixing when 
flow discharges from a duct into a large reservoir or plenum chamber. The situation 
corresponds to flow through an abrupt expansion with AR = 0 (Fig. 8.15). The minor 
loss coefficient thus equals a, which as we saw in the previous section we usually set 
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Table 82 

Minor Loss Coefficients for Pipe Entrances 

Entrance Type Minor Loss Coefficient, K* 
Reentrant — 0.78 


Square-edged 


Rounded ees | r/D | 0.02 | 0.06 | =0.15 
CC —_—_ K | 028 | 015 | 0.04 


“Based on hy, = K(V7/2), where V is the mean velocity in the pipe. 


Source: Data from Reference [11]. 
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Fig. 8.15 Loss coefficients for flow through sudden area changes. 
(Data from Streeter [1].) 


to 1 for turbulent flow. No improvement in minor loss coefficient for an exit is possible; 
however, addition of a diffuser can reduce Vi 2 and therefore h, considerably (see 
Example 8.10). 


b. Enlargements and Contractions 


Minor loss coefficients for sudden expansions and contractions in circular ducts are 
given in Fig. 8.15. Note that both loss coefficients are based on the larger V7/2. Thus 
losses for a sudden expansion are based on V,/2, and those for a contraction are based 
on V; f2s 

Losses caused by area change can be reduced somewhat by installing a nozzle or 
diffuser between the two sections of straight pipe. Data for nozzles are givenin Table 8.3. 
Note that the final column (data for the included angle 0 = 180°) agrees with the data of 
Fig. 8.15. 

Losses in diffusers depend on a number of geometric and flow variables. Diffuser 
data most commonly are presented in terms of a pressure recovery coefficient, C,,, 
defined as the ratio of static pressure rise to inlet dynamic pressure, 


e= PS Ha (8.41) 
1 pV, 
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Table 83 


Loss Coefficients (K) for Gradual Contractions: Round and Rectangular Ducts 


Included Angle, 0, Degrees 
Ad/Ay 10 15—40 50—60 90 120 150 180 


=o Ay 0.50 0.05 0.05 0.06 0.12 0.18 0.24 0.26 
a { 6 0.25 0.05 0.04 0.07 0.17 0.27 0.35 0.41 
Q : 0.10 0.05 0.05 0.08 0.19 0.29 0.37 0.43 


Note: Coefficients are based on hy, = K(V;/2). 
Source: Data from ASHRAE [12]. 


This shows what fraction of the inlet kinetic energy shows up as a pressure rise. It is 
not difficult to show (using the Bernoulli and continuity equations; see Problem 8.201) 
that the ideal (frictionless) pressure recovery coefficient is given by 


G. =1-=—, (8.42) 


where AR is the area ratio. Hence, the ideal pressure recovery coefficient is a function 
only of the area ratio. In reality a diffuser typically has turbulent flow, and the static 
pressure rise in the direction of flow may cause flow separation from the walls if the 
diffuser is poorly designed; flow pulsations can even occur. For these reasons 
the actual C,, will be somewhat less than indicated by Eq. 8.42. For example, data for 
conical diffusers with fully developed turbulent pipe flow at the inlet are presented in 
Fig. 8.16 as a function of geometry. Note that more tapered diffusers (small diver- 
gence angle ¢ or large dimensionless length N/R) are more likely to approach the 
ideal constant value for C,. As we make the cone shorter, for a given fixed area ratio 
we start to see a drop in C,—we can consider the cone length at which this starts to 
happen the optimum length (it is the shortest length for which we obtain the max- 
imum coefficient for a given area ratio—closest to that predicted by Eq. 8.42). We can 
relate C, to the head loss. If gravity is neglected, and aj = az = 1.0, the head loss 
equation, Eq. 8.29, reduces to 

c i Vi] _ [pe fn V3 
p 2 


= hi, - hi,, 


p 2 


Thus, 


h = 
Lin 2 2 p 
2 2, 2 2 
h = Yi 1 V3 P2—P1 Vi 1 V3 C 
In 2 =2 1 2 2 =2 P 
a = pV; Ma 
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Fig. 8.16 Pressure recovery for conical diffusers with fully developed turbulent 
pipe flow at inlet. (Data from Cockrell and Bradley [13].) 


1 
(: as) G 


The frictionless result (Eq. 8.42) is obtained from Eq. 8.43 if h;,, = 0. We can combine 
Eggs. 8.42 and 8.43 to obtain an expression for the head loss in terms of the actual and 
ideal C,, values: 


or 


(8.43) 


at (8.44) 


Performance maps for plane wall and annular diffusers [14] and for radial diffusers 
[15] are available in the literature. 

Diffuser pressure recovery is essentially independent of Reynolds number for inlet 
Reynolds numbers greater than 7.5 x 10* [16]. Diffuser pressure recovery with uni- ey CLASSIC VIDEO 
form inlet flow is somewhat better than that for fully developed inlet flow. Perfor- Ss 
mance maps for plane wall, conical, and annular diffusers for a variety of inlet flow — Atow Visualization. 
conditions are presented in [17]. 

Since static pressure rises in the direction of flow in a diffuser, flow may separate 
from the walls. For some geometries, the outlet flow is distorted. For wide angle dif- 
fusers, vanes or splitters can be used to suppress stall and improve pressure 
recovery [18]. 


c. Pipe Bends 


The head loss of a bend is larger than for fully developed flow through a straight 
section of equal length. The additional loss is primarily the result of secondary flow, 
and is represented most conveniently by an equivalent length of straight pipe. The 
equivalent length depends on the relative radius of curvature of the bend, as shown in 
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Fig. 8.17. Representative total resistance (L-/D) for (a) 90° pipe bends and flanged elbows, 
and (b) miter bends. (Data from Reference [11].) 


Table 84 
Representative Dimensionless Equivalent Lengths (L./D) for Valves and 
Fittings 
Fitting Type Equivalent Length,” L/D 
Valves (fully open) 
Gate valve 8 
Globe valve 340 
Angle valve 150 
Ball valve 3 
Lift check valve: globe lift 600 
angle lift 55 
Foot valve with strainer: poppet disk 420 
hinged disk 75 
Standard elbow: 90° 30 
45° 16 
Return bend, close pattern 50 
Standard tee: flow through run 20 
flow through branch 60 


“Based on hy, = f(Lz/D)(V 7/2). 


Source: Data from Reference [11]. 


Fig. 8.17a for 90° bends. An approximate procedure for computing the resistance of 
bends with other turning angles is given in [11]. 

Because they are simple and inexpensive to construct in the field, miter bends often 
are used in large pipe systems. Design data for miter bends are given in Fig. 8.17). 
Note that you get what you pay for: From Fig. 8.17a the equivalent length for pipe 
bends varies from about 10 to about 40 diameters; for the cheaper 90° miter bend of 
Fig. 8.17b we get a much larger equivalent length of 60 diameters. 


d. Valves and Fittings 


Losses for flow through valves and fittings also may be expressed in terms of an 

equivalent length of straight pipe. Some representative data are given in Table 8.4. 
All resistances are given for fully open valves; losses increase markedly when 

valves are partially open. Valve design varies significantly among manufacturers. 
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Whenever possible, resistances furnished by the valve supplier should be used if 
accurate results are needed. 

Fittings in a piping system may have threaded, flanged, or welded connections. For 
small diameters, threaded joints are most common; large pipe systems frequently have 
flanged or welded joints. 

In practice, insertion losses for fittings and valves vary considerably, depending on 
the care used in fabricating the pipe system. If burrs from cutting pipe sections are 
allowed to remain, they cause local flow obstructions, which increase losses 
appreciably. 

Although the losses discussed in this section were termed “minor losses,” they can 
be a large fraction of the overall system loss. Thus a system for which calculations are 
to be made must be checked carefully to make sure all losses have been identified and 
their magnitudes estimated. If calculations are made carefully, the results will be of 
satisfactory engineering accuracy. You may expect to predict actual losses within 
+10 percent. 

We include here one more device that changes the energy of the fluid—except this 
time the energy of the fluid will be increased, so it creates a “negative energy loss.” 


Pumps, Fans, and Blowers in Fluid Systems 


In many practical flow situations (e.g., the cooling system of an automobile engine, the 
HVAC system of a building), the driving force for maintaining the flow against fric- 
tion is a pump (for liquids) or a fan or blower (for gases). Here we will consider 
pumps, although all the results apply equally to fans and blowers. We generally 
neglect heat transfer and internal energy changes of the fluid (we will incorporate 
them later into the definition of the pump efficiency), so the first law of thermo- 
dynamics applied across the pump is 


ay 2 
: V V 
Woump = ™ P+ +e - f+ te 
p dischar, p i 
ge suction 


We can also compute the head Ahpump (energy/mass) produced by the pump, 


‘ =) 2 
W, 4 
Ahoump = ee = ( a +e) - ¢ + 7) (8.45) 
m p 2 p 2 
discharge suction 


In many cases the inlet and outlet diameters (and therefore velocities) and elevations 
are the same or negligibly different, so Eq. 8.45 simplifies to 


A um) 
Ahtpunp = — Em (8.46) 
p 


It is interesting to note that a pump adds energy to the fluid in the form of a gain in 
pressure—the everyday, invalid perception is that pumps add kinetic energy to the 
fluid. (It is true that when a pump-pipe system is first started up, the pump does work 
to accelerate the fluid to its steady speed; this is when a pump driven by an electric 
motor is most in danger of burning out the motor.) 

The idea is that in a pump-pipe system the head produced by the pump (Eq. 8.45 or 
8.46) is needed to overcome the head loss for the pipe system. Hence, the flow rate in 
such a system depends on the pump characteristics and the major and minor losses of 
the pipe system. We will learn in Chapter 10 that the head produced by a given pump 
is not constant, but varies with flow rate through the pump, leading to the notion of 
“matching” a pump to a given system to achieve the desired flow rate. 
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A useful relation is obtained from Eq. 8.46 if we multiply by 1 = pQ (Q is the flow 


rate) and recall that 71 AMpump is the power supplied to the fluid, 


Woump = QAP pump (8.47) 


We can also define the pump efficiency: 


LE (8.48) 


where Woes is the power reaching the fluid, and W,, is the power input (usually 
electrical) to the pump. 

We note that, when applying the energy equation (Eq. 8.29) to a pipe system, we 
may sometimes choose points 1 and 2 so that a pump is included in the system. For 
these cases we can simply include the head of the pump as a “negative loss”: 


- Vi p is 
(2 tae +4] = (2 +o +4] = hy, — Aftpump a2) 


Noncircular Ducts 


The empirical correlations for pipe flow also may be used for computations involving 
noncircular ducts, provided their cross sections are not too exaggerated. Thus ducts of 
square or rectangular cross section may be treated if the ratio of height to width is less 
than about 3 or 4. 

The correlations for turbulent pipe flow are extended for use with noncircular 
geometries by introducing the hydraulic diameter, defined as 


in place of the diameter, D. In Eq. 8.50, A is cross-sectional area, and P is wetted 
perimeter, the length of wall in contact with the flowing fluid at any cross-section. The 
factor 4 is introduced so that the hydraulic diameter will equal the duct diameter for a 
circular cross section. For a circular duct, A = 7D*/4 and P = 7D, so that 


490 
P nD 


Dy, = =D 


For a rectangular duct of width b and height h, A = bh and P = 2(b +h), so 


4bh 
a 2(b +h) 


If the aspect ratio, ar, is defined as ar = h/b, then 


2h 


D, = 
1+ar 


for rectangular ducts. For a square duct, ar =1 and D, =h. 

As noted, the hydraulic diameter concept can be applied in the approximate range 
4 <ar<4. Under these conditions, the correlations for pipe flow give acceptably 
accurate results for rectangular ducts. Since such ducts are easy and cheap to fabricate 
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from sheet metal, they are commonly used in air conditioning, heating, and ventilating 
applications. Extensive data on losses for air flow are available (e.g., see [12, 19]). 

Losses caused by secondary flows increase rapidly for more extreme geometries, so 
the correlations are not applicable to wide, flat ducts, or to ducts of triangular or other 
irregular shapes. Experimental data must be used when precise design information is 
required for specific situations. 


Solution of Pipe Flow Problems 8.8 


Section 8.7 provides us with a complete scheme for solving many different pipe flow 
problems. For convenience we collect together the relevant computing equations. 

The energy equation, relating the conditions at any two points 1 and 2 for a single- 
path pipe system, is 


7) 7) 
P v P V 
(" Oli: +4] - (2 a +4] =hy, = Soh t+ Soh, (8.29) 


This equation expresses the fact that there will be a loss of mechanical energy 
(“pressure,” kinetic and/or potential) in the pipe. Recall that for turbulent flows a ~ 1. 
Note that by judicious choice of points 1 and 2 we can analyze not only the entire pipe 
system, but also just a certain section of it that we may be interested in. The total head 
loss is given by the sum of the major and minor losses. (Remember that we can also 
include “negative losses” for any pumps present between points 1 and 2. The relevant 
form of the energy equation is then Eq. 8.49.) 
Each major loss is given by 


LV 
h, =f 8.34 
I=fRG (8.34) 
where the friction factor is obtained from 
f= sas for laminar flow (Re < 2300) (8.36) 
or 
ace —2.0 log a2 + a= for turbulent flow (Re = 2300) (8.37) 
vf 3.7 Rev/f 


and Eqs. 8.36 and 8.37 are presented graphically in the Moody chart (Fig. 8.13). 
Each minor loss is given either by 


where K is the device loss coefficient, or 
ie 
hk =f = 8.40b 
n=fE5 (8.40b) 


where L, is the additional equivalent length of pipe. 7 
We also note that the flow rate Q is related to the average velocity V at each pipe 
cross section by 
2 


Dr — 
=7—V 
Q TT 


We will apply these equations first to single-path systems. 
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Single-Path Systems 


In single-path pipe problems we generally know the system configuration (type of pipe 
material and hence pipe roughness, the number and type of elbows, valves, and other 
fittings, etc., and changes of elevation), as well as the fluid (p and 2) we will be 
working with. Although not the only possibilities, usually the goal is to determine one 
of the following: 


(a) The pressure drop Ap, for a given pipe (LZ and D), and flow rate Q. 
(b) The pipe length L, for a given pressure drop Ap, pipe diameter D, and flow rate Q. 
(c) The flow rate Q, for a given pipe (L and D), and pressure drop Ap. 
(d) The pipe diameter D, for a given pipe length L, pressure drop Ap, and flow rate Q. 


Each of these cases often arises in real-world situations. For example, case (a) is a 
necessary step in selecting the correct size pump to maintain the desired flow rate in 
a system—the pump must be able to produce the system Ap at the specified flow rate 
Q. (We will discuss this in more detail in Chapter 10.) Cases (a) and (b) are com- 
putationally straightforward; we will see that cases (c) and (d) can be a little tricky to 
evaluate. We will discuss each case, and present an Example for each. The Examples 
present solutions as you might do them using a calculator, but there is also an Excel 
workbook for each. (Remember that the Web site has an Excel add-in that once 
installed will automatically compute f from Re and e/D!) The advantage of using a 
computer application such as a spreadsheet is that we do not have to use either the 
Moody chart (Fig. 8.13) or solve the implicit Colebrook equation (Eq. 8.37) to obtain 
turbulent friction factors—the application can find them for us! In addition, as we’ll 
see, cases (c) and (d) involve significant iterative calculations that can be avoided by 
use of a computer application. Finally, once we have a solution using a computer 
application, engineering “what-ifs” become easy, e.g., if we double the head produced 
by a pump, how much will the flow rate in a given system increase? 


a. Find Ap fora Given L, D, and Q 


These types of problems are quite straightforward—the energy equation (Eq. 8.29) 
can be solved directly for Ap = (p; — p2) in terms of known or computable quantities. 
The flow rate leads to the Reynolds number (or numbers if there is a diameter 
change) and hence the friction factor (or factors) for the flow; tabulated data can be 
used for minor loss coefficients and equivalent lengths. The energy equation can then 
be used to directly obtain the pressure drop. Example 8.5 illustrates this type of 
problem. 


b. Find L for a Given Ap, D, and Q 


These types of problems are also straightforward—the energy equation (Eq. 8.29) can 
be solved directly for L in terms of known or computable quantities. The flow rate 
again leads to the Reynolds number and hence the friction factor for the flow. 
Tabulated data can be used for minor loss coefficients and equivalent lengths. The 
energy equation can then be rearranged and solved directly for the pipe length. 
Example 8.6 illustrates this type of problem. 


c. Find Q for a Given Ap, L, and D 


These types of problems require either manual iteration or use of a computer appli- 
cation such as Excel. The unknown flow rate or velocity is needed before the Reynolds 
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number and hence the friction factor can be found. To manually iterate we first solve the 
energy equation directly for V in terms of known quantities and the unknown friction 
factor f. To start the iterative process we make a guess for f (a good choice is to take a 
value from the fully turbulent region of the Moody chart because many practical flows 
are in this region) and obtain a value for V. Then we can compute a Reynolds number 
and hence obtain a new value for f. We repeat the iteration process f > V > Ref until 
convergence (usually only two or three iterations are necessary). A much quicker 
procedure is to use a computer application. For example, spreadsheets (such as Excel) 
have built-in solving features for solving one or more algebraic equations for one or 
more unknowns. Example 8.7 illustrates this type of problem. 


d. Find D for a Given Ap, L, and Q 


These types of problems arise, for example, when we have designed a pump-pipe 
system and wish to choose the best pipe diameter—the best being the minimum 
diameter (for minimum pipe cost) that will deliver the design flow rate. We need to 
manually iterate, or use a computer application such as Excel. The unknown diameter 
is needed before the Reynolds number and relative roughness, and hence the friction 
factor, can be found. To manually iterate we could first solve the energy equation 
directly for D in terms of known quantities and the unknown friction factor f, and 
then iterate from a starting guess for f in a way similar to case (c) above: f > D— Re 
and e/D-—f. In practice this is a little unwieldy, so instead to manually find a solution 
we make successive guesses for D until the corresponding pressure drop Ap (for the 
given flow rate Q) computed from the energy equation matches the design Ap. As in 
case (c) a much quicker procedure is to use a computer application. For example, 
spreadsheets (such as Exce/) have built-in solving features for solving one or more 
algebraic equations for one or more unknowns. Example 8.8 illustrates this type of 
problem. 

In choosing a pipe size, it is logical to work with diameters that are available 
commercially. Pipe is manufactured in a limited number of standard sizes. Some data 
for standard pipe sizes are given in Table 8.5. For data on extra strong or double extra 
strong pipes, consult a handbook, e.g., [11]. Pipe larger than 12 in. nominal diameter is 
produced in multiples of 2 in. up to a nominal diameter of 36 in. and in multiples of 6 
in. for still larger sizes. 


Table 8.5 
Standard Sizes for Carbon Steel, Alloy Steel, and Stainless Steel Pipe 


Nominal Pipe Size (in.) Inside Diameter (in.) Nominal Pipe Size (in.) Inside Diameter (in.) 


i 0.269 21 2.469 
1 0.364 3 3.068 
: 0.493 4 4.026 
1 0.622 5 5.047 
| 0.824 6 6.065 
1 1.049 8 7.981 
if 1.610 10 10.020 
2 2.067 12 12.000 


Source: Data from Reference [11]. 
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ample o. INTO A RESERVOIR: PRESSURE DROP UNKNOWN 


A 100-m length of smooth horizontal pipe is attached to a large reservoir. A pump is attached to the end of the pipe 
to pump water into the reservoir at a volume flow rate of 0.01 m°/s. What pressure (gage) must the pump produce at 
the pipe to generate this flow rate? The inside diameter of the smooth pipe is 75 mm. 


Given: Water is pumped at 0.01 m*/s through a 75-mm- 
diameter smooth pipe, with L = 100 m, into a constant-level 
reservoir of depth d= 10 m. 


Find: Pump pressure, p;, required to maintain the flow. 
Solution: 


Governing equations: 


Vi V3 
(2 +a,— +4) = (2 + ay — +x] = hy, = hy + hy, 
p 2; p 2; 


(8.29) 


where 
m= fe 8H) nd, KE (8400 
For the given problem, p1 = Ppump and p2 = 0 (gage), so Ap = p1 — p2 = Ppump, Vi = V, V2 © 0, K (exit loss) = 1.0, 


and a, © 1.0. If we set z; =0, then z2 =d. Simplifying Eq. 8.29 gives 


> =) 
Ap _V ue ae 
Sila SO mea oy (1) 


The left side of the equation is the loss of mechanical energy between points (1) and (2); the right side is the major and 
minor losses that contributed to the loss. Solving for the pressure drop, Ap = Ppump; 


2 
Ik, WW 
Ppump aa Ap = o(eaers 5) 


Everything on the right side of the equation is known or can be readily computed. The flow rate Q leads to V, 


= 4 4 3 1 
Ve ee a 


= 2.26 
A 7D « S — (0.075)* m2 ae 


This in turn [assuming water at 20°C, p = 999 kg/m*, and = 1.0 X 10° kg/(m-s)] leads to the Reynolds number 


Tools 
1.0 X 10 *kg 


Re = = 1.70 10° 


pYD _ 99988 x 2.26™ 0.075 m x 
[ m: s 


For turbulent flow in a smooth pipe (e = 0), from Eq. 8.37, f= 0.0162. Then 
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= 
LV 
Ppump = Ap = p ( a | 


100m _ (2.26)°m2 
0.075 m 29 


k 
=e [vs = X 10 m + (0.0162) x 
m S 


Poump = 153% 10° N/m? (gage) 


Hence, 


Ppump — 153 kPa (gage) < 


eae 8b FEOW~IN_A PIPELINE: LENGTH UNKNOWN 


Crude oil flows through a level section of the Alaskan pipeline at a rate of 1.6 million barrels per day (1 barrel = 
42 gal). The pipe inside diameter is 48 in.; its roughness is equivalent to galvanized iron. The maximum allowable 
pressure is 1200 psi; the minimum pressure required to keep dissolved gases in solution in the crude oil is 50 psi. 
The crude oil has SG = 0.93; its viscosity at the pumping temperature of 140°F is , =3.5 X 107‘ lbf- s/ft*. For these 
conditions, determine the maximum possible spacing between pumping stations. If the pump efficiency is 85 percent, 
determine the power that must be supplied at each pumping station. 


Given: Flow of crude oil through horizontal section of Alaskan pipeline. 


D =48 in. (roughness of galvanized iron), SG = 0.93, js =3.5 X 107+ Ibf- s/ft? 


Find: (a) Maximum spacing, L. 
(b) Power needed at each pump station. 


Solution: 
As shown in the figure, we assume that the Alaskan pipeline is made up of repeating pump-pipe sections. We can draw 
two control volumes: CV;, for the pipe flow (state @) to state ()); CV2, for the pump (state (1) to state @). 

First we apply the energy equation for steady, incompressible pipe flow to CV}. 


Governing equations: 


Pr +4 VW _ (pi vi See 
(2 + aff + gf, (2 + ¥ + 9h] hy, = hy + hy, (8.29) 


where 


(8.34) and h,, = K— _(8.40a) 
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Assumptions: (1) aV; = a2V>. 
(2) Horizontal pipe, z1 = Z2. 
(3) Neglect minor losses. 
(4) Constant viscosity. 


Then, using CV; 
2 


baa ie 
Ap = p2—Pi = Fes (1) 
or 
L= oe where f = f(Re,e/D) 
ia pV 
bbl gal ft? day hr 
= 1610-4 x x x = 104 f° 
g day bbl 7.48gal 24 hr 3600s is 
SO 
Voto 104 ey, ft/s 
A S  7(4)°ft? 
VD 1 ft ft? Ibf - s? 
Re = = esyea =" <a art = Yo 
ft s 3.5X10% Ibf-s slug ft 
Rawle al? 


From Table 8.1, e = 0.0005 ft and hence e/D = 0.00012. Then from Eq. 8.37, f= 0.017 and thus 


2 Ibf fe s? 
= —— 4 ft x (1200 — 50 x x 
0.017 ( dae (0.93)1.94 slug (8.27)? ft2 
in. _ slug: ft R 
x x = (9.34 
144 fe br 2 6.32 X 10°ft 
L = 632,000ft (120 mi) < L 


To find the pumping power we can apply the first law of thermodynamics to CV>. This control volume consists 
only of the pump, and we saw in Section 8.7 that this law simplifies to 


Woump sae QAP pump (8.47) 
and the pump efficiency is 
Van 
== 8.48 
7 (8.48) 


We recall that W,ump is the power reaching the fluid, and W,, is the power input. Because we have a repeating system 
the pressure rise through the pump (i.e., from state (1) to state @)) equals the pressure drop in the pipe (i.e., from 


state @) to state )), 
APpump = Ap 
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so that 


: ft? | (1200 —50)lbf _ 144 in? 
Woump = QAPpump = 104— x Ae Ao 


hp-s 
550ft - Ibf 


~ 31,300 hp 


and the required power input is 


_ _ W, 31300h 
Ue ese ace P = 36,800 hp. Wreeded 


ae 87 FEOW-FROM A WATER TOWER: FLOW RATE UNKNOWN 


A fire protection system is supplied from a water tower and standpipe 80 ft tall. The longest pipe in the system is 
600 ft and is made of cast iron about 20 years old. The pipe contains one gate valve; other minor losses may be 
neglected. The pipe diameter is 4 in. Determine the maximum rate of flow (gpm) through this pipe. 


Given: Fire protection system, as shown. 
Find: Q, gpm. 
Solution: 


Governing equations: 


Lyige = 600 ft 


re p2 
(2 +a, ee z| - 4 + a, + #2 = hy, = h, + hy, (8.29) 


where 
ee Te Van 
lh = f5 ia (8.34) and h,, = faa (8.40b) 
Assumptions: (1) pi = p2=Patm 
(2) V; =0, and a ~ 1.0. 
Then Eq. 8.29 can be written as 
V; ees 
sla-n)- =m =1(5+Z)F (1) 
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To manually iterate, we solve for V2 and obtain 
V = 2¢(Z1 = Z2) ve (2) 
i (L/D +8) +1 
To be conservative, assume the standpipe is the same diameter as the horizontal pipe. Then 


Le 600 ft + 80 ft 12 in. 
D 4 in. ft 


= 2040 


Also 
il = = /) = 80 it 


To solve Eq. 2 manually we need to iterate. To start, we make an estimate for f by assuming the flow is fully turbulent 
(where f is constant). This value can be obtained from solving Eq. 8.37 using a calculator or from Fig. 8.13. For a 
large value of Re (e.g., 10°), and a roughness ratio e/D ~ 0.005 (e = 0.00085 ft for cast iron is obtained from Table 8.1, 
and doubled to allow for the fact that the pipe is old), we find that f ~ 0.03. Thus a first iteration for V2 from Eq. 2 is 


= ft : i ve 
V> = |2X32.2— X 80 ft xX = 9.08 fi 
e s 0.03(2040 + 8) +1 ee = 
: 'S problem ; 
Now obtain a new value for f: manually iteranhsttates the Method fo 
Fe DE NED ae s Deeg Fate, § fo calculate floy 
in y Seale ie aa se Exce/ Workbook f, 
ro. le Or thi. 
For e/D = 0.005, f= 0.0308 from Eq. 8.37. Thus we obtain to solve a the utomaticatty ice 
; OW rate 
= ft 1 We 
= |2X32.2— X 80ft x = 8. 
- 25 TOUS Ea| | be 


The values we have obtained for V2 (9.08 ft/s and 8.97 ft/s) differ by less than 
2%—an acceptable level of accuracy. If this accuracy had not been achieved we 
would continue iterating until this, or any other accuracy we desired, was 
achieved (usually only one or two more iterations at most are necessary for 
reasonable accuracy). Note that instead of starting with a fully rough value 
for f, we could have started with a guess value for V> of, say, 1 ft/s or 10 ft/s. 
The volume flow rate is 


— — 7D ft aie ff M . ft? gal Ss 
= = ——— «= aa Me | Se >< Ths << —— 


Q = 351 gpm- Q 


ample o. IRRIGATION SYSTEM: DIAMETER UNKNOWN 


Spray heads in an agricultural spraying system are to be supplied with water through 500 ft of drawn aluminum 
tubing from an engine-driven pump. In its most efficient operating range, the pump output is 1500 gpm at a discharge 
pressure not exceeding 65 psig. For satisfactory operation, the sprinklers must operate at 30 psig or higher pressure. 
Minor losses and elevation changes may be neglected. Determine the smallest standard pipe size that can be used. 
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Given: Water supply system, as shown. 


+L = 500 ft 


-—|—> Q = 1500 gpm 


@ 


Pp, < 65 psig Po = 30 psig 


Find: Smallest standard D. 


Solution: 
Ap, L, and Q are known. D is unknown, so iteration is needed to determine the minimum standard diameter that 


satisfies the pressure drop constraint at the given flow rate. The maximum allowable pressure drop over the length, 
bp 18 


Daves as Pikes (Done a (65 30) psi = 35 psi 


Governing equations: 


B . af +f) 7 e : af + fe) ae (8.29) 


= 0G) 


i, W 
hee h, + nf- = = 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 
(3) hy, = hy, en hy, = (), 
(Saisie a 
(5) V; = V2 = V3 a4 a. 
Then 


D2 (1) 


Equation 1 is difficult to solve for D because both V and f depend on D! The best approach is to use a computer 
application such as Excel to automatically solve for D. For completeness here we show the manual iteration pro- 
cedure. The first step is to express Eq. 1 and the Reynolds number in terms of Q instead of V (Q is constant but V 
varies with D). We have V = Q/A = 4Q/zxD* so that 


Bp(40\ — 8fhpO" 
hoe 5 (=) = fLpQ 


1D) 2 \\ amb TD? (2) 
The Reynolds number in terms of Q is 


LpeVvD SVD > 40 D_ 4Q 
mM v mD? v tuD 


Finally, Q must be converted to cubic feet per second. 


gal | min ft? 3 
= 1500 x x = 3.34 ft 
2 min 60s _ 7.48 gal fe ie 


For an initial guess, take nominal 4 in. (4.026 in. i.d.) pipe: 
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40 4 fe s 1 in. 6 
Re = = x 3.34 x x al = 1.06x1 
s tvD 1 23 s 1.2110 °>ft2 4.026in. ft toe 
For drawn tubing, e=5 X 10° ft (Table 8.1) and hence e/D =1.5 X 10°°, so f ~ 0.012 (Eq. 8.37), and 
8fLpO? 8 slug ite 
= = — x0. x x 1.94 ——= X (3. = 
Ap 2D = 0.012 x 500ft x 1.94 aE (3.34) 2 
in2 _ lbf-s? 


x <1728 
(4.026)° in.5 ft? ~~ slug: ft 


Ap 2 ibt/ine = Apa 


Since this pressure drop is too large, try D = 6 in. (actually 6.065 in. i.d.): 


4 ft s 1 in. 
Re = — X3.34— x x X12— = 6.95 x 10° 
ae Sod) 06s In ft 


For drawn tubing with D =6 in., e/D = 1.0 x 10°, so f = 0.013 (Eq. 8.37), and 


2H 
2 


slug 


Ap = es 0.013 x 500 ft x 1.94 => (3.34) 
7 


3in3 _ Ibf-s? 
—= 
ft? slug - ft 


a 
(6.065)° in.5 (2) 


Ap = 24.0 lbf/in.2 < Apmax 


Since this is less than the allowable pressure drop, we should check a 5 in. 
(nominal) pipe. With an actual i.d. of 5.047 in., 
4 ft s 1 


in. 5 
ke = <3.34l x x x< 12 = 8.310 X il 
aa 28 S  1.21X10> ft? 5.047 in. ft palo) 


For drawn tubing with D = 5 in., e/D =1.2 x 10 °, so f ~ 0.0122 (Eq. 8.37), 
and 


hp - x 0.0122 x 500 ft x 14 x (34)? 
il Tie ge ds berse 
: (5.047)> in.5 . (ne - sag = 
Ap = 56.4 Ibf/in.2 > Apmax 
Thus the criterion for pressure drop is satisfied for a a h © modified fo 
minimum nominal diameter of 6 in. pipe. < Problems, 


We have solved Examples 8.7 and 8.8 by iteration (manual, or using Excel). Several 
specialized forms of friction factor versus Reynolds number diagrams have been 
introduced to solve problems of this type without the need for iteration. For examples 
of these specialized diagrams, see Daily and Harleman [20] and White [21]. 

Examples 8.9 and 8.10 illustrate the evaluation of minor loss coefficients and the 
application of a diffuser to reduce exit kinetic energy from a flow system. 
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esa 84 CAEGULATION OF ENTRANCE LOSS COEFFICIENT 


Hamilton [22] reports results of measurements made to determine entrance losses for flow from a reservoir to a pipe 
with various degrees of entrance rounding. A copper pipe 10 ft long, with 1.5 in. 1.d., was used for the tests. The 
pipe discharged to atmosphere. For a square-edged entrance, a discharge of 0.566 ft*/s was measured when the reservoir 
level was 85.1 ft above the pipe centerline. From these data, evaluate the loss coefficient for a square-edged entrance. 


Given: Pipe with square-edged entrance discharging from reservoir as 
shown. 


Find: entrances 


Solution: 
Apply the energy equation for steady, incompressible pipe flow. 


Governing equations: 


Entrance 


+ 0(2) =0 


P, Vi ee 7, V5 
etm aaa TNO yo Tn Sit ee 
(p 2 1) 2, 


O = 0.566 ft?/s 
IK L= 10 ft > 
—2 2 
Ib, W, V, 


Assumptions: (1) pi =p2=Patm- 


Q)V, 20. VP Lv vw 
Substituting for /,, and dividing by g gives z; = h = ap oF +f a Ze se Kentranée Ie 
or 
2gh IL, 
Kentrance = aoe al — a2 (1) 
V5 
The average velocity is 
ee eee 
A 
eet ft? 1 in2 
Us = SUS = 5 I Sei 
T S  (CLa)r ia? ft 


Assume T = 70°F, so v = 1.05 X 10> ft?/s (Table A.7). Then 


Roe 46.1 x15 in. x : : 
V 


— 
105 1 ft el ans 


= 5.49 x 10° 


For drawn tubing, e=5 x 10 ° ft (Table 8.1), so e/D =0.000,04 and f= 0.0135 (Eq. 8.37). 

In this problem we need to be careful in evaluating the kinetic energy correction factor a2, as it is a significant 
factor in computing Kentrance from Eq. 1. We recall from Section 8.6 and previous Examples that we have usually 
assumed a ~ 1, but here we will compute a value from Eq. 8.27: 


U\, Dye 
Se 8.27 
° (3) (+n)(3+2n) 2) 
To use this equation we need values for the turbulent power-law coefficient n and the ratio of centerline to mean 
velocity U/V. For n, from Section 8.5 


n =—-1.7+1.8 log(Rey) © 8.63 (8.23) 
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where we have used the approximation Rey ~ Rey. For V/U, we have 


aan 2n2 
U- (nt 1)(2n +1) 


= 0.847 (8.24) 


Using these results in Eq. 8.27 we find a = 1.04. Substituting into Eq. 1, we obtain 


ft s? 10 ft 
Koen Ok 0 8s i —— (QOL s 
eo 3 S 85.1ft eae (0.0135) saa 


ei 
it 


Neameace = 0.459 < Kentrance 


This coefficient compares favorably with that shown in Table 8.2. The hydraulic and energy grade lines are shown 
below. The large head loss in a square-edged entrance is due primarily to separation at the sharp inlet corner and 
formation of a vena contracta immediately downstream from the corner. The effective flow area reaches a minimum 
at the vena contracta, so the flow velocity is a maximum there. The flow expands again following the vena contracta 


to fill the pipe. The uncontrolled expansion following the vena contracta is responsible for most of the head loss. (See 
Example 8.12.) 


a 
i=] 


ba 
S 
fe) 
s 
& 
4 
x 
im 


oO 


Local velocity reaches a maximum 
at the vena contracta. 


Rounding the inlet corner reduces the extent of separation significantly. 
This reduces the velocity increase through the vena contracta and conse- 
quently reduces the head loss caused by the entrance. A “well-rounded” inlet 
almost eliminates flow separation; the flow pattern approaches that shown in 
Fig. 8.1. The added head loss in a well-rounded inlet compared with fully 
developed flow is the result of higher wall shear stresses in the entrance 
length. 


ample o. FFUSER TO INCREASE FLOW RATE 


Water rights granted to each citizen by the Emperor of Rome gave permission to attach to the public water main 
a calibrated, circular, tubular bronze nozzle [23]. Some citizens were clever enough to take unfair advantage of a 
law that regulated flow rate by such an indirect method. They installed diffusers on the outlets of the nozzles to 
increase their discharge. Assume the static head available from the main is 7) = 1.5 m and the nozzle exit diameter 
is D =25 mm. (The discharge is to atmospheric pressure.) Determine the increase in flow rate when a diffuser with 
N/R, =3.0 and AR = 2.0 is attached to the end of the nozzle. 
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Given: Nozzle attached to water main as shown. 


Find: Increase in discharge when diffuser with N/R, = 3.0 and AR = 2.0 is 
installed. 


Solution: Apply the energy equation for steady, incompressible pipe flow. 
a) —) 


V V 
Governing equation: 7 + a9 = ar Bay) = 7 + ay a + gz, + hy, (8.29) 


Assumptions: (1) Vo =~ 0. 


For the nozzle alone, 


h = = 
P entrance 
i D, 


Thus 


=) 
V 
&%0 — a =P IR esaiecawe 


Py 


V V 
mu = (1 AP Kentrance) > (1) 


Solving for the velocity and substituting the value of Kentrance © 0.04 (from Table 8.2), 


me 2220 / 2 m 
= = x Deoll = 2X Il. =). 
VY, = Lo4 9815 1.5 m = 5.32 m/s 


m 


= _ 7D? 
Q=V\A, =V,-— Zi 56 « i (01025). m- = 0. 0026lem se Q 


For the nozzle with diffuser attached, 


01) 1(2) =0 


P Vi a2 V3 = 
B+ f+ e +h + gh hy, 


=) =e 


V 
= 1 1 
hy, = [etiam me AP Kittuser F 


or 


=) =) 


W V 
8% = Ge oF US eaaes ap arrnced) a (2) 


From continuity Vj;A,; = V2A2, so 


= eel 
Wig = ies 


and Eq. 2 becomes 
7) 


1 V 
8a = | Sse 7 [Xoawemes 7F Satittnge: a (3) 


(AR) 
Pa a for diffusers. 
5PV; 


Figure 8.16 gives data for G, = 
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To obtain Kaitfuser, apply the energy equation from (1) to @). 


Dg Ml are SU We ate 
Bas oh os fs 


diffuser ay 


Solving, with az = 1, we obtain 


V ~ Aa 1 
Nene = Il 4 eS 1 ( ‘) G =1 ( 


From Fig. 8.16, C, = 0.45, so 


K dittuser =1 (2.0) 0.45 = O75) 0.45 = 0.3 


Solving Eq. 3 for the velocity and substituting the values of Kentrance and Kaittuser, We obtain 


Vv = 2820 
1 0.25 + 0.04 + 0.3 
Ne) 
= 2220 i 2 m 
= = 28 Shroll = 2 JL, = /. 
Vi 0.59 059 9815 1.5 m = 7.06 m/s 
and 
as Bry m7 2.9 3 Q 
Qi = ViA, = Vi os 7.06 : x 7 x (0.025)° m* = 0.00347 m”’/s < d 


The flow rate increase that results from adding the diffuser is 


BOUT O-O TO = 1.00847 
Q Q O 0.00261 


1 = 0.330 or 33 percent. g 


Addition of the diffuser significantly increases the flow rate! There are two ways to explain this. 

First, we can sketch the EGL and HGL curves—approximately to scale—as shown below. We can see that, as 
required, the HGL at the exit is zero for both flows (recall that the HGL is the sum of static pressure and potential 
heads). However, the pressure rises through the diffuser, so the pressure at the diffuser inlet will be, as shown, quite 
low (below atmospheric). Hence, with the diffuser, the Ap driving force for the nozzle is much larger than that for 
the bare nozzle, leading to a much greater velocity, and flow rate, at the nozzle exit plane—it is as if the diffuser acted 
as a suction device on the nozzle. 

Second, we can examine the energy equations for the two flows (for the bare nozzle Eq. 1, and for the nozzle with 
diffuser Eq. 3). These equations can be rearranged to yield equations for the velocity at the nozzle exit, 


= |} = 2 
Y= Eo (bare nozzle) V,= i 820 (nozzle aF diffuser) 
entrance a IS etitenge: AP Grane 


(AR)’ 


Comparing these two expressions, we see that the diffuser introduces an extra term (its loss coefficient K gitfuser = 0.3) 
to the denominator, tending to reduce the nozzle velocity, but on the other hand we replace the term 1 (representing 
loss of the bare nozzle exit plane kinetic energy) with 1/(AR)* = 0.25 (representing a smaller loss, of the diffuser exit 
plane kinetic energy). The net effect is that we replace 1 in the denominator with 0.25 + 0.3 = 0.55, leading to a net 
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increase in the nozzle velocity. The resistance to flow introduced by adding the diffuser is more than made up by the 
fact that we “throw away” much less kinetic energy at the exit of the device (the exit velocity for the bare nozzle is 
5.32 m/s, whereas for the diffuser it is 1.77 m/s). 
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Water Commissioner Frontinus standardized conditions for all Romans in 97 A.D. He required that the tube 
attached to the nozzle of each customer’s pipe be the same diameter for at | lineal feet from the public water 
main (see Problem 8.157). 


*Multiple-Path Systems 


Many real-world pipe systems (e.g., the pipe network that supplies water to the 
apartments in a large building) consist of a network of pipes of various diameters 
assembled in a complicated configuration that may contain parallel and series con- 
nections. As an example, consider part of a system as shown in Fig. 8.18. Water is 
supplied at some pressure from a manifold at point 1, and flows through the com- 
ponents shown to the drain at point 5. Some water flows through pipes A, B, C, and D, 
constituting a series of pipes (and pipe B has a lower flow rate than the others); some 
flows through A, E, F or G, H, C, and D (F and G are parallel), and these two main 
branches are in parallel. We analyze this type of problem in a similar way to how we 
analyze DC resistor circuits in electrical theory: by applying a few basic rules to the 
system. The electrical potential at each point in the circuit is analogous to the HGL 
(or static pressure head if we neglect gravity) at corresponding points in the system. 
The current in each resistor is analogous to the flow rate in each pipe section. We have 
the additional difficulty in pipe systems that the resistance to flow in each pipe is a 
function of the flow rate (electrical resistors are usually considered constant). 

The simple rules for analyzing networks can be expressed in various ways. We will 
express them as follows: 


1. The net flow out of any node (junction) is zero. 
2. Each node has a unique pressure head (HGL). 


*This section may be omitted without loss of continuity in the text material. 
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Fig. 8.18 Schematic of part of a pipe network. 


For example, in Fig. 8.18 rule 1 means that the flow into node 2 from pipe A must 
equal the sum of outflows to pipes B and E. Rule 2 means that the pressure head at 
node 7 must be equal to the head at node 6 less the losses through pipe F or pipe G, as 
well as equal to the head at node 3 plus the loss in pipe H. 

These rules apply in addition to all the pipe-flow constraints we have discussed (e.g., 
for Re = 2300 the flow will be turbulent, and the fact that we may have significant minor 
losses from features such as sudden expansions). We can anticipate that the flow in pipe 
F (diameter 1 in.) will be a good deal less than the flow in pipe G (diameter 1.5 in), and 
the flow through branch E will be larger than that through branch B (why?). 

The problems that arise with pipe networks can be as varied as those we discussed 
when studying single-path systems, but the most common involve finding the flow 
delivered to each pipe, given an applied pressure difference. We examine this case in 
Example 8.11. Obviously, pipe networks are much more difficult and time-consuming to 
analyze than single-path problems, almost always requiring iterative solution methods, 
and in practice are usually only solved using the computer. A number of computer 
schemes for analyzing networks have been developed [24], and many engineering 
consulting companies use proprietary software applications for such analysis. A spread- 
sheet such as Excel is also very useful for setting up and solving such problems. 


ample o. S IN A PIPE NETWORK 


In the section of a cast-iron water pipe network shown in Fig. 8.18, the static pressure head (gage) available at point 
1 is 100 ft of water, and point 5 is a drain (atmospheric pressure). Find the flow rates (gpm) in each pipe. 


Given: Pressure head h,_; of 100 ft across pipe network. 


Find: The flow rate in each pipe. 


Solution: 


= S 


Governing equations: 


a 


For each pipe section, 
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where 


a ee (8.34) 


and f is obtained from either Eq. 8.36 (laminar) or Eq. 8.37 (turbulent). For the cast-iron pipe, Table 8.1 gives a 
roughness for cast iron of e = 0.00085 ft. 


Assumptions: (1) Ignore gravity effects. 
(2) Ignore minor losses. 


(Assumption 2 is applied to make the analysis clearer—minor losses can be incorporated easily later.) 
In addition we have mathematical expressions for the basic rules 


1. The net flow out of any node (junction) is zero. 
2. Each node has a unique pressure head (HGL). 


We can apply basic rule 1 to nodes 2 and 6: 


Node 2: QO, =Qp+Qz (1) Node 6: Op =Qp+Q,g (2) 
and we also have the obvious constraints 
Qa =Qc (3) Qx =Q (4) Qz =Qn (5) 


We can apply basic rule 2 to obtain the following pressure drop constraints: 
hy_s chh= ha ar hz ate he or hp (6) hy_3 : hz = hp = hr ote hy (7) he-7 é hr = he (8) 


This set of eight equations (as well as Eqs. 8.29 and 8.34 for each pipe section!) must be solved iteratively. If we were 
to manually iterate, we would use Eqs. 3, 4, and 5 to immediately reduce the number of unknowns and equations to 
five (Qa, Op, Qz, Or, Qc). There are several approaches to the iteration, one of which is: 


1. Make a guess for Qa, Og, and Qf. 

2. Eqs. 1 and 2 then lead to values for Og and Qo. 

3. Egs. 6, 7, and 8 are finally used as a check to see if rule 2 (for unique pressure heads at the nodes) is satisfied. 
4. If any of Eqs. 6, 7, or 8 are not satisfied, use knowledge of pipe flow to adjust the values of Q,, Op, or Or. 

5. Repeat steps 2 through 5 until convergence occurs. 


An example of applying step 4 would be if Eq. 8 were not satisfied. Suppose hp > hg; then we would have selected 
too large a value for Op, and would reduce this slightly, and recompute all flow rates and heads. 

This iterative process is obviously quite unrealistic for manual calculation (remember that obtaining each head 
loss h from each Q involves a good amount of calculation). Fortunately, we can use a spreadsheet such as Excel to 
automate all these calculations—it will simultaneously solve for all eight unknowns automatically! The first step is 
to set up one worksheet for each pipe section for computing the pipe head h given the flow rate Q. A typical such 
worksheet is shown below: 
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525 bed) HB $1 | 7} a BO) 98 > SF) De Ow) Ew OL KL 


Pipe A Data: 


Pipe Data Flow Rate Computations 
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In these worksheets, knowing L, D, and e, a given flow rate Q is used to compute V, Re, f, and finally h from L, D, and e. 
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The next step is to set up a calculation page that collects together the flow rates and corresponding head losses for all 
of the pipe sections, and then use these to check whether Eqs. 1 through 8 are satisfied. Shown below is this page with 
initial guess values of 0.1 ft*/s for each of the flow rates. The logic of the workbook is that the eight values entered for 
Qa through Qy determine all the other values—that is, ha through hy, and the values of the constraint equations. The 
absolute errors for each of the constraint equations are shown, as well as their sum. We can then use Excel’s Solver 
feature (repeatedly as necessary) to minimize the total error (currently 735%) by varying Qa through Qy. 
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The flow rates are: 


Oy, = Oc = Dp = 167 gpm 
Qz(gpm) = 72 gpm 

Qz(gpm) = Qu(gpm) = 95 gpm 
Qr(gpm) = 24 gpm 

Qc(gpm) = 71 gpm 


PART C Flow Measurement 


Throughout this text we have referred to the flow rate Q or average velocity V in a 
pipe. The question arises: How does one measure these quantities? We will address 
this question by discussing the various types of flow meters available. 

The choice of a flow meter is influenced by the accuracy required, range, cost, 
complication, ease of reading or data reduction, and service life. The simplest and 
cheapest device that gives the desired accuracy should be chosen. 


Direct Methods 8.9 


The most obvious way to measure flow rate in a pipe is the direct method—simply 
measure the amount of fluid that accumulates in a container over a fixed time period! 
Tanks can be used to determine flow rate for steady liquid flows by measuring the 
volume or mass of liquid collected during a known time interval. If the time interval is 
long enough to be measured accurately, flow rates may be determined precisely in 
this way. 

Compressibility must be considered in volume measurements for gas flows. The 
densities of gases generally are too small to permit accurate direct measurement of 
mass flow rate. However, a volume sample often can be collected by displacing a 
“bell,” or inverted jar over water (if the pressure is held constant by counterweights). 
If volume or mass measurements are set up carefully, no calibration is required; this is 
a great advantage of direct methods. 

In specialized applications, particularly for remote or recording uses, positive dis- 
placement flow meters may be specified, in which the fluid moves a component such as 
a reciprocating piston or oscillating disk as it passes through the device. Common 
examples include household water and natural gas meters, which are calibrated to 
read directly in units of product, or gasoline metering pumps, which measure total 
flow and automatically compute the cost. Many positive-displacement meters are 
available commercially. Consult manufacturers’ literature or References (e.g., [25]) 
for design and installation details. 


Restriction Flow Meters jor Internal Flows 8.10 


Most restriction flow meters for internal flow (except the laminar flow element, dis- 
cussed shortly) are based on acceleration of a fluid stream through some form of 
nozzle, as shown schematically in Fig. 8.19. The idea is that the change in velocity 
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Fig. 8.19 _ Internal flow through a generalized nozzle, showing control volume 
used for analysis. 


leads to a change in pressure. This Ap can be measured using a pressure gage (electronic 
or mechanical) or a manometer, and the flow rate inferred using either a theoretical 
analysis or an experimental correlation for the device. Flow separation at the sharp edge 
of the nozzle throat causes a recirculation zone to form, as shown by the dashed lines 
downstream from the nozzle. The mainstream flow continues to accelerate from the 
nozzle throat to form a vena contracta at section @) and then decelerates again to fill 
the duct. At the vena contracta, the flow area is a minimum, the flow streamlines are 
essentially straight, and the pressure is uniform across the channel section. 

The theoretical flow rate may be related to the pressure differential between sec- 
tions (1) and @) by applying the continuity and Bernoulli equations. Then empirical 
correction factors may be applied to obtain the actual flow rate. 


Basic equations: 


We will need mass-conservation, 
VigV A =0 (4.13b) 


[we can use this instead of Eq. 4.12, because of assumption (5) below] and the 
Bernoulli equation, 


Bg Te te te (6.8) 


which we can use if assumption (4) is valid. For the short section of pipe considered, 
this is reasonable. 
Assumptions: (1) Steady flow. 

(2) Incompressible flow. 

(3) Flow along a streamline. 

(4) No friction. 

(5) Uniform velocity at sections (D and (@). 

(6) No streamline curvature at sections (1) or Q), so pressure is 

uniform across those sections. 
(7) Ay > £3. 


Then, from the Bernoulli equation, 


_ pV3 
2 


-(7) 
V2 


p 
Pi pr = 5 Va Vi) 


and from continuity 


or 
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Substituting gives 


_ pV3 
2 


Pi~ P2 


(2) 


Solving for the theoretical velocity, V2, 


2(P1 — P2) 


Y= (8.51) 
pll — (A2/A1)’] 
The theoretical mass flow rate is then given by 
™M theoretical = pV2A2 
2 
or 
; _ Ay = 
™ theoretical = (A,/A,)?2 2p(P1 P2) (8.52) 


Equation 8.52 shows that, under our set of assumptions, for a given fluid (7) and flow 
meter geometry (A, and Az), the flow rate is directly proportional to the square root 
of the pressure drop across the meter taps, 


™M theoretical 4) Ap 


which is the basic idea of these devices. This relationship limits the flow rates that can 
be measured accurately to approximately a 4:1 range. 

Several factors limit the utility of Eq. 8.52 for calculating the actual mass flow rate 
through a meter. The actual flow area at section @) is unknown when the vena con- 
tracta is pronounced (e.g., for orifice plates when D, is a small fraction of D,). The 
velocity profiles approach uniform flow only at large Reynolds numbers. Frictional 
effects can become important (especially downstream from the meter) when the 
meter contours are abrupt. Finally, the location of pressure taps influences the dif- 
ferential pressure reading. 

The theoretical equation is adjusted for Reynolds number and diameter ratio D,/D, 
by defining an empirical discharge coefficient C such that, replacing Eq. 8.52, we have 

CA, 


Mactual = 2 _ 8.53 
tual 1-(A/Aip p(P1 P2) ( ) 


Letting @ = D,/Dy,, then (A,/A,)* = (D,/D,)* = +, so 


CA, 


Mactual = Vi-# 2p(P1 — P2) 


In Eq. 8.54, 1/./1 — 3° is the velocity-of-approach factor. The discharge coefficient and 
velocity-of-approach factor frequently are combined into a single flow coefficient, 


G 
a 8.55 
1-64 ae 


In terms of this flow coefficient, the actual mass flow rate is expressed as 


Mactual = KA, V 2p(Pi — p2) (8.56) 


(8.54) 


390 


Chapter 8 \nternal Incompressible Viscous Flow 


For standardized metering elements, test data [25, 26] have been used to develop 
empirical equations that predict discharge and flow coefficients from meter bore, pipe 
diameter, and Reynolds number. The accuracy of the equations (within specified 
ranges) usually is adequate so that the meter can be used without calibration. If the 
Reynolds number, pipe size, or bore diameter fall outside the specified range of 
the equation, the coefficients must be measured experimentally. 

For the turbulent flow regime (pipe Reynolds number greater than 4000) the dis- 
charge coefficient may be expressed by an equation of the form [25] 


b 
CSG ar Ret (8.57) 
1 
The corresponding form for the flow-coefficient equation is 
1 b 
K (8.58) 


=K,+ 
= J/i—@ Rep, 


In Eqs. 8.57 and 8.58, subscript oo denotes the coefficient at infinite Reynolds number; 
constants b and n allow for scaling to finite Reynolds numbers. Correlating equations and 
curves of coefficients versus Reynolds number are given in the next three subsections, 
following a general comparison of the characteristics of specific metering elements. 

As we have noted, selection of a flow meter depends on factors such as cost, accu- 
racy, need for calibration, and ease of installation and maintenance. Some of these 
factors are compared for orifice plate, flow nozzle, and venturi meters in Table 8.6. Note 
that a high head loss means that the running cost of the device is high—it will consume a 
lot of the fluid energy. A high initial cost must be amortized over the life of the device. 
This is an example of a common cost calculation for a company (and an individual!)— 
between a high initial but low running cost, or low initial but high running cost. 

Flow meter coefficients reported in the literature have been measured with fully 
developed turbulent velocity distributions at the meter inlet (Section @)). If a flow 
meter is to be installed downstream from a valve, elbow, or other disturbance, 
a straight section of pipe must be placed in front of the meter. Approximately 
10 diameters of straight pipe are required for venturi meters, and up to 40 diameters 
for orifice plate or flow nozzle meters. When a meter has been properly installed, the 
flow rate may be computed from Eq. 8.54 or 8.56, after choosing an appropriate value 
for the empirical discharge coefficient, C, or flow coefficient, K, defined in Eqs. 8.53 
and 8.55, respectively. Some design data for incompressible flow are given in the next 
few sections. The same basic methods can be extended to compressible flows, but 
these will not be treated here. For complete details, see Miller [25] or Bean [26]. 


Table 86 
Characteristics of Orifice, Flow Nozzle, and Venturi Flow Meters 
Flow Meter Type Diagram Head Loss Initial Cost 
Orifice High Low 
t D 1 Flow 
D, D, —> 
ee | 
Flow Nozzle a Intermediate Intermediate 
D, __ Dy— 
aie Aes Ces 
Flow 


Venturi aA ee Low High 
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Fig. 8.20 Orifice geometry and pressure tap locations [25]. 


The Orifice Plate 


The orifice plate (Fig. 8.20) is a thin plate that may be clamped between pipe flanges. 
Since its geometry is simple, it is low in cost and easy to install or replace. The sharp edge 
of the orifice will not foul with scale or suspended matter. However, suspended matter 
can build up at the inlet side of a concentric orifice in a horizontal pipe; an eccentric 
orifice may be placed flush with the bottom of the pipe to avoid this difficulty. The pri- 
mary disadvantages of the orifice are its limited capacity and the high permanent head 
loss caused by the uncontrolled expansion downstream from the metering element. 

Pressure taps for orifices may be placed in several locations, as shown in Fig. 8.20 
(see [25] or [26] for additional details). Since the location of the pressure taps influ- 
ences the empirically determined flow coefficient, one must select handbook values of 
C or K consistent with the location of pressure taps. 

The correlating equation recommended for a concentric orifice with corner taps [25] is 


1.7197 


0.75 
ep, 


C = 0.5959 + 0.031267! — 0.18468 + (8.59) 


Equation 8.59 is the form of Eq. 8.57 for the discharge coefficient C for the orifice 
plate; it predicts orifice discharge coefficients within +0.6 percent for 0.2<§8<0.75 
and for 10* < Re D, < 10’. Some flow coefficients calculated from Eq. 8.59 and 8.55 are 
presented in Fig. 8.21. 

A similar correlating equation is available for orifice plates with D and D/2 taps. 
Flange taps require a different correlation for every line size. Pipe taps, located at 2 5 
and 8 D, no longer are recommended for accurate work. 

Example 8.12, which appears later in this section, illustrates the application of flow 
coefficient data to orifice sizing. 


The Flow Nozzle 


Flow nozzles may be used as metering elements in either plenums or ducts, as shown 
in Fig. 8.22; the nozzle section is approximately a quarter ellipse. Design details and 
recommended locations for pressure taps are given in [26]. 

The correlating equation recommended for an ASME long-radius flow nozzle [25] is 


6.533°> 


0.5 
Rep, 


C = 0.9975 — 


(8.60) 


Equation 8.60 is the form of Eq. 8.57 for the discharge coefficient C for the flow 
nozzle; it predicts discharge coefficients for flow nozzles within +2.0 percent for 


392 


Chapter 8 \nternal Incompressible Viscous Flow 


0.80 
0.78 — Diameter ratio, 3 = Pe 
/ D 

0.76 |- 0.75 

0.74- 
x 0.72 [- 0.7 
O 070) 
‘Oo 
8 0.68 
3 0.6 
4 0.66 - 

0.64 05 

0.62 0.4 

0.3 
0.60 
0.2 
0.58 1 1 | L 1 | 1 1 
10* 2 5 10° 2 5 108 2 5 107 
pvD, 
Reynolds number, Rep, = 
Le 


Fig. 8.21 Flow coefficients for concentric orifices with corner taps. 
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Fig. 8.22 Typical installations of nozzle flow meters. 


0.25 < 6 <0.75 for 10* < Rep, < 10’. Some flow coefficients calculated from Eq. 8.60 
and Eq. 8.55 are presented in Fig. 8.23. (K can be greater than one when the velocity- 
of-approach factor exceeds one.) 


a. Pipe Installation 


For pipe installation, K is a function of @ and Rep,. Figure 8.23 shows that K is 
essentially independent of Reynolds number for Rep, > 10°. Thus at high flow rates, 
the flow rate may be computed directly using Eq. 8.56. At lower flow rates, where K is 
a weak function of Reynolds number, iteration may be required. 


b. Plenum Installation 


For plenum installation, nozzles may be fabricated from spun aluminum, molded 
fiberglass, or other inexpensive materials. Thus they are simple and cheap to make 
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Fig. 8.23 Flow coefficients for ASME long-radius flow nozzles. 


Reynolds number, Rep, = 


and install. Since the plenum pressure is equal to po, the location of the downstream 
pressure tap is not critical. Meters suitable for a wide range of flow rates may be made 
by installing several nozzles in a plenum. At low flow rates, most of them may be 
plugged. For higher flow rates, more nozzles may be used. 

For plenum nozzles 3 = 0, which is outside the range of applicability of Eq. 8.58. 
Typical flow coefficients are in the range, 0.95 < K <0.99; the larger values apply at 
high Reynolds numbers. Thus the mass rate of flow can be computed within 
approximately +2 percent using Eq. 8.56 with K = 0.97. 


The Venturi 


Venturi meters, as sketched in Table 8.6, are generally made from castings and 
machined to close tolerances to duplicate the performance of the standard design. As 
a result, venturi meters are heavy, bulky, and expensive. The conical diffuser section 
downstream from the throat gives excellent pressure recovery; therefore, overall head 
loss is low. Venturi meters are also self-cleaning because of their smooth internal 
contours. 

Experimental data show that discharge coefficients for venturi meters range from 
0.980 to 0.995 at high Reynolds numbers (Rep, > 2 X 10°). Thus C = 0.99 can be used 
to measure mass flow rate within about +1 percent at high Reynolds number [25]. 
Consult manufacturers’ literature for specific information at Reynolds numbers 
below 10°. 

The orifice plate, flow nozzle, and venturi all produce pressure differentials pro- 
portional to the square of the flow rate, according to Eq. 8.56. In practice, a meter size 
must be chosen to accommodate the highest flow rate expected. Because the rela- 
tionship of pressure drop to flow rate is nonlinear, the range of flow rate that can be 
measured accurately is limited. Flow meters with single throats usually are considered 
only for flow rates over a 4:1 range [25]. 
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Fig. 8.24 Permanent head loss produced by various flow meter- 
ing elements [25]. 


The unrecoverable loss in head across a metering element may be expressed as a 
fraction of the differential pressure, Ap, across the element. Pressure losses are dis- 
played as functions of diameter ratio in Fig. 8.24 [25]. Note that the venturi meter has 
a much lower permanent head loss than the orifice (which has the highest loss) or 
nozzle, confirming the trends we summarized in Table 8.6. 


The Laminar Flow Element 


The laminar flow element® is designed to produce a pressure differential directly 
proportional to flow rate. The idea is that the laminar flow element (LFE) contains a 
metering section in which the flow passes through a large number of tubes or passages 
(these often look like a bunch of straws) that are each narrow enough that the flow 
through them is laminar, regardless of the flow conditions in the main pipe (recall 
that Reupe = PViubePiuve/L, SO if Dtube is made small enough we can ensure that 
Reétube < Recrit © 2300). For each laminar flow tube we can apply the results of 
Section 8.3, specifically 


D+ 
7 tube An x Ap (8.13c) 


Qube = 128 Lab 


so the flow rate in each tube is a linear function of the pressure drop across the device. 
The flow rate in the whole pipe will be the sum of each of these tube flows, and so will 
also be a linear function of pressure drop. Usually this linear relation is provided in a 
calibration from the manufacturer, and the LFE can be used over a 10:1 range of flow 
rates. The relationship between pressure drop and flow rate for laminar flow also 
depends on viscosity, which is a strong function of temperature. Therefore, the fluid 
temperature must be known to obtain accurate metering with an LFE. 

A laminar flow element costs approximately as much as a venturi, but it is much 
lighter and smaller. Thus the LFE is becoming widely used in applications where 
compactness and extended range are important. 


*Patented and manufactured by Meriam Instrument Co., 10920 Madison Ave., Cleveland, Ohio 44102. 
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ene 812 FEOW-THROUGH AN ORIFICE METER 


An air flow rate of 1 m*/s at standard conditions is expected in a 0.25-m diameter duct. An orifice meter is used to 
measure the rate of flow. The manometer available to make the measurement has a maximum range of 300 mm of 
water. What diameter orifice plate should be used with corner taps? Analyze the head loss if the flow area at the vena 
contracta is A, = 0.65 A,. Compare with data from Fig. 8.24. 


Given: Flow through duct and orifice as shown. 


(py = P2) max = 300 mm H20 


Find: (a) D,. 
(b) Head loss between sections (1) and (2). 
(c) Degree of agreement with data from Fig. 8.24. 


Solution: 
The orifice plate may be designed using Eq. 8.56 and data from Fig. 8.21. 


G i jon: . 
overning equation Mactuar = KA; /2p(p 1 — Do) (8.56) 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 


Since A,/A1 = (D,/D1) = 6", 


Tretual = Ke’ Ay V 2p(P1 — pr) 


or 


K ? m actual Pp Q as Q Pp 


. Ai \/2p(P1 — P2) - Ai V/2p(pi— pr) = At \2 1 ~ P2) 


2 p 
Ay \/ 2gpy,0Ah 


1/2 
3 2) 3) 
ee i jim ee ay im 


S ™ (0.25)? m2 |2 m> 981m 999kg 0.30 
K# =0.295 or K= a 2 (1) 
8 


Since K is a function of both 3 (Eq. 1) and Rep, (Fig. 8.21), we must iterate to find 6. The duct Reynolds number is 
_ pViDi _ p(Q/Ai1)Di _ 40 


R 
ae [Ll mvD, 
4 m? s 1 5 
R = x1 x Ss = 3.49 x 10 
eT s ~ 1.46X10 m2 0.25m 


Guess 3 = 0.75. From Fig. 8.21, K should be 0.72. From Eq. 1, 
0.295 


Te 0.524 
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Thus our guess for ( is too large. Guess 3 = 0.70. From Fig. 8.21, K should be 0.69. From Eq. 1, 


K= wees = 0.602 
(0.70) 
Thus our guess for (3 is still too large. Guess 6 = 0.65. From Fig. 8.21, K should be 0.67. From Eq. 1, 
K= wees = 0.698 
(0.65) 
There is satisfactory agreement with @ ~ 0.66 and 
D, = BD, = 0.66(0.25m) = 0.165m . a 


To find the permanent head loss for this device, we could simply use the diameter ratio 3 ~ 0.66 in Fig. 8.24; but instead 
we will find it from the given data. To evaluate the permanent head loss, apply Eq. 8.29 between sections (1) and @). 


i ion: V7 V, 
Governing equation: ia ae a, 9b + fa = (es aL a + fe) =h, (8.29) 


Assumptions: (3) ayV, = a3V5. 
(4) Neglect Az. 


Then 


a Pi Ps _ Pi-P2 =e — pr) (2) 


Equation 2 indicates our approach: We will find p; — p3 by using p; — pz = 300 mm HO, and obtain a value for 
P3 — P2 by applying the x component of the momentum equation to a control volume between sections (2) and @). 


Ap =A 


vena contracta 


— OO) = Ud) 
Governing equation: F,. + Fh = a wpav+ [ u pV -dA (4.18a) 
(OW cS 


Assumptions: (5) Fz = 0 
(6) Uniform flow at sections @) and (). 
(7) Pressure uniform across duct at sections @) and @). 
(8) Neglect friction force on CV. 


Then, simplifying and rearranging, 


(p2 — p3) Ay = Ua(—pV2A2) + u3(pV3A3) = (U3 — ur) pO = (V3 — V2)pQ 
or 
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Now V3 = Q/A,, and 


7, = On eee” 
A, 065A, 0.658? A, 
Thus, 

ree oo ee 

P3 P2 AZ 0.65 feu 
kg ame 4c 1 il N-s? 

=p, = 123 = <i x -1 

Sa m <\) 7 (0.25)* m4 | 0.65(0.66)* kg-m 


P3 — Pr = 1290 N/m? 
The diameter ratio, 3, was selected to give maximum manometer deflection at maximum flow rate. Thus 


kg m N-s? 
[ie = oes 9993 x ae xX 0.30 m X : 


= 2940 N/m? 


Substituting into Eq. 2 gives 


hi, = JOE JE (p3 — P2) 
p p 
N 

— X 


= 1340N-m/kg « 


To compare with Fig. 8.24, express the permanent pressure loss as a frac- 
tion of the meter differential 


Pi—p3 _ (2940-1290) N/m? 
[2 — jPx 2940 N/m? 
The fraction from Fig. 8.24 is about 0.57. This is satisfactory agreement! 


= 0.561 


Linear Flow Meters 8.17 


The disadvantage of restriction flow meters (except the LFE) is that the measured 
output (Ap) is not linear with the flow rate Q. Several flow meter types produce outputs 
that are directly proportional to flow rate. These meters produce signals without the 
need to measure differential pressure. The most common linear flow meters are dis- 
cussed briefly in the following paragraphs. 

Float meters may be used to indicate flow rate directly for liquids or gases. An 
example is shown in Fig. 8.25 In operation, the ball or float is carried upward in the 
tapered clear tube by the flowing fluid until the drag force and float weight are in 
equilibrium. Such meters (often called rotameters) are available with factory cali- 
bration for a number of common fluids and flow rate ranges. 

A free-running vaned impeller may be mounted in a cylindrical section of tube 
(Fig. 8.26) to make a turbine flow meter. With proper design, the rate of rotation of the 
impeller may be made closely proportional to volume flow rate over a wide range. 

Rotational speed of the turbine element can be sensed using a magnetic or 
modulated carrier pickup external to the meter. This sensing method therefore 
requires no penetrations or seals in the duct. Thus turbine flow meters can be used 
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Q 


Water 
(gph) 


Fig. 8.25 Float-type 
variable-area flow meter. 
(Courtesy of Dwyer 
Instrument Co., Michigan 
City, Indiana.) 


safely to measure flow rates in corrosive or toxic fluids. The electrical signal can be 
displayed, recorded, or integrated to provide total flow information. 

An interesting device is the vortex flow meter. This device takes advantage of the 
fact that a uniform flow will generate a vortex street when it encounters a bluff body 
such as a cylinder perpendicular to the flow. A vortex street is a series of alternating 
vortices shed from the rear of the body; the alternation generates an oscillating 
sideways force on, and therefore oscillation of, the cylinder (the classic example of 
this being the “singing” of telephone wires in a high wind). It turns out that the 
dimensionless group characterizing this phenomenon is the Strouhal number, 
St = fL/V (f is the vortex shedding frequency, L is the cylinder diameter, and V is 
the freestream velocity), and it is approximately constant (St + 0.21). Hence we have 
a device for which V « f. Measurement of f thus directly indicates the velocity V 
(however, the velocity profile does affect the shedding frequency so calibration is 
required). The cylinder used in a flow meter is usually quite short in length—10 mm 
or less—and placed perpendicular to the flow (and for some devices is not a cylinder 
at all but some other small bluff object). The oscillation can be measured using a 
strain gage or other sensor. Vortex flow meters can be used over a 20:1 range of flow 
rates [25]. 

The electromagnetic flow meter uses the principle of magnetic induction. A 
magnetic field is created across a pipe. When a conductive fluid passes through the 
field, a voltage is generated at right angles to the field and velocity vectors. Elec- 

trodes placed on a pipe diameter are used to detect the resulting signal voltage. The 
signal voltage is proportional to the average axial velocity when the profile is 
axisymmetric. 

Magnetic flow meters may be used with liquids that have electrical conductivities 
above 100 microsiemens per meter (1 siemen = 1 ampere per volt). The minimum flow 
speed should be above about 0.3 m/s, but there are no restrictions on Reynolds 
number. The flow rate range normally quoted is 10:1 [25]. 

Ultrasonic flow meters also respond to average velocity at a pipe cross section. Two 
principal types of ultrasonic meters are common: Propagation time is measured for 
clean liquids, and reflection frequency shift (Doppler effect) is measured for flows 
carrying particulates. The speed of an acoustic wave increases in the flow direction 
and decreases when transmitted against the flow. For clean liquids, an acoustic path 
inclined to the pipe axis is used to infer flow velocity. Multiple paths are used to 
estimate the volume flow rate accurately. 

Doppler effect ultrasonic flow meters depend on reflection of sonic waves (in the 
MHz range) from scattering particles in the fluid. When the particles move at flow 
speed, the frequency shift is proportional to flow speed; for a suitably chosen path, 
output is proportional to volume flow rate. One or two transducers may be used; the 
meter may be clamped to the outside of the pipe. Ultrasonic meters may require 
calibration in place. Flow rate range is 10:1 [25]. 


Fig. 8.26 Turbine flow meter. (Courtesy of Potter Aeronautical Corp., Union, New Jersey.) 
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Traversing Methods 8.12 


In situations such as in air handling or refrigeration equipment, it may be impractical 
or impossible to install fixed flow meters. In such cases it may be possible to obtain VIDEO 
flow rate data using traversing techniques. 

To make a flow rate measurement by traverse, the duct cross section is con- Flo wiVisualinatine Taser Indiced 
ceptually subdivided into segments of equal area. The velocity is measured at the — orescence. 
center of each area segment using a pitot tube, a total head tube, or a suitable 
anemometer. The volume flow rate for each segment is approximated by the product 
of the measured velocity and the segment area. The flow rate through the entire duct 
is the sum of these segmental flow rates. Details of recommended procedures for flow 
rate measurements by the traverse method are given in [27]. 

Use of pitot or pitot-static tubes for traverse measurements requires direct access to 
the flow field. Pitot tubes give uncertain results when pressure gradients or streamline 
curvature are present, and their response times are slow. Two types of anemometers— 
thermal anemometers and laser Doppler anemometers (LDAs)—overcome these 
difficulties partially, although they introduce new complications. VIDEO 

Thermal anemometers use tiny elements (either hot-wire or hot-film elements) that 
are heated electrically. Sophisticated electronic feedback circuits are used to maintain Laser Doppler Anemometry (Animation). 
the temperature of the element constant and to sense the input heating rate needed to 
do this. The heating rate is related to the local flow velocity by calibration (a higher 
velocity leads to more heat transfer). The primary advantage of thermal anemometers 
is the small size of the sensing element. Sensors as small as 0.002 mm in diameter and 
0.1 mm long are available commercially. Because the thermal mass of such tiny ele- 
ments is extremely small, their response to fluctuations in flow velocity is rapid. 

Frequency responses to the 50 kHz range have been quoted [28]. Thus thermal 
anemometers are ideal for measuring turbulence quantities. Insulating coatings may 
be applied to permit their use in conductive or corrosive gases or liquids. 

Because of their fast response and small size, thermal anemometers are used 
extensively for research. Numerous schemes have been published for treating the 
resulting data [29]. Digital processing techniques, including fast Fourier transforms, 
can be applied to the signals to obtain mean values and moments, and to analyze 
frequency content and correlations. 


Fig. 8.27 A 2-component Laser Doppler Anemometer Probe 
Volume. (Courtesy Dr. Frank W. Chambers, Oklahoma State 
University) 
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Laser Doppler anemometers are becoming widely used for specialized applications 
where direct physical access to the flow field is difficult or impossible. One or more 
laser beams are focused to a small volume in the flow at the location of interest (as 
shown in Fig 8.27). Laser light is scattered from particles that are present in the flow 
(dust or particulates) or introduced for this purpose. A frequency shift is caused by the 
local flow speed (Doppler effect). Scattered light and a reference beam are collected 
by receiving optics. The frequency shift is proportional to the flow speed; this rela- 
tionship may be calculated, so there is no need for calibration. Since velocity is 
measured directly, the signal is unaffected by changes in temperature, density, or 
composition in the flow field. The primary disadvantages of LDAs are that the optical 
equipment is expensive and fragile, and that extremely careful alignment is needed (as 
the authors can attest). 


3.13 Summary and Useful Equations 


In this chapter we have: 


Y Defined many terms used in the study of internal incompressible viscous flow, such as: the entrance length, fully developed flow, 
the friction velocity, Reynolds stress, the kinetic energy coefficient, the friction factor, major and minor head losses, and hydraulic 
diameter. 

Y Analyzed laminar flow between parallel plates and in pipes and observed that we can obtain the velocity distribution analytically, 
and from this derive: the average velocity, the maximum velocity and its location, the flow rate, the wall shear stress, and the 
shear stress distribution. 

¥ Studied turbulent flow in pipes and ducts and learned that semi-empirical approaches are needed, e.g., the power-law velocity 

profile. 

Written the energy equation in a form useful for analyzing pipe flows. 

Discussed how to incorporate pumps, fans, and blowers into a pipe flow analysis. 

Described various flow measurement devices: direct measurement, restriction devices (orifice plate, nozzle, and venturi), linear 

flow meters (rotameters, various electromagnetic or acoustic devices, and the vortex flow meter), and traversing devices (pitot 

tubes and laser-Doppler anemometers). 


SS 


We have learned that pipe and duct flow problems often need iterative solution—the flow rate Q is not a linear 
function of the driving force (usually Ap), except for laminar flows (which are not common in practice). *We have 
also seen that pipe networks can be analyzed using the same techniques as a single-pipe system, with the addition of a 
few basic rules, and that in practice a computer application such as Excel is needed to solve all but the simplest 
networks. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Velocity profile for pressure-driven 2/9 2 (8.5) Page 
: : _ & (OP\! (y y 
laminar flow between stationary parallel u ( ) ( ) ( ) 335 
2 \ Ox a a 
plates: 
Seeker Q_ 1 [=als cae | 660 | Tae 
yP tales i 1p | L Tu L 


*This topic applies to a section that may be omitted without loss of continuity in the text material. 
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Velocity profile for pressure-driven ee 16 N24 (8.7) Page 
laminar flow between stationary parallel = ( P ) (2 ) 337 
plates (centered coordinates): 2 \Ox us 4 
Velocity profile for pressure-driven Uy a (op\ Ty? (8.8) Page 
laminar flow between parallel plates ( ) ( 339 
ee 2p \ Ox a 
(upper plate moving): 
Flow rate for pressure-driven laminar U (8.9b) | Page 
_ Ua 1 /Op\ 3 
flow between parallel plates (upper plate 5) Dale 340 
moving): ad 
Velocity profile for laminar flow in a R? (dp pra (8.12) | Page 
Flow rate for laminar flow in a pipe: —Ap] _ tApR* _ (8.13c) 
L 8uL 
Velocity profile for laminar flow in a pipe Uu 7X2 (8.14) | Page 
normalized form): ee al 
) u ~ 1) 347 
Velocity profile for turbulent flow in y\1/n r\1/n (8.22) Page 
a smooth pipe (power-law equation): = ( 4) = ( s) 352 
Head loss equation: Vv (8.29) | Page 
: + gai) ~(% +a — + 92> 356 
p 2 
Major head loss equation: LW (8.34) | Page 
h =f 358 
ot Do 
Friction factor (laminar flow): 64 (8.36) Page 
rs laminar — Re 360 
Friction factor (turbulent flow— — e/D ; 2.51 (8.37) Page 
Colebrook equation): SOE aa Re /f 360 
Minor loss using loss coefficient K: v (8.40a) | Page 
h, =K = 361 
Minor loss using equivalent length L,: a2 (8.40b) | Page 
ee 
Diffuser pressure recovery coefficient: _ PoP (8.41) | Page 
~~ 41 72 363 
PV, 
Ideal diffuser pressure recovery _ 1 (8.42) | Page 
coefficient: py =i AR2 364 
Head loss in diffuser in terms of pressure V (8.44) | Page 
recovery coefficients: hy = (C, = G) io 365 
Pump work: ; (8.47) | Page 
Woump aa QAP pump 368 


402 Chapter 8 \nternal Incompressible Viscous Flow 


Pump efficiency: = Wits (8.48) oo 
Win 
Hydraulic diameter: 4A (8.50) | Page 
D;, ==> 368 
h P 
Mass flow rate equation for a flow meter CA, (8.54) | Page 
(in terms of discharge coefficient C): Mactual = vi- st Vv 2p(P1 — P2) 389 
Mass flow rate equation for a flow meter (8.56) | Page 


(in terms of flow coefficient K): 


Mactual = KA; V 2p(P1 — pr) 389 


Discharge coefficient (as a function of Re): b (8.57) | Page 
C= Cot pa 390 
Rep, 
Flow coefficient (as a function of Re): 1 5 (8.58) | Page 
K=K, =a 390 
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The Fountains at the Bellagio in Las Vegas 


The fountains at the Bellagio in Las Vegas. 


Any visitor to Las Vegas will be familiar with the water 
fountains at the Bellagio hotel. These are a set of high- 
powered water jets designed and built by the WET 
Design Company that are choreographed to vary in 
their strength and direction to selected pieces of music. 

WET developed many innovations to make the 
fountains. Traditional fountains use pumps and pipes, 


Problems 


Laminar versus Turbulent Flow 


8.1 Air at 100°C enters a 125-mm-diameter duct. Find the 
volume flow rate at which the flow becomes turbulent. At 
this flow rate, estimate the entrance length required to 
establish fully developed flow. 


Problems 403 


28. Goldstein, R. J., ed., Fluid Mechanics Measurements, 2nd 
ed. Washington, D.C.: Taylor & Francis, 1996. 

29. Bruun, H. H., Hot-Wire Anemometry—Principles and 
Signal Analysis. New York: Oxford University Press, 1995. 
30. Bruus, H., Theoretical Microfluidics (Oxford University 
Press, 2007). 

31. Swamee, P. K., and A. K. Jain, “Explicit Equations for 
Pipe-Flow Problems,” Proceedings of the ASCE, Journal of the 
Hydraulics Division, 102, HYS, May 1976. pp. 657—664. 

32. Potter, M. C., and J. F. Foss, Fluid Mechanics. New York: 
Ronald, 1975. 


Case Study 


which must be matched for optimum flow (one of the 
topics we discussed in this chapter). Many of WET’s 
designs use compressed air instead of water pumps, 
which allows energy to be continuously generated and 
accumulated, ready for instant output. This innovative 
use of compressed air allowed the fountains to 
become a reality—with the traditional systems of 
pipes or pumps, a fountain such as the Bellagio’s 
would be impractical and expensive. For example, it 
would be difficult to obtain the 240-foot heights the 
fountains achieve without expensive, large, and noisy 
water pumps. The “Shooter” that WET developed 
works on the principle of introducing a large bubble of 
compressed air into the piping, which forces trapped 
water through a nozzle at high pressure. The ones 
installed at the Bellagio are able to shoot about 
75 gallons per second of water over 240 feet in the air. 
In addition to providing a spectacular effect, they 
require only about 1/10th the energy of traditional 
water pumps to produce the same effect. Other air- 
powered devices produce pulsing water jets, achieving 
a maximum height of 125 feet. In addition to their 
power, these innovations lead to a saving of 80 per- 
cent or more in energy costs and have project con- 
struction costs that are about 50 percent less than 
traditional pipe-pump fountains. 


8.2 Consider incompressible flow in a circular channel. Derive 
general expressions for Reynolds number in terms of (a) vol- 
ume flow rate and tube diameter and (b) mass flow rate and 
tube diameter. The Reynolds number is 1800 in a section where 
the tube diameter is 10 mm. Find the Reynolds number for the 
same flow rate in a section where the tube diameter is 6 mm. 
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8.3 Air at 40°C flows in a pipe system in which diameter is 
decreased in two stages from 25 mm to 15 mm to 10 mm. 
Each section is 2 m long. As the flow rate is increased, which 
section will become turbulent first? Determine the flow rates 
at which one, two, and then all three sections first become 
turbulent. At each of these flow rates, determine which 
sections, if any, attain fully developed flow. 


J — 


Dz = 15mm 
P8.3 


| 8.4 For flow in circular tubes, transition to turbulence usually 


occurs around Re ~ 2300. Investigate the circumstances 
under which the flows of (a) standard air and (b) water at 
15°C become turbulent. On log-log graphs, plot: the average 
velocity, the volume flow rate, and the mass flow rate, at 
which turbulence first occurs, as functions of tube diameter. 


Laminar Flow between Parallel Plates 


8.5 For the laminar flow in the section of pipe shown in Fig. 8.1, 
sketch the expected wall shear stress, pressure, and centerline 
velocity as functions of distance along the pipe. Explain sig- 
nificant features of the plots, comparing them with fully 
developed flow. Can the Bernoulli equation be applied any- 
where in the flow field? If so, where? Explain briefly. 


8.6 An incompressible fluid flows between two infinite sta- 
tionary parallel plates. The velocity profile is given by u = 
Umax (Ay? + By + C), where A, B, and C are constants and y 
is measured upward from the lower plate. The total gap 
width is 4 units. Use appropriate boundary conditions to 
express the magnitude and units of the constants in terms 
of h. Develop an expression for volume flow rate per unit 
depth and evaluate the ratio V/umax- 


8.7 The velocity profile for fully developed flow between 
stationary parallel plates is given by u = a(h?/4 — y*), where 
ais a constant, h is the total gap width between plates, and y 
is the distance measured from the center of the gap. Deter- 
mine the ratio V/Umax- 


8.8 A fluid flows steadily between two parallel plates. The 
flow is fully developed and laminar. The distance between 
the plates is h. 

(a) Derive an equation for the shear stress as a function of y. 
Sketch this function. 

(b) For: = 2.4 X 107° Ibf - s/ft?, Op/Ax = —4.0 Ibf/ft /ft, 
and h = 0.05 in., calculate the maximum shear stress, 
in Ibf/ft’. 


8.9 Oil is confined in a 4-in.-diameter cylinder by a piston 
having a radial clearance of 0.001 in. and a length of 2 in. A 
steady force of 4500 lbf is applied to the piston. Assume the 
properties of SAE 30 oil at 120°F. Estimate the rate at which 
oil leaks past the piston. 


8.10 A viscous oil flows steadily between stationary parallel 
plates. The flow is laminar and fully developed. The total gap 
width between the plates is h = 5 mm. The oil viscosity is 
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0.5 N-s/m* and the pressure gradient is —1000 N/m?/m. Find 
the magnitude and direction of the shear stress on the upper 
plate and the volume flow rate through the channel, per 
meter of width. 


8.11 Viscous oil flows steadily between parallel plates. The 
flow is fully developed and laminar. The pressure gradient is 
1.25 kPa/m and the channel half-width is h = 1.5mm. Cal- 
culate the magnitude and direction of the wall shear stress 
at the upper plate surface. Find the volume flow rate through 
the channel (j1 = 0.50N -s/m7?). 


8.12 A large mass is supported by a piston of diameter 
D=4 in. and length L =4 in. The piston sits in a cylinder 
closed at the bottom, and the gap a = 0.001 in. between the 
cylinder wall and piston is filled with SAE 10 oil at 68°F. 
The piston slowly sinks due to the mass, and oil is forced out 
at a rate of 0.1 gpm. What is the mass (slugs)? 


M 


(eal 


P8.12, P8.16 


8.13 A high pressure in a system is created by a small piston- 
cylinder assembly. The piston diameter is 6 mm and it 
extends 50 mm into the cylinder. The radial clearance 
between the piston and cylinder is 0.002 mm. Neglect elastic 
deformations of the piston and cylinder caused by pressure. 
Assume the fluid properties are those of SAE 10W oil at 
35°C. When the pressure in the cylinder is 600 MPa, estimate 
the leakage rate. 


8.14 A hydraulic jack supports a load of 9000 kg. The fol- 
lowing data are given: 


Diameter of piston 100 mm 
Radial clearance between piston and cylinder 0.05 mm 
Length of piston 120 mm 


Estimate the rate of leakage of hydraulic fluid past the pis- 
ton, assuming the fluid is SAE 30 oil at 30°C. 


8.15 A hydrostatic bearing is to support a load of 1000 Ibf/ft 
of length perpendicular to the diagram. The bearing is sup- 
plied with SAE 10W-30 oil at 212°F and 35 psig through the 
central slit. Since the oil is viscous and the gap is small, 
the flow may be considered fully developed. Calculate (a) the 
required width of the bearing pad, (b) the resulting pressure 
gradient, dp/dx, and (c) the gap height, if the flow rate is 
QO =255 gal/hr/ft. 


L» x h 
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8.16 The basic component of a pressure gage tester consists 
of a piston-cylinder apparatus as shown. The piston, 6 mm 
in diameter, is loaded to develop a pressure of known mag- 
nitude. (The piston length is 25 mm.) Calculate the mass, 
M, required to produce 1.5 MPa (gage) in the cylinder. 
Determine the leakage flow rate as a function of radial 
clearance, a, for this load if the liquid is SAE 30 oil at 20°C. 
Specify the maximum allowable radial clearance so the 
vertical movement of the piston due to leakage will be less 
than 1 mm/min. 


8.17 In Section 8.2 we derived the velocity profile between 
parallel plates (Eq. 8.5) by using a differential control 
volume. Instead, following the procedure we used in 
Example 5.9, derive Eq. 8.5 by starting with the Navier— 
Stokes equations (Eqs. 5.27). Be sure to state all 
assumptions. 


a 8.18 Consider the simple power-law model for a non- 


Newtonian fluid given by Eq. 2.16. Extend the analysis of 
Section 8.2 to show that the velocity profile for fully devel- 
oped laminar flow of a power-law fluid between stationary 
parallel plates separated by distance 2h may be written 


I/n nt+1)/n 
a h Ap nh 1 (2) +1)/ 
kL nt+1 h 


where y is the coordinate measured from the channel centerline. 
Plot the profiles u/Umax versus y/h for n = 0.7, 1.0, and 1.3. 


8.19 Viscous liquid, at volume flow rate Q, is pumped 
through the central opening into the narrow gap between the 
parallel disks shown. The flow rate is low, so the flow is 
laminar, and the pressure gradient due to convective accel- 
eration in the gap is negligible compared with the gradient 
caused by viscous forces (this is termed creeping flow). 
Obtain a general expression for the variation of average 
velocity in the gap between the disks. For creeping flow, 
the velocity profile at any cross section in the gap is the same 
as for fully developed flow between stationary parallel plates. 
Evaluate the pressure gradient, dp/dr, as a function of 
radius. Obtain an expression for p(r). Show that the net force 
required to hold the upper plate in the position shown is 


_ 3QR? Ro\* 
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8.20 A sealed journal bearing is formed from concentric 
cylinders. The inner and outer radii are 25 and 26 mm, the 
journal length is 100 mm, and it turns at 2800 rpm. The gap is 
filled with oil in laminar motion. The velocity profile is linear 
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across the gap. The torque needed to turn the journal is 0.2 
N-m. Calculate the viscosity of the oil. Will the torque 
increase or decrease with time? Why? 

8.21 Using the profile of Problem 8.18, show that the flow 
rate for fully developed laminar flow of a power-law fluid 
between stationary parallel plates may be written as 


Q- h Ap\\" 2nwh? 
kL 2n+1 


Here w is the plate width. In such an experimental setup the 
following data on applied pressure difference Ap and flow 
rate QO were obtained: 


Ap (kPa) 10 20 30 40 50 60 70 80 90 100 
Q (Limin) 0.451 0.759 1.01 1.15 1.41 1.57 1.66 1.85 2.05 2.25 


Determine if the fluid is pseudoplastic or dilatant, and obtain 
an experimental value for n. 


8.22 Consider fully developed laminar flow between infinite 
parallel plates separated by gap width d= 0.2 in. The upper 
plate moves to the right with speed U2 = S ft/s; the lower plate 
moves to the left with speed U, = 2 ft/s. The pressure gradient 
in the direction of flow is zero. Develop an expression for the 
velocity distribution in the gap. Find the volume flow rate per 
unit depth (gpm/ft) passing a given cross section. 


8.23 Water at 60°C flows between two large flat plates. The 
lower plate moves to the left at a speed of 0.3 m/s; the upper 
plate is stationary. The plate spacing is 3 mm, and the flow is 
laminar. Determine the pressure gradient required to pro- 
duce zero net flow at a cross section. 


8.24 Two immiscible fluids are contained between infinite 
parallel plates. The plates are separated by distance 2h, and 
the two fluid layers are of equal thickness h=5 mm. The 
dynamic viscosity of the upper fluid is four times that of 
the lower fluid, which is suower = 0.1 N-s/m*. If the plates are 
stationary and the applied pressure gradient is —50 kPa/m, 
find the velocity at the interface. What is the maximum 
velocity of the flow? Plot the velocity distribution. 


8.25 Two immiscible fluids are contained between infinite 
parallel plates. The plates are separated by distance 2h, and 
the two fluid layers are of equal thickness h; the dynamic 
viscosity of the upper fluid is three times that of the lower 
fluid. If the lower plate is stationary and the upper plate 
moves at constant speed U = 20 ft/s, what is the velocity at 
the interface? Assume laminar flows, and that the pressure 
gradient in the direction of flow is zero. 


8.26 The record-read head for a computer disk-drive 
memory storage system rides above the spinning disk on a 
very thin film of air (the film thickness is 0.25 zm). The head 
location is 25 mm from the disk centerline; the disk spins at 
8500 rpm. The record-read head is 5 mm square. For stan- 
dard air in the gap between the head and disk, determine 
(a) the Reynolds number of the flow, (b) the viscous shear 
stress, and (c) the power required to overcome viscous shear. 


8.27 The dimensionless velocity profile for fully developed 
laminar flow between infinite parallel plates with the upper 
plate moving at constant speed U is shown in Fig. 8.6. Find the 
pressure gradient Op/Ox at which (a) the upper plate and 


i 


406 


(b) the lower plate experience zero shear stress, in terms of 
U, a, and ju. Plot the dimensionless velocity profiles for these 
cases. 


8.28 Consider steady, fully developed laminar flow of a 
viscous liquid down an inclined surface. The liquid layer is of 
constant thickness, h. Use a suitably chosen differential 
control volume to obtain the velocity profile. Develop an 
expression for the volume flow rate. 


A 8.29 Consider steady, incompressible, and fully developed 


laminar flow of a viscous liquid down an incline with no 
pressure gradient. The velocity profile was derived in 
Example 5.9. Plot the velocity profile. Calculate the kine- 
matic viscosity of the liquid if the film thickness on a 30° 
slope is 0.8 mm and the maximum velocity is 15.7 mm/s. 


J 8.30 Two immiscible fluids of equal density are flowing down 


a surface inclined at a 60° angle. The two fluid layers are of 
equal thickness h=10 mm; the kinematic viscosity of the 
upper fluid is 1/Sth that of the lower fluid, which is Vyjower = 
0.01 m*/s. Find the velocity at the interface and the velocity at 
the free surface. Plot the velocity distribution. 


8.31 The velocity distribution for flow of a thin viscous film 
down an inclined plane surface was developed in Example 
5.9. Consider a film 7 mm thick, of liquid with SG = 1.2 and 
dynamic viscosity of 1.60 N-s/m*. Derive an expression for 
the shear stress distribution within the film. Calculate the 
maximum shear stress within the film and indicate its direc- 
tion. Evaluate the volume flow rate in the film, in mm?/s per 
millimeter of surface width. Calculate the film Reynolds 
number based on average velocity. 


| 8.32 Consider fully developed flow between parallel plates 


with the upper plate moving at U=5 ft/s; the spacing 
between the plates is a= 0.1 in. Determine the flow rate per 
unit depth for the case of zero pressure gradient. If the fluid 
is air, evaluate the shear stress on the lower plate and plot 
the shear stress distribution across the channel for the zero 
pressure gradient case. Will the flow rate increase or 
decrease if the pressure gradient is adverse? Determine the 
pressure gradient that will give zero shear stress at y = 0.25a. 
Plot the shear stress distribution across the channel for the 
latter case. 


| 8.33 Glycerin at 59°F flows between parallel plates with gap 


width b = 0.1 in. The upper plate moves with speed U = 2 ft/s 
in the positive x direction. The pressure gradient is Op/Ox = 
—50 psi/ft. Locate the point of maximum velocity and 
determine its magnitude (let y=0 at the bottom plate). 
Determine the volume of flow (gal/ft) that passes a given 
cross section (x=constant) in 10 s. Plot the velocity and 
shear stress distributions. 


A 8.34 The velocity profile for fully developed flow of castor 


oil at 20°C between parallel plates with the upper plate 
moving is given by Eq. 8.8. Assume U=1.5 m/s and a=5 
mm. Find the pressure gradient for which there is no net flow 
in the x direction. Plot the expected velocity distribution and 
the expected shear stress distribution across the channel for 
this flow. For the case where u=4U at y/a=0.5, plot the 
expected velocity distribution and shear stress distribution 
across the channel. Comment on features of the plots. 
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8.35 The velocity profile for fully developed flow of carbon al 


tetrachloride at 68°F between parallel plates (gap a= 
0.05 in.), with the upper plate moving, is given by Eq. 8.8. 
Assuming a volume flow rate per unit depth is 1.5 gpm/ft for 
zero pressure gradient, find U. Evaluate the shear stress on 
the lower plate. Would the volume flow rate increase or 
decrease with a mild adverse pressure gradient? Calculate 
the pressure gradient that will give zero shear stress at 
y/a = 0.25. Plot the velocity distribution and the shear stress 
distribution for this case. 


8.36 Free-surface waves begin to form on a laminar liquid 
film flowing down an inclined surface whenever the Rey- 
nolds number, based on mass flow per unit width of film, is 
larger than about 33. Estimate the maximum thickness of a 
laminar film of water that remains free from waves while 
flowing down a vertical surface. 


8.37 Microchips are supported on a thin air film on a smooth al 


horizontal surface during one stage of the manufacturing 
process. The chips are 11.7 mm long and 9.35 mm wide and 
have a mass of 0.325 g. The air film is 0.125 mm thick. The 
initial speed of a chip is Vo = 1.75 mm/s; the chip slows as 
the result of viscous shear in the air film. Analyze the chip 
motion during deceleration to develop a differential equa- 
tion for chip speed V versus time ¢. Calculate the time 
required for a chip to lose 5 percent of its initial speed. Plot 
the variation of chip speed versus time during deceleration. 
Explain why it looks as you have plotted it. 


8.38 A viscous-shear pump is made from a stationary 
housing with a close-fitting rotating drum inside. The clear- 
ance is small compared with the diameter of the drum, so 
flow in the annular space may be treated as flow between 
parallel plates. Fluid is dragged around the annulus by vis- 
cous forces. Evaluate the performance characteristics of the 
shear pump (pressure differential, input power, and effi- 
ciency) as functions of volume flow rate. Assume that the 
depth normal to the diagram is Db. 


Hf 
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8.39 The clamping force to hold a part in a metal-turning 
operation is provided by high-pressure oil supplied by a pump. 
Oil leaks axially through an annular gap with diameter D, 
length L, and radial clearance a. The inner member of the 
annulus rotates at angular speed w. Power is required both to 
pump the oil and to overcome viscous dissipation in the annular 
gap. Develop expressions in terms of the specified geometry for 
the pump power, %,, and the viscous dissipation power, P,. 
Show that the total power requirement is minimized when the 
radial clearance, a, is chosen such that P, = 3%,. 


es 8.40 The efficiency of the viscous-shear pump of Fig. P8.39 is 


given by 


where q = Q/abRw is a dimensionless flow rate (Q is the 
flow rate at pressure differential Ap, and b is the depth 
normal to the diagram). Plot the efficiency versus dimen- 
sionless flow rate, and find the flow rate for maximum effi- 
ciency. Explain why the efficiency peaks, and why it is zero at 
certain values of q. 


8.41 Automotive design is tending toward all-wheel drive to 
improve vehicle performance and safety when traction is 
poor. An all-wheel drive vehicle must have an interaxle 
differential to allow operation on dry roads. Numerous 
vehicles are being built using multiplate viscous drives for 
interaxle differentials. Perform the analysis and design 
needed to define the torque transmitted by the differential 
for a given speed difference, in terms of the design para- 
meters. Identify suitable dimensions for a viscous differential 
to transmit a torque of 150 N-m at a speed loss of 125 rpm, 
using lubricant with the properties of SAE 30 oil. Discuss 
how to find the minimum material cost for the viscous dif- 
ferential, if the plate cost per square meter is constant. 


8.42 An inventor proposes to make a “viscous timer” by 
placing a weighted cylinder inside a slightly larger cylinder 
containing viscous liquid, creating a narrow annular gap 
close to the wall. Analyze the flow field created when the 
apparatus is inverted and the mass begins to fall under 
gravity. Would this system make a satisfactory timer? If so, 
for what range of time intervals? What would be the effect of 
a temperature change on measured time? 


8.43 A journal bearing consists of a shaft of diameter D = 35 
mm and length L=50 mm (moment of inertia J=0.125 
kg-m/?) installed symmetrically in a stationary housing such 
that the annular gap is 6=1 mm. The fluid in the gap has 
viscosity .=0.1 N-s/m*. If the shaft is given an initial 
angular velocity of w = 500 rpm, determine the time for the 
shaft to slow to 100 rpm. On another day, an unknown fluid 
is tested in the same way, but takes 10 minutes to slow from 
500 to 100 rpm. What is its viscosity? 


8.44 In Example 8.3 we derived the velocity profile for 
laminar flow on a vertical wall by using a differential control 
volume. Instead, following the procedure we used in 
Example 5.9, derive the velocity profile by starting with the 
Navier—Stokes equations (Eqs. 5.27). Be sure to state all 
assumptions. 


8.45 A continuous belt, passing upward through a chemical 
bath at speed Up, picks up a liquid film of thickness h, density 
p, and viscosity 4. Gravity tends to make the liquid drain 
down, but the movement of the belt keeps the liquid from 
running off completely. Assume that the flow is fully devel- 
oped and laminar with zero pressure gradient, and that the 
atmosphere produces no shear stress at the outer surface of 
the film. State clearly the boundary conditions to be satisfied 
by the velocity at y=0 and y =h. Obtain an expression for 
the velocity profile. 
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8.46 A wet paint film of uniform thickness, 6, is painted on 
a vertical wall. The wet paint can be approximated as a 
Bingham fluid with a yield stress, 7,, and density, p. Derive 
an expression for the maximum value of 6 that can be sus- 
tained without having the paint flow down the wall. Calculate 
the maximum thickness for lithographic ink whose yield 
stress 7, = 40 Pa and density is approximately 1000 kg/m’. 


8.47 When dealing with the lubrication of bearings, the 
governing equation describing pressure is the Reynolds 
equation, generally written in 1D as 

d (h> dp dh 

+ 6 =0 

dx ( [i ) a 


where h is the step height and U is the velocity of the lower 
surface. Step bearings have a relatively simple design and are 
used with low-viscosity fluids such as water, gasoline, and 
solvents. The minimum film thickness in these applications is 
quite small. The step height must be small enough for good 
load capacity, yet large enough for the bearing to accom- 
modate some wear without losing its load capacity by 
becoming smooth and flat. Beginning with the 1D equation 
for fluid motion in the x direction, show that the pressure 
distribution in the step bearing is as shown, where 


_ 6u(he = hy) 
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Laminar Flow in a Pipe 


8.48 Consider first water and then SAE 10W lubricating oil 
flowing at 40°C in a 6-mm-diameter tube. Determine the 
maximum flow rate (and the corresponding pressure gradient, 
Op/Ox) for each fluid at which laminar flow would be expected. 
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8.49 For fully developed laminar flow in a pipe, determine 
the radial distance from the pipe axis at which the velocity 
equals the average velocity. 


| 8.50 Using Eq. A.3 in Appendix A for the viscosity of water, 


find the viscosity at —20°C and 120°C. Plot the viscosity over 
this range. Find the maximum laminar flow rate (L/hr) in a 
7.5-mm-diameter tube at these temperatures. Plot the max- 
imum laminar flow rate over this temperature range. 


8.51 A hypodermic needle, with inside diameter d = 0.005 in. 
and length L = 1in., is used to inject saline solution with 
viscosity five times that of water. The plunger diameter is 
D = 0.375 in.; the maximum force that can be exerted by a 
thumb on the plunger is F = 7.5 Ibf. Estimate the volume flow 
rate of saline that can be produced. 


8.52 In engineering science, there are often analogies to be 
made between disparate phenomena. For example, the 
applied pressure difference, Ap, and corresponding volume 
flow rate, Q, in a tube can be compared to the applied DC 
voltage, V, across and current, /, through an electrical 
resistor, respectively. By analogy, find a formula for the 
“resistance” of laminar flow of fluid of viscosity, j:, in a tube 
length of L and diameter D, corresponding to electrical 
resistance, R. For a tube 250 mm long with inside diameter 
7.5 mm, find the maximum flow rate and pressure difference 
for which this analogy will hold for (a) kerosene and (b) castor 
oil (both at 40°C). When the flow exceeds this maximum, why 
does the analogy fail? 


8.53 Consider fully developed laminar flow in the annulus 
between two concentric pipes. The outer pipe is stationary, 
and the inner pipe moves in the x direction with speed V. 
Assume the axial pressure gradient is zero (Op/Ox = 0). 
Obtain a general expression for the shear stress, 7, as a 
function of the radius, r, in terms of a constant, C;. Obtain a 
general expression for the velocity profile, u(r), in terms of 
two constants, C; and Cj. Obtain expressions for C; and C). 


r 
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8.54 Consider fully developed laminar flow in a circular pipe. 
Use a cylindrical control volume as shown. Indicate the 
forces acting on the control volume. Using the momentum 
equation, develop an expression for the velocity distribution. 


P8.54 


| 8.55 Consider fully developed laminar flow in the annular 


space formed by the two concentric cylinders shown in the 
diagram for Problem 8.53, but with pressure gradient, Op/Ox, 
and the inner cylinder stationary. Let ro = R and 7; = kR. 
Show that the velocity profile is given by 
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R 2 1-k 
u ce 1 (=) | In 2 
4ju Ox R In(1/k) R 
Obtain an expression for the location of the maximum veloc- 
ity as a function of k. Plot the location of maximum velocity 
(a = r/R) as a function of radius ratio k. Compare the lim- 
iting case, k — 0, with the corresponding expression for flow 
in a circular pipe. 
8.56 For the flow of Problem 8.55 show that the volume flow 
rate is given by 
c ik) 


Find an expression for the average velocity. Compare the 
limiting case, k > 0, with the corresponding expression for 
flow in a circular pipe. 


nR* Op 
8 Ox 
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8.57 It has been suggested in the design of an agricultural 
sprinkler that a structural member be held in place by a wire 
placed along the centerline of a pipe; it is surmised that a 
relatively small wire would have little effect on the pressure 
drop for a given flow rate. Using the result of Problem 
8.56, derive an expression giving the percentage change in 
pressure drop as a function of the ratio of wire diameter to 
pipe diameter for laminar flow. Plot the percentage change 
in pressure drop as a function of radius ratio k for 0.001 = 
k = 0.10. 


8.58 Consider fully developed pressure-driven flow in a 
cylindrical tube of radius, R, and length, L =10 mm, with 
flow generated by an applied pressure gradient, Ap. Tests are 
performed with room temperature water for various values 
of R, with a fixed flow rate of Q = 10 L/min. The hydraulic 
resistance is defined as Rpyya= Ap/Q (by analogy with the 
electrical resistance Rejee = AV/I, where AV is the electrical 
potential drop and J is the electric current). Calculate the 
required pressure gradient and hydraulic resistance for 
the range of tube radii listed in the table. Based on the 
results, is it appropriate to use a pressure gradient to pump 
fluids in microchannels, or should some other driving 
mechanism be used? 


R (mm) 
1 

10°! 
10° 


Ap (Pa) Rhya (Pa- s/m*) 


10-3 


8.59 The figure schematically depicts a conical diffuser, 
which is designed to increase pressure and reduce kinetic 
energy. We assume the angle a is small (a<10°) so that 
tana ® aandr, =r; + al, where r; is the radius at the diffuser 
inlet, r, is the radius at the exit, and / is the length of the 
diffuser. The flow in a diffuser is complex, but here we 
assume that each layer of fluid in the diffuser flow is laminar, 
as in a cylindrical tube with constant cross-sectional area. 
Based on reasoning similar to that in Section 8.3, the pres- 
sure difference Ap between the ends of a cylindrical pipe is 


where x is the location in the diffuser, j: is the fluid dynamic 
viscosity, and Q is the flow rate. The equation above is 
applicable to flows in a diffuser assuming that the inertial 
force and exit effects are negligible. Derive the hydraulic 
resistance, Rnyq = Ap/Q, of the diffuser. 
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8.60 Consider blood flow in an artery. Blood is non- 
Newtonian; the shear stress versus shear rate is described by 
the Casson relationship: 


d 
Vr=Vte+ fue, for r=% 


T=0 for 7T<G, 


where 7, is the critical shear stress, and ju is a constant having 
the same dimensions as dynamic viscosity. The Casson 
relationship shows a linear relationship between \/7 and 
\/du/dr, with intercept \/7, and slope \/j. The Casson 
relationship approaches Newtonian behavior at high values 
of deformation rate. Derive the velocity profile of steady 
fully developed blood flow in an artery of radius R. Deter- 
mine the flow rate in the blood vessel. Calculate the flow rate 
due to a pressure gradient dp/dx = —100 Pa/m, in an artery of 
radius R = 1 mm, using the following blood data:  =3.5 cP, 
Te = 0.05 dynes/cm?. 


8.61 Using Eq. 2.16, derive the velocity profile, flow rate, and 
average velocity of a non-Newtonian fluid in a circular tube. 
For a flow rate of Q = 1 uL/min and R = 1 mm, with k having 
a value of unity in standard SI units, compare the required 
pressure gradients for n=0.5, 1.0, and 15. Which fluid 
requires the smallest pump for the same pipe length? 


8.62 The classic Poiseuille flow (Eq. 8.12), is for no-slip 
conditions at the walls. If the fluid is a gas, and when the 
mean free path, / (the average distance a molecule travels 
before collision with another molecule), is comparable to the 
length-scale L of the flow, slip will occur at the walls, and 
the flow rate and velocity will be increased for a given 
pressure gradient. In Eq. 8.11, c, will still be zero, but cy must 
satisfy the slip condition u=/0u/dr at r=R. Derive the 
velocity profile and flow rate of gas flow in a micro- or 
nanotube which has such a slip velocity on the wall. Calcu- 
late the flow rate when R=10m, =1.84 X 10> N-s/m’, 
the mean free path /= 68 nm, and —Op/0x = 1.0 x 10° Pa/m. 


8.63 The following solution: 


2 2 
y 2Z 
u=m(1-2- 3) 
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can be used as a model for the velocity profile of fully 
developed pressure-driven flow in a channel with an elliptic 
cross section. The center of the ellipse is (y, z) = (0, 0), and 
the major axis of length a and the minor axis of length b are 
parallel to the y axis and z axes, respectively. The axial 
pressure gradient, Op/Ox, is constant. Based on the Navier— 
Stokes equations, determine the maximum velocity uo in 
terms of a, b, viscosity , and Op/Ox. Letting (p, ¢) be the 
radial and azimuthal polar coordinates, respectively, of a unit 
disk (0 = p <1 and 0 S ¢ S 2n), the coordinates (y, z) and 
the velocity u(y, z) can be expressed as functions of (p, ¢): 


u(p,d) = uo(1— p?) 


The flow rate is Q = [ u(y, z)dydz = ab a ¢ pu(p, ¢)dpdd. 
Derive the flow rate of fully developed pressure-driven flow 
in an elliptic pipe. Compare the flow rates in a channel with 
an elliptic cross section with a = 1.5R and b = R and in a pipe 
of radius R with the same pressure gradient. 


y(p,¢) =apcosd —_z(p, d) = bpsing 


8.64 For pressure-driven, steady, fully developed laminar 
flow of an incompressible fluid through a straight channel of 
length L, we can define the hydraulic resistance as Rnya = 
Ap/Q, where Ap is the pressure drop and Q is the flow rate 
(analogous to the electrical resistance Rejec = AV/I, where AV 
is the electrical potential drop and / is the electric current). 
The following table summarizes the hydraulic resistance of 
channels with different cross sectional shapes [30]: 


Computed 


Shape Formula for Rnya Riva 
y 


Circle 


Sul 
mat 


Ellipse 


4uL[1 + (b/a)’] 
Coy mab? 


Triangle 
320puL 
a a V3at 
a 
Two plates 12pL 
how h3w 
Rectangle 12pL 
i tn H3 wil — 0.63(h/w)] 
Square 
, 12pL 
ie 0.37h* 


Calculate the hydraulic resistance of a straight channel with the 
listed cross-sectional shapes using the following parameters: 
j1=1 mPa-s (water), L=10 mm, a=100 um, b=33 um, 
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h = 100 pm, and w = 300 um. Based on the calculated hydraulic 
resistance, which shape is the most energy efficient to pump 
water? 


8.65 In a food industry plant, two immiscible fluids are 
pumped through a tube such that fluid 1 (jz, =0.5 N-s/m’) 
forms an inner core and fluid 2 (jiz.=5 N-s/m*) forms an 
outer annulus. The tube has D =5 mm diameter and length 
L=5 m. Derive and plot the velocity distribution if the 
applied pressure difference, Ap, is 5 MPa. 


8.66 A horizontal pipe carries fluid in fully developed tur- 
bulent flow. The static pressure difference measured 
between two sections is 750 psi. The distance between the 
sections is 15 ft, and the pipe diameter is 3 in. Calculate 
the shear stress, 7,,, that acts on the walls. 


8.67 One end of a horizontal pipe is attached using glue to a 
pressurized tank containing liquid, and the other has a cap 
attached. The inside diameter of the pipe is 3 in., and the 
tank pressure is 30 psig. Find the force the glue must with- 
stand with the cap on, and the force it must withstand when 
the cap is off and the liquid is discharging to atmosphere. 


8.68 Kerosene is pumped through a smooth tube with 
inside diameter D = 30 mm at close to the critical Reynolds 
number. The flow is unstable and fluctuates between laminar 
and turbulent states, causing the pressure gradient to 
intermittently change from approximately —4.5 kPa/m to 
—11 kPa/m. Which pressure gradient corresponds to laminar, 
and which to turbulent, flow? For each flow, compute the 
shear stress at the tube wall, and sketch the shear stress 
distributions. 


8.69 The pressure drop between two taps separated in 
the streamwise direction by 30 ft in a horizontal, fully 
developed channel flow of water is 1 psi. The cross section of 
the channel is a 1 in. X 9} in. rectangle. Calculate the aver- 
age wall shear stress. 


8.70 A liquid drug, with the viscosity and density of water, is to 
be administered through a hypodermic needle. The inside 
diameter of the needle is 0.25 mm and its length is 50 mm. 
Determine (a) the maximum volume flow rate for which the flow 
will be laminar, (b) the pressure drop required to deliver the 
maximum flow rate, and (c) the corresponding wall shear stress. 


8.71 The “pitch-drop” experiment has been running con- 
tinuously at the University of Queensland since 1927 (http:// 
www.physics.uq.edu.au/physics_museum/pitchdrop.shtml). 
In this experiment, a funnel pitch is being used to measure 
the viscosity of pitch. Flow averages at about one drop—per 
decade! Viscosity is calculated using the volume flow rate 


equation 
4 
O= ¥ 7D" pg 14 h 
t 1284 L 


where D is the diameter of the flow from the funnel, / is 
the depth to the pitch in the main body of the funnel, L is the 
length of the funnel stem, and ris the elapsed time. Compare 
this equation with Eq. 8.13c using hydrostatic force instead 
of a pressure gradient. After the 6th drop in 1979, they 
measured that it took 17,708 days for 4.7 X 10~> m° of pitch 
to fall. Given the measurements D=9.4 mm, h=75 mm, 
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L=29 mm, and ppitch = 1.1 X 10° kg/m?, what is the viscosity 
of the pitch? 


Turbulent Velocity Profiles in Fully Developed Pipe Flow 


8.72 Consider the empirical “power-law” profile for turbu- 
lent pipe flow, Eq. 8.22. For n = 7 determine the value of r/R 
at which u is equal to the average velocity, V. Plot the results 
over the range 6 =n = 10 and compare with the case of fully 
developed laminar pipe flow, Eq. 8.14. 


8.73 Laufer [5] measured the following data for mean velocity 
in fully developed turbulent pipe flow at Rey = 50,000: 


u/U 0.996 0.981 0.963 0.937 0.907 0.866 0.831 
yir 0.898 0.794 0.691 0.588 0.486 0.383 0.280 
u/U 0.792 0.742 0.700 0.650 0.619 0.551 
wR 0.216 0.154 0.093 0.062 0.041 0.024 


In addition, Laufer measured the following data for mean 


velocity in fully developed turbulent pipe flow at 
Rey = 500,000: 
u/U 0.997 0.988 0.975 0.959 0.934 0.908 
wR 0.898 0.794 0.691 0.588 0.486 0.383 
u/U 0.874 0.847 0.818 0.771 0.736 0.690 
wR 0.280 0.216 0.154 0.093 0.062 0.037 


Using Excel’s trendline analysis, fit each set of data to the 
“power-law” profile for turbulent flow, Eq. 8.22, and obtain a 
value of n for each set. Do the data tend to confirm the 
validity of Eq. 8.22? Plot the data and their corresponding 
trendlines on the same graph. 


8.74 Equation 8.23 gives the power-law velocity profile 
exponent, 1, as a function of centerline Reynolds number, 
Rey, for fully developed turbulent flow in smooth pipes. 
Equation 8.24 relates mean velocity, V, to centerline veloc- 
ity, U, for various values of n. Prepare a plot of V/U as a 


function of Reynolds number, Rey. 
8.75 A momentum coefficient, 3, is defined by 


[wow aa =5 | Vouda =6mV 
A A 


Evaluate @ for a laminar velocity profile, Eq. 8.14, and for a 
“power-law” turbulent velocity profile, Eq. 8.22. Plot 6 as a 
function of n for turbulent power-law profiles over the range 
6 =n = 10 and compare with the case of fully developed 
laminar pipe flow. 


Energy Considerations in Pipe Flow 


8.76 Consider fully developed laminar flow of water between 
stationary parallel plates. The maximum flow speed, plate 
spacing, and width are 20 ft/s, 0.075 in. and 1.25 in., respec- 
tively. Find the kinetic energy coefficient, a. 


8.77 Consider fully developed laminar flow in a circular tube. 
Evaluate the kinetic energy coefficient for this flow. 

8.78 Show that the kinetic energy coefficient, «, for the “power 
law” turbulent velocity profile of Eq. 8.22 is given by Eq. 8.27. 


Plot a as a function of Rez, for Rey =1x10* to1 x 10’. 
When analyzing pipe flow problems it is common practice to 
assume a & 1. Plot the error associated with this assumption 
as a function of Rey, for Rep = 1X 10* to 1 x 107. 


8.79 Measurements are made for the flow configuration 
shown in Fig. 8.12. At the inlet, section (1), the pressure is 
70 kPa (gage), the average velocity is 1.75 m/s, and the ele- 
vation is 2.25 m. At the outlet, section @) the pressure, 
average velocity, and elevation are 45 kPa (gage), 3.5 m/s, 
and 3 m, respectively. Calculate the head loss in meters. 
Convert to units of energy per unit mass. 


8.80 Water flows in a horizontal constant-area pipe; the pipe 
diameter is 75 mm and the average flow speed is 5 m/s. At 
the pipe inlet, the gage pressure is 275 kPa, and the outlet is 
at atmospheric pressure. Determine the head loss in the pipe. 
If the pipe is now aligned so that the outlet is 15 m above the 
inlet, what will the inlet pressure need to be to maintain 
the same flow rate? If the pipe is now aligned so that the 
outlet is 15 m below the inlet, what will the inlet pressure 
need to be to maintain the same flow rate? Finally, how 
much lower than the inlet must the outlet be so that the same 
flow rate is maintained if both ends of the pipe are at 
atmospheric pressure (i.e., gravity feed)? 


8.81 For the flow configuration of Fig. 8.12, it is known that 
the head loss is 1 m. The pressure drop from inlet to outlet is 
50 kPa, the velocity doubles from inlet to outlet, and the 
elevation increase is 2 m. Compute the inlet water velocity. 


Calculation of Head Loss 


8.82 For a given volume flow rate and piping system, will the 
g piping sy: 
pressure loss be greater for hot water or cold water? Explain. 


8.83 Consider the pipe flow from the water tower of 
Example 8.7. After another 5 years the pipe roughness has 
increased such that the flow is fully turbulent and f= 0.035. 
Find by how much the flow rate is decreased. 


8.84 Consider the pipe flow from the water tower of Prob- 
lem 8.83. To increase delivery, the pipe length is reduced 
from 600 ft to 450 ft (the flow is still fully turbulent and 
f =0.035). What is the flow rate? 


8.85 Water flows from a horizontal tube into a large tank. 
The tube is located 2.5 m below the free surface of water in 
the tank. The head loss is 2 J/kg. Compute the average flow 
speed in the tube. 


8.86 The average flow speed in a constant-diameter section 
of the Alaskan pipeline is 2.5 m/s. At the inlet, the pressure is 
8.25 MPa (gage) and the elevation is 45 m; at the outlet, the 
pressure is 350 kPa (gage) and the elevation is 115 m. Cal- 
culate the head loss in this section of pipeline. 


8.87 At the inlet to a constant-diameter section of the 
Alaskan pipeline, the pressure is 8.5 MPa and the elevation is 
45 m; at the outlet the elevation is 115 m. The head loss in 
this section of pipeline is 6.9 kJ/kg. Calculate the outlet 
pressure. 

8.88 Water flows at 10 L/min through a horizontal 15-mm- 
diameter tube. The pressure drop along a 20-m length of 
tube is 85 kPa. Calculate the head loss. 


Problems 411 


8.89 Laufer [5] measured the following data for mean 
velocity near the wall in fully developed turbulent pipe flow 
at Rey = 50,000(U = 9.8 ft/s and R = 4.86 in.) in air: 


u/U 0.343 0.318 0.300 0.264 0.228 0.221 0.179 0.152 0.140 
y/R 0.0082 0.0075 0.0071 0.0061 0.0055 0.0051 0.0041 0.0034 0.0030 


Plot the data and obtain the best-fit slope, di/dy. Use this to 
estimate the wall shear stress from 7, = s da/dy. Compare 
this value to that obtained using the friction factor f com- 
puted using (a) the Colebrook formula (Eq. 8.37), and 
(b) the Blasius correlation (Eq. 8.38). 


8.90 Water is pumped at the rate of 0.075 m*/s from a 
reservoir 20 m above a pump to a free discharge 35 m above 
the pump. The pressure on the intake side of the pump is 
150 kPa and the pressure on the discharge side is 450 kPa. 
All pipes are commercial steel of 15 cm diameter. Determine 
(a) the head supplied by the pump and (b) the total head loss 
between the pump and point of free discharge. 


® 


— 


D=15cm = ; 
(Elbows are flanged) Free discharge 
24 = 35m 
z, = 20m 
_y@| p3 = 450 kPa 


po = 150 kPa 
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8.91 A smooth, 75-mm-diameter pipe carries water (65°C) 
horizontally. When the mass flow rate is 0.075 kg/s, the 
pressure drop is measured to be 7.5 Pa per 100 m of pipe. 
Based on these measurements, what is the friction factor? 
What is the Reynolds number? Does this Reynolds number 
generally indicate laminar or turbulent flow? Is the flow 
actually laminar or turbulent? 


8.92 A small-diameter capillary tube made from drawn 
aluminum is used in place of an expansion valve in a home 
refrigerator. The inside diameter is 0.5 mm. Calculate the 
corresponding relative roughness. Comment on whether 
this tube may be considered “smooth” with regard to fluid 
flow. 


8.93 The Colebrook equation (Eq. 8.37) for computing the 


turbulent friction factor is implicit in f/ An explicit expres- 
sion [31] that gives reasonable accuracy is 


ap  s7a\\ > 
fo = 0.25 Hog (L + a 


Compare the accuracy of this expression for f with Eq. 8.37 
by computing the percentage discrepancy as a function of 
Re and e/D, for Re = 10* to 10°, and e/D = 0, 0.0001, 0.001, 
0.01, and 0.05. What is the maximum discrepancy for these 
Re and e/D values? Plot f against Re with e/D as a parameter. 


8.94 Using Eqs. 8.36 and 8.37, generate the Moody chart of 
Fig. 8.13. 
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8.95 The Moody diagram gives the Darcy friction factor, f, in 
terms of Reynolds number and relative roughness. The 
Fanning friction factor for pipe flow is defined as 

Tw 

ip > Sg 


5 pV 


where 7,, is the wall shear stress in the pipe. Show that the 
relation between the Darcy and Fanning friction factors for 
fully developed pipe flow is given by f = 4fp. 


! 8.96 We saw in Section 8.7 that instead of the implicit 


Colebrook equation (Eq. 8.37) for computing the turbulent 
friction factor f, an explicit expression that gives reasonable 


accuracy is 
1 e/D\'" 6.9 
— =-181 — fs 
if | () Re 


Compare the accuracy of this expression for f with Eq. 8.37 
by computing the percentage discrepancy as a function of 
Re and e/D, for Re = 10° to 10°, and e/D = 0, 0.0001, 0.001, 
0.01, and 0.05. What is the maximum discrepancy for these 
Re and e/D values? Plot f against Re with e/D as a 
parameter. 


8.97 Water flows at 25 L/s through a gradual contraction, 
in which the pipe diameter is reduced from 75 mm to 37.5 mm, 
with a 150° included angle. If the pressure before the con- 
traction is 500 kPa, estimate the pressure after the contraction. 
Recompute the answer if the included angle is changed to 
180° (a sudden contraction). 


8.98 Water flows through a 25-mm-diameter tube that 
suddenly enlarges to a diameter of 50 mm. The flow rate 
through the enlargement is 1.25 Liter/s. Calculate the pres- 
sure rise across the enlargement. Compare with the value for 
frictionless flow. 


8.99 Water flows through a 2-in.-diameter tube that sud- 
denly contracts to 1 in. diameter. The pressure drop across 
the contraction is 0.5 psi. Determine the volume flow rate. 


8.100 Air at standard conditions flows through a sudden 
expansion in a circular duct. The upstream and downstream 
duct diameters are 75 mm and 225 mm, respectively. The 
pressure downstream is 5 mm of water higher than that 
upstream. Determine the average speed of the air 
approaching the expansion and the volume flow rate. 


J 8.101 In an undergraduate laboratory, you have been 


assigned the task of developing a crude flow meter for 
measuring the flow in a 45-mm-diameter water pipe system. 
You are to install a 22.5-mm-diameter section of pipe and a 
water manometer to measure the pressure drop at the sud- 
den contraction. Derive an expression for the theoretical 
calibration constant k in Q = k\/Ah, where Q is the volume 
flow rate in L/min, and Ah is the manometer deflection in 
mm. Plot the theoretical calibration curve for a flow rate 
range of 10 to 50 L/min. Would you expect this to be a 
practical device for measuring flow rate? 


8.102 Water flows from a larger pipe, diameter D; = 100 mm, 
into asmaller one, diameter Dy = 50 mm, by way of a reentrant 
device. Find the head loss between points (1) and (2). 


Chapter8 \nternal Incompressible Viscous Flow 


a: 
<a aa 


P8.102 


dD, 


1» 


8.103 Flow through a sudden contraction is shown. The 
minimum flow area at the vena contracta is given in terms of 
the area ratio by the contraction coefficient [32], 


A Ao\* 
CQ rp 0.62 + 0.38(22) 


The loss in a sudden contraction is mostly a result of the vena 
contracta: The fluid accelerates into the contraction, there is 
flow separation (as shown by the dashed lines), and the vena 
contracta acts as a miniature sudden expansion with sig- 
nificant secondary flow losses. Use these assumptions to 
obtain and plot estimates of the minor loss coefficient for a 
sudden contraction, and compare with the data presented in 


Fig. 8.15. 
Flow Le 
A 
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8.104 Water flows from the tank shown through a very short 
pipe. Assume the flow is quasi-steady. Estimate the flow rate 
at the instant shown. How could you improve the flow system 
if a larger flow rate were desired? 


<I 


A, = 3500 mm? 


A= 350 mm? 
a 


a, 


Flow 
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8.105 Consider again flow through the elbow analyzed in 
Example 4.6. Using the given conditions, calculate the minor 
head loss coefficient for the elbow. 


8.106 Air flows out of a clean room test chamber through a 
150-mm-diameter duct of length L. The original duct had 
a square edged entrance, but this has been replaced with a 
well-rounded one. The pressure in the chamber is 2.5 mm of 
water above ambient. Losses from friction are negligible 
compared with the entrance and exit losses. Estimate the 
increase in volume flow rate that results from the change in 
entrance contour. 


\) 


8.107 A water tank (open to the atmosphere) contains water 
to a depth of 5 m. A 25-mm-diameter hole is punched in the 
bottom. Modeling the hole as square-edged, estimate the 
flow rate (L/s) exiting the tank. If you were to stick a short 
section of pipe into the hole, by how much would the flow 
rate change? If instead you were to machine the inside of the 
hole to give it a rounded edge (r=5 mm), by how much 
would the flow rate change? 


8.108 A conical diffuser is used to expand a pipe flow from a 
diameter of 100 mm to a diameter of 150 mm. Find the 
minimum length of the diffuser if we want a loss coefficient 
(a) K dittuser = 0.2, (b) K Gitfuser = 0.35. 

8.109 A conical diffuser of length 6 in. is used to expand a 
pipe flow from a diameter of 2 in. to a diameter of 3.5 in. For 
a water flow rate of 750 gal/min, estimate the static pressure 
rise. What is the approximate value of the loss coefficient? 


8.110 Space has been found for a conical diffuser 0.45 m 
long in the clean room ventilation system described in 
Problem 8.106. The best diffuser of this size is to be used. 
Assume that data from Fig. 8.16 may be used. Determine 
the appropriate diffuser angle and area ratio for this 
installation and estimate the volume flow rate that will be 
delivered after it is installed. 


el 8.111 By applying the basic equations to a control volume 


starting at the expansion and ending downstream, analyze 
flow through a sudden expansion (assume the inlet pressure 
Pp, acts on the area A, at the expansion). Develop an 
expression for and plot the minor head loss across the 
expansion as a function of area ratio, and compare with 
the data of Fig. 8.15. 


8.112 Water at 45°C enters a shower head through a circular 
tube with 15.8 mm inside diameter. The water leaves in 24 
streams, each of 1.05 mm diameter. The volume flow rate is 
5.67 L/min. Estimate the minimum water pressure needed at 
the inlet to the shower head. Evaluate the force needed to 
hold the shower head onto the end of the circular tube. 
Indicate clearly whether this is a compression or a tension 
force. 


8.113 Analyze flow through a sudden expansion to obtain an 
expression for the upstream average velocity V; in terms of 
the pressure change Ap = p)—pj, area ratio AR, fluid 
density p, and loss coefficient K. If the flow were frictionless, 
would the flow rate indicated by a measured pressure change 
be higher or lower than a real flow, and why? Conversely, if 
the flow were frictionless, would a given flow generate a 
larger or smaller pressure change, and why? 


8.114 Water discharges to atmosphere from a large reservoir 
through a moderately rounded horizontal nozzle of 25mm 
diameter. The free surface is 2.5 m above the nozzle exit 
plane. Calculate the change in flow rate when a short section 
of 50-mm-diameter pipe is attached to the end of the nozzle 
to form a sudden expansion. Determine the location and 
estimate the magnitude of the minimum pressure with the 
sudden expansion in place. If the flow were frictionless (with 
the sudden expansion in place), would the minimum pressure 
be higher, lower, or the same? Would the flow rate be higher, 
lower, or the same? 
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8.115 Water flows steadily from a large tank through a length 
of smooth plastic tubing, then discharges to atmosphere. The 
tubing inside diameter is 3.18 mm, and its length is 15.3 m. 
Calculate the maximum volume flow rate for which flow in 
the tubing will remain laminar. Estimate the water level 
in the tank below which flow will be laminar (for laminar 
flow, a = 2 and K., = 1.4). 

8.116 You are asked to compare the behavior of fully 
developed laminar flow and fully developed turbulent flow in 
a horizontal pipe under different conditions. For the same 
flow rate, which will have the larger centerline velocity? 
Why? If the pipe discharges to atmosphere, what would you 
expect the trajectory of the discharge stream to look like (for 
the same flow rate)? Sketch your expectations for each case. 
For the same flow rate, which flow would give the larger wall 
shear stress? Why? Sketch the shear stress distribution 7/7,, 
as a function of radius for each flow. For the same Reynolds 
number, which flow would have the larger pressure drop per 
unit length? Why? For a given imposed pressure differential, 
which flow would have the larger flow rate? Why? 


Most of the remaining problems in this chapter involve deter- 
mination of the turbulent friction factor f from the Reynolds 
number Re and dimensionless roughness e/D. For approximate 
calculations, f can be read from Fig. 8.13; a more accurate 
approach is to use this value (or some other value, even f= 1) as 
the first value for iterating in Eq. 8.37. The most convenient 
approach is to use solution of Eq. 8.37 programmed into (or 
built-into) your calculator, or programmed into an Excel 
workbook. Hence, most of the remaining problems benefit from 
use of Excel. To avoid needless duplication, the computer 
symbol will only be used next to remaining problems in this 
chapter when it has an additional benefit (e.g., for iterating to a 
solution, or for graphing). 


8.117 Estimate the minimum level in the water tank of 
Problem 8.115 such that the flow will be turbulent. 


8.118 A laboratory experiment is set up to measure pressure 
drop for flow of water through a smooth tube. The tube 
diameter is 15.9 mm, and its length is 3.56 m. Flow enters 
the tube from a reservoir through a square-edged entrance. 
Calculate the volume flow rate needed to obtain turbulent 
flow in the tube. Evaluate the reservoir height differential 
required to obtain turbulent flow in the tube. 


8.119 A benchtop experiment consists of a reservoir with a 
500-mm-long horizontal tube of diameter 7.5 mm attached to 
its base. The tube exits to a sink. A flow of water at 10°C is 
to be generated such that the Reynolds number is 10,000. 
What is the flow rate? If the entrance to the tube is square- 
edged, how deep should the reservoir be? If the entrance to 
the tube is well-rounded, how deep should the reservoir be? 


8.120 As discussed in Problem 8.52, the applied pressure 
difference, Ap, and corresponding volume flow rate, Q, for 
laminar flow in a tube can be compared to the applied DC 
voltage V across, and current / through, an electrical resistor, 
respectively. Investigate whether or not this analogy is valid 
for turbulent flow by plotting the “resistance” Ap/Q as a 
function of Q for turbulent flow of kerosene (at 40°C) in 
a tube 250 mm long with inside diameter 7.5 mm. 
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4 8.121 Plot the required reservoir depth of water to create 


flow in a smooth tube of diameter 10 mm and length 100 m, 
for a flow rate range of 1 L/min through 10 L/min. 


8.122 Oil with kinematic viscosity v =7.5 X 10‘ ft?/s flows 
at 45 gpm in a 100-ft-long horizontal drawn-tubing pipe of 
1 in. diameter. By what percentage ratio will the energy loss 
increase if the same flow rate is maintained while the pipe 
diameter is reduced to 0.75 in.? 


8.123 A water system is used in a laboratory to study flow in 
a smooth pipe. The water is at 10°C. To obtain a reasonable 
range, the maximum Reynolds number in the pipe must be 
100,000. The system is supplied from an overhead constant- 
head tank. The pipe system consists of a square-edged 
entrance, two 45° standard elbows, two 90° standard elbows, 
and a fully open gate valve. The pipe diameter is 7.5 mm, and 
the total length of pipe is 1 m. Calculate the minimum height 
of the supply tank above the pipe system discharge to reach 
the desired Reynolds number. If a pressurized chamber is 
used instead of the reservoir, what will be the required 
pressure? 


8.124 Water from a pump flows through a 9-in.-diameter 
commercial steel pipe for a distance of 4 miles from the 
pump discharge to a reservoir open to the atmosphere. 
The level of the water in the reservoir is 50 ft above the pump 
discharge, and the average speed of the water in the pipe is 
10 ft/s. Calculate the pressure at the pump discharge. 


V 


Pump 


moar: 
© 
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J 8.125 Water is to flow by gravity from one reservoir to a 


lower one through a straight, inclined galvanized iron pipe. 
The pipe diameter is 50 mm, and the total length is 250 m. 
Each reservoir is open to the atmosphere. Plot the required 
elevation difference Az as a function of flow rate Q, for Q 
ranging from 0 to 0.01 m*/s. Estimate the fraction of Az due 
to minor losses. 


8.126 A 5-cm-diameter potable water line is to be run 
through a maintenance room in a commercial building. 
Three possible layouts for the water line are proposed, as 
shown. Which is the best option, based on minimizing losses? 
Assume galvanized iron, and a flow rate of 350 L/min. 


5.25 m 
(a) Two miter bends 
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8.127 In an air-conditioning installation, a flow rate of 1750 
cfm of air at 50°F is required. A smooth sheet metal duct of 
rectangular section (0.75 ft by 2.5 ft) is to be used. Determine 


(b) A standard elbow (c) Three standard elbows 
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the pressure drop (inches of water) for a 1000-ft horizontal 
duct section. 


8.128 A system for testing variable-output pumps consists of 
the pump, four standard elbows, and an open gate valve 
forming a closed circuit as shown. The circuit is to absorb the 
energy added by the pump. The tubing is 75-mm-diameter 
cast iron, and the total length of the circuit is 20-m. Plot the 
pressure difference required from the pump for water flow 
rates Q ranging from 0.01 m*/s to 0.06 m*/s. 


Pump 


Gate Valve 
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8.129 A pipe friction experiment is to be designed, using 
water, to reach a Reynolds number of 100,000. The system 
will use 5-cm smooth PVC pipe from a constant-head tank to 
the flow bench and 20 m of smooth 2.5-cm PVC line 
mounted horizontally for the test section. The water level 
in the constant-head tank is 0.5 m above the entrance to the 
5-cm PVC line. Determine the required average speed of 
water in the 2.5-cm pipe. Estimate the feasibility of using a 
constant-head tank. Calculate the pressure difference 
expected between taps 5 m apart in the horizontal test 
section. 


8.130 Two reservoirs are connected by three clean cast-iron 
pipes in series, L; = 600m, D; =0.3m, Lz = 900m, 
D, = 0.4m, L3 = 1500m, and D3 = 0.45m. When the dis- 
charge is 0.11 m*/s of water at 15°C, determine the difference 
in elevation between the reservoirs. 


8.131 Consider flow of standard air at 1250 ft?/min. Compare 
the pressure drop per unit length of a round duct with that 
for rectangular ducts of aspect ratio 1, 2, and 3. Assume 
that all ducts are smooth, with cross-sectional areas of 1 ft. 


8.132 Data were obtained from measurements on a vertical 
section of old, corroded, galvanized iron pipe of 50 mm 
inside diameter. At one section the pressure was p; = 750 kPa 
(gage); at a second section, 40 m lower, the pressure 
was P2 = 250 kPa (gage). The volume flow rate of water was 
0.015 m*/s. Estimate the relative roughness of the pipe. What 
percentage savings in pumping power would result if the pipe 
were restored to its new, clean relative roughness? 


8.133 Water, at volume flow rate Q = 0.75 ft*/s, is delivered 
by a fire hose and nozzle assembly. The hose (L = 250 ft, 
D = 3in., and e/D = 0.004) is made up of four 60-ft sections 
joined by couplings. The entrance is square-edged; the minor 
loss coefficient for each coupling is K.=0.5, based on 
mean velocity through the hose. The nozzle loss coefficient is 
K,, = 0.02, based on velocity in the exit jet, of Dz = Lin. 
diameter. Estimate the supply pressure required at this 
flow rate. 

8.134 Flow in a tube may alternate between laminar and 


turbulent states for Reynolds numbers in the transition zone. 
Design a bench-top experiment consisting of a constant-head 


cylindrical transparent plastic tank with depth graduations, 
and a length of plastic tubing (assumed smooth) attached at 
the base of the tank through which the water flows to a 
measuring container. Select tank and tubing dimensions so 
that the system is compact, but will operate in the transition 
zone range. Design the experiment so that you can easily 
increase the tank head from a low range (laminar flow) 
through transition to turbulent flow, and vice versa. (Write 
instructions for students on recognizing when the flow is 
laminar or turbulent.) Generate plots (on the same graph) of 
tank depth against Reynolds number, assuming laminar or 
turbulent flow. 


8.135 A small swimming pool is drained using a garden hose. 
The hose has 20 mm inside diameter, a roughness height 
of 0.2 mm, and is 30 m long. The free end of the hose is 
located 3 m below the elevation of the bottom of the pool. 
The average velocity at the hose discharge is 1.2 m/s. Esti- 
mate the depth of the water in the swimming pool. If the flow 
were inviscid, what would be the velocity? 


| 8.136 When you drink you beverage with a straw, you need 


to overcome both gravity and friction in the straw. Estimate 
the fraction of the total effort you put into quenching 
your thirst of each factor, making suitable assumptions about 
the liquid and straw properties, and your drinking rate (for 
example, how long it would take you to drink a 12-oz drink if 
you drank it all in one go (quite a feat with a straw). Is the 
flow laminar or turbulent? (Ignore minor losses.) 


Solution of Pipe Flow Problems 


a 8.137 The hose in Problem 8.135 is replaced with a larger- 


diameter hose, diameter 25 mm (same length and rough- 
ness). Assuming a pool depth of 1.5 m, what will be the new 
average velocity and flow rate? 


| 8.138 What flow rate (gpm) will be produced in a 75-mm- 


diameter water pipe for which there is a pressure drop of 425 
kPa over a 200-m length? The pipe roughness is 2.5 mm. The 
water is at 0°C. 


8.139 A compressed air drill requires 0.25 kg/s of air at 650 
kPa (gage) at the drill. The hose from the air compressor 
to the drill is 40 mm inside diameter. The maximum com- 
pressor discharge gage pressure is 670 kPa; air leaves the 
compressor at 40°C. Neglect changes in density and any 
effects of hose curvature. Calculate the longest hose that may 
be used. 


ee 8.140 You recently bought a house and want to improve the 


flow rate of water on your top floor. The poor flow rate is due 
to three reasons: The city water pressure at the water meter 
is poor (p = 200 kPa gage); the piping has a small diameter 
(D =1.27 cm) and has been crudded up, increasing its 
roughness (e/D = 0.05); and the top floor of the house is 15 m 
higher than the water meter. You are considering two 
options to improve the flow rate: Option 1 is replacing all the 
piping after the water meter with new smooth piping with a 
diameter of 1.9 cm; and option 2 is installing a booster pump 
while keeping the original pipes. The booster pump has an 
outlet pressure of 300 kPa. Which option would be more 
effective? Neglect minor losses. 
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8.141 The students of Phi Gamma Delta are putting a kiddy 
pool on a porch attached to the second story of their house 
and plan to fill it with water from a garden hose. The kiddy 
pool has a diameter of 5 ft, and is 2.5 ft deep. The porch is 18 
ft above the faucet. The garden hose is very smooth on the 
inside, has a length of 50 ft, and a diameter of 5/8 in. If 
the water pressure at the faucet is 60 psi, how long will it take 
to fill the pool? Neglect minor losses. 


8.142 Gasoline flows in a long, underground pipeline at a 
constant temperature of 15°C. Two pumping stations at the 
same elevation are located 13 km apart. The pressure drop 
between the stations is 1.4 MPa. The pipeline is made from 
0.6-m-diameter pipe. Although the pipe is made from com- 
mercial steel, age and corrosion have raised the pipe 
roughness to approximately that for galvanized iron. Com- 
pute the volume flow rate. 


8.143 Water flows steadily in a horizontal 125-mm-diameter 
cast-iron pipe. The pipe is 150 m long and the pressure drop 
between sections (1) and (2) is 150 kPa. Find the volume flow 
rate through the pipe. 


8.144 Water flows steadily in a 125-mm-diameter cast-iron 
pipe 150 m long. The pressure drop between sections (1) 
and Q) is 150 kPa, and section @) is located 15 m above 
section (1). Find the volume flow rate. 


8.145 Two open standpipes of equal diameter are connected 
by a straight tube, as shown. Water flows by gravity from one 
standpipe to the other. For the instant shown, estimate the 
rate of change of water level in the left standpipe. 


<———++- D=0.75m I<——++- D = 0.75 m 


Water Ah=2.5m 
| | sim 


—s Water 
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es 8.146 Two galvanized iron pipes of diameter D are con- 


nected to a large water reservoir, as shown. Pipe A has length 
L and pipe B has length 2L. Both pipes discharge to atmo- 
sphere. Which pipe will pass the larger flow rate? Justify 
(without calculating the flow rate in each pipe). Compute the 
flow rates if H=10 m, D=50 mm, and L = 10 m. 


iI} 


2L 


amas | 


iy Pipa Pipe 7 i 
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J 8.147 Galvanized iron drainpipes of diameter 50 mm are 


located at the four corners of a building, but three of them 
become clogged with debris. Find the rate of downpour (cm/ 
min) at which the single functioning drainpipe can no longer 
drain the roof. The building roof area is 500 m?, and the 
height is 5 m. Assume the drainpipes are the same height as 
the building, and that both ends are open to atmosphere. 
Ignore minor losses. 


| 8.148 A mining engineer plans to do hydraulic mining with a 


high-speed jet of water. A lake is located H = 300 m above 
the mine site. Water will be delivered through L = 900 m of 
fire hose; the hose has inside diameter D=75 mm and 
relative roughness e/D =0.01. Couplings, with equivalent 
length L, = 20 D, are located every 10 m along the hose. The 
nozzle outlet diameter is d=25 mm. Its minor loss coeffi- 
cient is K=0.02 based on outlet velocity. Estimate the 
maximum outlet velocity that this system could deliver. 
Determine the maximum force exerted on a rock face by this 
water jet. 


| 8.149 Investigate the effect of tube roughness on flow rate 


by computing the flow generated by a pressure difference 
Ap = 100 kPa applied to a length L = 100 m of tubing, with 
diameter D = 25 mm. Plot the flow rate against tube relative 
roughness e/D for e/D ranging from 0 to 0.05 (this could 
be replicated experimentally by progressively roughening 
the tube surface). Is it possible that this tubing could be 
roughened so much that the flow could be slowed to a 
laminar flow rate? 


a | 8.150 Investigate the effect of tube length on water flow rate 


by computing the flow generated by a pressure difference 
Ap = 100 kPa applied to a length L of smooth tubing, of 
diameter D =25 mm. Plot the flow rate against tube length 
for flow ranging from low speed laminar to fully turbulent. 


4 8.151 For the pipe flow into a reservoir of Example 8.5 


consider the effect of pipe roughness on flow rate, assuming 
the pressure of the pump is maintained at 153 kPa. Plot the 
flow rate against pipe roughness ranging from smooth (e = 0) 
to very rough (e = 3.75 mm). Also consider the effect of pipe 
length (again assuming the pump always produces 153 kPa) 
for smooth pipe. Plot the flow rate against pipe length for 
L=100 m through L = 1000 m. 
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8.152 Water for a fire protection system is supplied from a 
water tower through a 150-mm cast-iron pipe. A pressure gage 
at a fire hydrant indicates 600 kPa when no water is flowing. 
The total pipe length between the elevated tank and the 
hydrant is 200 m. Determine the height of the water tower 
above the hydrant. Calculate the maximum volume flow rate 
that can be achieved when the system is flushed by opening the 
hydrant wide (assume minor losses are 10 percent of major 
losses at this condition). When a fire hose is attached to the 
hydrant, the volume flow rate is 0.75 m*/min. Determine 
the reading of the pressure gage at this flow condition. 

8.153 The siphon shown is fabricated from 50-mm-i.d. 
drawn aluminum tubing. The liquid is water at 15°C. Com- 
pute the volume flow rate through the siphon. Estimate the 
minimum pressure inside the tube. 


R=0.45m 


| 


0.6m | 


iI 


a 


P8.153 


8.154 A large open water tank has a horizontal cast iron 
drainpipe of diameter D = 1 in. and length L = 2 ft attached 
at its base. If the depth of water is h = 3 ft, find the flow rate 
(gpm) if the pipe entrance is (a) reentrant, (b) square-edged, 
and (c) rounded (r= 0.2 in.). 


8.155 Repeat Problem 8.154, except now the pipe is vertical, 


as shown. 
h 
re 
D 
> <<——__— 
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8.156 A tank containing 30 m? of kerosene is to be emptied 
by a gravity feed using a drain hose of diameter 15 mm, 
roughness 0.2 mm, and length 1 m. The top of the tank is 
open to the atmosphere and the hose exits to an open 
chamber. If the kerosene level is initially 10 m above the 
drain exit, estimate (by assuming steady flow) the initial 
drainage rate. Estimate the flow rate when the kerosene level 
is down to 5 m, and then down to 1 m. Based on these three 
estimates, make a rough estimate of the time it took to drain 
to the 1-m level. 


ee! 8.157 Consider again the Roman water supply discussed in 


Example 8.10. Assume that the 50 ft length of horizontal 
constant-diameter pipe required by law has been installed. 
The relative roughness of the pipe is 0.01. Estimate the flow 
rate of water delivered by the pipe under the inlet conditions 
of the example. What would be the effect of adding the same 
diffuser to the end of the 50 ft pipe? 


ee: 8.158 You are watering your lawn with an old hose. Because 


lime deposits have built up over the years, the 0.75-in.-i.d. 
hose now has an average roughness height of 0.022 in. One 
50-ft length of the hose, attached to your spigot, delivers 
15 gpm of water (60°F). Compute the pressure at the spigot, 
in psi. Estimate the delivery if two 50-ft lengths of the hose 
are connected. Assume that the pressure at the spigot varies 
with flow rate and the water main pressure remains constant 
at 50 psig. 


| 8.159 In Example 8.10 we found that the flow rate from a 


! 


] 


water main could be increased (by as much as 33 percent) 
by attaching a diffuser to the outlet of the nozzle installed 
into the water main. We read that the Roman water 
commissioner required that the tube attached to the noz- 
zle of each customer’s pipe be the same diameter for at 
least 50 feet from the public water main. Was the com- 
missioner overly conservative? Using the data of the 
problem, estimate the length of pipe (with e/D =0.01) at 
which the system of pipe and diffuser would give a flow 
rate equal to that with the nozzle alone. Plot the volume 
flow ratio Q/Q; as a function of L/D, where L is the 
length of pipe between the nozzle and the diffuser, Q; is 
the volume flow rate for the nozzle alone, and Q is the 
actual volume flow rate with the pipe inserted between 
nozzle and diffuser. 


8.160 Your boss, from the “old school,” claims that for pipe 
flow the flow rate, QO « Ap , where Ap is the pressure dif- 
ference driving the flow. You dispute this, so perform some 
calculations. You take a 1-in.-diameter commercial steel pipe 
and assume an initial flow rate of 1.25 gal/min of water. You 
then increase the applied pressure in equal increments and 
compute the new flow rates so you can plot Q versus Ap, as 
computed by you and your boss. Plot the two curves on the 
same graph. Was your boss right? 


8.161 For Problem 8.146, what would the diameter of the 
pipe of length 2L need to be to generate the same flow as 
the pipe of length L? 

8.162 A hydraulic press is powered by a remote high- 
pressure pump. The gage pressure at the pump outlet is 3000 
psi, whereas the pressure required for the press is 2750 psi 
(gage), at a flow rate of 0.02 ft*/s. The press and pump are 
connected by 165 ft of smooth, drawn steel tubing. The fluid 
is SAE 10W oil at 100°F. Determine the minimum tubing 
diameter that may be used. 


8.163 A pump is located 4.5 m to one side of, and 3.5 m 
above a reservoir. The pump is designed for a flow rate of 
6 L/s. For satisfactory operation, the static pressure at the 
pump inlet must not be lower than —6 m of water gage. 
Determine the smallest standard commercial steel pipe that 
will give the required performance. 
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8.164 Determine the minimum size smooth rectangular duct 
with an aspect ratio of 3 that will pass 1 m*/s of 10°C air with 
a head loss of 25 mm of water per 100 m of duct. 


8.165 A new industrial plant requires a water flow rate of 5.7 
m°/min. The gage pressure in the water main, located in the 
street 50 m from the plant, is 800 kPa. The supply line will 
require installation of 4 elbows in a total length of 65 m. The 
gage pressure required in the plant is 500 kPa. What size 
galvanized iron line should be installed? 


8.166 Air at 40°F flows in a horizontal square cross-section 
duct made from commercial steel. The duct is 1000 ft long. 
What size (length of a side) duct is required to convey 1500 
cfm of air with a pressure drop of 0.75 in. H,0? 


8.167 Investigate the effect of tube diameter on water flow 
rate by computing the flow generated by a pressure differ- 
ence, Ap = 100kPa, applied to a length L = 100m of 
smooth tubing. Plot the flow rate against tube diameter for a 
range that includes laminar and turbulent flow. 


8.168 What diameter water pipe is required to handle 0.075 al 


m°/s and a 500 kPa pressure drop? The pipe length is 175 m, 
and roughness is 2.5 mm. 


8.169 A large reservoir supplies water for a community. A 
portion of the water supply system is shown. Water is 
pumped from the reservoir to a large storage tank before 
being sent on to the water treatment facility. The system is 
designed to provide 1310 L/s of water at 20°C. From B to C 
the system consists of a square-edged entrance, 760 m of 
pipe, three gate valves, four 45° elbows, and two 90° 
elbows. Gage pressure at C is 197 kPa. The system 
between F and G contains 760 m of pipe, two gate valves, 
and four 90° elbows. All pipe is 508 mm diameter, cast 
iron. Calculate the average velocity of water in the pipe, 
the gage pressure at section F, the power input to the 
pump (its efficiency is 80 percent), and the wall shear stress 
in section FG. 
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8.170 An air-pipe friction experiment consists of a smooth 
brass tube with 63.5 mm inside diameter; the distance 
between pressure taps is 1.52 m. The pressure drop is indi- 
cated by a manometer filled with Meriam red oil. The cen- 
terline velocity U is measured with a pitot cylinder. At one 
flow condition, U = 23.1 m/s and the pressure drop is 
12.3 mm of oil. For this condition, evaluate the Reynolds 
number based on average flow velocity. Calculate the friction 
factor and compare with the value obtained from Eq. 8.37 
(use n =7 in the power-law velocity profile). 


*8.171 Oil has been flowing from a large tank on a hill to a 
tanker at the wharf. The compartment in the tanker is nearly 
full and an operator is in the process of stopping the flow. A 
valve on the wharf is closed at a rate such that 1 MPa is 
maintained in the line immediately upstream of the valve. 
Assume: 


Length of line from tank to valve 3 km 
Inside diameter of line 200 mm 
Elevation of oil surface in tank 60 m 
Elevation of valve on wharf 6m 
Instantaneous flow rate 2.5 m°/min 
Head loss in line (exclusive of valve being 23 m of oil 
closed) at this rate of flow 
Specific gravity of oil 0.88 


Calculate the initial instantaneous rate of change of volume 
flow rate. 


*8.172 Problem 8.171 describes a situation in which flow in a 
long pipeline from a hilltop tank is slowed gradually to avoid 
a large pressure rise. Expand this analysis to predict and plot 
the closing schedule (valve loss coefficient versus time) 
needed to maintain the maximum pressure at the valve at or 
below a given value throughout the process of stopping the 
flow from the tank. 


8.173 A pump draws water at a steady flow rate of 25 Ibm/s 
through a piping system. The pressure on the suction side 
of the pump is —2.5 psig. The pump outlet pressure is 50 psig. 
The inlet pipe diameter is 3 in.; the outlet pipe diameter is 
2 in. The pump efficiency is 70 percent. Calculate the power 
required to drive the pump. 


8.174 The pressure rise across a water pump is 35 psi when 
the volume flow rate is 500 gpm. If the pump efficiency is 80 
percent, determine the power input to the pump. 


8.175 A 125-mm-diameter pipeline conveying water at 10°C 
contains 50 m of straight galvanized pipe, 5 fully open gate 
valves, 1 fully open angle valve, 7 standard 90° elbows, 1 
square-edged entrance from a reservoir, and 1 free discharge. 
The entrance conditions are p; = 150 kPa and z; = 15 m, and 
exit conditions are p2 =0 kPa and z2=30 m. A centrifugal 
pump is installed in the line to move the water. What pres- 
sure rise must the pump deliver so that the volume flow rate 
will be Q = 50 L/s? 

8.176 Cooling water is pumped from a reservoir to rock 
drills on a construction job using the pipe system shown. The 
flow rate must be 600 gpm and water must leave the spray 
nozzle at 120 ft/s. Calculate the minimum pressure needed at 
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the pump outlet. Estimate the required power input if the 
pump efficiency is 70 percent. 


V; = 120 ft/s 


Pipe, D = 4 in. 
(aluminum) OS 

Total length: L = 700 ft 
Joints: 15, each with 


400 ft 


cate valve, open 
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8.177 You are asked to size a pump for installation in 
the water supply system of the Willis Tower (formerly the 
Sears Tower) in Chicago. The system requires 100 gpm of 
water pumped to a reservoir at the top of the tower 340 m 
above the street. City water pressure at the street-level pump 
inlet is 400 kPa (gage). Piping is to be commercial steel. 
Determine the minimum diameter required to keep the 
average water velocity below 3.5 m/s in the pipe. Calculate 
the pressure rise required across the pump. Estimate the 
minimum power needed to drive the pump. 


8.178 Air conditioning on a university campus is provided by 
chilled water (10°C) pumped through a main supply pipe. 
The pipe makes a loop 5 km in length. The pipe diameter is 
0.75 m and the material is steel. The maximum design 
volume flow rate is 0.65 m°/s. The circulating pump is driven 
by an electric motor. The efficiencies of pump and motor are 
Np = 85 percent and 7,,. = 85 percent, respectively. Electricity 
cost is 14¢/(kW-hr). Determine (a) the pressure drop, (b) 
the rate of energy addition to the water, and (c) the daily cost 
of electrical energy for pumping. 


8.179 A fire nozzle is supplied through 100 m of 3.5-cm- 
diameter, smooth, rubber-lined hose. Water from a hydrant 
is supplied to a booster pump on board the pumper truck at 
350 kPa (gage). At design conditions, the pressure at the 
nozzle inlet is 700 kPa (gage), and the pressure drop along 
the hose is 750 kPa per 100 m of length. Determine (a) the 
design flow rate, (b) the nozzle exit velocity, assuming no 
losses in the nozzle, and (c) the power required to drive the 
booster pump, if its efficiency is 70 percent. 


8.180 Heavy crude oil (SG = 0.925 and v = 1.0 x 10 *m7/s) 
is pumped through a pipeline laid on flat ground. The line is 
made from steel pipe with 600 mm id. and has a wall 
thickness of 12 mm. The allowable tensile stress in the pipe 
wall is limited to 275 MPa by corrosion considerations. It is 
important to keep the oil under pressure to ensure that gases 
remain in solution. The minimum recommended pressure 
is 500 kPa. The pipeline carries a flow of 400,000 barrels 
(in the petroleum industry, a “barrel” is 42 gal) per day. 
Determine the maximum spacing between pumping stations. 
Compute the power added to the oil at each pumping station. 


8.181 The volume flow rate through a water fountain on a 


college campus is 0.075 m*/s. Each water stream can rise to a 
height of 10 m. Estimate the daily cost to operate the 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


fountain. Assume that the pump motor efficiency is 85 per- 
cent, the pump efficiency is 85 percent, and the cost of 
electricity is 14¢/(kW- hr). 

8.182 Petroleum products are transported over long dis- 
tances by pipeline, e.g., the Alaskan pipeline (see Example 
8.6). Estimate the energy needed to pump a typical petro- 
leum product, expressed as a fraction of the throughput 
energy carried by the pipeline. State and critique your 
assumptions clearly. 


ee! 8.183 The pump testing system of Problem 8.128 is run with 
a pump that generates a pressure difference given by Ap = 
750 — 15 x 104Q? where Ap is in kPa, and the generated flow 
rate is O m?/s. Find the water flow rate, pressure difference, 
and power supplied to the pump if it is 70 percent efficient. 


ee: 8.184 A water pump can generate a pressure difference 
Ap (psi) given by Ap = 145 — 0.1 Q?, where the flow rate is 
Q ft/s. It supplies a pipe of diameter 20 in., roughness 0.5 in., 
and length 2500 ft. Find the flow rate, pressure difference, 
and the power supplied to the pump if it is 70 percent effi- 
cient. If the pipe were replaced with one of roughness 
0.25 in., how much would the flow increase, and what would 
the required power be? 


ee 8.185 A square cross-section duct (0.35 m X 0.35 m X 175 
m) is used to convey air (p = 1.1 kg/m?) into a clean room in 
an electronics manufacturing facility. The air is supplied by a 
fan and passes through a filter installed in the duct. The duct 
friction factor is f= 0.003, the filter has a loss coefficient of 
K =3. The fan performance is given by Ap = 2250 — 250Q — 
150Q7, where Ap (Pa) is the pressure generated by the fan 
at flow rate Q (m°/s). Determine the flow rate delivered to 
the room. 


ee! 8.186 The head versus capacity curve for a certain fan may 
be approximated by the equation H = 30-10 ’Q*, where 
His the output static head in inches of water and Q is the air 
flow rate in ft*/min. The fan outlet dimensions are 8 x 16 in. 
Determine the air flow rate delivered by the fan into a 200 ft 
straight length of 8 X 16 in. rectangular duct. 

ee: *8.187 The water pipe system shown is constructed from 
galvanized iron pipe. Minor losses may be neglected. The 
inlet is at 400 kPa (gage), and all exits are at atmospheric 
pressure. Find the flow rates Qo, Q;, Q2, Q3, and Q4. 


Lo = 400 m L; = 300 m 

| Po= 78 mm | 2: = 50 mm 

— 
Qo Ly = 100m Qi 

Dyz=75 mm —— 
Q2 

L3 = 150m 

D3 = 35mm Ly = 150m 


D> = 50 mm 
| Q3 
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| *8.188 Find flow rates Qo, Q), Q2, and Q, if pipe 3 becomes 
blocked. 


*8.189 A cast-iron pipe system consists of a 500-ft section of 
water pipe, after which the flow branches into two 300-ft 
sections. The two branches then meet in a final 250-ft section. 
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Minor losses may be neglected. All sections are 1.5-in. diam- 
eter, except one of the two branches, which is 1-in. diameter. 
If the applied pressure across the system is 100 psi, find 
the overall flow rate and the flow rates in each of the two 
branches. 


*8.190 A swimming pool has a partial-flow filtration system. 
Water at 75°F is pumped from the pool through the system 
shown. The pump delivers 30 gpm. The pipe is nominal 3/4- 
in. PVC (i.d. = 0.824 in.). The pressure loss through the filter 
is approximately Ap = 0.6 Q?, where Ap is in psi and Q is in 
gpm. Determine the pump pressure and the flow rate 
through each branch of the system. 


a o= 10" a cae 
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8.191 Why does the shower temperature change when a 
toilet is flushed? Sketch pressure curves for the hot and cold 
water supply systems to explain what happens. 


Flow Meters 


8.192 A square-edged orifice with corner taps and a water 
manometer are used to meter compressed air. The following 
data are given: 


Inside diameter of air line 150 mm 
Orifice plate diameter 100 mm 
Upstream pressure 600 kPa 
Temperature of air ZC 
Manometer deflection 750 mm 
H,0 


Calculate the volume flow rate in the line, expressed in cubic 
meters per hour. 


8.193 Water at 65°C flows through a 75-mm-diameter orifice 
installed in a 150-mm-id. pipe. The flow rate is 20 Lis. 
Determine the pressure difference between the corner taps. 


8.194 A smooth 200-m pipe, 100 mm diameter connects two 
reservoirs (the entrance and exit of the pipe are sharp- 
edged). At the midpoint of the pipe is an orifice plate with 
diameter 40 mm. If the water levels in the reservoirs differ by 
30 m, estimate the pressure differential indicated by the 
orifice plate and the flow rate. 


8.195 A venturi meter with a 3-in.-diameter throat is placed 
in a 6-in.-diameter line carrying water at 75°F. The pressure 
drop between the upstream tap and the venturi throat is 12 in. 
of mercury. Compute the rate of flow. 


8.196 Consider a horizontal 2 in. x 1 in. venturi with water 
flow. For a differential pressure of 25 psi, calculate the 
volume flow rate (gpm). 

8.197 Gasoline flows through a 2 < 1 in. venturi meter. The 
differential pressure is 380 mm of mercury. Find the volume 
flow rate. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 
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8.198 Air flows through the venturi meter described in 
Problem 8.195. Assume that the upstream pressure is 60 psi, 
and that the temperature is everywhere constant at 68°F. 
Determine the maximum possible mass flow rate of air for 
which the assumption of incompressible flow is a valid 
engineering approximation. Compute the corresponding 
differential pressure reading on a mercury manometer. 


8.199 Air flow rate in a test of an internal combustion 
engine is to be measured using a flow nozzle installed in a 
plenum. The engine displacement is 1.6 liters, and its max- 
imum operating speed is 6000 rpm. To avoid loading the 
engine, the maximum pressure drop across the nozzle should 
not exceed 0.25 m of water. The manometer can be read to 
+0.5 mm of water. Determine the flow nozzle diameter 
that should be specified. Find the minimum rate of air flow 
that can be metered to +2 percent using this setup. 

8.200 Water at 10°C flows steadily through a venturi. The 
pressure upstream from the throat is 200 kPa (gage). The throat 
diameter is 50 mm; the upstream diameter is 100 mm. Estimate 
the maximum flow rate this device can handle without cavitation. 


8.201 Derive Eq. 8.42, the pressure loss coefficient for a 
diffuser assuming ideal (frictionless) flow. 


| 8.202 Consider a flow nozzle installation in a pipe. Apply 


the basic equations to the control volume indicated, to show 
that the permanent head loss across the meter can be 
expressed, in dimensionless form, as the head loss coefficient, 
1=A,/A, 
1+ A)/A, 


Pi7~P3 _ 
Pi~P2 


GH 


Plot C; as a function of diameter ratio, D2/Dy,. 


Flow 
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8.203 Drinking straws are to be used to improve the air flow 
in a pipe-flow experiment. Packing a section of the air pipe 
with drinking straws to form a “laminar flow element” might 
allow the air flow rate to be measured directly, and simul- 
taneously would act as a flow straightener. To evaluate this 
idea, determine (a) the Reynolds number for flow in each 
drinking straw, (b) the friction factor for flow in each straw, 
and (c) the gage pressure at the exit from the drinking 
straws. (For laminar flow in a tube, the entrance loss coef- 
ficient is Key, = 1.4 and a = 2.0.) Comment on the utility of 


this idea. 
K— L = 230 jis 


Straws (d = 3 mm) 
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8.204 In some western states, water for mining and irriga- 
tion was sold by the “miner’s inch,” the rate at which water 
flows through an opening in a vertical plank of 1 in.” area, up 
to 4 in. tall, under a head of 6 to 9 in. Develop an equation to 
predict the flow rate through such an orifice. Specify clearly 
the aspect ratio of the opening, thickness of the plank, and 
datum level for measurement of head (top, bottom, or 
middle of the opening). Show that the unit of measure varies 
from 38.4 (in Colorado) to 50 (in Arizona, Idaho, Nevada, 
and Utah) miner’s inches equal to 1 ft?/s. 


D=63.5 mm 


Q = 100 m*/hr 


8.205 The volume flow rate in a circular duct may be 
measured by “pitot traverse,” i.e., by measuring the velocity 
in each of several area segments across the duct, then sum- 
ming. Comment on the way such a traverse should be set up. 
Quantify and plot the expected error in measurement of flow 
rate as a function of the number of radial locations used in 
the traverse. 
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Part A Boundary Layers 
9.1 The Boundary-Layer Concept 
9.2 Boundary-Layer Thicknesses 
9.3 Laminar Flat-Plate Boundary Layer: Exact Solution (on the Web) 
9.4 Momentum Integral Equation 
9.5 Use of the Momentum Integral Equation for Flow with Zero Pressure Gradient 
9.6 Pressure Gradients in Boundary-Layer Flow 
Part B- Fluid Flow About Immersed Bodies 
9.7. Drag 
9.8 Lift 


9.9 Summary and Useful Equations 
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Case Study in Energy and the Environment 


Wind Power: The Magenn Air The MARS has a number of advantages over con- 
y. Rotor System (MARS) ventional three-blade wind turbines. Magenn Power 
believes it will develop power less expensively and will 
have time-averaged output much closer to its rated 
capacity than the capacity factor typical with conven- 
tional designs; it is also operable over a wide range of 
wind speeds (2 m/s to greater than about 30 m/s). 
It?s thought the efficiency will be 25 to 60 percent. 
MARS wind farms could be placed closer to demand 
centers than conventional wind turbines, reducing 
power transmission line initial costs and operation 
losses. The devices can be raised to a high altitude, 
where the winds are stronger; altitudes from about 
100 m to about 300 m above ground level are possible, 
without having to build expensive infrastructure. MARS 
are mobile, and could be very useful in emergency 
situations and in disaster relief. The 10 to 25 kW pro- 
totype shown in the figure is now undergoing tests. 


In Chapter 8’s Case Study in Energy and the 
Environment, we looked at an alternative to the three- 
bladed wind turbine farms that are cropping up all over 
the world. In this Case Study we look at a second unique 
idea for wind power, the Magenn Air Rotor System 
(MARS). Magenn Power is a company that’s been in 
business several decades and that began designing the 
Magnus Spherical Airship in 1978. The founder of 
Magenn Power, Fred Ferguson, patented the Magnus 
Airship in the 1980s. This unique airship generates extra 
lift due to the Magnus effect. We will discuss the Mag- 
nus effect in this chapter, but for now we simply state 
that the effect is one in which a lift force is generated 
whenever a sphere or cylinder rotates in a cross flow; 
the classic example is in golf, where a ball hit with 
backspin will travel much further due to the lift gener- 
ated by the spin. The airship was a large spherical 
envelope filled with helium to achieve static, buoyant 
lift. It was designed to rotate as it moved so that 
Magnus lift was generated. With Magnus lift, as we’ll 
learn in this chapter, the faster the spin or the vehicle’s 
forward motion, the larger the Magnus lift. 

The MARS shown in the rendering is a high-altitude 
lighter-than-air, tethered device that rotates about a 
horizontal axis in response to wind; it is essentially 
a horizontal-axis Savonius type of wind turbine (see 
Figure P9.97 in the problem set). Buoyancy is provided 
by the helium contained in the device, but its rotation 
also generates lift via the Magnus effect. The extra lift 
allows the device to be stabilized in flight, keeping it 
precisely located, and prevents downwind drift on its 
tether; the stronger the wind is, the greater the 
Magnus lift. Rotation of the MARS drives a generator 
inside the device, and the electrical power travels 
down the tether to a transformer at a ground station. An example of the MARS device (Picture courtesy of Magenn Power) 


External flows are flows over bodies immersed in an unbounded fluid. The flow over a 
sphere (Fig. 2.14) and the flow over a streamlined body (Fig. 2.16) are examples of 
external flows, which were discussed qualitatively in Chapter 2. More interesting 
examples are the flow fields around such objects as airfoils (Fig. 9.1), automobiles, and 
airplanes. Our objective in this chapter is to quantify the behavior of viscous, 
incompressible fluids in external flow. 

A number of phenomena that occur in external flow over a body are illustrated in the 
sketch of viscous flow at high Reynolds number over an airfoil (Fig. 9.1). The freestream 
flow divides at the stagnation point and flows around the body. Fluid at the surface takes 
on the velocity of the body as a result of the no-slip condition. Boundary layers form on both 
the upper and lower surfaces of the body. (The boundary-layer thickness on both surfaces in 
Fig. 9.1 is exaggerated greatly for clarity.) The flow in the boundary layers initially is 


7.1 The Boundary-Layer Concept 


U-Uniform velocity field upstream 


LBL- Laminar boundary layer 
—s TBL- Turbulent boundary layer 
T- Transition 
S- Separation point 


Fig. 9.1 Details of viscous flow around an airfoil. 


laminar. Transition to turbulent flow occurs at some distance from the stagnation point, 
depending on freestream conditions, surface roughness, and pressure gradient. The 
transition points are indicated by “T” in the figure. The turbulent boundary layer fol- 
lowing transition grows more rapidly than the laminar layer. A slight displacement of the 
streamlines of the external flow is caused by the thickening boundary layers on the sur- 
face. In a region of increasing pressure (an adverse pressure gradient—so called because it 
opposes the fluid motion, tending to decelerate the fluid particles) flow separation may 
occur. Separation points are indicated by “S” in the figure. Fluid that was in the boundary 
layers on the body surface forms the viscous wake behind the separation points. 

This chapter has two parts. Part A is a review of boundary-layer flows. Here we discuss 
ina little more detail the ideas introduced in Chapter 2, and then apply the fluid mechanics 
concepts we have learned to analyze the boundary layer for flow along a flat plate—the 
simplest possible boundary layer, because the pressure field is constant. We will be 
interested in seeing how the boundary-layer thickness grows, what the surface friction 
will be, and so on. We will explore a classic analytical solution for a laminar boundary 
layer, and see that we need to resort to approximate methods when the boundary layer 
is turbulent (and we will also be able to use these approximate methods for laminar 
boundary layers, to avoid using the somewhat difficult analytical method). This will 
conclude our introduction to boundary layers, except we will briefly discuss the effect of 
pressure gradients (present for all body shapes except flat plates) on boundary-layer 
behavior. 

In Part B we will discuss the force on a submerged body, such as the airfoil of 
Fig. 9.1. We will see that this force results from both shear and pressure forces acting 
on the body surface, and that both of these are profoundly affected by the fact that we 
have a boundary layer, especially when this causes flow separation and a wake. 
Traditionally the force a body experiences is decomposed into the component parallel 
to the flow, the drag, and the component perpendicular to the flow, the /ift. Because 
most bodies do have a point of separation and a wake, it is difficult to use analysis to 
determine the force components, so we will present approximate analyses and 
experimental data for various interesting body shapes. 


Part A Boundary Layers 
The Boundary-Layer Concept 


The concept of a boundary layer was first introduced by Ludwig Prandtl [1], a German 
aerodynamicist, in 1904. 
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Flow around an Airfoil. 


VIDEO 


Flow Separation on an Airfoil. 
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Prior to Prandtl’s historic breakthrough, the science of fluid mechanics had been 
developing in two rather different directions. Theoretical hydrodynamics evolved 
from Euler’s equation of motion for a nonviscous fluid (Eq. 6.1, published by Leon- 
hard Euler in 1755). Since the results of hydrodynamics contradicted many experi- 
mental observations (especially, as we saw in Chapter 6, that under the assumption of 
inviscid flow no bodies experience drag!), practicing engineers developed their own 
empirical art of hydraulics. This was based on experimental data and differed sig- 
nificantly from the purely mathematical approach of theoretical hydrodynamics. 

Although the complete equations describing the motion of a viscous fluid (the 
Navier—Stokes equations, Eqs. 5.26, developed by Navier, 1827, and independently by 
Stokes, 1845) were known prior to Prandtl, the mathematical difficulties in solving 
these equations (except for a few simple cases) prohibited a theoretical treatment of 
viscous flows. Prandtl showed [1] that many viscous flows can be analyzed by dividing 
the flow into two regions, one close to solid boundaries, the other covering the rest 
of the flow. Only in the thin region adjacent to a solid boundary (the boundary layer) 
is the effect of viscosity important. In the region outside of the boundary layer, the 
effect of viscosity is negligible and the fluid may be treated as inviscid. 

The boundary-layer concept provided the link that had been missing between 
theory and practice (for one thing, it introduced the theoretical possibility of drag!). 
Furthermore, the boundary-layer concept permitted the solution of viscous flow 
problems that would have been impossible through application of the Navier—Stokes 
equations to the complete flow field.' Thus the introduction of the boundary-layer 
concept marked the beginning of the modern era of fluid mechanics. 

The development of a boundary layer on a solid surface was discussed in Section 2.6. In 
the boundary layer both viscous and inertia forces are important. Consequently, it is not 
surprising that the Reynolds number (which represents the ratio of inertia to viscous 
forces) is significant in characterizing boundary-layer flows. The characteristic length used 
in the Reynolds number is either the length in the flow direction over which the boundary 
layer has developed or some measure of the boundary-layer thickness. 

As is true for flow in a duct, flow in a boundary layer may be laminar or turbulent. 
There is no unique value of Reynolds number at which transition from laminar to 
turbulent flow occurs in a boundary layer. Among the factors that affect boundary- 
layer transition are pressure gradient, surface roughness, heat transfer, body forces, 
and freestream disturbances. Detailed consideration of these effects is beyond the 
scope of this book. 

In many real flow situations, a boundary layer develops over a long, essentially flat 
surface. Examples include flow over ship and submarine hulls, aircraft wings, and 
atmospheric motions over flat terrain. Since the basic features of all these flows 
are illustrated in the simpler case of flow over a flat plate, we consider this first. 
The simplicity of the flow over an infinite flat plate is that the velocity U outside the 
boundary layer is constant, and therefore, because this region is steady, inviscid, and 
incompressible, the pressure will also be constant. This constant pressure is the 
pressure felt by the boundary layer—obviously the simplest pressure field possible. 
This is a zero pressure gradient flow. 

A qualitative picture of the boundary-layer growth over a flat plate is shown in 
Fig. 9.2. The boundary layer is laminar for a short distance downstream from 
the leading edge; transition occurs over a region of the plate rather than at a single 
line across the plate. The transition region extends downstream to the location where 
the boundary-layer flow becomes completely turbulent. 

For incompressible flow over a smooth flat plate (zero pressure gradient), in the 
absence of heat transfer, transition from laminar to turbulent flow in the boundary 
layer can be delayed to a Reynolds number, Re, = pUx/y, greater than one million if 


'Today, computer solutions of the Navier-Stokes equations are common. 
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U 
Laminar > ole Turbulent 
Transition 
Fig. 9.2 Boundary layer on a flat plate (vertical thickness exaggerated greatly). VIDEO 


external disturbances are minimized. (The length x is measured from the leading — Laminar and Turbulent Boundary Layers. 
edge.) For calculation purposes, under typical flow conditions, transition usually is 
considered to occur at a length Reynolds number of 500,000. For air at standard 
conditions, with freestream velocity U = 30 m/s, this corresponds to x = 0.24 m. In the 
qualitative picture of Fig. 9.2, we have shown the turbulent boundary layer growing 
faster than the laminar layer. In later sections of this chapter we shall show that this is 
indeed true. 
In the next section we discuss various ways to quantify the thickness of a boundary 
layer. 


Boundary-Layer Thicknesses 9.2 


The boundary layer is the region adjacent to a solid surface in which viscous stresses are 
present, as opposed to the free stream where viscous stresses are negligible. These VIDEO 
stresses are present because we have shearing of the fluid layers, i.e., a velocity gra- 
dient, in the boundary layer. As indicated in Fig. 9.2, both laminar and turbulent — Growin of he Boundary Layer. 
layers have such gradients, but the difficulty is that the gradients only asymptotically 
approach zero as we reach the edge of the boundary layer. Hence, the location of the 
edge, i.e., of the boundary-layer thickness, is not very obvious—we cannot simply 
define it as where the boundary-layer velocity uw equals the freestream velocity U. 
Because of this, several boundary-layer definitions have been developed: the dis- 
turbance thickness 6, the displacement thickness 6*, and the momentum thickness 06. 
(Each of these increases as we move down the plate, in a manner we have yet to 
determine.) 

The most straightforward definition is the disturbance thickness, 6. This is usually 
defined as the distance from the surface at which the velocity is within 1 percent of the VIDEO 
free stream, u ~ 0.99U (as shown in Fig. 9.35). The other two definitions are based on 
the notion that the boundary layer retards the fluid, so that the mass flux and = ggfeet of Viscosity on Boundary Layer 
momentum flux are both less than they would be in the absence of the boundary layer. =." 
We imagine that the flow remains at uniform velocity U, but the surface of the plate is 
moved upwards to reduce either the mass or momentum flux by the same amount that 
the boundary layer actually does. The displacement thickness, 6*, is the distance the 
plate would be moved so that the loss of mass flux (due to reduction in uniform flow 
area) is equivalent to the loss the boundary layer causes. The mass flux if we had no 
boundary layer would be [,” pU dy w, where w is the width of the plate perpendicular 
to the flow. The actual flow mass flux is i pu dy w. Hence, the loss due to the 
boundary layer is [,° p(U —u) dy w. If we imagine keeping the velocity at a constant 
U, and instead move the plate up a distance 6* (as shown in Fig. 9.3a), the loss of mass 
flux would be pU6* w. Setting these losses equal to one another gives 


pUudé* w = | p(U —u)dyw 
0 
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U U 
> 0.99 U 
eae (in mass flux) | § u (in 
5° momentum 
flux) 
(a) Displacement thickness, 6* (b) Disturbance thickness, 6 (c) Momentum thickness, 0 


Fig. 9.3 Boundary-layer thickness definitions. 


For incompressible flow, p = constant, and 


w= [(1-ae f(i- 4a (9.1) 


Since u = U at y = 6, the integrand is essentially zero for y = 6. Application of the 
displacement-thickness concept is illustrated in Example 9.1. 

The momentum thickness, 0, is the distance the plate would be moved so that the 
loss of momentum flux is equivalent to the loss the boundary layer actually causes. 
The momentum flux if we had no boundary layer would be ihe puU dy w (the actual 
mass flux is i pu dy w, and the momentum per unit mass flux of the uniform flow is 
U itself). The actual momentum flux of the boundary layer is [,” pu? dy w. Hence, the 
loss of momentum in the boundary layer is [,° pu(U — u) dy w. If we imagine keeping 
the velocity at a constant U, and instead move the plate up a distance @ (as shown in 
Fig. 9.3c), the loss of momentum flux would be iL pUU dy w = pU? ow. Setting these 
losses equal to one another gives 


pure = | pu(U — u) dy 
0 


and 


a= fo Ha-Ha f ¥(1- ay (9.2) 


Again, the integrand is essentially zero for y = 6. 

The displacement and momentum thicknesses, 6* and 0, are integral thicknesses, 
because their definitions, Eqs. 9.1 and 9.2, are in terms of integrals across the 
boundary layer. Because they are defined in terms of integrals for which the integrand 
vanishes in the freestream, they are appreciably easier to evaluate accurately 
from experimental data than the boundary-layer disturbance thickness, 6. This fact, 
coupled with their physical significance, accounts for their common use in specifying 
boundary-layer thickness. 

We have seen that the velocity profile in the boundary layer merges into the local 
freestream velocity asymptotically. Little error is introduced if the slight difference 
between velocities at the edge of the boundary layer is ignored for an approximate 
analysis. Simplifying assumptions usually made for engineering analyses of boundary- 
layer development are: 


l.u—7> Uaty=6 
2. Ouldy > Oaty=6 
3. v « U within the boundary layer 
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Results of the analyses developed in the next two sections show that the boundary 
layer is very thin compared with its development length along the surface. Therefore it 
is also reasonable to assume: 


4. Pressure variation across the thin boundary layer is negligible. The freestream 
pressure distribution is impressed on the boundary layer. 


aay ai BOUNDARY LAYER IN CHANNEL FLOW 


A laboratory wind tunnel has a test section that is 305 mm square. Boundary-layer velocity profiles are measured at 
two cross-sections and displacement thicknesses are evaluated from the measured profiles. At section (1), where the 
freestream speed is U; = 26 m/s, the displacement thickness is oe = 1.5 mm. At section Q), located downstream from 
section (1), 65 = 2.1 mm. Calculate the change in static pressure between sections CD) and @). Express the result as a 
fraction of the freestream dynamic pressure at section (1). Assume standard atmosphere conditions. 


Given: Flow of standard air in laboratory wind tunnel. Test section is L = 305 mm square. Displacement thick- 
nesses are 6; = 1.5 mm and 6, = 2.1 mm. Freestream speed is U, = 26 m/s. 


Find: Change in static pressure between sections (1) and (). (Express as a fraction of freestream dynamic pressure 
at section (1).) 


Solution: 

The idea here is that at each location the boundary-layer displacement thickness effectively reduces the area of 
uniform flow, as indicated in the following figures: Location @) has a smaller effective flow area than location (1) 
(because 6, > 6;). Hence, from mass conservation the uniform velocity at location @) will be higher. Finally, from the 
Bernoulli equation the pressure at location @) will be lower than that at location (1). 


(a) Actual velocity profile (b) Hypothetical velocity profile (c) Cross section of 
wind tunnel 


Apply the continuity and Bernoulli equations to freestream flow outside the boundary-layer displacement thickness, 
where viscous effects are negligible. 


Governing equations: 


= 0(1) 
of pay +f pV-dd =0 (4.12) 
cy cs 
Pp, , Vi Sieg is 4.24 
AD * 9 ae * gf ae 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 
(3) Flow uniform at each section outside 6*. 
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(4) Flow along a streamline between sections (1) and (2). 
(5) No frictional effects in freestream. 
(6) Negligible elevation changes. 


From the Bernoulli equation we obtain 


— 


1 
Dios Va — Vi) = 5 (U2 - Ui) = =U; 


or 


i aay ee iS) on 
xpUt Ui 
From continuity, V, Ay = U, A, = V2 Az = U2 Az, so U2/U; = A,/Ao, 
where A = (L — 26*)* is the effective flow area. Substituting gives 


ao 2 _ ane 
Dio mead \ eee eee Nee 20) 
ia cas), all eevee 
pU; ; 


i (L— 263)” 
s 4 
[2 — Ox 305 = (11-5) 
= —1 = 0.0161 
cme Ee =5o ars 
5 pu, 
Pi P2 
BU Re 1.61 percent ~ 2a 
Le 
5 pu; 


7.3 Laminar Flat-Plate Boundary Layer: 
Exact Solution (on the Web) 


9.4. Momentum Integral Equation 


Blasius’ exact solution, discussed in Section 9.3 (on the Web), analyzed a laminar 
boundary layer ona flat plate. Even this simplest case (i.e., constant freestream velocity 
U and pressure p, laminar flow) involved a rather subtle mathematical transformation of 
two differential equations. The solution was based on the insight that the laminar 
boundary-layer velocity profile is self-similar—only its scale changes as we move along 
the plate. Numerical integration was necessary to obtain results for the boundary-layer 
thickness 6(x), velocity profile u/U versus y/6, and wall shear stress 7,,(x). 

We would like to obtain a method for analyzing the general case—that is, for 
laminar and turbulent boundary layers, for which the freestream velocity U(x) 
and pressure p(x) are known functions of position along the surface x (such as on the 
curved surface of an airfoil or on the flat but divergent surfaces of a flow diffuser). 
The approach is one in which we will again apply the basic equations to a control 
volume. The derivation, from the mass conservation (or continuity) equation and the 
momentum equation, will take several pages. 

Consider incompressible, steady, two-dimensional flow over a solid surface. The 
boundary-layer thickness, 6, grows in some manner with increasing distance, x. 


7.4 Momentum Integral Equation 429 


-- 


Ux) —-— Co Leeeor = 


Kk— dx ——>| 


Fig. 9.4 Differential control volume in a boundary 
layer. 


For our analysis we choose a differential control volume, of length dx, width w, and 
height 6(x), as shown in Fig. 9.4. The freestream velocity is U(x). 

We wish to determine the boundary-layer thickness, 6, as a function of x. There will 
be mass flow across surfaces ab and cd of differential control volume abcd. What 
about surface bc? Surface bc is not a streamline (we showed this in Example 9.2, on 
the Web); it is the imaginary boundary that separates the viscous boundary layer 
and the inviscid freestream flow. Thus there will be mass flow across surface bc. Since 
control surface ad is adjacent to a solid boundary, there will not be flow across ad. 
Before considering the forces acting on the control volume and the momentum fluxes 
through the control surface, let us apply the continuity equation to determine the mass 
flux through each portion of the control surface. 


a. Continuity Equation 
Basic equation: 
=) 


al pdVv a pV-dA =0 (4.12) 
Pi cs 


Assumptions: (1) Steady flow. 
(2) Two-dimensional flow. 


Then 
| pV aA =0 
cs 
Hence 
Mab +Mpe+Meq = O 
or 


M pe = —Map —M cq 


Now let us evaluate these terms for the differential control volume of width w: 


Surface Mass Flux 


ab Surface ab is located at x. Since the flow is two-dimensional (no variation with 
z), the mass flux through ab is 


? 
Mab =-{/ pudy\ w 
0 


cd Surface cd is located at x + dx. Expanding m in a Taylor series about location x, 
we obtain 


om 
ml ae 


Mx +dx = My, + 
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and hence 


; 6 ra) é 
nea = { f pudy+ | f pudy ax} w 


be Thus for surface bc we obtain, from the continuity equation and the above 


results, 
6 
Myo = {5 | | pu dy ax} w 
Ox 0 


(Note that the velocity u and boundary-layer thickness 6, the upper limit on the 
integral, both depend on x.) 

Now let us consider the momentum fluxes and forces associated with control 
volume abcd. These are related by the momentum equation. 


b. Momentum Equation 
Apply the x component of the momentum equation to control volume abcd: 


Basic equation: 
= 0(3) = 0(1) 


rat haf | updV¥ oy upV-dA (4.18a) 
cv cs 


Assumption: (3) Fz = 0. 
Then 


Fy _ mf, + mf,,. + mf,4 


where mf represents the x component of momentum flux. 

To apply this equation to differential control volume abcd, we must obtain 
expressions for the x momentum flux through the control surface and also the surface 
forces acting on the control volume in the x direction. Let us consider the momentum 
flux first and again consider each segment of the control surface. 


Surface Momentum Flux (mf) 


ab Surface ab is located at x. Since the flow is two-dimensional, the x momentum 


flux through ab is 
6 
mf,, = -{ | u pudy w 
0 


cd Surface cd is located at x + dx. Expanding the x momentum flux (mf) in a 
Taylor series about location x, we obtain 


or 
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be Since the mass crossing surface be has velocity component U in the x direction, 
the x momentum flux across bc is given by 


mf;,, = Um». 


ra) é 
mf, = -uf | i pu ay) ax 
Ox 0 


From the above we can evaluate the net x momentum flux through the control 
surface as 


Collecting terms, we find that 


_ 3 ra) 6 r,) é 
| upV. dA = <— [ u pudy| dx — U— | pu dy| dx pw 
cs Ox | Jo dx | Jo 


Now that we have a suitable expression for the x momentum flux through the control 
surface, let us consider the surface forces acting on the control volume in the 
x direction. (For convenience the differential control volume has been redrawn in 
Fig. 9.5.) Note that surfaces ab, bc, and cd all experience normal forces (i.e., pressure) 
that generate force in the x direction. In addition, a shear force acts on surface ad. 
Since, by definition of the boundary layer, the velocity gradient goes to zero at the 
edge of the boundary layer, the shear force acting along surface bc is negligible. 


Surface Force 
ab If the pressure at x is p, then the force acting on surface ab is given by 
F ab — P wé 


[The boundary layer is very thin; its thickness has been greatly exaggerated in 
all the sketches we have made. Because it is thin, pressure variations in the 
y direction may be neglected, and we assume that within the boundary layer, 


p = p(x) only.] 


cd Expanding in a Taylor series, the pressure at x + dx is given by 
dp 
Pxt+dx = pt oy ax 
The force on surface cd is then given by 


dp 
Fi. = + + 
cd (> | ax) w(6 dé) 


be The average pressure acting over surface bc is 


Then the x component of the normal force acting over bc is given by 


1 dp 
= ae S* 
Frye (» 5 Al ax) wd 


ad The average shear force acting on ad is given by 


Pua = — (x. + ; dr w dx 


dx ———~ 


Fig. 9.5 Differential control 
volume. 
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Summing these x components, we obtain the total force acting in the x direction on 
the control volume, 


_|_4p _ldp = anil | 
Fy. | oe 5 chk a T,, dX LanLis w 


where we note that dx dé « 6 dx anddty <« Ty, and so neglect the second and fourth 
terms. 

Substituting the expressions, for [Qu pV. dA and Fs into the x momentum 
equation (Eq. 4.18a), we obtain 


5 F 
AE eo, w= = | u pu dy Fee ee | pu dy| dx > w 
dx Ox | Jo Ox | Jo 


Dividing this equation by w dx gives 


dp eae o f° 
o. Tw =f u pu dy us | may (9.16) 


Equation 9.16 is a “momentum integral” equation that gives a relation between the x 
components of the forces acting in a boundary layer and the x momentum flux. 

The pressure gradient, dp/dx, can be determined by applying the Bernoulli equa- 
tion to the inviscid flow outside the boundary layer: dp/dx = —pU dU/dx. If we 
recognize that 6 = 7. dy, then Eq. 9.16 can be written as 


a f° a f dU f° 
=—_ +U — +— 
a ax | u pudy Us, | pu dy Fr | pu dy 


Since 

O ° O : du f° 

us, | may= 5 | pul dy~ = | pu dy 
we have 

a i du f° 

=. - + — - 

Tw 5 ff outu u) dy ae ji p(U —u) dy 
and 


oo RY Lob pare [ote 


Using the definitions of displacement thickness, 6* (Eq. 9.1), and momentum thick- 
ness, 0 (Eq. 9.2), we obtain 


dU 
dx 


Tw 


TS — (U70) + 6*U (9.17) 


Equation 9.17 is the momentum integral equation. This equation will yield an ordinary 
differential equation for boundary-layer thickness 6 as a function of x. Where does 6 
appear in Eq. 9.17? It appears in the upper limits of the integrals that define 6* and 0! 
All we need to do is provide a suitable expression for the velocity profile u/U and 
somehow relate the wall stress 7, to other variables—not necessarily easy tasks! Once 
the boundary-layer thickness is determined, expressions for the momentum thickness, 
displacement thickness, and wall shear stress can then be obtained. 
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Equation 9.17 was obtained by applying the basic equations (continuity and 
x momentum) to a differential control volume. Reviewing the assumptions we made 
in the derivation, we see that the equation is restricted to steady, incompressible, two- 
dimensional flow with no body forces parallel to the surface. 

We have not made any specific assumption relating the wall shear stress, 7,,, to the 
velocity field. Thus Eq. 9.17 is valid for either a laminar or turbulent boundary-layer 
flow. In order to use this equation to estimate the boundary-layer thickness as a 
function of x, we must first: 


1. Obtain a first approximation to the freestream velocity distribution, U(x). This is 
determined from inviscid flow theory (the velocity that would exist in the absence 
of a boundary layer) and depends on body shape. 


2. Assume a reasonable velocity-profile shape inside the boundary layer. 
3. Derive an expression for 7,, using the results obtained from item 2. 

To illustrate the application of Eq. 9.17 to boundary-layer flows, we consider first the 
case of flow with zero pressure gradient over a flat plate (Section 9.5)—the results we 


obtain for a laminar boundary layer can then be compared to the exact Blasius results. 
The effects of pressure gradients in boundary-layer flow are then discussed in Section 9.6. 


Use of the Momentum Integral Equation jor 75 
Flow with Zero Pressure Gradient 


For the special case of a flat plate (zero pressure gradient) the freestream pressure p 
and velocity U are both constant, so for item 1 we have U(x) = U = constant. 
The momentum integral equation then reduces to 


do d Oh u 
= 2 = 2 
Ty = pU pU | (1 ) dy (9.18) 


The velocity distribution, u/U, in the boundary layer is assumed to be similar for all 
values of x and normally is specified as a function of y/é. (Note that u/U is dimen- 
sionless and 6 is a function of x only.) Consequently, it is convenient to change the 
variable of integration from y to y/é6. Defining 


ars 
as 
we get 
dy = é6dn 


and the momentum integral equation for zero pressure gradient is written 


do 


Tw = pu" 


= pU? 


dé pa u 


dx Jy U 7 a ae) 


We wish to solve this equation for the boundary-layer thickness as a function of x. 
To do this, we must satisfy the remaining items: 


2. Assume a velocity distribution in the boundary layer—a functional relationship of 
the form 
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a. The assumed velocity distribution should satisfy the following approximate 
physical boundary conditions: 


at y = 0, u=0 
at y = 6, u=U 

Ou 
ty=6, — =0 
at y > By 


b. Note that once we have assumed a velocity distribution, from the definition of 
the momentum thickness (Eq. 9.2), the numerical value of the integral in Eq. 
9.19 is simply 


1 
i (A 7) 4n = : = constant = 3 


and the momentum integral equation becomes 
dé 
Tw = pU a B 
x 


3. Obtain an expression for 7,, in terms of 6. This will then permit us to solve for 6(x), 
as illustrated below. 


Laminar Flow 


For laminar flow over a flat plate, a reasonable assumption for the velocity profile is a 
polynomial in y: 


u=atbytcy’ 
The physical boundary conditions are: 


at y = 0, u=0 
at y = 6, u=U 


aty=6, wa =0 
Evaluating constants a, b, and c gives 


5 =2@)-() =2-¥ 20 


Equation 9.20 satisfies item 2. For item 3, we recall that the wall shear stress is given by 


_ 
Tw Moy iy 


Substituting the assumed velocity profile, Eq. 9.20, into this expression for 7,, gives 


_ Ou _ Ud(u/U) — pUd(u/U) 
us wl . 6O(y/6) - é dn ho 


or 
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Note that this shows that the wall stress 7,, is a function of x, since the boundary-layer 
thickness 6 = 6(x). Now that we have completed items 1, 2, and 3, we can return to the 
momentum integral equation 


dé flu u 
— 2 
Ty, = pU =f n(t )dn (9.19) 


Substituting for 7,, and u/U, we obtain 


2uU > dé [ i 
5 pu i (2n — 7° )(1 — 2 + 1°) dr 
or 
2uU — dé 


1 
= — | (2n — 51° + Ai? - n*) dn 


Integrating and substituting limits yields 


or 6dé6= IH 


2 _ 2 dé 
dx pU 


épU 15 


which is a differential equation for 6. Integrating again gives 


If we assume that 6 = 0 at x = 0, then c = 0, and thus 


30x 
6 5/— 
pu 


Note that this shows that the laminar boundary-layer thickness 6 grows as \/x; it has a 
parabolic shape. Traditionally this is expressed in dimensionless form: VIDEO 


Examples of Boundary Layer Growth. 


6/30 5.48 ee) 


BG pUx \/Re, 


Equation 9.21 shows that the ratio of laminar boundary-layer thickness to dis- 
tance along a flat plate varies inversely with the square root of length Reynolds 
number. It has the same form as the exact solution derived from the complete dif- 
ferential equations of motion by H. Blasius in 1908. Remarkably, Eq. 9.21 is only in 
error (the constant is too large) by about 10 percent compared with the exact 
solution (Section 9.3 on the Web). Table 9.2 summarizes corresponding results 
calculated using other approximate velocity profiles and lists results obtained from 
the exact solution. (The only thing that changes in the analysis when we choose a 
different velocity profile is the value of 3 in t,, = pU7d65/dx in item 2b on page 434.) 
The shapes of the approximate profiles may be compared readily by plotting u/U 
versus y/6. 

Once we know the boundary-layer thickness, all details of the flow may be 
determined. The wall shear stress, or “skin friction,” coefficient is defined as 
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Table 7.2 


Results of the Calculation of Laminar Boundary-Layer Flow over a Flat Plate at Zero Incidence 
Based on Approximate Velocity Profiles 


Velocity Distribution Constant a in Constant b in 
u y i) o* 6* 6 a eB 
aie — S|} = =_ ae H — ae 3 
gf (5) F() v= 5 @ x VRe, ” Ope 
fn =n 1 i 3.00 3.46 0.577 

6 f 
fm) = 2n - 9 2 i 2.50 5.48 0.730 

15 3 

ae! 

= 0a 39 3 2.69 4.64 0.647 

280 8 
Aa) = 2n = 2 ay 37 a 2.55 5.84 0.685 

315 10 

at T 
f(n) = sin é n) 4-n 2-2 ~~ 2.66 4.80 0.654 
2 = alts 

20 T 

Exact 0.133 0.344 2.59 5.00 0.664 
Tj 
G=r>> (9.22) 
7 pU? 


Substituting from the velocity profile and Eq. 9.21 gives 


em _ 2(U/6) _ 46 _, HX _, 1 VRe 
5 pU? 5 pU? pU6 pUx 6 Re, 5.48 
Finally, 
0.730 
= 9.23 
G Re (9.23) 


Once the variation of 7, is known, the viscous drag on the surface can be evaluated by 
integrating over the area of the flat plate, as illustrated in Example 9.3. 

Equation 9.21 can be used to calculate the thickness of the laminar boundary layer 
at transition. At Re, = 5 X 10°, with U = 30 m/s, for example, x = 0.24 m for air at 
standard conditions. Thus 


ee ee ee 


x VRe  /5x10° 


and the boundary-layer thickness is 


6 = 0.00775x = 0.00775(0.24m) = 1.86mm 


The boundary-layer thickness at transition is less than 1 percent of the develop- 
ment length, x. These calculations confirm that viscous effects are confined to a very 
thin layer near the surface of a body. 

The results in Table 9.2 indicate that reasonable results may be obtained with a 
variety of approximate velocity profiles. 
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eae 93 CAMINAR BOUNDARY LAYER ON A FLAT PLATE: APPROXIMATE 


SOLUTION USING SINUSOIDAL VELOCITY PROFILE 


Consider two-dimensional laminar boundary-layer flow along a flat plate. Assume the velocity profile in the 
boundary layer is sinusoidal, 


Find expressions for: 


(a) The rate of growth of 6 as a function of x. 
(b) The displacement thickness, 6*, as a function of x. 
(c) The total friction force on a plate of length L and width b. 


Given: Two-dimensional, laminar boundary-layer flow along a flat plate. The boundary-layer velocity profile is 
= sin (5 *) for O=y=6 


and 


u 
—=1 f >6 
U or y 


Find: (a) d(x). (b) 6*(x). 
(c) Total friction force on a plate of length L and width b. 


Solution: 
For flat plate flow, U = constant, dp/dx = 0, and 
dé dé fu u 
NO ee 1 d 19 
i pU ee pU ae ih = = n (9.19) 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 


Substituting a = sin on into Eq. 9.19, we obtain 


1 il 
ry = pur Sf anol ingnlan= 0 df [ing sie 5) 


1 
= $2 on} 5 nt json =r B21 j+or0-d 


dx i D2 dx 7 
0 


dé 


i Onaga uo pple —~ B—0.137 
dx dx 
Now 
i = 05 = 15 oR | aye 50085 7uU 
OY | y=0 6 O(y/6) | y=0 6 2 2 ry 26 
Therefore, 
eee 
ae 5 0.137pU oe 


Separating variables gives 


bb 
jah) = 10S a 
pU . 
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Integrating, we obtain 


& be 
= = IIS xt 
5) 5 AG ear € 
But c = 0, since 6 = 0 at x = 0, so 
Xp 
= ,/ 23.0 = 
6 3.0 A 
or 
6 =48 Be fe é d(x) 
ie pUx /Re, 


The displacement thickness, 6*, is given by 


: u 
* = —- — 
6 f [ U dn 
‘ eT 
=6/ [ang dn 


+= fi-o40-2 -6hi-3 
TT TT 


i 
lo 
ee | 
3 
+ 
AIN 
2) 

(S) 

Nn 

NI 
ee, 
a 


Since, from part (a), 


0 280 
G V Re, 
then 
ae 1- 2\ 4.80 _ 1.74 5*(x) 
Xs TT) Re, V/ Re, as 
The total friction force on one side of the plate is given by 
Fe= | Ty dA 
Ap 


Since dA = b dx and0 = x S L, then 


Yb, Bs dé O 
F= | Faplaihe = | UP Salih = pu°b | dO = pU*b6, 
0 0 0 


dx 
& y Uu yp u 
a= f a(-g)o-0fo(-§ dn = G6, 
4.80L 
From part (a), @ = 0.137 and 6, = Re so 
F= 0.658pU7bL F 


V Re, 
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Turbulent Flow 


For the flat plate, we still have for item 1 that U = constant. As for the laminar 
boundary layer, we need to satisfy item 2 (an approximation for the turbulent velocity 
profile) and item 3 (an expression for 7,,) in order to solve Eq. 9.19 for 6(x): 


dé fl u u 
_ 2, 
Ty = pU? | n(t mi) dn (9.19) 


Details of the turbulent velocity profile for boundary layers at zero pressure gradient 
are very similar to those for turbulent flow in pipes and channels. Data for turbulent 
boundary layers plot on the universal velocity profile using coordinates of @/u versus 
yu+/v, as shown in Fig. 8.9. However, this profile is rather complex mathematically for 
easy use with the momentum integral equation. The momentum integral equation is 
approximate; hence, an acceptable velocity profile for turbulent boundary layers on 
smooth flat plates is the empirical power-law profile. An exponent of 7 is typically used 
to model the turbulent velocity profile. Thus 


es (%)"” ll (9.24) 


However, this profile does not hold in the immediate vicinity of the wall, since at the 
wall it predicts du/dy = «©. Consequently, we cannot use this profile in the definition 
of T,, to obtain an expression for 7, in terms of 6 as we did for laminar boundary-layer 
flow. For turbulent boundary-layer flow we adapt the expression developed for 
pipe flow, 


0.25 
Tw = 0.0332pV" | (8.39) 
RV 


For a 4-power profile in a pipe, Eq. 8.24 gives V/U = 0.817. Substituting V = 0.817U 
and R = 6 into Eq. 8.39, we obtain 
2 2( uv yu" 
Tw = 0.0233pU ( a =) (9.25) 


Substituting for 7,, and u/U into Eq. 9.19 and integrating, we obtain 


pyle dé ff? 4 7 dé 
= /T (4 — 73/7 = 
See Ga dx fl pee a 72 dx 


Thus we obtain a differential equation for 6: 
1/4 
61/4 dd = 0.240 (F) ax 


Integrating gives 


4 5/4 _ v\ 1/4 
= 6 = 0.240 (=) tte 


If we assume that 6 ~ 0 at x = 0 (this is equivalent to assuming turbulent flow from 
the leading edge), then c = 0 and 


§ = 0.382 (=) MP A/5 
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Note that this shows that the turbulent boundary-layer thickness 6 grows as x*/; it 
grows almost linearly (recall that 6 grows more slowly, as \/x, for the laminar 
boundary layer). Traditionally this is expressed in dimensionless form: 


v\W5 0,382 
= 0.382(4) " = nae (9.26) 


Using Eq. 9.25, we obtain the skin friction coefficient in terms of 6: 


T, py \1/4 
= —"_ = (0466 (— 
o> Tore (as) 
Substituting for 6, we obtain 
Tw _ 0.0594 


T= Tp? ~ “Rell ee 


Experiments show that Eq. 9.27 predicts turbulent skin friction on a flat plate very 
well for 5 X 10° < Re, < 10’. This agreement is remarkable in view of the approx- 
imate nature of our analysis. 

Application of the momentum integral equation for turbulent boundary-layer flow 
is illustrated in Example 9.4. 


ample 7 T BOUNDARY LAYER ON A FLAT PLATE: APPROXIMATE 
SOLUTION US 7POWER VELOCITY PROFILE 


Water flows at U = 1 m/s past a flat plate with L = 1 m in the flow direction. The boundary layer is tripped so it 
becomes turbulent at the leading edge. Evaluate the disturbance thickness, 6, displacement thickness, 6*, and wall 
shear stress, T,,, at x = L. Compare with laminar flow maintained to the same position. Assume a 4-power turbulent 
velocity profile. 


Given: Flat-plate boundary-layer flow; turbulent flow from the leading edge. Assume 7-power velocity profile. 


Find: (a) Disturbance thickness, 6;. 
(b) Displacement thickness, 57. 
(c) Wall shear stress, 7,,(L). 
(d) Comparison with results for laminar flow from the leading edge. 


Solution: 
Apply results from the momentum integral equation. 


Governing equations: 


6 0.382 
era (9.26) 

5* = [ (1- Fay (9.1) 
T _ 0.0594 oon 


es 5 pU? Rel! 
Atx =f withy — 1.00 < 10°° m/s for water (T = 20°C), 
UL 


Ry = == = 12 <i = 
V Ss 10 ° m2 


6 
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From Eq. 9.26, 
0.382 0.382 
as Ui 61/5 X1m =0.0241m or 6, = 241mm ~ bp 
Re; (10°) 


Using Eq. 9.1, with u/U = (y/5)"7 = 7", we obtain 


‘ ns u ay y y 7 
i= | 1-t)ay= af (F)a(2) = 5. f (1a) dy = 8 — —7f/7 
ie i ss Lf (5 5 uj n'!7) dn LI7~ gl 


1 


0 


» 6 241mm _ bp 
bp = -g = —g— = 301mm < 
Teixoynal IEG), S27/, 
ees = 0.00375 
(10°)h > 
ier il kg ame Nes? 
= = = aX x (il x 
Ty = C 5 eu 0.00375 5 9993 (1) 2 eo 


Fe = ON Tw(L) 


For laminar flow, use Blasius solution values. From Eq. 9.13 (on the Web), 


50) 5.0 
or = Lh, = < ili = ©, ‘ 
IL, Re (10%) TR m=0.005m or 5.00mm 


From Example 9.2, 6*/6 = 0.344, so 
*—= 0.344 6 = 0.344X5.0mm = 1.72mm 


0.664 
F Eq. 9.15, G = ; 
rom Eq G me so 
Ie 20.664. I kg om? _ N-s* D 
ea = Say Oh — ai 
Typ = 5 pU ro) 999 3 (1) rae 0.332 N/m 
Comparing values at x = L, we obtain 
Disturbance thickness, Chaptlent 2 2m 4.82 
Olina 5.00 mm 
Displacement thickness, Stusbulent Se 75 
laminar 172m 
w, tur en il. a 
Wall shear stress, —”turbulent _ SE 5.63 


Ty, laminar 0.332 N/m? 


Summary of Results for Boundary-Layer Flow 
with Zero Pressure Gradient 


Use of the momentum integral equation is an approximate technique to predict boundary- 
layer development; the equation predicts trends correctly. Parameters of the laminar 
boundary layer vary as Re, /; those for the turbulent boundary layer vary as Re, !/>. Thus 
the turbulent boundary layer develops more rapidly than the laminar boundary layer. 
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7.6 


VIDEO 


Flow Separation: Sudden Expansion. 


VIDEO 


Flow Separation: Airfoil. 


Laminar and turbulent boundary layers were compared in Example 9.4. Wall shear 
stress is much higher in the turbulent boundary layer than in the laminar layer. This is 
the primary reason for the more rapid development of turbulent boundary layers. 

The agreement we have obtained with experimental results shows that use of the 
momentum integral equation is an effective approximate method that gives us con- 
siderable insight into the general behavior of boundary layers. 


Pressure Gradtents in Boundary-Layer Flow 


The boundary layer (laminar or turbulent) with a uniform flow along an infinite flat 
plate is the easiest one to study because the pressure gradient is zero—the fluid 
particles in the boundary layer are slowed only by shear stresses, leading to boundary- 
layer growth. We now consider the effects caused by a pressure gradient, which will be 
present for all bodies except, as we have seen, a flat plate. 

A favorable pressure gradient is one in which the pressure decreases in the flow 
direction (i.e., Op/Ox < 0); it is called favorable because it tends to overcome the 
slowing of fluid particles caused by friction in the boundary layer. This pressure 
gradient arises when the freestream velocity U is increasing with x, for example, in 
the converging flow field in a nozzle. On the other hand, an adverse pressure gradient 
is one in which pressure increases in the flow direction (i.e., 0p/Ox > 0); it is called 
adverse because it will cause fluid particles in the boundary-layer to slow down at a 
greater rate than that due to boundary-layer friction alone. If the adverse pressure 
gradient is severe enough, the fluid particles in the boundary layer will actually be 
brought to rest. When this occurs, the particles will be forced away from the body 
surface (a phenomenon called flow separation) as they make room for following 
particles, ultimately leading to a wake in which flow is turbulent. Examples of this are 
when the walls of a diffuser diverge too rapidly and when an airfoil has too large an 
angle of attack; both of these are generally very undesirable! 

This description, of the adverse pressure gradient and friction in the boundary layer 
together forcing flow separation, certainly makes intuitive sense; the question arises 
whether we can more formally see when this occurs. For example, can we have flow 
separation and a wake for uniform flow over a flat plate, for which Op/dx = 0? We can 
gain insight into this question by considering when the velocity in the boundary layer 
will become zero. Consider the velocity u in the boundary layer at an infinitesimal 
distance Ay above the plate. This will be 


Ou Ou 
yey =mte) AVS) Ay 


where up = 0 is the velocity at the surface of the plate. It is clear that u,—,, will be 
zero (i.e., separation will occur) only when Ou/Oy),-9 = 0. Hence, we can use this as 
our litmus test for flow separation. We recall that the velocity gradient near the 
surface in a laminar boundary layer, and in the viscous sublayer of a turbulent 
boundary layer, was related to the wall shear stress by 


Ou 
Ty = a... 
. oy y=0 


Further, we learned in the previous section that the wall shear stress for the flat plate 
is given by 


T(x) _ constant 
pU? Re, 
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for a laminar boundary layer and 


Tw(x) _ constant 
pU? Rel/> 


for a turbulent boundary layer. We see that for the flow over a flat plate, the wall 
stress is always T,, > 0. Hence, Ou/Oy) =o > 0 always; and therefore, finally, uy, > 0 
always. We conclude that for uniform flow over a flat plate the flow never separates, 
and we never develop a wake region, whether the boundary layer is laminar or tur- 
bulent, regardless of plate length. 

We conclude that flow will not separate for flow over a flat plate, when Op/Ox = 0. 
Clearly, for flows in which 0p/Ox < 0 (whenever the freestream velocity is increasing), 
we can be sure that there will be no flow separation; for flows in which 0p/O0x > 0 (i.e., 
adverse pressure gradients) we could have flow separation. We should not conclude 
that an adverse pressure gradient always leads to flow separation and a wake; we have 
only concluded that it is a necessary condition for flow separation to occur. 

To illustrate these results consider the variable cross-sectional flow shown in Fig. 9.6. 
Outside the boundary layer the velocity field is one in which the flow accelerates 
(Region 1), has a constant velocity region (Region 2), and then a deceleration region 
(Region 3). Corresponding to these, the pressure gradient is favorable, zero, and 
adverse, respectively, as shown. (Note that the straight wall is not a simple flat plate—it 
has these various pressure gradients because the flow above the wall is not a uniform 
flow.) From our discussions above, we conclude that separation cannot occur in Region 
1 or 2, but can (as shown) occur in Region 3. Could we avoid flow separation in a device 
like this? Intuitively, we can see that if we make the divergent section less severe, we 
may be able to eliminate flow separation. In other words, we may eliminate flow 
separation if we make the adverse pressure gradient Op/Ox small enough. The final 
question remaining is how small the adverse pressure gradient needs to be to accom- 
plish this. This, and a more rigorous proof that we must have Op/Ox > 0 for a chance of 
flow separation, is beyond the scope of this text [3]. We conclude that flow separation is 
possible, but not guaranteed, when we have an adverse pressure gradient. 

The nondimensional velocity profiles for laminar and turbulent boundary-layer 
flow over a flat plate are shown in Fig. 9.7a. The turbulent profile is much fuller (more 
blunt) than the laminar profile. At the same freestream speed, the momentum flux 
within the turbulent boundary layer is greater than within the laminar layer (Fig. 9.7b). 
Separation occurs when the momentum of fluid layers near the surface is reduced to zero 
by the combined action of pressure and viscous forces. As shown in Fig. 9.7b, the 
momentum of the fluid near the surface is significantly greater for the turbulent profile. 


Region 1 Region 2 Region 3 
A A A 


op 


a 


-_-- 
= 


Separation point: =| =0 
oy y=0 


Fig. 9.6 Boundary-layer flow with pressure gradient (boundary-layer thick- 
ness exaggerated for clarity). 
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Fig. 9.7. Nondimensional profiles for flat plate boundary-layer flow. 


Consequently, the turbulent layer is better able to resist separation in an adverse pres- 
sure gradient. We shall discuss some consequences of this behavior in Section 9.7. 
Adverse pressure gradients cause significant changes in velocity profiles for both 
laminar and turbulent boundary-layer flows. Approximate solutions for nonzero 
pressure gradient flow may be obtained from the momentum integral equation 


Ty di» dU 
= 0) + 6* oy 
ae ee (9.17) 
Expanding the first term, we can write 
ae > do dU 
— + * 4 
F U oF (6* + 20) U Ak 
or 
Ty CG _ dé 6 dU 
= = +(H+2 .28 
pU? 2 dx ( ) U dx ea 


where H = 6*/6 is a velocity-profile “shape factor.” The shape factor increases in an 
adverse pressure gradient. For turbulent boundary-layer flow, H increases from 1.3 for 
a zero pressure gradient to approximately 2.5 at separation. For laminar flow with 
zero pressure gradient, H = 2.6; at separation H = 3.5. 

The freestream velocity distribution, U(x), must be known before Eq. 9.28 can be 
applied. Since dp/dx = —pU dU/dx, specifying U(x) is equivalent to specifying the 
pressure gradient. We can obtain a first approximation for U(x) from ideal flow theory 
for an inviscid flow under the same conditions. As pointed out in Chapter 6, for 
frictionless irrotational flow (potential flow), the stream function, w, and the velocity 
potential, , satisfy Laplace’s equation. These can be used to determine U(x) over the 
body surface. 

Much effort has been devoted to calculation of velocity distributions over bodies 
of known shape (the “direct” problem) and to the determination of body shapes 
to produce a desired pressure distribution (the “inverse” problem). Smith and 
co-workers [6] have developed calculation methods that use singularities distributed 
over the body surface to solve the direct problem for two-dimensional or axisym- 
metric body shapes. A type of finite-element method that uses singularities defined on 
discrete surface panels (the “panel” method [7]) recently has gained increased 
popularity for application to three-dimensional flows. Recall also that in Section 5.5 
we briefly reviewed some basic ideas of CFD (Computational Fluid Dynamics). 


Once the velocity distribution, U(x), is known, Eq. 9.28 can be integrated to 
determine 4(x), if H and Cy can be correlated with 6. A detailed discussion of various 
calculation methods for flows with nonzero pressure gradient is beyond the scope of 
this book. Numerous solutions for laminar flows are given in Kraus [8]. Calculation 
methods for turbulent boundary-layer flow based on the momentum integral equation 
are reviewed in Rotta [9]. 

Because of the importance of turbulent boundary layers in engineering flow 
situations, the state of the art of calculation schemes is advancing rapidly. Numerous 
calculation schemes have been proposed [10, 11]; most such schemes for turbulent 
flow use models to predict turbulent shear stress and then solve the boundary-layer 
equations numerically [12, 13]. Continuing improvement in size and speed of com- 
puters is beginning to make possible the solution of the full Navier—Stokes equations 
using numerical methods [14, 15]. 


Part B Fluid Flow About Immersed Bodtes 


Whenever there is relative motion between a solid body and the viscous fluid sur- 
rounding it, the body will experience a net force F. The magnitude of this force 
depends on many factors—certainly the relative velocity V, but also the body shape 
and size, and the fluid properties (p, 1, etc.). As the fluid flows around the body, it will 
generate surface stresses on each element of the surface, and it is these that lead to the 
net force. The surface stresses are composed of tangential stresses due to viscous 
action and normal stresses due to the local pressure. We might be tempted to think 
that we can analytically derive the net force by integrating these over the body sur- 
face. The first step might be: Given the shape of the body (and assuming that the 
Reynolds number is high enough that we can use inviscid flow theory), compute 
the pressure distribution. Then integrate the pressure over the body surface to 
obtain the contribution of pressure forces to the net force F. (As we discussed in 
Chapter 6, this step was developed very early in the history of fluid mechanics; it led to 
the result that no bodies experience drag!) The second step might be: Use this 
pressure distribution to find the surface viscous stress 7, (at least in principle, using, 
for example, Eq. 9.17). Then integrate the viscous stress over the body surface to 
obtain its contribution to the net force F. This procedure sounds conceptually 
straightforward, but in practice is quite difficult except for the simplest body shapes. 
In addition, even if possible, it leads to erroneous results in most cases because it takes 
no account of a very important consequence of the existence of boundary layers—flow 
separation. This causes a wake, which not only creates a low-pressure region usually 
leading to large drag on the body, but also radically changes the overall flow field and 
hence the inviscid flow region and pressure distribution on the body. 

For these reasons we must usually resort to experimental methods to determine the 
net force for most body shapes (although CFD approaches are improving rapidly). 
Traditionally the net force F is resolved into the drag force, Fp, defined as the 
component of the force parallel to the direction of motion, and the lift force, Fy, (if it 
exists for a body), defined as the component of the force perpendicular to the 
direction of motion. In Sections 9.7 and 9.8 we will examine these forces for a number 
of different body shapes. 


Drag 


Drag is the component of force on a body acting parallel to the direction of relative 
motion. In discussing the need for experimental results in fluid mechanics (Chapter 7), 
we considered the problem of determining the drag force, Fp, on a smooth sphere of 
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VIDEO 


Flow about a Sports Car. 
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diameter d, moving through a viscous, incompressible fluid with speed V; the fluid 
density and viscosity were p and ju, respectively. The drag force, Fp, was written in the 
functional form 


Fp = fild, Vi LU, p) 


Application of the Buckingham Pi theorem resulted in two dimensionless I] param- 
eters that were written in functional form as 


Note that d* is proportional to the cross-sectional area (A = 1d*/4) and therefore we 
could write 


Fy Vd 
DO _ ie (? 


WA 7 ) = f;(Re) (9.29) 


Although Eq. 9.29 was obtained for a sphere, the form of the equation is valid for 
incompressible flow over any body; the characteristic length used in the Reynolds 
number depends on the body shape. 

The drag coefficient, Cp, is defined as 


Fp 
Cp = -——— 9.30 


The number } has been inserted (as was done in the defining equation for the friction 
factor) to form the familiar dynamic pressure. Then Eq. 9.29 can be written as 


Cp = f (Re) (9.31) 


We have not considered compressibility or free-surface effects in this discussion of 
the drag force. Had these been included, we would have obtained the functional form 


Cp = f(Re, Fr, M) 


At this point we shall consider the drag force on several bodies for which Eq. 9.31 is 
valid. The total drag force is the sum of friction drag and pressure drag. However, the 
drag coefficient is a function only of the Reynolds number. 

We now consider the drag force and drag coefficient for a number of bodies, 
starting with the simplest: a flat plate parallel to the flow (which has only friction 
drag); a flat plate normal to the flow (which has only pressure drag); and cylinders and 
spheres (the simplest 2D and 3D bodies, which have both friction and pressure drag). 
We will also briefly discuss streamlining. 


Pure Friction Drag: Flow over a Flat Plate Parallel to the Flow 


This flow situation was considered in detail in Section 9.5. Since the pressure gradient 
is zero (and in any event the pressure forces are perpendicular to the plate 
and therefore do not contribute to drag), the total drag is equal to the friction 
drag. Thus 


Fp = | Tw dA 
plate surface 
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and 
dA 
Fp | ia 
Cys a3 as (9.32) 
pV? A sev? A 


where A is the total surface area in contact with the fluid (i.e., the wetted area). The 
drag coefficient for a flat plate parallel to the flow depends on the shear stress dis- 
tribution along the plate. 
For laminar flow over a flat plate, the shear stress coefficient was given by 
Ty _ 0.664 
5 pU? Re, 


G= (9.15) 


The drag coefficient for flow with freestream velocity V, over a flat plate of length L 
and width 5, is obtained by substituting for 7,, from Eq. 9.15 into Eq. 9.32. Thus 


—0.5 
ee pee FP Vv -0.5 


0.5 ms é 0.5 
0.664 [ v xe V 
L @ "| ie (i) 
0 


CG = (9.33) 
Assuming the boundary layer is turbulent from the leading edge, the shear stress 
coefficient, based on the approximate analysis of Section 9.5, is given by 


Tw _ 0.0594 


9.27 
7pU? Rel® 


CG = 


Substituting for 7,, from Eq. 9.27 into Eq. 9.32, we obtain 


—0.2 
Cy = : | 0.0594 Re? dA = u * 0.0594 ia x 7b dx 
2 A A : % bL 0 . V 


0.2 Es 0.2 
0.0594 [ v x08 V 
L @ = DON (i) 
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_ 0.0742 


Re}! > 


Cp (9.34) 


Equation 9.34 is valid for 5 X 10° < Re; < 10’. 
For Re; < 10° the empirical equation given by Schlichting [3] 
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iD = 2.58 
) 


9.35 
(log Re, a 


fits experimental data very well. 
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For a boundary layer that is initially laminar and undergoes transition at some 
location on the plate, the turbulent drag coefficient must be adjusted to account for 
the laminar flow over the initial length. The adjustment is made by subtracting the 
quantity B/Re; from the Cp determined for completely turbulent flow. The value of B 
depends on the Reynolds number at transition; B is given by 


B - Rey (CD rsutens a Ciisisae (9.36) 


For a transition Reynolds number of 5 X 10°, the drag coefficient may be calculated by 
making the adjustment to Eq. 9.34, in which case 


_ 0.0742 1740 


= 5X 10° < Re, < 10’ 9.37a 
D Rell? Re, ( L ) ( ) 
or to Eq. 9.35, in which case 
A 161 
C= ack Raeere ha Gx 10? = Re, 10") (9.37b) 


(log Rez)? Rez 


The variation in drag coefficient for a flat plate parallel to the flow is shown in Fig. 9.8. 

In the plot of Fig. 9.8, transition was assumed to occur at Re, = 5 X 10° for flows in 
which the boundary layer was initially laminar. The actual Reynolds number at which 
transition occurs depends on a combination of factors, such as surface roughness and 
freestream disturbances. Transition tends to occur earlier (at lower Reynolds number) 
as surface roughness or freestream turbulence is increased. For transition at other 
than Re, = 5 X 10°, the constant in the second term of Eqs. 9.37 is modified using Eq. 
9.36. Figure 9.8 shows that the drag coefficient is less, for a given length of plate, when 
laminar flow is maintained over the longest possible distance. However, at large Re; 
(> 10’) the contribution of the laminar drag is negligible. 
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Fig. 9.8 Variation of drag coefficient with Reynolds number for a smooth flat plate parallel to 
the flow. 
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eae 45 SKIN-FRICTION DRAG ON A SUPERTANKER 


A supertanker is 360 m long and has a beam width of 70 m and a draft of 25 m. Estimate the force and power 
required to overcome skin friction drag at a cruising speed of 13 kt in seawater at 10°C. 


Given: Supertanker cruising at U = 13 kt. 


Find: (a) Force. 
(b) Power required to overcome skin friction drag. 


Solution: 

Model the tanker hull as a flat plate, of length L and width b = 
B + 2D, in contact with water. Estimate skin friction drag from 
the drag coefficient. 

Fp 


Cp = ) Sy 


0.455 1610 Water line 
= 78 OR (9.37b) 
(log Re; ) ey 


Governing equations: 


The ship speed is 13 kt (nautical miles per ae so 


hr 
So a = aarag 7 
U = 134 7 6076 0.305 = 3600 s = 6.69 m/s 
From Appendix A, at 10°C, v = 1.37 x 10 ° m*/s for seawater. Then 
Ry, = = = He en 
Vv S 37 x 10; im? 
Assuming Eq. 9.37b is valid, 
: 161 
a= ae 258 a 5 = 0.00147 
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VIDEO 


Plate Normal to the Flow. 


Pure Pressure Drag: Flow over a Flat Plate Normal to the Flow 


In flow over a flat plate normal to the flow (Fig. 9.9), the wall shear stress is per- 
pendicular to the flow direction and therefore does not contribute to the drag force. 
The drag is given by 


surface 


For this geometry the flow separates from the edges of the plate; there is back-flow 
in the low energy wake of the plate. Although the pressure over the rear surface of the 
plate is essentially constant, its magnitude cannot be determined analytically. Con- 
sequently, we must resort to experiments to determine the drag force. 

The drag coefficient for flow over an immersed object usually is based on the 
frontal area (or projected area) of the object. (For airfoils and wings, the planform 
area is used; see Section 9.8.) 

The drag coefficient for a finite plate normal to the flow depends on the ratio of 
plate width to height and on the Reynolds number. For Re (based on height) greater 
than about 1000, the drag coefficient is essentially independent of Reynolds number. 
The variation of Cp with the ratio of plate width to height (b/h) is shown in Fig. 9.10. 
(The ratio b/h is defined as the aspect ratio of the plate.) For b/h = 1.0, the drag 
coefficient is a minimum at Cp = 1.18; this is just slightly higher than for a circular 
disk (Cp = 1.17) at large Reynolds number. 

The drag coefficient for all objects with sharp edges is essentially independent of 
Reynolds number (for Re = 1000) because the separation points and therefore the 
size of the wake are fixed by the geometry of the object. Drag coefficients for selected 
objects are given in Table 9.3. 


Friction and Pressure Drag: Flow over a Sphere and Cylinder 


We have looked at two special flow cases in which either friction or pressure drag was 
the sole form of drag present. In the former case, the drag coefficient was a strong 
function of Reynolds number, while in the latter case, Crp was essentially independent 
of Reynolds number for Re = 1000. 

In the case of flow over a sphere, both friction drag and pressure drag contribute to 
total drag. The drag coefficient for flow over a smooth sphere is shown in Fig. 9.11 as a 
function of Reynolds number.’ 

At very low Reynolds number,’ Re < 1, there is no flow separation from a sphere; 
the wake is laminar and the drag is predominantly friction drag. Stokes has shown 
analytically, for very low Reynolds number flows where inertia forces may be 


Fig. 9.9 Flow over a flat plate normal to the flow. 


An approximate curve fit to the data of Fig. 9.11 is presented in Problem 9.132. 
3See Shapiro [17] for a good discussion of drag on spheres and other shapes. See also Fage [18]. 
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Fig. 9.10 Variation of drag coefficient with aspect ratio for a flat plate 
of finite width normal to the flow with Re, > 1000 [16]. 


Table 7.3 
Drag Coefficient Data for Selected Objects (Re = 107)" 
Object Diagram Cp(Re = 10°) 
Square prism blh = w 2.05 

5 bh =1 1.05 

a 
a h 

Disk O) Lt? 
Ring i 120° 
Hemisphere (open end ie 1.42 
facing flow) ©) 
Hemisphere (open end a 0.38 
facing downstream) © 
C-section (open side 2.30 
facing flow) 
C-section (open side 1.20 


facing downstream) 


“Data from Hoerner [16]. 


Based on ring area. 


\ 


neglected, that the drag force on a sphere of diameter d, moving at speed V, through a 
fluid of viscosity ju, is given by 


Fp = 3npVd 
The drag coefficient, Cp, defined by Eq. 9.30, is then 


_ 24 


Cr = Re 


As shown in Fig. 9.11, this expression agrees with experimental values at low 
Reynolds number but begins to deviate significantly from the experimental data for 
Re > 1.0. 
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An Object with a High Drag Coefficient. 
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Examples of Flow around a Sphere. 
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Fig. 9.11 Drag coefficient of a smooth sphere as a function of Reynolds number [3]. 


As the Reynolds number is further increased, the drag coefficient drops con- 
tinuously up to a Reynolds number of about 1000, but not as rapidly as predicted by 
Stokes’ theory. A turbulent wake (not incorporated in Stokes’ theory) develops and 
grows at the rear of the sphere as the separation point moves from the rear of the 
sphere toward the front; this wake is at a relatively low pressure, leading to a large 
pressure drag. By the time Re © 1000, about 95% of total drag is due to pressure. For 
10° < Re <3 X 10° the drag coefficient is approximately constant. In this range the 
entire rear of the sphere has a low-pressure turbulent wake, as indicated in Fig. 9.12, 
and most of the drag is caused by the front-rear pressure asymmetry. Note that Cp « 
1/Re corresponds to Fp « V, and that Cp ~ const. corresponds to Fp « aaa indicating 
a quite rapid increase in drag. 

For Reynolds numbers larger than about 3 Xx 10°, transition occurs and the 
boundary layer on the forward portion of the sphere becomes turbulent. The point of 
separation then moves downstream from the sphere midsection, and the size of the 
wake decreases. The net pressure force on the sphere is reduced (Fig. 9.12), and 
the drag coefficient decreases abruptly. 

A turbulent boundary layer, since it has more momentum flux than a laminar 
boundary layer, can better resist an adverse pressure gradient, as discussed in Section 
9.6. Consequently, turbulent boundary-layer flow is desirable on a blunt body because 
it delays separation and thus reduces the pressure drag. 

Transition in the boundary layer is affected by roughness of the sphere surface and 
turbulence in the flow stream. Therefore, the reduction in drag associated with a 
turbulent boundary layer does not occur at a unique value of Reynolds number. 
Experiments with smooth spheres in a flow with low turbulence level show that 
transition may be delayed to a critical Reynolds number, Rep, of about 4 X 10°. For 
rough surfaces and/or highly turbulent freestream flow, transition can occur at a cri- 
tical Reynolds number as low as 50,000. 

The drag coefficient of a sphere with turbulent boundary-layer flow is about one- 
fifth that for laminar flow near the critical Reynolds number. The corresponding 
reduction in drag force can affect the range of a sphere (e.g., a golf ball) appreciably. 
The “dimples” on a golf ball are designed to “trip” the boundary layer and, thus, to 
guarantee turbulent boundary-layer flow and minimum drag. To illustrate this effect 
graphically, we obtained samples of golf balls without dimples some years ago. One of 
our students volunteered to hit drives with the smooth balls. In 50 tries with each type 
of ball, the average distance with the standard balls was 215 yards; the average with 
the smooth balls was only 125 yards! 
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Fig. 9.12 Pressure distribution around a smooth sphere for laminar 
and turbulent boundary-layer flow, compared with inviscid flow [18]. 


Adding roughness elements to a sphere also can suppress local oscillations in 
location of the transition between laminar and turbulent flow in the boundary layer. 
These oscillations can lead to variations in drag and to random fluctuations in lift (see 
Section 9.8). In baseball, the “knuckle ball” pitch is intended to behave erratically to 
confuse the batter. By throwing the ball with almost no spin, the pitcher relies on the 
seams to cause transition in an unpredictable fashion as the ball moves on its way to 
the batter. This causes the desired variation in the flight path of the ball. 

Figure 9.13 shows the drag coefficient for flow over a smooth cylinder. The var- 
iation of Cp with Reynolds number shows the same characteristics as observed in the 
flow over a smooth sphere, but the values of Cp are about twice as high. 

Flow about a smooth circular cylinder may develop a regular pattern of alternating 
vortices downstream. The vortex trail* causes an oscillatory lift force on the cylinder 
perpendicular to the stream motion. Vortex shedding excites oscillations that cause 
telegraph wires to “sing” and ropes on flag poles to “slap” annoyingly. Sometimes 
structural oscillations can reach dangerous magnitudes and cause high stresses; they 
can be reduced or eliminated by applying roughness elements or fins—either axial or 
helical (sometimes seen on chimneys or automobile antennas)—that destroy the 
symmetry of the cylinder and stabilize the flow. 

Experimental data show that regular vortex shedding occurs most strongly in the 
range of Reynolds number from about 60 to 5000. For Re > 1000 the dimensionless 
frequency of vortex shedding, expressed as a Strouhal number, St = fD/V, is 
approximately equal to 0.21 [3]. 


‘The regular pattern of vortices in the wake of a cylinder sometimes is called a Karman vortex street in honor 
of the prominent fluid mechanician, Theodore von Karman, who was first to predict the stable spacing of the 
vortex trail on theoretical grounds in 1911; see Goldstein [19]. 
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Laminar and Turbulent Flow Past a Sphere. 
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Flow Separation on a Cylinder. 
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Fig. 9.13 Drag coefficient for a smooth circular cylinder as a function of Reynolds 
number [3]. 


Flow Separation behind a Cylinder. 


Roughness affects drag of cylinders and spheres similarly: the critical Reynolds 
number is reduced by the rough surface, and transition from laminar to turbulent flow 
in the boundary layers occurs earlier. The drag coefficient is reduced by a factor of 
about 4 when the boundary layer on the cylinder becomes turbulent. 


ample 7. MIC DRAG AND MOMENT ON A CHIMNEY 


A cylindrical chimney 1 m in diameter and 25 m tall is exposed to a uniform 50 km/hr wind at standard atmospheric 
conditions. End effects and gusts may be neglected. Estimate the bending moment at the 
base of the chimney due to wind forces. 


Given: Cylindrical chimney, D = 1m, L = 25 m, in uniform flow with 
V =50km/hr pp = 101 kPa (abs) 1 = Wye 
Neglect end effects. 
Find: Bending moment at bottom of chimney. 


Solution: 

The drag coefficient is given by Cp = Fy/+pV? A, and thus Fp = CpA}3 pV’. Since the 
force per unit length is uniform over the entire length, the resultant force, Fp, will act at 
the midpoint of the chimney. Hence the moment about the chimney base is 


= L_ th elon It a 
km 3m hr 
= x x = 15. 
V =50 = 10 km ~*~ 3600s 13.9 m/s 


For air at standard conditions, p = 1.23 kg/m, and pp = 1.79 X 10°° kg/(m-s). Thus 


pVD m:s 


——— = 9.55 X10° 
1.79 X 10° kg 
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From Fig. 9.13, Cp + 0.35. For a cylinder, A = DL, so 
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ae a1 DECELERATION OF AN AUTOMOBILE BY A DRAG PARACHUTE 


A dragster weighing 1600 Ibf attains a speed of 270 mph in the quarter mile. Immediately after passing through the 
timing lights, the driver opens the drag chute, of area A = 25 ft”. Air and rolling resistance of the car may be 
neglected. Find the time required for the machine to decelerate to 100 mph in standard air. 


Given: Dragster weighing 1600 Ibf, moving with initial speed Vp) = 270 mph, is slowed by the drag force on a chute 
of area A = 25 ft”. Neglect air and rolling resistance of the car. Assume standard air. 


Find: Time required for the machine to decelerate to 100 mph. 


Solution: 
Taking the car as a system and writing Newton’s second law in the direction of motion gives 


Vo = 270 mph 
V, = 100 mph 
p = 0.00238 slug /ft? 


Since Cp = then Fp = $Cp pv A 


on 


Substituting ae Newton’s second law gives 


ee ee 


Separating variables and integrating, we obtain 
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Model the drag chute as a hemisphere (with open end facing flow). From Table 9.3, Cp = 1.42 (assuming Re > 10°). 
Then, substituting numerical values, 


1 br 1 fe 
= (270 — 100) mph x 2 x 1600 Ibf x x ea 
a yD weap Ol 12. ONCE 
1 s slug - ft mi s 
OX x x x — 
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Check the assumption on Re: 
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Hence the assumption is valid. 


All experimental data presented in this section are for single objects immersed in 
an unbounded fluid stream. The objective of wind tunnel tests is to simulate the 
conditions of an unbounded flow. Limitations on equipment size make this goal 
unreachable in practice. Frequently it is necessary to apply corrections to measured 
data to obtain results applicable to unbounded flow conditions. 

In numerous realistic flow situations, interactions occur with nearby objects or 
surfaces. Drag can be reduced significantly when two or more objects, moving in 
tandem, interact. This phenomenon is well known to bicycle riders and those inter- 
ested in automobile racing, where “drafting” is a common practice. Drag reductions of 
80 percent may be achieved with optimum spacing [20]. Drag also can be increased 
significantly when spacing is not optimum. 

Drag can be affected by neighbors alongside as well. Small particles falling under 
gravity travel more slowly when they have neighbors than when they are isolated. This 
phenomenon has important applications to mixing and sedimentation processes. 

Experimental data for drag coefficients on objects must be selected and applied 
a CLASSIC VIDEO carefully. Due regard must be given to the differences between the actual conditions 


and the more controlled conditions under which measurements were made. 


Low Reynolds Number Flows. 
Streamlining 


The extent of the separated flow region behind many of the objects discussed in the 
previous section can be reduced or eliminated by streamlining, or fairing, the body 
shape. We have seen that due to the convergent body shape at the rear of any object 
(after all, every object is of finite length!), the streamlines will diverge, so that the 
velocity will decrease, and therefore, more importantly (as shown by the Bernoulli 
equation, applicable in the freestream region) the pressure will increase. Hence, we 
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Fig. 9.14 Drag coefficient on a streamlined strut as a function of 
thickness ratio, showing contributions of skin friction and pressure to 
total drag [19]. 


initially have an adverse pressure gradient at the rear of the body, leading to 
boundary-layer separation and ultimately to a low-pressure wake leading to large 
pressure drag. Streamlining is the attempt to reduce the drag on a body. We can 
reduce the drag on a body by making the rear of the body more tapered (e.g., we 
can reduce the drag on a sphere by making it “teardrop” shaped), which will reduce 
the adverse pressure gradient and hence make the turbulent wake smaller. However, 
as we do so, we are in danger of increasing the skin friction drag simply because we 
have increased the surface area. In practice, there is an optimum amount of fairing or 
tapering at which the total drag (the sum of pressure and skin friction drag) is 
minimized. 

The pressure gradient around a “teardrop” shape (a “streamlined” cylinder) is less 
severe than that around a cylinder of circular section. The trade-off between pressure 
and friction drag for this case is illustrated by the results presented in Fig. 9.14, for 
tests at Re. = 4X 10°. (This Reynolds number is typical of that for a strut on an early 
aircraft.) From the figure, the minimum drag coefficient is Cp + 0.06, which occurs 
when the ratio of thickness to chord is t/c + 0.25. This value is approximately 20 
percent of the minimum drag coefficient for a circular cylinder of the same thickness! 
Hence, even a small aircraft will typically have fairings on many structural members, 
e.g., the struts that make up the landing wheel assembly, leading to significant fuel 
savings. 

The maximum thickness for the shapes shown in Fig. 9.14 is located approximately 
25 percent of the chord distance from the leading edge. Most of the drag on the 
thinner sections is due to skin friction in the turbulent boundary layers on the tapered 
rear sections. Interest in low-drag airfoils increased during the 1930s. The National 
Advisory Committee for Aeronautics (NACA) developed several series of “laminar- 
flow” airfoils for which transition was postponed to 60 or 65 percent chord length aft 
from the airfoil nose. 

Pressure distribution and drag coefficients’ for two symmetric airfoils of infinite 
span and 15 percent thickness at zero angle of attack are presented in Fig. 9.15. 
Transition on the conventional (NACA 0015) airfoil takes place where the pressure 
gradient becomes adverse, at x/c = 0.13, near the point of maximum thickness. Thus 
most of the airfoil surface is covered with a turbulent boundary layer; the drag 
coefficient is Cp + 0.0061. The point of maximum thickness has been moved aft on the 


Note that drag coefficients for airfoils are based on the planform area, i.e., Cp = Fo/4p V2 A,, where Ap, is 
the maximum projected wing area. 
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Flow past a Model A and a Sports Car. 
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Fig. 9.15 Theoretical pressure distributions at zero angle of attack for two symmetric 
airfoil sections of 15 percent thickness ratio. (Data from Abbott and von Doenhoff [21].) 


airfoil (NACA 66,—015) designed for laminar flow. The boundary layer is maintained 
in the laminar regime by the favorable pressure gradient to x/c = 0.63. Thus the bulk 
of the flow is laminar; Cp ~ 0.0035 for this section, based on planform area. The drag 
coefficient based on frontal area is Cp, = Cp/0.15 = 0.0233, or about 40 percent of 
the optimum for the shapes shown in Fig. 9.14. 

Tests in special wind tunnels have shown that laminar flow can be maintained up to 
length Reynolds numbers as high as 30 million by appropriate profile shaping. 
Because they have favorable drag characteristics, laminar-flow airfoils are used in the 
design of most modern subsonic aircraft. 

Recent advances have made possible development of low-drag shapes even better 
than the NACA 60-series shapes. Experiments [21, 22] led to the development of a 
pressure distribution that prevented separation while maintaining the turbulent 
boundary layer in a condition that produces negligible skin friction. Improved 
methods for calculating body shapes that produced a desired pressure distribution 
[23, 24] led to development of nearly optimum shapes for thick struts with low drag. 
Figure 9.16 shows an example of the results. 

Reduction of aerodynamic drag also is important for road vehicle applications. 
Interest in fuel economy has provided significant incentive to balance efficient aero- 
dynamic performance with attractive design for automobiles. Drag reduction also has 
become important for buses and trucks. 

Practical considerations limit the overall length of road vehicles. Fully streamlined 
tails are impractical for all but land-speed-record cars. Consequently, it is not possible 
to achieve results comparable to those for optimum airfoil shapes. However, it is 
possible to optimize both front and rear contours within given constraints on overall 
length [25—27]. 


Fig. 9.16 Nearly optimum shape 
for low-drag strut [24]. 


Much attention has been focused on front contours. Studies on buses have shown 
that drag reductions up to 25 percent are possible with careful attention to front 
contour [27]. Thus it is possible to reduce the drag coefficient of a bus from about 0.65 
to less than 0.5 with practical designs. Highway tractor-trailer rigs have higher drag 
coefficients—Cp values from 0.90 to 1.1 have been reported. Commercially available 
add-on devices offer improvements in drag of up to 15 percent, particularly for windy 
conditions where yaw angles are nonzero. The typical fuel saving is half the percen- 
tage by which aerodynamic drag is reduced. 

Front contours and details are important for automobiles. A low nose and smoothly 
rounded contours are the primary features that promote low drag. Radii of “A-pillar” 
and windshield header, and blending of accessories to reduce parasite and inter- 
ference drag have received increased attention. As a result, drag coefficients have 
been reduced from about 0.55 to 0.30 or less for recent production vehicles. Recent 
advances in computational methods have led to development of computer-generated 
optimum shapes. A number of designs have been proposed, with claims of Cp values 
below 0.2 for vehicles complete with running gear. 

Lift 


For most objects in relative motion in a fluid, the most significant fluid force is the 
drag. However, there are some objects, such as airfoils, for which the lift is significant. 
Lift is defined as the component of fluid force perpendicular to the fluid motion. For 
an airfoil, the lift coefficient, C, is defined as 


Coa (9.38) 


1 2) 
5 OV Ay 


It is worth noting that the lift coefficient defined above and the drag coefficient (Eq. 
9.30) are each defined as the ratio of an actual force (lift or drag) divided by the 
product of dynamic pressure and area. This denominator can be viewed as the force 
that would be generated if we imagined bringing to rest the fluid directly approaching 
the area (recall that the dynamic pressure is the difference between total and static 
pressures). This gives us a “feel” for the meaning of the coefficients: They indicate the 
ratio of the actual force to this (unrealistic but nevertheless intuitively meaningful) 
force. We note also that the coefficient definitions include V” in the denominator, 
so that F;, (or Fp) being proportional to V* corresponds to a constant C,, (or Cp), and 
that F;, (or Fp) increasing with V at a lower rate than quadratic corresponds to a 
decrease in C; (or Cp) with V. 

The lift and drag coefficients for an airfoil are functions of both Reynolds number 
and angle of attack; the angle of attack, a, is the angle between the airfoil chord and 
the freestream velocity vector. The chord of an airfoil is the straight line joining the 
leading edge and the trailing edge. The wing section shape is obtained by combining 
a mean line and a thickness distribution (see [21] for details). When the airfoil has a 
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VIDEO 


Flow Past an Airfoil (a = 0°). 


VIDEO 


Flow Past an Airfoil (a = 10°). 


VIDEO 


Flow Past an Airfoil (a = 20°). 


symmetric section, the mean line and the chord line both are straight lines, and they 
coincide. An airfoil with a curved mean line is said to be cambered. 

The area at right angles to the flow changes with angle of attack. Consequently, the 
planform area, A, (the maximum projected area of the wing), is used to define lift and 
drag coefficients for an airfoil. 

The phenomenon of aerodynamic lift is commonly explained by the velocity 
increase causing pressure to decrease (the Bernoulli effect) over the top surface of the 
airfoil and the velocity decrease (causing pressure to increase) along the bottom 
surface of the airfoil. The resulting pressure distributions are shown clearly in the 
video Boundary Layer Control. Because of the pressure differences relative to 
atmosphere, the upper surface of the airfoil may be called the suction surface and the 
lower surface the pressure surface. 

As shown in Example 6.12, lift on a body can also be related to the circu- 
lation around the profile: In order for lift to be generated, there must be a net 
circulation around the profile. One may imagine the circulation to be caused by a 
vortex “bound” within the profile. 

Advances continue in computational methods and computer hardware. However, 
most airfoil data available in the literature were obtained from wind tunnel tests. 
Reference [21] contains results from a large number of tests conducted by NACA (the 
National Advisory Committee for Aeronautics—the predecessor to NASA). Data for 
some representative NACA profile shapes are described in the next few paragraphs. 

Lift and drag coefficient data for typical conventional and laminar-flow profiles are 
plotted in Fig. 9.17 for a Reynolds number of 9 x 10° based on chord length. The 
section shapes in Fig. 9.17 are designated as follows: 


Conventional— 23015 
2 30 15 


L section thickness (15 percent chord) 
maximum camber location G x 30 = 15 percent chord) 


design lift coefficient (} X 0.2 = 0.3) 


Laminar Flow—66, — 215 
66, -— 2 15 
A 


ry 
Cee thickness (15 percent) 
design lift coefficient (0.2) 


maximum lift coefficient for favorable 
pressure gradient (0.2) 


‘— location of minimum pressure (x/c ~ 0.6) 


‘— series designation (laminar flow) 


Both sections are cambered to give lift at zero angle of attack. As the angle of attack is 
increased, the Ap between the upper and lower surfaces increases, causing the lift 
coefficient to increase smoothly until a maximum is reached. Further increases in 
angle of attack produce a sudden decrease in C;. The airfoil is said to have stalled 
when C,, drops in this fashion. 

Airfoil stall results when flow separation occurs over a major portion of the upper 
surface of the airfoil. As the angle of attack is increased, the stagnation point moves 
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(b) Drag coefficient vs. angle of attack 
Fig. 9.17 Lift and drag coefficients versus angle of attack for two airfoil sections of 15 
percent thickness ratio at Re. = 9 X 10°. (Data from Abbott and von Doenhoff [21].) 


back along the lower surface of the airfoil, as shown schematically for the symmetric 
laminar-flow section in Fig. 9.18a. Flow on the upper surface then must accelerate 
sharply to round the nose of the airfoil. The effect of angle of attack on the theoretical 
upper-surface pressure distribution is shown in Fig. 9.185. The minimum pressure 
becomes lower, and its location moves forward on the upper surface. A severe adverse 
pressure gradient appears following the point of minimum pressure; finally, the 
adverse pressure gradient causes the flow to separate completely from the upper 
surface and the airfoil stalls (the uniform pressure in the turbulent wake will be 
approximately equal to the pressure just before separation, i.e., low). 

Movement of the minimum pressure point and accentuation of the adverse pres- 
sure gradient are responsible for the sudden increase in Cp for the laminar-flow 
section, which is apparent in Fig. 9.17. The sudden rise in Cp is caused by early 
transition from laminar to turbulent boundary-layer flow on the upper surface. Air- 
craft with laminar-flow sections are designed to cruise in the low-drag region. 
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Fig. 9.18 — Effect of angle of attack on flow pattern and theoretical pressure distribution 
for a symmetric laminar-flow airfoil of 15 percent thickness ratio. (Data from [21].) 


Because laminar-flow sections have very sharp leading edges, all of the effects we 
have described are exaggerated, and they stall at lower angles of attack than con- 
ventional sections, as shown in Fig. 9.17. The maximum possible lift coefficient, C;, ., 
also is less for laminar-flow sections. 

Plots of C;, versus Cp (called lift-drag polars) often are used to present airfoil data 
in compact form. A polar plot is given in Fig. 9.19 for the two sections we have dis- 
cussed. The lift/drag ratio, C_/Cp, is shown at the design lift coefficient for both 
sections. This ratio is very important in the design of aircraft: The lift coefficient 
determines the lift of the wing and hence the load that can be carried, and the drag 
coefficient indicates a large part (in addition to that caused by the fuselage, etc.) of the 
drag the airplane engines have to work against in order to generate the needed lift; 
hence, in general, a high C;/Cp is the goal, at which the laminar airfoil clearly excels. 


abe Conventional section 
(NACA 23015) ~\ 


\ Laminar-flow section 
(NACA 665-215) 
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Cp 
Fig. 9.19 _Lift-drag polars for two airfoil sections of 15 percent 
thickness ratio. (Data from Abbott and von Doenhoff [21].) 
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Fig. 9.20 Schematic representation of the trailing 
vortex system of a finite wing. 


Recent improvements in modeling and computational capabilities have made it 
possible to design airfoil sections that develop high lift while maintaining very low 
drag [23, 24]. Boundary-layer calculation codes are used with inverse methods for 
calculating potential flow to develop pressure distributions and the resulting body 
shapes that postpone transition to the most rearward location possible. The turbulent 
boundary layer following transition is maintained in a state of incipient separation 
with nearly zero skin friction by appropriate shaping of the pressure distribution. 

Such computer-designed airfoils have been used on racing cars to develop very high 
negative lift (downforce) to improve high-speed stability and cornering performance [23]. 
Airfoil sections especially designed for operation at low Reynolds number were used for 
the wings and propeller on the Kremer prize-winning man-powered “Gossamer Condor” 
[28], which now hangs in the National Air and Space Museum in Washington, D.C. 

All real airfoils—wings—are of finite span and have less lift and more drag than 
their airfoil section data would indicate. There are several ways to explain this. If we 
consider the pressure distribution near the end of the wing, the low pressure on the 
upper and high pressure on the lower surface cause flow to occur around the wing tip, 
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VIDEO 


Wing Tip Vortices. 


leading to trailing vortices (as shown in Fig. 9.20), and the pressure difference is 
reduced, leading to less lift. These trailing vortices can also be explained more 
abstractly, in terms of circulation: We learned in Section 6.6 that circulation around a 
wing section is present whenever we have lift, and that the circulation is solenoidal— 
that is, it cannot end in the fluid; hence, the circulation extends beyond the wing in the 
form of trailing vortices. Trailing vortices can be very strong and persistent, possibly 
being a hazard to other aircraft for 5 to 10 miles behind a large airplane—air speeds of 
greater than 200 mph have been measured.° 

Trailing vortices reduce lift because of the loss of pressure difference, as we just 
mentioned. This reduction and an increase in drag (called induced drag) can also be 
explained in the following way: The “downwash” velocities induced by the vortices 
mean that the effective angle of attack is reduced—the wing “sees” a flow at 
approximately the mean of the upstream and downstream directions—explaining why 
the wing has less lift than its section data would suggest. This also causes the lift force 
(which is perpendicular to the effective angle of attack) to “lean backwards” a little, 
resulting in some of the lift appearing as drag. 

Loss of lift and increase in drag caused by finite-span effects are concentrated near 
the tip of the wing; hence, it is clear that a short, stubby wing will experience these 
effects more severely than a very long wing. We should therefore expect the effects to 
correlate with the wing aspect ratio, defined as 


b2 
ARS (9.39) 


where A, is planform area and b is wingspan. For a rectangular planform of wingspan 
b and chord length c, 


Ay be 


The maximum lift/drag ratio (L/D = C,,/Cp) for a modern low-drag section may be as 
high as 400 for infinite aspect ratio. A high-performance sailplane (glider) with 
AR=40 might have L/D=40, and a typical light plane (AR ~ 12) might have 
L/D = 20 or so. Two examples of rather poor shapes are lifting bodies used for 
reentry from the upper atmosphere, and water skis, which are hydrofoils of low aspect 
ratio. For both of these shapes, L/D typically is less than unity. 

Variations in aspect ratio are seen in nature. Soaring birds, such as the albatross or 
California condor, have thin wings of long span. Birds that must maneuver quickly to 
catch their prey, such as owls, have wings of relatively short span, but large area, which 
gives low wing loading (ratio of weight to planform area) and thus high maneuverability. 

It makes sense that as we try to generate more lift from a finite wing (by, for 
example, increasing the angle of attack), the trailing vortices and therefore the 
downwash increase; we also learned that the downwash causes the effective angle of 
attack to be less than that of the corresponding airfoil section (i.e., when AR = 0), 
ultimately leading to loss of lift and to induced drag. Hence, we conclude that the 
effects of the finite aspect ratio can be characterized as a reduction Aa in the effective 
angle of attack, and that this (which is usually undesirable) becomes worse as 
we generate more lift (i.e., as the lift coefficient C;, increases) and as the aspect ratio 
AR is made smaller. Theory and experiment indicate that 


Cc, 
TAR 


Aa = (9.40) 


°Sforza, P. M., “Aircraft Vortices: Benign or Baleful?” Space/Aeronautics, 53, 4, April 1970, pp. 42—49. See 
also the University of Iowa video Form Drag, Lift, and Propulsion. 
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Fig. 9.21 Effect of finite aspect ratio on lift and drag coefficients for a wing. 
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Fig. 9.22 Drag breakdown on nonlifting and 
lifting bodies. 


Compared with an airfoil section (AR = oo), the geometric angle of attack of a wing 
(finite AR) must be increased by this amount to get the same lift, as shown in Fig. 9.21. 
It also means that instead of being perpendicular to the motion, the lift force leans 
angle Aa backwards from the perpendicular—we have an induced drag component of 
the drag coefficient. From simple geometry 


2 


Cr 


This also is shown in Fig. 9.21. 
When written in terms of aspect ratio, the drag of a wing of finite span becomes [21] 


Ci 
TAR 


Cp = Cys aF Ons = Cie ete (9.42) 


where Cp. is the section drag coefficient at C;, Cp; is the induced drag coefficient at 
C_,, and AR is the aspect ratio of the finite-span wing. 

Drag on airfoils arises from viscous and pressure forces. Viscous drag changes with 
Reynolds number but only slightly with angle of attack. These relationships and some 
commonly used terminology are illustrated in Fig. 9.22. 

A useful approximation to the drag polar for a complete aircraft may be obtained 
by adding the induced drag to the drag at zero lift. The drag at any lift coefficient is 
obtained from 
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where Cp is the drag coefficient at zero lift and AR is the aspect ratio. 

It is possible to increase the effective aspect ratio for a wing of given geometric ratio 
by adding an endplate or winglet to the wing tip. An endplate may be a simple plate 
attached at the tip, perpendicular to the wing span, as on the rear-mounted wing of a 
racing car (see Fig. 9.26). An endplate functions by blocking the flow that tends to 
migrate from the high-pressure region below the wing tip to the low-pressure region 
above the tip when the wing is producing lift. When the endplate is added, the 
strength of the trailing vortex and the induced drag are reduced. 

Winglets are short, aerodynamically contoured wings set perpendicular to the wing 
at the tip. Like the endplate, the winglet reduces the strength of the trailing vortex 
system and the induced drag. The winglet also produces a small component of force in 
the flight direction, which has the effect of further reducing the overall drag of the 
aircraft. The contour and angle of attack of the winglet are adjusted based on wind 
tunnel tests to provide optimum results. 

As we have seen, aircraft can be fitted with low-drag airfoils to give excellent 
performance at cruise conditions. However, since the maximum lift coefficient is 
low for thin airfoils, additional effort must be expended to obtain acceptably low 
landing speeds. In steady-state flight conditions, lift must equal aircraft weight. 
Thus, 


1 
W=FL= G5 pV'A 


Minimum flight speed is therefore obtained when C, = C_,,.. Solving for Vinin, 


max 


2W 
Vnin = 4/—— 9.44 
PC Lina A ( 


According to Eq. 9.44, the minimum landing speed can be reduced by increasing 
either C,,,. or wing area. Two basic techniques are available to control these 
variables: variable-geometry wing sections (e.g., obtained through the use of flaps) or 
boundary-layer control techniques. 

Flaps are movable portions of a wing trailing edge that may be extended during 
landing and takeoff to increase effective wing area. The effects on lift and drag of two 
typical flap configurations are shown in Fig. 9.23, as applied to the NACA 23012 
airfoil section. The maximum lift coefficient for this section is increased from 1.52 in 
the “clean” condition to 3.48 with double-slotted flaps. From Eq. 9.44, the corre- 
sponding reduction in landing speed would be 34 percent. 

Figure 9.23 shows that section drag is increased substantially by high-lift devices. 
From Fig. 9.235, section drag at Cy, (Cp © 0.28) with double-slotted flaps is about 
5 times as high as section drag at Cz. (Cp ¥ 0.055) for the clean airfoil. Induced 
drag due to lift must be added to section drag to obtain total drag. Because induced 
drag is proportional to Cz (Eq. 9.41), total drag rises sharply at low aircraft speeds. 
At speeds near stall, drag may increase enough to exceed the thrust available from 
the engines. To avoid this dangerous region of unstable operation, the Federal 
Aviation Administration (FAA) limits operation of commercial aircraft to speeds 
above 1.2 times stall speed. 

Although details are beyond the scope of this book, the basic purpose of all 
boundary-layer control techniques is to delay separation or reduce drag, by adding 


momentum to the boundary layer through blowing, or by removing low-momentum 
boundary-layer fluid by suction. Many examples of practical boundary-layer control 
systems may be seen on commercial transport aircraft at your local airport. Two 
typical systems are shown in Fig. 9.24. 
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Fig. 9.23 Effect of flaps on aerodynamic characteristics of NACA 23012 airfoil section. 
(Data from Abbott and von Doenhoff [21].) 


Fig. 9.24 (a) Application of high-lift boundary-layer control devices to reduce landing speed of 
a jet transport aircraft. The wing of the Boeing 777 is highly mechanized. In the landing config- 
uration, large slotted trailing-edge flaps roll out from under the wing and deflect downward to 
increase wing area and camber, thus increasing the lift coefficient. Slats at the leading edge of the 
wing move forward and down, to increase the effective radius of the leading edge and prevent 
flow separation, and to open a slot that helps keep air flow attached to the wing’s upper surface. 
After touchdown, spoilers (not shown in use) are raised in front of each flap to decrease lift and 
ensure that the plane remains on the ground, despite use of the lift-augmenting devices. (This 
photograph was taken during a flight test. Flow cones are attached to the flaps and ailerons to 
identify regions of separated flow on these surfaces.) (Photograph courtesy of Boeing Airplane 
Company.) 
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Fig. 9.24  (b) Application of high-lift boundary-layer control devices to reduce takeoff speed of 
a jet transport aircraft. This is another view of the Boeing 777 wing. In the takeoff configuration, 
large slotted trailing-edge flaps deflect to increase the lift coefficient. The low-speed aileron near 
the wingtip also deflects to improve span loading during takeoff. This view also shows the single- 
slotted outboard flap, the high-speed aileron, and nearest the fuselage, the double-slotted 
inboard flap. (Photograph courtesy of Boeing Airplane Company.) 


ample 7 CRUISE PERFORMANCE OF A JET TRANSPORT 


Jet engines burn fuel at a rate proportional to thrust delivered. The optimum cruise condition for a jet aircraft is at 
maximum speed for a given thrust. In steady level flight, thrust and drag are equal. Hence, optimum cruise occurs 
at the speed when the ratio of drag force to air speed is minimized. 

A Boeing 727-200 jet transport has wing planform area A, = 1600 ft’, and aspect ratio AR =6.5. Stall speed at sea 
level for this aircraft with flaps up and a gross weight of 150,000 lbf is 175 mph. Below M =0.6, drag due to com- 
pressibility effects is negligible, so Eq. 9.43 may be used to estimate total drag on the aircraft. Cp 9 for the aircraft is 
constant at 0.0182. Assume sonic speed at sea level is c= 759 mph. 

Evaluate the performance envelope for this aircraft at sea level by plotting drag force versus speed, between stall 
and M =0.6. Use this graph to estimate optimum cruise speed for the aircraft at sea-level conditions. Comment on 
stall speed and optimum cruise speed for the aircraft at 30,000 ft altitude on a standard day. 


Given: Boeing 727-200 jet transport at sea-level conditions. 

W = 150, 000 Ibf, A =1600 ft*, AR=6.5, and Cp,o = 0.182 
Stall speed is Vsta = 175 mph, and compressibility effects on drag are negligible for M < 0.6 (sonic speed at sea level 
is c = 759 mph). 


Find: (a) Drag force as a function of speed from Va to M = 0.6; plot results. 
(b) Estimate of optimum cruise speed at sea level. 
(c) Stall speed and optimum cruise speed at 30,000 ft altitude. 
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Solution: 
For steady, level flight, weight equals lift and thrust equals drag. 


Governing equations: 
Ge 
TAR 
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At sea level, p = 0.00238 slug/ft*, and c = 759 mph. 
Since F, = W for level flight at any speed, then 


W 2W 


= 5pV*A 7 pV?A 


At stall speed, V = 175 mph, so 


ft hr mi edn. 1 slug - ft 


x x 
G. 0.00238 slug | Vmi 5280 ft hr! 1600 ft2 Ibf - s2 


2 X 150,000 Ibf x 


365-10, 2 6010: 


5 me = 190 and 
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cr = 0.0182 + eo) 


= 0.0882 
TAR (6.5) 


Gp = Cp, 7 


Then 


Cp 0.0882 
i= W — = 150:000Ibi (=== | Me 100i 
Das ( 1.19 ) 


At M = 0.6, V = Mc = (0.6)759 mph = 455 mph, so C, = 0.177 and 


(0.177) 


AGS) = 0.0197 


Cp = 0.0182 + 


so 
0.0197 


Fp = 150,000 Ibf (Gam) = 16,700 lbf 


Similar calculations lead to the following table (computed using Excel): 


V (mph) 175 200 300 400 455 
Ci, 1.196 0.916 0.407 0.229 0.177 
Cp 0.0882 0.0593 0.0263 0.0208 0.0197 

Fp (lbf) 11,100 9,710 9,700 13,600 16,700 
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These data may be plotted as: 
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From the plot, the optimum cruise speed at sea level is estimated as 320 mph 
(and using Excel we obtain 323 mph). 

At 30,000 ft (9,140 m) altitude, the density is only about 0.375 times sea level 
density, from Table A.3. The speeds for corresponding forces are calculated from 


1 2h, V30 Ps 1 
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Thus, speeds increase 63 percent at 30,000 ft altitude: Va & 285 mph 
Veruise © 522 mph 


Aerodynamic lift is an important consideration in the design of high-speed land 
vehicles such as racing cars and land-speed-record machines. A road vehicle generates 
lift by virtue of its shape [29]. A representative centerline pressure distribution 
measured in the wind tunnel for an automobile is shown in Fig. 9.25 [30]. 

The pressure is low around the nose because of streamline curvature as the flow 
rounds the nose. The pressure reaches a maximum at the base of the windshield, again 
as a result of streamline curvature. Low-pressure regions also occur at the windshield 
header and over the top of the automobile. The air speed across the top is approxi- 
mately 30 percent higher than the freestream air speed. The same effect occurs around 


Fig. 9.25 Pressure distribution along the centerline 
of an automobile [30]. 


Fig. 9.26 Contemporary racing car (Schumacher’s Formula 1 Ferrari) showing aero- 
dynamic features. The car’s front and rear wings are designed to provide significant 
downforce at speed to improve traction. Also visible are fairings to direct hot air from the 
radiators around the rear tires, and at the front of the car, cool air toward the brakes. Not 
shown are other aerodynamic features such as the fuselage bottom, which is designed 
to route the airflow carefully, using diffusers, to develop the most negative pressure, 
and to cause this negative pressure to act over the largest possible area under the car, to 
develop additional downforce. (Photograph © Wayne P. Johnson) 


the “A-pillars” at the windshield edges. The drag increase caused by an added object, 
such as an antenna, spotlight, or mirror at that location, thus would be (1.3)? ¥ 1.7 
times the drag the object would experience in an undisturbed flow field. Thus the 
parasite drag of an added component can be much higher than would be predicted 
from its drag calculated for free flow. 

At high speeds, aerodynamic lift forces can unload tires, causing serious reductions 
in steering control and reducing stability to a dangerous extent. Lift forces on early 
racing cars were counteracted somewhat by “spoilers,” at considerable penalty in 
drag. In 1965 Jim Hall introduced the use of movable inverted airfoils on his Chap- 
arral sports cars to develop aerodynamic downforce and provide aerodynamic braking 
[31]. Since then the developments in application of aerodynamic devices have been 
rapid. Aerodynamic design is used to reduce lift on all modern racing cars, as 
exemplified in Fig. 9.26. Liebeck airfoils [23] are used frequently for high-speed 
automobiles. Their high lift coefficients and relatively low drag allow downforce equal 
to or greater than the car weight to be developed at racing speeds. “Ground effect” 
cars use venturi-shaped ducts under the car and side skirts to seal leakage flows. The 
net result of these aerodynamic effects is that the downward force (which increases 
with speed) generates excellent traction without adding significant weight to the 
vehicle, allowing faster speeds through curves and leading to lower lap times. 

Another method of boundary-layer control is use of moving surfaces to reduce skin 
friction effects on the boundary layer [32]. This method is hard to apply to practical 
devices, because of geometric and weight complications, but it is very important in 
recreation. Most golfers, tennis players, soccer players, and baseball pitchers can 
attest to this! Tennis and soccer players use spin to control the trajectory and bounce 
of a shot. In golf, a drive can leave the tee at 275 ft/s or more, with backspin of 9000 
rpm! Spin provides significant aerodynamic lift that substantially increases the carry of 
a drive. Spin is also largely responsible for hooking and slicing when shots are not hit 
squarely. The baseball pitcher uses spin to throw a curve ball. 

Flow about a spinning sphere is shown in Fig. 9.27a. Spin alters the pressure distribution 
and also affects the location of boundary-layer separation. Separation is delayed on the 
upper surface of the sphere in Fig. 9.27a, and it occurs earlier on the lower surface. Thus 
pressure (because of the Bernoulli effect) is reduced on the upper surface and increased on 
the lower surface; the wake is deflected downward as shown. Pressure forces cause a lift in 
the direction shown; spin in the opposite direction would produce negative lift—a 
downward force. The force is directed perpendicular to both V and the spin axis. 

Lift and drag data for spinning smooth spheres are presented in Fig. 9.27b. The 
most important parameter is the spin ratio, wD/2V, the ratio of surface speed to 
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Fig. 9.27 Flow pattern, lift, and drag coefficients for a smooth spinning sphere in uniform flow. 
(Data from [19].) 
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Fig. 9.28 Comparison of conventional and hex-dimpled 
golf balls [33]. 


freestream flow speed; Reynolds number plays a secondary role. At low spin ratio, lift 
is negative in terms of the directions shown in Fig. 9.27a. Only above wD/2V ~ 0.5 
does lift become positive and continue to increase as spin ratio increases. Lift coef- 
ficient levels out at about 0.35. Spin has little effect on sphere drag coefficient, which 
varies from about 0.5 to about 0.65 over the range of spin ratio shown. 

Earlier we mentioned the effect of dimples on the drag of a golf ball. Experimental 
data for lift and drag coefficients for spinning golf balls are presented in Fig. 9.28 for 
subcritical Reynolds numbers between 126,000 and 238,000. Again the independent 
variable is spin ratio; a much smaller range of spin ratio, typical of golf balls, is pre- 
sented in Fig. 9.28. 

A clear trend is evident: The lift coefficient increases consistently with spin ratio for 
both hexagonal and “conventional” (round) dimples. The lift coefficient on a golf ball 
with hexagonal dimples is significantly—as much as 15 percent—higher than on a 
ball with round dimples. The advantage for hexagonal dimples continues to the largest 
spin ratios that were measured. The drag coefficient for a ball with hexagonal dimples is 
consistently 5 to 7 percent lower than the drag coefficient for a ball with round dimples at 
low spin ratios, but the difference becomes less pronounced as spin ratio increases. 


7.8 Lift 473 


The combination of higher lift and lower drag increases the carry of a golf shot. A 
recent design—the Callaway HX—has improved performance further by using a 
“tubular lattice network” using ridges of hexagons and pentagons (at a precise height 
of 0.0083 in.) instead of dimples, so that there are no flat spots at all on the surface 
[34]. Callaway claims the HX flies farther than any ball they ever tested. 


ae 7.7 “TIFT-OF-A SPINNING BALL 


A smooth tennis ball, with 57 g mass and 64 mm diameter, is hit at 25 m/s with topspin of 7500 rpm. Calculate the 
aerodynamic lift acting on the ball. Evaluate the radius of curvature of its path at maximum elevation in a vertical 
plane. Compare with the radius for no spin. 


Given: Tennis ball in flight, with m = 57g and D = 64mm, hit with V = 25 m/s and topspin of 7500 rpm. 


Find: (a) Aerodynamic lift acting on ball. 
(b) Radius of curvature of path in vertical plane. 
(c) Comparison with radius for no spin. 


Solution: 
Assume ball is smooth. wD 
Use data from Fig. 9.27 to find lift: Coa én D Rep). 
From given data (for standard air, v = 1.46 x 10° °m?/s), 
wD il rev s rad _ min 
—— = ~ X 7500—— X 0.064m x x2 x = 1.01 
2V 2 u min me 95m * fey 60s 
Ree conden 2 = oi 
Vv s 1.46 x 10 ° m? 
From Fig. 9.27, C, = 0.3, so 
k= GAZ pV? 
ae ee ee Dye 
k 2 ilese F; 
F, = 2X03 x (0.064)? m x 1.23% x (25)? 2 x {= = 0371N . u 
8 m? s kg-m 


Because the ball is hit with topspin, this force acts downward. 
Use Newton’s second law to evaluate the curvature of the path. In the vertical plane, 


We Vv? 
we = F, mg — ma, —~—m R or R= z+F./m 
2 
R= (25) 3 m : 1 kg -m 
81— + 0.371 N X x 
‘ Sa a 0.057kg N -s? 
R = 38.3 m (with spin). R 
puine Ss é 5 R 
= x = ci i i € 
R = (25) =F orien 3.7 m (without spin) 


Thus topspin has a significant effect on trajectory of the shot! —— 
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Fig. 9.29 Lift and drag of a rotating cylinder as a 


function of relative rotational speed; Magnus force. 
(Data from [35].) 


It has long been known that a spinning projectile in flight is affected by a force 
perpendicular to the direction of motion and to the spin axis. This effect, known as the 
Magnus effect, is responsible for the systematic drift of artillery shells. 

Cross flow about a rotating circular cylinder is qualitatively similar to flow about 
the spinning sphere shown schematically in Fig. 9.27a. If the velocity of the upper 
surface of a cylinder is in the same direction as the freestream velocity, separation is 
delayed on the upper surface; it occurs earlier on the lower surface. Thus the wake 
is deflected and the pressure distribution on the cylinder surface is altered when 
rotation is present. Pressure is reduced on the upper surface and increased on the 
lower surface, causing a net lift force acting upward. Spin in the opposite direction 
reverses these effects and causes a downward lift force. 

Lift and drag coefficients for the rotating cylinder are based on projected area, LD. 
Experimentally measured lift and drag coefficients for subcritical Reynolds numbers 
between 40,000 and 660,000 are shown as functions of spin ratio in Fig. 9.29. When 
surface speed exceeds flow speed, the lift coefficient increases to surprisingly high 
values, while in two-dimensional flow, drag is affected only moderately. Induced drag, 
which must be considered for finite cylinders, can be reduced by using end disks larger 
in diameter than the body of the cylinder. 

The power required to rotate a cylinder may be estimated from the skin friction 
drag of the cylinder surface. Hoerner [35] suggests basing the skin friction drag esti- 
mate on the tangential surface speed and surface area. Goldstein [19] suggests that the 
power required to spin the cylinder, when expressed as an equivalent drag coefficient, 
may represent 20 percent or more of the aerodynamic Cp of a stationary cylinder. 


2.7 Sammary and Useful Equations 


In this chapter we have: 


¥ Defined and discussed various terms commonly used in aerodynamics, such as: boundary-layer disturbance, displacement and 
momentum thicknesses; flow separation; streamlining; skin friction and pressure drag and drag coefficient; lift and lift coeffi- 
cient; wing chord, span and aspect ratio; and induced drag. 

v Derived expressions for the boundary-layer thickness on a flat plate (zero pressure gradient) using exact* and approximate 
methods (using the momentum integral equation). 

v Learned how to estimate the lift and drag from published data for a variety of objects. 


*This topic applies to a section that may be omitted without loss of continuity in the material. 
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While investigating the above phenomena, we developed insight into some of the basic concepts of aerodynamic 
design, such as how to minimize drag, how to determine the optimum cruising speed of an airplane, and so on. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 


to their page numbers for details! 


Useful Equations 


Definition of displacement thickness: 7° u uy u (9.1) Page 426 
* = py — —_ 
: [ (1 a) ay [ (1 a) o 
Definition of momentum thickness: CY Uu é oy Uu (9.2) Page 426 
0 = 1 dy = —(1—- d 
| a a) . [ a a) ‘i 
Boundary-layer thickness (laminar, 5m 5.0 5.0x (9.13) | Page W-20 
exact—Blasius):  J/Uhx  JR& 
Wall stress (laminar, exact—Blasius): 0.332pU2 (9.14) Page W-21 
Tw = 0.332U\/puU/x = ——— 
V/ Re, 
Skin friction coefficient (laminar, Tw 0.664 (9.15) Page W-21 
exact—Blasius): C i pU2 JRe. 
Momentum integral equation: (9.17) | Page 432 
Tw d 2 dU 
— = — (U*6) + 6*U — 
dx dx 
Boundary-layer thickness for flat plate (9.21) | Page 435 
(laminar, approximate—polynomial 6 _  /30p 5.48 
velocity profile): x pUx Re, 
Definition of skin friction coefficient: Tis (9.22) Page 436 
G il U2 
P 
Skin friction coefficient for flat plate (9.23) | Page 436 
(laminar, approximate—polynomial _ 9.730 
velocity profile): J/Re, 
Boundary-layer thickness for flat plate (9.26) | Page 440 
(turbulent, approximate— ;-power-law 6 0.382 ( Ea ) us _ 9.382 
velocity profile): x Ux Rel!S 
Skin friction coefficient for flat plate (9.27) | Page 440 
: 1 Tee 0.0594 
(turbulent, approximate—;-power-law CS ag j 
velocity profile): 7 pu Rey? 
Definition of drag coefficient: fi Fp (9.30) | Page 446 
_— 5pV7A 
Drag coefficient for flat plate (entirely 1.33 (9.33) | Page 447 
laminar, based on Blasius solution): Cp = JVRe, 
L 
Drag coefficient for flat plate (entirely (9.34) | Page 447 
1 0.0742 
turbulent, based on 5-power-law Cp = ] 
velocity profile): Re}? 
Drag coefficient for flat plate (empirical, 0.455 (9.35) | Page 447 
Re, < 10°): Cp = 
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eae ene vena ues on ee 0.0742 1740 (9.37a) | Page 448 

5 x 10° < Re, < 10’): Rel Rey 

Drag coefficient for flat plate (empirical, 0.455 1610 (9.37b) | Page 448 

5 x 10° < Re, < 10°): Cp = (log Re, == Re, 

Definition of lift coefficient: C= F, (9.38) Page 459 

3 pV? A, 

Definition of aspect ratio: Ve (9.39) | Page 464 
AR= A, 

Drag coefficient of a wing (finite span C (9.42) | Page 465 

airfoil, using Cp, .,): Cp = Cp,0 + Cri = Cr,0 + a 

Drag coefficient of a wing (finite span C2 (9.43) | Page 465 

airfoil, using Cp): Cp = Coo + Coj = Coo + ae 


Case Study 


The Humpback Whale Flipper leading edges that are smooth and streamlined—even 


insect debris stuck to the leading edge of a wind tur- 
bine rotor, for example, can reduce performance. 
However, Dr. Frank E. Fish at West Chester University, 
Pennsylvania, and research colleagues at Duke Uni- 
versity and the U.S. Naval Academy have studied the 
fluid mechanics of the flippers of the humpback whale, 
which are anything but smooth, as shown in the figure. 
The researchers were curious that even allowing for 
the natural variability that any animal’s profile would 
have, the whale seems to have evolved flippers that have 
a unique row of bumps, or tubercles, along their leading 
edges that produce a serrated look. 

What are the bumps doing on those flippers? Test- 
ing and analysis (using many of the ideas discussed in 


Humpback whale flipper and new airfoil design. 


In Chapter 5 we developed the Navier—Stokes equa- 
tions for describing many of the flow fields that we are 
likely to study, and in Chapter 6 we developed Euler’s 
equation and the Bernoulli equation, which are useful 
when analyzing flows we can model as inviscid, such as 
much of aerodynamics. In Chapter 9 we have expanded 
on this material, considering many real-world phe- 
nomena such as boundary layers, flow separation, and 
so on. However, we still have a lot to learn about lots of 
different flow problems. For example, it is conventional 
knowledge that airfoils and hydrofoils should have 


Chapters 5, 6, and 9) have been done comparing air- 
foils with tubercles to similar airfoils with a traditional 
smooth leading edge. This research showed that 
the stall angle (recall that this is the angle when flow 
separation occurs, leading to a sudden loss in lift) was 
greatly increased and that when stall occurs, it does 
so gradually, not suddenly as in most traditional air- 
foils. In addition, the tubercles airfoil was more effi- 
cient: It had significantly less drag and more lift. 

It’s believed that this occurs because the tubercles 
channel the wind as it hits the leading edge of the 
airfoil, causing vortices to develop as the flow moves 
along the airfoil surface, stabilizing the flow and, 


among other things, preventing secondary flow from 
moving across the span of the airfoil to its tip, which 
causes noise and loss of lift. 

Possible future uses of tubercles airfoil sections 
include virtually any application that needs efficient, 
quiet performance, with excellent stall behavior: wind 
turbines, airplane wings, ship propellers and rudders, 
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Problems 


The Boundary-Layer Concept 


—J 9.1 The roof of a minivan is approximated as a horizontal flat 


plate. Plot the length of the laminar boundary layer as a 
function of minivan speed, V, as the minivan accelerates 
from 10 mph to 90 mph. 


9.2 A model of a river towboat is to be tested at 1:18 scale. The 
boat is designed to travel at 3.5 m/s in fresh water at 10°C. 
Estimate the distance from the bow where transition occurs. 
Where should transition be stimulated on the model towboat? 


9.3 The takeoff speed of a Boeing 757 is 160 mph. At 
approximately what distance will the boundary layer on the 
wings become turbulent? If it cruises at 530 mph at 33,000 ft, 
at approximately what distance will the boundary layer on 
the wings become turbulent? 


9.4 A student is to design an experiment involving dragging a 
sphere through a tank of fluid to illustrate (a) “creeping 
flow” (Rep < 1) and (b) flow for which the boundary layer 
becomes turbulent (Rep ~ 2.5 X 10°). She proposes to use a 
smooth sphere of diameter 1 cm in SAE 10 oil at room 
temperature. Is this realistic for both cases? If either case is 
unrealistic, select an alternative reasonable sphere diameter 
and common fluid for that case. 


9.5 For flow around a sphere the boundary layer becomes 
turbulent around Rep ¥ 2.5 X 10°. Find the speeds at which 
(a) an American golf ball (D = 1.68 in.), (b) a British golf 
ball (D = 41.1mm), and (c) a soccer ball (D = 8.75 in.) 
develop turbulent boundary layers. Assume standard atmo- 
spheric conditions. 


9.6 1m X 2 m sheet of plywood is attached to the roof of 
your vehicle after being purchased at the hardware store. At 
what speed (in kilometers per hour, in 20°C air) will the 
boundary layer first start becoming turbulent? At what speed 
is about 90 percent of the boundary layer turbulent? 


A 9.7 Plot on one graph the length of the laminar boundary 


layer on a flat plate, as a function of freestream velocity, for 
(a) water and standard air at (b) sea level and (c) 10 km 
altitude. Use log-log axes, and compute data for the 
boundary-layer length ranging from 0.01 m to 10 m. 


_J 9.8 The extent of the laminar boundary layer on the surface of 


an aircraft or missile varies with altitude. For a given speed, will 
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the laminar boundary-layer length increase or decrease with 
altitude? Why? Plot the ratio of laminar boundary-layer length 
at altitude z, to boundary-layer length at sea level, as a function 
of z, up to altitude z = 30 km, for a standard atmosphere. 


Boundary-Layer Thickness 


9.9 The most general sinusoidal velocity profile for laminar 
boundary-layer flow on a flat plate is wu = A sin(By) + C. 
State three boundary conditions applicable to the laminar 
boundary-layer velocity profile. Evaluate constants A, B, 
and C. 


9.10 Velocity profiles in laminar boundary layers often are 
approximated by the equations 


Linear : a = ; 
Sinusoidal : a = sin(77) 
Parabolic : a - 2(2) = () 


Compare the shapes of these velocity profiles by plotting y/é 
(on the ordinate) versus u/U (on the abscissa). 


9.11 An approximation for the velocity profile in a laminar 
boundary layer is 


u _3y_ 1 ()" 

U 26 2 
Does this expression satisfy boundary conditions applicable 
to the laminar boundary-layer velocity profile? Evaluate 6*/6 


and 6/6. 


9.12 An approximation for the velocity profile in a laminar 
boundary layer is 


u Vg la 
ae: 2(5) . (5) 
Does this expression satisfy boundary conditions applicable 


to the laminar boundary-layer velocity profile? Evaluate 6*/6 
and 6/6. 


9.13 A simplistic laminar boundary-layer model is 


u y 
— = V2= O0<ys 
U v25 y 


u y, 
7 = 2-v2)5+(v2-1) 


Does this expression satisfy boundary conditions applicable 
to the laminar boundary-layer velocity profile? Evaluate 6*/6 
and 6/6. 


A 9.14 The velocity profile in a turbulent boundary layer often 


is approximated by the +-power-law equation 


5-@” 


Compare the shape of this profile with the parabolic laminar 
boundary-layer velocity profile (Problem 9.10) by plotting y/é 
(on the ordinate) versus u/U (on the abscissa) for both 
profiles. 


9.15 Evaluate 6/6 for each of the laminar boundary-layer 
velocity profiles given in Problem 9.10. 


9.16 Evaluate 6*/6 for each of the laminar boundary-layer 
velocity profiles given in Problem 9.10. 


9.17 Evaluate 6*/5 and 6/5 for the turbulent 4-power-law 
velocity profile given in Problem 9.14. Compare with ratios 
for the parabolic laminar boundary-layer velocity profile 
given in Problem 9.10. 


9.18 A fluid, with density p = 1.5 slug/ft*, flows at U = 10 ft/s 
over a flat plate 10 ft long and 3 ft wide. At the trailing edge, 
the boundary-layer thickness is 6 = 1 in. Assume the velocity 
profile is linear, as shown, and that the flow is two-dimensional 
(flow conditions are independent of z). Using control volume 
abcd, shown by the dashed lines, compute the mass flow rate 
across surface ab. Determine the drag force on the upper 
surface of the plate. Explain how this (viscous) drag can be 
computed from the given data even though we do not know the 
fluid viscosity (see Problem 9.41). 
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9.19 The flat plate of Problem 9.18 is turned so that the 3-ft 
side is parallel to the flow (the width becomes 10 ft). Should we 
expect that the drag increases or decreases? Why? The trailing 
edge boundary-layer thickness is now 6 = 0.6 in. Assume again 
that the velocity profile is linear and that the flow is two- 
dimensional (flow conditions are independent of z). Repeat 
the analysis of Problem 9.18. 


9.20 Solve Problem 9.18 again with the velocity profile at 
section be given by the parabolic expression from Problem 
9.10. 


9.21 The test section of a low-speed wind tunnel is 5 ft long, 
preceded by a nozzle with a diffuser at the outlet. The tunnel 
cross section is 1 ft X 1 ft. The wind tunnel is to operate with 
100°F air and have a design velocity of 160 ft/s in the test 
section. A potential problem with such a wind tunnel is 


Problems 479 


boundary-layer blockage. The boundary-layer displacement 
thickness reduces the effective cross-sectional area (the test 
area, in which we have uniform flow); in addition, the uni- 
form flow will be accelerated. If these effects are pro- 
nounced, we end up with a smaller useful test cross section 
with a velocity somewhat higher than anticipated. If the 
boundary layer thickness is 0.4 in. at the entrance and 1 in. at 
the exit, and the boundary layer velocity profile is given by 
u/U = (y/6)'/’, estimate the displacement thickness at the 
end of the test section and the percentage change in 
the uniform velocity between the inlet and outlet. 


9.22 Air flows in a horizontal cylindrical duct of diameter 
D = 100 mm. At a section a few meters from the entrance, 
the turbulent boundary layer is of thickness 6; = 5.25 mm, 
and the velocity in the inviscid central core is U; = 12.5 m/s. 
Farther downstream the boundary layer is of thickness 6, = 
24 mm. The velocity profile in the boundary layer is 
approximated well by the +-power expression. Find the 
velocity, U>, in the inviscid central core at the second section, 
and the pressure drop between the two sections. 


9.23 Laboratory wind tunnels have test sections 25 cm square 
and 50 cm long. With nominal air speed U; = 25 m/s at the test 
section inlet, turbulent boundary layers form on the top, bot- 
tom, and side walls of the tunnel. The boundary-layer thickness 
is 6, = 20 mm at the inlet and 6. = 30 mm at the outlet from 
the test section. The boundary-layer velocity profiles are of 
power-law form, with u/U = (y/6)""’. Evaluate the freestream 
velocity, Uz, at the exit from the wind-tunnel test section. 
Determine the change in static pressure along the test section. 


9.24 The square test section of a small laboratory wind 
tunnel has sides of width W = 40 cm. At one measurement 
location, the turbulent boundary layers on the tunnel walls 
are 6, = 1 cm thick. The velocity profile is approximated well 
by the +-power expression. At this location, the freestream 
air speed is U; = 20 m/s, and the static pressure is p; = —250 
Pa (gage). At a second measurement location downstream, 
the boundary layer thickness is 63 = 1.3 cm. Evaluate the air 
speed in the freestream in the second section. Calculate the 
difference in static pressure from section ({) to section (). 


9.25 Air flows in the entrance region of a square duct, as 
shown. The velocity is uniform, Up = 100 ft/s, and the duct is 3 
in. square. At a section 1 ft downstream from the entrance, the 
displacement thickness, 6*, on each wall measures 0.035 in. 
Determine the pressure change between sections (1) and (). 


P9.25 
9.26 Flow of 68°F air develops in a flat horizontal duct fol- 
lowing a well-rounded entrance section. The duct height is H 
= 1 ft. Turbulent boundary layers grow on the duct walls, but 
the flow is not yet fully developed. Assume that the velocity 
profile in each boundary layer is u/U = (y/6)"'’. The inlet flow 
is uniform at V = 40 ft/s at section (1). At section Q), the 
boundary-layer thickness on each wall of the channel is 6, = 4 
in. Show that, for this flow, 6* = 6/8. Evaluate the static gage 


] 


] 
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pressure at section (1). Find the average wall shear stress 
between the entrance and section (2), located at L = 20 ft. 


9.27 A laboratory wind tunnel has a square test section with 
sides of width W = 1 ft and length L = 2 ft. When the freestream 
air speed at the test section entrance is U, = 80 ft/s, the head loss 
from the atmosphere is 0.3 in. HO. Turbulent boundary layers 
form on the top, bottom, and side walls of the test section. 
Measurements show the boundary-layer thicknesses are 6, = 0.8 
in at the entrance and 6 = 1 in at the outlet of the test section. 
The velocity profiles are of 4-power form. Evaluate the free- 
stream air speed at the outlet from the test section. Determine 
the static pressures at the test section inlet and outlet. 


9.28 Flow of air develops in a horizontal cylindrical duct, of 
diameter D = 15 in., following a well-rounded entrance. A 
turbulent boundary grows on the duct wall, but the flow is not 
yet fully developed. Assume that the velocity profile in the 
boundary layer isu/U = (y/6)7, The inlet flow is U = 50 ft/s 
at section (1). At section (2), the boundary-layer thickness is 
62 = 4 in. Evaluate the static gage pressure at section Q), 
located at L = 20 ft. Find the average wall shear stress. 


9.29 Air flows into the inlet contraction section of a wind 
tunnel in an undergraduate laboratory. From the inlet the air 
enters the test section, which is square in cross-section with 
side dimensions of 305 mm. The test section is 609 mm long. 
At one operating condition air leaves the contraction at 50.2 
m/s with negligible boundary-layer thickness. Measurements 
show that boundary layers at the downstream end of the test 
section are 20.3 mm thick. Evaluate the displacement 
thickness of the boundary layers at the downstream end of 
the wind tunnel test section. Calculate the change in static 
pressure along the wind tunnel test section. Estimate the 
approximate total drag force caused by skin friction on each 
wall of the wind tunnel. 


Laminar Flat-Plate Boundary Layer: Exact Solution 


*9.30 Using numerical results for the Blasius exact solution 
for laminar boundary-layer flow on a flat plate, plot the 
dimensionless velocity profile, u/U (on the abscissa), versus 
dimensionless distance from the surface, y/6 (on the ordi- 
nate). Compare with the approximate parabolic velocity 
profile of Problem 9.10. 


a *9.31 Using numerical results obtained by Blasius (Table 


9.1), evaluate the distribution of shear stress in a laminar 
boundary layer on a flat plate. Plot 7/7, versus y/6. Compare 
with results derived from the approximate sinusoidal velocity 
profile given in Problem 9.10. 


*9.32 Using numerical results obtained by Blasius (Table 
9.1), evaluate the distribution of shear stress in a laminar 
boundary layer on a flat plate. Plot 7/r,, versus y/6. Compare 
with results derived from the approximate parabolic velocity 
profile given in Problem 9.10. 

*9.33 Using numerical results obtained by Blasius (Table 9.1), 
evaluate the vertical component of velocity in a laminar 
boundary layer ona flat plate. Plot v/U versus y/6 for Re, = 10°. 

*9.34 Verify that the y component of velocity for the Blasius 
solution to the Prandtl boundary-layer equations is given by 
Eq. 9.10. Obtain an algebraic expression for the x component 
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of the acceleration of a fluid particle in the laminar boundary 
layer. Plot a, versus 7 to determine the maximum x com- 
ponent of acceleration at a given x. 


*9.35 Numerical results of the Blasius solution to the Prandtl 
boundary-layer equations are presented in Table 9.1. Con- 
sider steady, incompressible flow of standard air over a flat 
plate at freestream speed U = 5 m/s. At x = 20 cm, estimate 
the distance from the surface at which u = 0.95 U. Evaluate 
the slope of the streamline through this point. Obtain an 
algebraic expression for the local skin friction, 7,,(x). Obtain 
an algebraic expression for the total skin friction drag force 
on the plate. Evaluate the momentum thickness at L = 1 m. 


*9.36 Consider flow of air over a flat plate. On one graph, 
plot the laminar boundary-layer thickness as a function of 
distance along the plate (up to transition) for freestream 
speeds U = 1 m/s, 2 m/s, 3 m/s, 4 m/s, 5 m/s, and 10 m/s. 


*9.37 The Blasius exact solution involves solving a nonlinear 
equation, Eq. 9.11, with initial and boundary conditions given by 
Eq. 9.12. Set up an Excel workbook to obtain a numerical 
solution of this system. The workbook should consist of columns 
for 7, f, f’, and f”. The rows should consist of values of these, 
with a suitable step size for 7 (e.g., for 1000 rows the step size for 
7 would be 0.01 to generate data through 7 = 10, to go a little 
beyond the data in Table 9.1). The values of f and f’ for the first 
row are zero (from the initial conditions, Eq. 9.12); a guess value 
is needed for f” (try 0.5). Subsequent row values for f, f’, and f” 
can be obtained from previous row values using the Euler 
method of Section 5.5 for approximating first derivatives (and 
Eq. 9.11). Finally, a solution can be found by using Excel’s Goal 
Seek or Solver functions to vary the initial value of f” until f’ = 1 
for large 7 (e.g., 7 = 10, boundary condition of Eq. 9.12). Plot 
the results. Note: Because the Euler method is relatively crude, 
the results will agree with Blasius’ only to within about 1%. 

*9.38 A thin flat plate, L = 9 in. long and b = 3 ft wide, is in- 
stalled in a water tunnel as a splitter. The freestream speed is U = 
5 ft/s, and the velocity profile in the boundary layer is approxi- 
mated as parabolic. Plot 6, 6*, and 7,, versus x/L for the plate. 


9.39 Consider flow over the splitter plate of Problem 9.38. 
Show algebraically that the total drag force on one side of 
the splitter plate may be written Fp = pU*0,b. Evaluate 6,5 
and the total drag for the given conditions. 


9.40 A thin flat plate is installed in a water tunnel as a 
splitter. The plate is 0.3 m long and 1 m wide. The freestream 
speed is 1.6 m/s. Laminar boundary layers form on both sides 
of the plate. The boundary-layer velocity profile is approxi- 
mated as parabolic. Determine the total viscous drag force 
on the plate assuming that pressure drag is negligible. 


9.41 In Problems 9.18 and 9.19 the drag on the upper surface 
of a flat plate, with flow (fluid density p = 1.5 slug/ft*) at 
freestream speed U = 10 ft/s, was determined from momen- 
tum flux calculations. The drag was determined for the plate 
with its long edge (10 ft) and its short edge (3 ft) parallel to 
the flow. If the fluid viscosity 4. = 4 X 10°“ Ibf- s/ft*, compute 
the drag using boundary-layer calculations. 


9.42 Assume laminar boundary-layer flow to estimate the 
drag on the plate shown when it is placed parallel to a 15 ft/s 
air flow. The air is 70°F and 1 atm. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


2 ft 
2 ft 


2 ft 


P9.42, P9.43 


9.43 Assume laminar boundary-layer flow to estimate the 
drag on the plate shown when it is placed parallel to a 15 ft/s 
air flow, except that the base rather than the tip faces the 
flow. Would you expect this to be larger than, the same as, or 
lower than the drag for Problem 9.42? 


9.44 Assume laminar boundary-layer flow to estimate the 
drag on the plate shown when it is placed parallel to a 15 ft/s 
air flow. The air is at 70°F and 1 atm. (Note that the shape is 
given by x = y*, where x and y are in feet.) 


x= y2 


P9.44, P9.45 


9.45 Assume laminar boundary-layer flow to estimate the 
drag on the plate shown when it is placed parallel to a 15 ft/s 
flow, except that the base rather than the tip faces the flow. 
Would you expect this to be large than, the same as, or lower 
than the drag for Problem 9.44? 


9.46 Assume laminar boundary-layer flow to estimate the 
drag on four square plates (each 3 in. X 3 in.) placed parallel 
to a 3 ft/s water flow, for the two configurations shown. 
Before calculating, which configuration do you expect to 
experience the lower drag? Assume that the plates attached 
with string are far enough apart for wake effects to be neg- 
ligible and that the water is at 70°F. 


P9.46 


Momentum Integral Equation 


9.47 The velocity profile in a laminar boundary-layer flow at 
zero pressure gradient is approximated by the linear expres- 
sion given in Problem 9.10. Use the momentum integral 
equation with this profile to obtain expressions for 6/x and Cy. 


a 9.48 A horizontal surface, with length L = 1.8 m and width 


b=0.9 m, is immersed in a stream of standard air flowing 
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at U=3.2 m/s. Assume a laminar boundary layer forms and 
approximate the velocity profile as sinusoidal. Plot 6, 6*, 
and 7,, versus x/L for the plate. 


9.49 Water at 10°C flows over a flat plate at a speed of 0.8 m/ 
s. The plate is 0.35 m long and 1 m wide. The boundary layer 
on each surface of the plate is laminar. Assume that the 
velocity profile may be approximated as linear. Determine 
the drag force on the plate. 


9.50 A horizontal surface, with length L = 0.8 m and width 
b=1.9 m, is immersed in a stream of standard air flowing 
at U = 5.3 m/s. Assume a laminar boundary layer forms and 
approximate the velocity profile as linear. Plot 6, 6*, and 7, 
versus x/L for the plate. 


9.51 For the flow conditions of Problem 9.50, develop an 
algebraic expression for the variation of wall shear stress 
with distance along the surface. Integrate to obtain an 
algebraic expression for the total skin-friction drag on the 
surface. Evaluate the drag for the given conditions. 


9.52 Standard air flows from the atmosphere into the wide, 
flat channel shown. Laminar boundary layers form on the top 
and bottom walls of the channel (ignore boundary-layer 
effects on the side walls). Assume the boundary layers 
behave as on a flat plate, with linear velocity profiles. At any 
axial distance from the inlet, the static pressure is uniform 
across the channel. Assume uniform flow at section (4). 
Indicate where the Bernoulli equation can be applied in this 
flow field. Find the static pressure (gage) and the displace- 
ment thickness at section (2). Plot the stagnation pressure 
(gage) across the channel at section @), and explain the 
result. Find the static pressure (gage) at section (1), and 
compare to the static pressure (gage) at section oO» 


Up = 75 ft/s — 


Width, w = 6 in. 
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9.53 For the flow conditions of Example 9.4, develop an 
algebraic expression for the variation of wall shear stress 
with distance along the surface. Integrate to obtain an 
algebraic expression for the total skin friction drag on the 
surface. Evaluate the drag for the given conditions. 


*9.54 A developing boundary layer of standard air on a flat 
plate is shown in Fig. P9.18. The freestream flow outside the 
boundary layer is undisturbed with U = 50 m/s. The plate is 
3 m wide perpendicular to the diagram. Assume flow in the 
boundary layer is turbulent, with a 4-power velocity profile, 
and that 6 = 19 mm at surface bc. Calculate the mass flow 
rate across surface ad and the mass flux across surface ab. 
Evaluate the x momentum flux across surface ab. Determine 
the drag force exerted on the flat plate between d and c. 
Estimate the distance from the leading edge at which tran- 
sition from laminar to turbulent flow may be expected. 


*This problem requires material from sections that may be omitted without loss of continuity in the text material. 
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ee! 9.55 Consider flow of air over a flat plate of length 5 m. On one 


graph, plot the boundary-layer thickness as a function of dis- 
tance along the plate for freestream speed U = 10 m/s assuming 
(a) a completely laminar boundary layer, (b) a completely 
turbulent boundary layer, and (c) a laminar boundary layer that 
becomes turbulent at Re, = 5 X 10°. Use Excel’s Goal Seek or 
Solver to find the speeds U for which transition occurs at the 
trailing edge, and atx = 4m,3m,2m,and1m. 


| 9.56 Assume the flow conditions given in Example 9.4. Plot 


6, 6*, and 7,, versus x/L for the plate. 


9.57 Repeat Problem 9.42, except that the air flow is now at 
80 ft/s (assume turbulent boundary-layer flow). 


9.58 Repeat Problem 9.44, except that the air flow is now at 
80 ft/s (assume turbulent boundary-layer flow). 


9.59 Repeat Problem 9.46, except that the air flow is now at 
80 ft/s (assume turbulent boundary-layer flow). 


9.60 The velocity profile in a turbulent boundary-layer flow 
at zero pressure gradient is approximated by the +power 
profile expression, 


. = 7%, 


Use the momentum integral equation with this profile to 
obtain expressions for 6/x and Cy, Compare with results 
obtained in Section 9.5 for the +-power profile. 


9.61 For the flow conditions of Example 9.4, but using the + 
power velocity profile of Problem 9.60, develop an algebraic 
expression for the variation of wall shear stress with distance 
along the surface. Integrate to obtain an algebraic expression 
for the total skin friction drag on the surface. Evaluate the 
drag for the given conditions. 


9.62 Repeat Problem 9.60, using the jpower profile 
expression. 


9.63 Standard air flows over a horizontal smooth flat plate at 
freestream speed U = 20 m/s. The plate length is L = 1.5 m and 
its width is b = 0.8 m. The pressure gradient is zero. The 
boundary layer is tripped so that it is turbulent from the leading 
edge; the velocity profile is well represented by the 7-power 
expression. Evaluate the boundary-layer thickness, 6, at the 
trailing edge of the plate. Calculate the wall shear stress at the 
trailing edge of the plate. Estimate the skin friction drag on the 
portion of the plate between x = 0.5 m and the trailing edge. 


9.64 Air at standard conditions flows over a flat plate. The 
freestream speed is 30 ft/s. Find 6 and 7,, at x = 3 ft from the 
leading edge assuming (a) completely laminar flow (assume a 
parabolic velocity profile) and (b) completely turbulent flow 
(assume a 5-power velocity profile). 


Use of the Momentum Integral Equation 
for Flow with Zero Pressure Gradient 


9.65 A uniform flow of standard air at 60 m/s enters a plane- 
wall diffuser with negligible boundary-layer thickness. The 
inlet width is 75 mm. The diffuser walls diverge slightly to 
accommodate the boundary-layer growth so that the pres- 
sure gradient is negligible. Assume flat-plate boundary-layer 
behavior. Explain why the Bernoulli equation is applicable 
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to this flow. Estimate the diffuser width 1.2 m downstream 
from the entrance. 


9.66 A laboratory wind tunnel has a flexible upper wall that 
can be adjusted to compensate for boundary-layer growth, 
giving zero pressure gradient along the test section. The wall 
boundary layers are well represented by the +-power-velocity 
profile. At the inlet the tunnel cross section is square, with 
height H, and width W,, each equal to 1 ft. With freestream 
speed U; = 90 ft/s, measurements show that 6, = 0.5 in. and 
downstream 6, = 0.65 in. Calculate the height of the tunnel 
walls at (6). Determine the equivalent length of a flat plate 
that would produce the inlet boundary layer thickness. 
Estimate the streamwise distance between sections (1) and 
© in the tunnel. Assume standard air. 


Pressure Gradients in Boundary-Layer Flow 


9.67 Small wind tunnels in an undergraduate laboratory have 
305-mm square test sections. Measurements show the 
boundary layers on the tunnel walls are fully turbulent and 
well represented by 3-power profiles. At cross section @ with 
freestream speed U, = 26.1 m/s, data show that 6, = 12.2 
mm; at section @) located downstream, 6. = 16.6 mm. 
Evaluate the change in static pressure between sections (1) 
and (2). Estimate the distance between the two sections. 


9.68 Air flows in a cylindrical duct of diameter D = 6 in. At 
section (1), the turbulent boundary layer is of thickness 6, = 0.4 
in. and the velocity in the inviscid central core is U; = 80 ft/s. 
Further downstream, at section (2), the boundary layer is of 
thickness 6 = 1.2 in. The velocity profile in the boundary layer 
is approximated well by the 4-power expression. Find the 
velocity, U2, in the inviscid central core at the second section, 
and the pressure drop between the two sections. Does the 
magnitude of the pressure drop indicate that we are justified in 
approximating the flow between sections (1) and @) as one with 
zero pressure gradient? Estimate the length of duct between 
sections (1) and (2). Estimate the distance downstream from 
section (1) at which the boundary layer thickness is 6 = 0.6 in. 
Assume standard air. 


9.69 Consider the linear, sinusoidal, and parabolic laminar 
boundary-layer approximations of Problem 9.10. Compare 
the momentum fluxes of these profiles. Which is most likely 
to separate first when encountering an adverse pressure 
gradient? 


9.70 Perform a cost-effectiveness analysis on a typical large 
tanker used for transporting petroleum. Determine, as a per- 
centage of the petroleum cargo, the amount of petroleum that 
is consumed in traveling a distance of 2000 miles. Use data from 
Example 9.5, and the following: Assume the petroleum cargo 
constitutes 75% of the total weight, the propeller efficiency is 
70%, the wave drag and power to run auxiliary equipment 
constitute losses equivalent to an additional 20%, the engines 
have a thermal efficiency of 40%, and the petroleum energy is 
20,000 Btu/lbm. Also compare the performance of this tanker 
to that of the Alaskan Pipeline, which requires about 120 Btu of 
energy for each ton-mile of petroleum delivery. 


9.71 Consider the plane-wall diffuser shown in Fig. P9.71. 
First, assume the fluid is inviscid. Describe the flow pattern, 
including the pressure distribution, as the diffuser angle ¢ is 


increased from zero degrees (parallel walls). Second, modify 
your description to allow for boundary layer effects. Which 
fluid (inviscid or viscous) will generally have the highest exit 
pressure? 


Flow 


@ 
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a *9.72 Table 9.1 shows the numerical results obtained from 


Blasius exact solution of the laminar boundary-layer equa- 
tions. Plot the velocity distribution (note that from Eq. 9.13 
we see that 7 ~ 5.0%). On the same graph, plot the turbulent 
velocity distribution given by the j-power expression of 
Eq. 9.24. Which is most likely to separate first when 
encountering an adverse pressure gradient? To justify your 
answer, compare the momentum fluxes of these profiles (the 
laminar data can be integrated using a numerical method 
such as Simpson’s rule). 


9.73 Cooling air is supplied through the wide, flat channel 
shown. For minimum noise and disturbance of the outlet flow, 
laminar boundary layers must be maintained on the channel 
walls. Estimate the maximum inlet flow speed at which the 
outlet flow will be laminar. Assuming parabolic velocity 
profiles in the laminar boundary layers, evaluate the pressure 
drop, p1 — p2. Express your answer in inches of water. 


a 


! | 
Flow ——> 
| 
h=15cm @ 
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a | 9.74 Boundary-layer separation occurs when the shear stress 


at the surface becomes zero. Assume a polynomial repre- 
sentation for the laminar boundary layer of the form, u/U = a 
+ b\ + cd’ + dd*, where \ = y/6. Specify boundary condi- 
tions on the velocity profile at separation. Find appropriate 
constants, a, b, c, and d, for the separation profile. Calculate 
the shape factor H at separation. Plot the profile and compare 
with the parabolic approximate profile. 


9.75 For flow over a flat plate with zero pressure gradient, will 
the shear stress increase, decrease, or remain constant along 
the plate? Justify your answer. Does the momentum flux 
increase, decrease, or remain constant as the flow proceeds 
along the plate? Justify your answer. Compare the behavior of 
laminar flow and turbulent flow (both from the leading edge) 
over a flat plate. At a given distance from the leading edge, 
which flow will have the larger boundary-layer thickness? 
Does your answer depend on the distance along the plate? 
How would you justify your answer? 


Problems 483 


9.76 A laboratory wind tunnel has a test section that is 
square in cross section, with inlet width W, and height Hj, 
each equal to 1 ft. At freestream speed U; = 80 ft/s, mea- 
surements show the boundary-layer thickness is 6, = 0.4 in. 
with a +-power turbulent velocity profile. The pressure 
gradient in this region is given approximately by dp/dx = 
—0.035 in. H,O/in. Evaluate the reduction in effective flow 
area caused by the boundary layers on the tunnel bottom, 
top, and walls at section (1). Calculate the rate of change of 
boundary-layer momentum thickness, d6/dx, at section (1). 
Estimate the momentum thickness at the end of the test 
section, located at L = 10 in downstream. 


9.77 The variable-wall concept is proposed to maintain 
constant boundary-layer thickness in the wind tunnel 
of Problem 9.76. Beginning with the initial conditions of 
Problem 9.76, evaluate the freestream velocity distribution 
needed to maintain constant boundary-layer thickness. 
Assume constant width, W,. Estimate and plot the top-height 
settings along the test section from x = 0 at section (1) to x = 
10 in. at section @) downstream. 


Drag 


9.78 A flat-bottomed barge, 80 ft long and 35 ft wide, sub- 
merged to a depth of 5 ft, is to be pushed up a river (the river 
water is at 60°F). Estimate and plot the power required to 
overcome skin friction for speeds ranging up to 15 mph. 


9.79 Repeat Problem 9.46, except that the water flow is now 
at 30 ft/s. (Use formulas for Cp from Section 9.7.) 


9.80 A towboat for river barges is tested in a towing tank. 
The towboat model is built at a scale ratio of 1:13.5. 
Dimensions of the model are overall length 3.5 m, beam 1 m, 
and draft 0.2 m. (The model displacement in fresh water is 
5500 N.) Estimate the average length of wetted surface on 
the hull. Calculate the skin friction drag force of the proto- 
type at a speed of 7 knots relative to the water. 


9.81 A jet transport aircraft cruises at 12 km in steady level 
flight at 800 km/h. Model the aircraft fuselage as a circular 
cylinder with diameter D = 4 m and length L = 38 m. 
Neglecting compressibility effects, estimate the skin friction 
drag force on the fuselage. Evaluate the power needed to 
overcome this force. 


9.82 Resistance of a barge is to be determined from model 
test data. The model is constructed to a scale ratio of 1:13.5 
and has length, beam, and draft of 7.00 m, 1.4 m, and 0.2 m, 
respectively. The test is to simulate performance of the 
prototype at 10 knots. What must the model speed be for the 
model and prototype to exhibit similar wave drag behavior? 
Is the boundary layer on the prototype predominantly 
laminar or turbulent? Does the model boundary layer 
become turbulent at the comparable point? If not, the model 
boundary layer could be artificially triggered to turbulent 
by placing a tripwire across the hull. Where could this be 
placed? Estimate the skin-friction drag on model and 
prototype. 


9.83 A vertical stabilizing fin on a land-speed-record car is 
L = 1.65 m long and H = 0.785 m tall. The automobile is to 


*This problem requires material from sections that may be omitted without loss of continuity in the text material. 
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be driven at the Bonneville Salt Flats in Utah, where the 
elevation is 1340 m and the summer temperature reaches 
50°C. The car speed is 560 km/hr. Evaluate the length 
Reynolds number of the fin. Estimate the location of tran- 
sition from laminar to turbulent flow in the boundary layers. 
Calculate the power required to overcome skin friction drag 
on the fin. 


9.84 A nuclear submarine cruises fully submerged at 27 
knots. The hull is approximately a circular cylinder with 
diameter D = 11.0 m and length L = 107 m. Estimate the 
percentage of the hull length for which the boundary layer is 
laminar. Calculate the skin friction drag on the hull and the 
power consumed. 


9.85 You are asked by your college crew to estimate the skin 
friction drag on their eight-seat racing shell. The hull of the 
shell may be approximated as half a circular cylinder with 
457 mm diameter and 7.32 m length. The speed of the shell 
through the water is 6.71 m/s. Estimate the location of 
transition from laminar to turbulent flow in the boundary 
layer on the hull of the shell. Calculate the thickness of the 
turbulent boundary layer at the rear of the hull. Determine 
the total skin friction drag on the hull under the given 
conditions. 


9.86 A sheet of plastic material 0.5 in. thick, with specific 
gravity SG=1.7, is dropped into a large tank containing 
water. The sheet is 2 ft x 4 ft. Estimate the terminal speed of 
the sheet as it falls with (a) the short side vertical and (b) the 
long side vertical. Assume that the drag is due only to skin 
friction, and that the boundary layers are turbulent from the 
leading edge. 


9.87 The 600-seat jet transport aircraft proposed by Airbus 
Industrie has a fuselage that is 240 ft long and 25 ft in 
diameter. The aircraft is to operate 14 hr per day, 6 days per 
week; it will cruise at 575 mph (M = 0.87) at 12-km altitude. 
The engines consume fuel at the rate of 0.6 lbm/hr for each 
pound force of thrust produced. Estimate the skin friction 
drag force on the aircraft fuselage at cruise. Calculate the 
annual fuel savings for the aircraft if friction drag on 
the fuselage could be reduced by 1 percent by modifying the 
surface coating. 


9.88 A supertanker displacement is approximately 600,000 
tons. The ship has length L = 1000 ft, beam (width) b = 
270 ft, and draft (depth) D = 80 ft. The ship steams at 
15 knots through seawater at 40°F. For these conditions, 
estimate (a) the thickness of the boundary layer at the stern 
of the ship, (b) the total skin friction drag acting on the ship, 
and (c) the power required to overcome the drag force. 


_| 9.89 In Section 7.6 the wave resistance and viscous resis- 


tance on a model and prototype ship were discussed. For the 
prototype, L = 130 m and A = 1800 m*. From the data of 
Figs 7.2 and 7.3, plot on one graph the wave, viscous, and 
total resistance (N) experienced by the prototype, as a 
function of speed. Plot a similar graph for the model. Discuss 
your results. Finally, plot the power (kW) required for the 
prototype ship to overcome the total resistance. 


9.90 As part of the 1976 bicentennial celebration, an enter- 
prising group hung a giant American flag (194 ft high and 367 ft 
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wide) from the suspension cables of the Verrazano Narrows 
Bridge. They apparently were reluctant to make holes in the 
flag to alleviate the wind force, and hence they effectively had 
a flat plate normal to the flow. The flag tore loose from its 
mountings when the wind speed reached 10 mph. Estimate the 
wind force acting on the flag at this wind speed. Should they 
have been surprised that the flag blew down? 


9.91 A fishing net is made of 0.75-mm diameter nylon thread 
assembled in a rectangular pattern. The horizontal and ver- 
tical distances between adjacent thread centerlines are 1 cm. 
Estimate the drag on a2 m X 12 m section of this net when it 
is dragged (perpendicular to the flow) through 15°C water at 
6 knots. What is the power required to maintain this motion? 


9.92 A rotary mixer is constructed from two circular disks as 
shown. The mixer is rotated at 60 rpm in a large vessel 
containing a brine solution (SG = 1.1). Neglect the drag on 
the rods and the motion induced in the liquid. Estimate the 
minimum torque and power required to drive the mixer. 


w = 60 rpm 


) (+) 100 mm dia. 
(eno —oens| J 
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9.93 As a young design engineer you decide to make the 
rotary mixer look more “cool” by replacing the disks with 
rings. The rings may have the added benefit of making the 
mixer mix more effectively. If the mixer absorbs 350 W at 60 
rpm, redesign the device. There is a design constraint that 
the outer diameter of the rings not exceed 125 mm. 


9.94 The vertical component of the landing speed of a 
parachute is to be less than 20 ft/s. The total weight of the 
jumper and the chute is 250 lb. Determine the minimum 
diameter of the open parachute. 


9.95 As a young design engineer you are asked to design an 
emergency braking parachute system for use with a military 
aircraft of mass 9500 kg. The plane lands at 350 km/hr, 
and the parachute system alone must slow the airplane to 
100 km/hr in less than 1200 m. Find the minimum 
diameter required for a single parachute, and for three non- 
interfering parachutes. Plot the airplane speed versus dis- 
tance and versus time. What is the maximum “g-force” 
experienced? 


9.96 An emergency braking parachute system on a military 
aircraft consists of a large parachute of diameter 6 m. If the 
airplane mass is 8500 kg, and it lands at 400 km/hr, find the time 
and distance at which the airplane is slowed to 100 km/hr by the 
parachute alone. Plot the aircraft speed versus distance and 
versus time. What is the maximum “g-force” experienced? 
An engineer proposes that less space would be taken up by 
replacing the large parachute with three non-interfering para- 
chutes each of diameter 3.75 m. What effect would this have on 
the time and distance to slow to 100 km/hr? 


9.97 It has been proposed to use surplus 55 gal oil drums to 
make simple windmills for underdeveloped countries. (It is a 


simple Savonius turbine.) Two possible configurations are 
shown. Estimate which would be better, why, and by how 
much. The diameter and length of a 55 gal drum are D = 24 in. 
and H = 29 in. 


B 
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9.98 The resistance to motion of a good bicycle on smooth 
pavement is nearly all due to aerodynamic drag. Assume that 
the total weight of rider and bike is W = 210 Ibf. The frontal 
area measured from a photograph is A = 5 ft*. Experiments 
on a hill, where the road grade is 9 percent, show that 
terminal speed is V, = 50 ft/s. From these data, the drag 
coefficient is estimated as Cp = 1.25. Verify this calculation 
of drag coefficient. Estimate the distance needed for the bike 
and rider to decelerate from 50 ft/s to 30 ft/s while coasting 
after reaching level road. 


9-99 A cyclist is able to attain a maximum speed of 30 km/hr 
on a calm day. The total mass of rider and bike is 65 kg. The 
rolling resistance of the tires is Fg = 7.5 N, and the drag 
coefficient and frontal area are Cp = 1.2 and A = 0.25 m’. 
The cyclist bets that today, even though there is a headwind 
of 10 km/hr, she can maintain a speed of 24 km/hr. She also 
bets that, cycling with wind support, she can attain a top 
speed of 40 km/hr. Which, if any, bets does she win? 


9.100 Ballistic data obtained on a firing range show that 
aerodynamic drag reduces the speed of a .44 magnum 
revolver bullet from 250 m/s to 210 m/s as it travels over a 
horizontal distance of 150 m. The diameter and mass of 
the bullet are 11.2 mm and 15.6 g, respectively. Evaluate the 
average drag coefficient for the bullet. 


S| 9.101 Consider the cyclist in Problem 9.99. She is having a 


bad day, because she has to climb a hill with a 5° slope. What 
is the speed she is able to attain? What is the maximum 
speed if there is also a headwind of 10 km/hr? She reaches 
the top of the hill, and turns around and heads down the hill. 
If she still pedals as hard as possible, what will be her top 
speed (when it is calm, and when the wind is present)? What 
will be her maximum speed if she decides to coast down the 
hill (with and without the aid of the wind)? 


ee: 9.102 Consider the cyclist in Problem 9.99. Determine the 


maximum speeds she is actually able to attain today (with the 
10 km/hr wind) cycling into the wind, and cycling with the 
wind. If she were to replace the tires with high-tech ones that 
had a rolling resistance of only 3.5 N, determine her max- 
imum speed on a calm day, cycling into the wind, and cycling 
with the wind. If she in addition attaches an aerodynamic 
fairing that reduces the drag coefficient to Cp = 0.9, what 
will be her new maximum speeds? 


B.| 9.103 At a surprise party for a friend you’ve tied a series of 


20-cm-diameter helium balloons to a flagpole, each tied with 
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a short string. The first one is tied 1 m above the ground, and 
the other eight are tied at 1 m spacings, so that the last is tied 
at a height of 9 m. Being quite a nerdy engineer, you notice 
that in the steady wind, each balloon is blown by the wind so 
it looks like the angles that the strings make with the vertical 
are about 10°, 20°, 30°, 35°, 40°, 45°, 50°, 60°, and 65°. 
Estimate and plot the wind velocity profile for the 9-m range. 
Assume the helium is at 20°C and 10 kPa gage and that each 
balloon is made of 3 g of latex. 


9.104 A 0.5-m-diameter hollow plastic sphere containing 
pollution test equipment is being dragged through the 
Hudson River in New York by a diver riding an underwater 
jet device. The sphere (with an effective specific gravity of 
SG = 0.30) is fully submerged, and it is tethered to the diver 
by a thin 1.5-m-long wire. What is the angle the wire makes 
with the horizontal if the velocity of the diver and sphere 
relative to the water is 5 m/s? The water is at 10°C. 


9.105 A simple but effective anemometer to measure wind 
speed can be made from a thin plate hinged to deflect in the 
wind. Consider a thin plate made from brass that is 20 mm 
high and 10 mm wide. Derive a relationship for wind speed 
as a function of deflection angle, 6. What thickness of brass 
should be used to give @ = 30° at 10 m/s? 


9.106 An anemometer to measure wind speed is made from 
four hemispherical cups of 2-in. diameter, as shown. The 
center of each cup is placed at R = 3 in. from the pivot. Find 
the theoretical calibration constant, k, in the calibration 
equation V = kw, where V (mph) is the wind speed and w 
(rpm) is the rotation speed. In your analysis, base the torque 
calculations on the drag generated at the instant when two of 
the cups are orthogonal and the other two cups are parallel, 
and ignore friction in the bearings. Explain why, in the 
absence of friction, at any given wind speed, the anemometer 
runs at constant speed rather than accelerating without limit. 
If the actual anemometer bearing has (constant) friction such 
that the anemometer needs a minimum wind speed of 0.5 
mph to begin rotating, compare the rotation speeds with and 
without friction for V = 20 mph. 
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9.107 A circular disk is hung in an air stream from a pivoted 
strut as shown. In a wind-tunnel experiment, performed in 
air at 15 m/s with a 25-mm diameter disk, a was measured at 
10°. For these conditions determine the mass of the disk. 
Assume the drag coefficient for the disk applies when the 
component of wind speed normal to the disk is used. 
Assume drag on the strut and friction in the pivot are 
negligible. Plot a theoretical curve of a as a function of air 
speed. 
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9.108 Experimental data [16] suggest that the maximum and 
minimum drag area (CpA) for a skydiver varies from about 
9.1 ft” for a prone, spread-eagle position to about 1.2 ft? for 
vertical fall. Estimate the terminal speeds for a 170-lb sky- 
diver in each position. Calculate the time and distance 
needed for the skydiver to reach 90 percent of terminal 
speed at an altitude of 9800 ft on a standard day. 


9.109 A vehicle is built to try for the land-speed record at the 
Bonneville Salt Flats, elevation 4400 ft. The engine delivers 
500 hp to the rear wheels, and careful streamlining has 
resulted in a drag coefficient of 0.15, based on a 15 ft? frontal 
area. Compute the theoretical maximum ground speed of the 
car (a) in still air and (b) with a 20 mph headwind. 


9.110 An F-4 aircraft is slowed after landing by dual para- 
chutes deployed from the rear. Each parachute is 12 ft in 
diameter. The F-4 weighs 32,000 Ibf and lands at 160 knots. 
Estimate the time and distance required to decelerate the 
aircraft to 100 knots, assuming that the brakes are not used 
and the drag of the aircraft is negligible. 


9.111 A tractor-trailer rig has frontal area A = 102 ft? and 
drag coefficient Cp = 0.9. Rolling resistance is 6 Ibf per 1000 
Ibf of vehicle weight. The specific fuel consumption of the 
diesel engine is 0.34 lbm of fuel per horsepower hour, and 
drivetrain efficiency is 92 percent. The density of diesel fuel is 
6.9 Ibm/gal. Estimate the fuel economy of the rig at 55 mph if 
its gross weight is 72,000 lbf. An air fairing system reduces 
aerodynamic drag 15 percent. The truck travels 120,000 miles 
per year. Calculate the fuel saved per year by the roof fairing. 


9.112 A bus travels at 80 km/h in standard air. The frontal 
area of the vehicle is 7.5 m”, and the drag coefficient is 0.92. 
How much power is required to overcome aerodynamic 
drag? Estimate the maximum speed of the bus if the engine is 
rated at 465 hp. A young engineer proposes adding fairings 
on the front and rear of the bus to reduce the drag coefficient. 
Tests indicate that this would reduce the drag coefficient to 
0.86 without changing the frontal area. What would the 
required power be at 80 km/h and the new top speed? If the 
fuel cost for the bus is currently $300/day, how long would the 
modification take to pay for itself if it costs $4800 to install? 


a 9.113 Compare and plot the power (hp) required by a typical 


large American sedan of the 1970s and a current midsize 
sedan to overcome aerodynamic drag versus road speed in 
standard air, for a speed range of 20 mph to 100 mph. Use 
the following as representative values: 


Weight (Ibf) Drag Coefficient Frontal Area (ft) 
4500 0.5 24 
3500 0.3 20 


1970s Sedan 


Current Sedan 
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If rolling resistance is 1.5 percent of curb weight, determine 
for each vehicle the speed at which the aerodynamic force 
exceeds frictional resistance. 


9.114 A 180-hp sports car of frontal area 1.72 m’, with a drag 
coefficient of 0.31, requires 17 hp to cruise at 100 km/h. At 
what speed does aerodynamic drag first exceed rolling 
resistance? (The rolling resistance is 1.2 percent of the car 
weight, and the car mass is 1250 kg.) Find the drivetrain 
efficiency. What is the maximum acceleration at 100 km/h? 
What is the maximum speed? Which redesign will lead to a 
higher maximum speed: improving the drive train efficiency 
by 6 percent from its current value, reducing the drag coef- 
ficient to 0.29, or reducing the rolling resistance to 0.91 
percent of the car weight? 


9.115 Consider a negatively charged spherical particle of 
radius a bearing a charge, Q,, suspended in a pure dielectric 
fluid (containing no ions). When subject to a uniform 
electric field, E,, the particle will translate under the influ- 
ence of the electric force acting on it. The induced particle 
motion refers to electrophoresis, which has been widely used 
to characterize and purify molecules and colloidal particles. 
The net electrical force on the charged particle will simply be 
F; = OsE.,. As soon as the particle starts to move under the 
influence of this electric force, it encounters an oppositely 
directed fluid drag force. 

(a) Under the Stokes flow regime and neglecting the grav- 
itational force and the buoyancy force acting on 
the microparticle, derive an expression to calculate the 
particle’s steady-state translational velocity. 

(b) Based on the above results, explain why electrophoresis 
can be used to separate biological samples. 

(c) Calculate the translational velocities of two particles 
of radius a = 1 ym and 10 yum using O, = —10  C, 
E., =1000 Vim, and p = 10°? Pa-s. 

9.116 Repeat the analysis for the frictionless anemometer of 
Problem 9.106, except this time base the torque calculations 
on the more realistic model that the average torque is 
obtained by integrating, over one revolution, the instanta- 
neous torque generated by each cup (i.e., as the cup’s 
orientation to the wind varies). 


9.117 A round thin disk of radius R is oriented perpendic- 
ular to a fluid stream. The pressure distributions on the 
front and back surfaces are measured and presented in the 
form of pressure coefficients. The data are modeled with 
the following expressions for the front and back surfaces, 


respectively: 
1-(q) 


Front Surface G= 
G, = —0.42 


Rear Surface 


Calculate the drag coefficient for the disk. 


9.118 An object falls in air down a long vertical chute. The 
speed of the object is constant at 3 m/s. The flow pattern 
around the object is shown. The static pressure is uniform 
across sections (1) and (2); pressure is atmospheric at section 
(1). The effective flow area at section (2) is 20 percent of the 
chute area. Frictional effects between sections (1) and () are 


negligible. Evaluate the flow speed relative to the object at 
section @). Calculate the static pressure at section (). 
Determine the mass of the object. 


Wake 
t \ 


\ 
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\ 
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A, = 0.09 m?@ 
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9.119 An object of mass m, with cross-sectional area equal to 
half the size of the chute, falls down a mail chute. The 
motion is steady. The wake area is } the size of the chute at 
its maximum area. Use the assumption of constant pressure 
in the wake. Apply the continuity, Bernoulli, and momentum 
equations to develop an expression for terminal speed of the 
object in terms of its mass and other quantities. 


9.120 A light plane tows an advertising banner over a foot- 
ball stadium on a Saturday afternoon. The banner is 4 ft tall 
and 45 ft long. According to Hoerner [16], the drag coefficient 
based on area (Lh) for such a banner is approximated by 
Cp =0.05 L/h, where L is the banner length and h is the 
banner height. Estimate the power required to tow the ban- 
ner at V = 55 mph. Compare with the drag of a rigid flat plate. 
Why is the drag larger for the banner? 


9.121 A large paddle wheel is immersed in the current of a river 
to generate power. Each paddle has area A and drag coefficient 
Cp; the center of each paddle is located at radius R from the 
centerline of the paddle wheel. Assume the equivalent of one 
paddle is submerged continuously in the flowing stream. 
Obtain an expression for the drag force on a single paddle in 
terms of geometric variables, current speed, V, and linear speed 
of the paddle center, U = Rw. Develop expressions for the 
torque and power produced by the paddle wheel. Find the 
speed at which the paddle wheel should rotate to obtain max- 
imum power output from the wheel in a given current. 


Paddle (Area, A) 
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9.122 The antenna on a car is 10 mm in diameter and 1.8 m 
long. Estimate the bending moment that tends to snap it off 
if the car is driven at 120 km/hr on a standard day. 
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9.123 A large three-blade horizontal axis wind turbine 
(HAWT) can be damaged if the wind speed is too high. 
To avoid this, the blades of the turbine can be oriented 
so that they are parallel to the flow. Find the ben- 
ding moment at the base of each blade when the wind 
speed is 85 knots. Model each blade as a flat plate 115 ft 
wide X 1.5 ft long. 


9.124 The HAWT of Problem 9.123 is not self-starting. The 
generator is used as an electric motor to get the turbine up to 
the operating speed of 25 rpm. To make this easier, the 
blades are aligned so that they lie in the plane of rotation. 
Assuming an overall efficiency of motor and drive train 
of 60 percent, find the power required to maintain the tur- 
bine at the operating speed. As an approximation, model 
each blade as a series of flat plates (the outer region of each 
blade moves at a significantly higher speed than the inner 
region). 

9.125 A runner maintains a speed of 7.5 mph during a 4-mi 
run. The runner’s route consists of running straight down a 
road for 2 mi, then turning around and returning the 2 mi 
straight home. The C/A for the runner is 9 ft”. On a windless 
day, how many calories (kcal) will the runner burn over- 
coming drag? On a day in which the wind is blowing 5 mph 
directly along the runner’s route how many calories (kcal) 
will the runner burn overcoming drag? 


9.126 Consider small oil droplets (SG = 0.85) rising in 
water. Develop a relation for calculating terminal speed of a 
droplet (in m/s) as a function of droplet diameter (in mm) 
assuming Stokes flow. For what range of droplet diameter is 
Stokes flow a reasonable assumption? 


9.127 Standard air is drawn into a low-speed wind tunnel. 
A 30-mm diameter sphere is mounted on a force balance 
to measure lift and drag. An oil-filled manometer is used to 
measure static pressure inside the tunnel; the reading is 
—40mm of oil (SG = 0.85). Calculate the freestream air 
speed in the tunnel, the Reynolds number of flow over the 
sphere, and the drag force on the sphere. Are the boundary 
layers on the sphere laminar or turbulent? Explain. 


9.128 A spherical helium-filled balloon, 20 in. in diameter, 
exerts an upward force of 0.3 lbf on a restraining string when 
held stationary in standard air with no wind. With a wind speed 
of 10 ft/s, the string holding the balloon makes an angle of 55° 
with the horizontal. Calculate the drag coefficient of the balloon 
under these conditions, neglecting the weight of the string. 


9.129 A field hockey ball has diameter D = 73 mm and 
mass m = 160 g. When struck well, it leaves the stick with 
initial speed Up = 50 m/s. The ball is essentially smooth. 
Estimate the distance traveled in horizontal flight before 
the speed of the ball is reduced 10 percent by aero- 
dynamic drag. 

9.130 Compute the terminal speed of a 3-mm-diameter 
raindrop (assume spherical) in standard air. 


9.131 A small sphere (D = 6 mm) is observed to fall through 
castor oil at a terminal speed of 60 mm/s. The temperature is 
20°C. Compute the drag coefficient for the sphere. Determine 
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the density of the sphere. If dropped in water, would the 
sphere fall slower or faster? Why? 


J 9.132 The following curve-fit for the drag coefficient of a 
smooth sphere as a function of Reynolds number has been 
proposed by Chow [36]: 


Gy = 24/Re Re<1 

Oo tiRe ee 1<Re=400 

Gy = 05 400 < Re <3 X 10° 
Cp = 0.000366 Re”? 3x 10° < Re <2 10° 
Gy = O18 Re>2x 10° 


Use data from Fig. 9.11 to estimate the magnitude and loca- 
tion of the maximum error between the curve fit and data. 


je! 9.133 Problem 9.107 showed a circular disk hung in an air 
stream from a cylindrical strut. Assume the strut is L = 
40 mm long and d = 3 mm in. diameter. Solve Problem 9.107 
including the effect of drag on the support. 


9.134 A tennis ball with a mass of 57 g and diameter of 64 mm 
is dropped in standard sea level air. Calculate the terminal 
velocity of the ball. Assuming as an approximation that the 
drag coefficient remains constant at its terminal-velocity 
value, estimate the time and distance required for the ball to 
reach 95% of its terminal speed. 


9.135 Consider a cylindrical flag pole of height H. For con- 
stant drag coefficient, evaluate the drag force and bending 
moment on the pole if wind speed varies as u/U = (y/H)'”, 
where y is distance measured from the ground. Compare 
with drag and moment for a uniform wind profile with con- 
stant speed U. 


9.136 A water tower consists of a 12-m-diameter sphere on 
top of a vertical tower 30 m tall and 2 m in diameter. Esti- 
mate the bending moment exerted on the base of the tower 
due to the aerodynamic force imposed by a 100 km/hr wind 
on a standard day. Neglect interference at the joint between 
the sphere and tower. 


9.137 A model airfoil of chord 15 cm and span 60 cm is 
placed in a wind tunnel with an air flow of 30 m/s (the air 
is at 20°C). It is mounted on a cylindrical support rod 2 cm 
in diameter and 25 cm tall. Instruments at the base of 
the rod indicate a vertical force of 50 N and a horizontal 
force of 6 N. Calculate the lift and drag coefficients of the 
airfoil. 


9.138 A cast-iron “12-pounder” cannonball rolls off the deck 
of a ship and falls into the ocean at a location where the 
depth is 1000 m. Estimate the time that elapses before 
the cannonball hits the sea bottom. 


9.139 The Stokes drag law for smooth spheres is to be verified 
experimentally by dropping steel ball bearings in glycerin. 
Evaluate the largest diameter steel ball for which Re < 1 
at terminal speed. Calculate the height of glycerin column 
needed for a bearing to reach 95 percent of terminal speed. 


J 9.140 The plot shows pressure difference versus angle, 
measured for air flow around a circular cylinder at Re = 
80,000. Use these data to estimate Cp for this flow. Compare 
with data from Fig. 9.13. How can you explain the 
difference? 
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9.141 Consider the tennis ball of Problem 9.134. Use the 3 
equations for drag coefficient given in Problem 9.132, and a 
numerical integration scheme (e.g., Simpson’s rule) to com- 
pute the time and distance required for the ball to reach 95% 
of its terminal speed. 


9.142 The air bubble of Problem 3.10 expands as it rises in <7 
water. Find the time it takes for the bubble to reach the surface. 
Repeat for bubbles of diameter 5 mm and 15 mm. Compute and 
plot the depth of the bubbles as a function of time. 


9.143 Consider the tennis ball of Problem 9.134. Suppose it L 
is hit so that it has an initial upward speed of 50 m/s. Esti- 
mate the maximum height of the ball, assuming (a) a con- 
stant drag coefficient and (b) using the equations for drag 
coefficient given in Problem 9.132, and a numerical inte- 
gration scheme (e.g., a Simpson’s rule). 


9.144 Why is it possible to kick a football farther in a spiral 
motion than in an end-over-end tumbling motion? 


9.145 Approximate dimensions of a rented rooftop carrier are 
shown. Estimate the drag force on the carrier (r = 10 cm) at 100 
km/hr. If the drivetrain efficiency of the vehicle is 0.85 and the 
brake specific fuel consumption of its engine is 0.3 kg/(kW - hr), 
estimate the additional rate of fuel consumption due to the 
carrier. Compute the effect on fuel economy if the auto achieves 
12.75 km/L without the carrier. The rental company offers you a 
cheaper, square-edged carrier at a price $5 less than the current 
carrier. Estimate the extra cost of using this carrier instead of 
the round-edged one for a 750 km trip, assuming fuel is $3.50 per 
gallon. Is the cheaper carrier really cheaper? 
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9.146 A barge weighing 8820 kN that is 10 m wide, 30 m 
long, and 7 m tall has come free from its tug boat in the 
Mississippi River. It is in a section of river which has a 


current of 1 m/s, and there is a wind blowing straight upriver 
at 10 m/s. Assume that the drag coefficient is 1.3 for both the 
part of the barge in the wind as well as the part below water. 
Determine the speed at which the barge will be steadily 
moving. Is it moving upriver or downriver? 


9.147 Coastdown tests, performed on a level road on a calm 
day, can be used to measure aerodynamic drag and rolling 
resistance coefficients for a full-scale vehicle. Rolling resis- 
tance is estimated from dV/dt measured at low speed, where 
aerodynamic drag is small. Rolling resistance then is 
deducted from dV/dt measured at high speed to determine 
the aerodynamic drag. The following data were obtained 
during a test with a vehicle, of weight W = 25,000 lIbf and 
frontal area A = 79 ft*: 


V(mph) 5 55 
av imph\ _o450 0.475 
dt s 


Estimate the aerodynamic drag coefficient for this vehicle. 
At what speed does the aerodynamic drag first exceed 
rolling resistance? 


9.148 A spherical sonar transducer with 15 in. diameter is to 
be towed in seawater. The transducer must be fully sub- 
merged at 55 ft/s. To avoid cavitation, the minimum pressure 
on the surface of the transducer must be greater than 5 psia. 
Calculate the hydrodynamic drag force acting on the trans- 
ducer at the required towing speed. Estimate the minimum 
depth to which the transducer must be submerged to avoid 
cavitation. 


9.149 While walking across campus one windy day, Floyd 
Fluids speculates about using an umbrella as a “sail” to 
propel a bicycle along the sidewalk. Develop an algebraic 
expression for the speed a bike could reach on level ground 
with the umbrella “propulsion system.” The frontal area of 
bike and rider is estimated as 0.3 m’, and the drag coefficient 
is about 1.2. Assume the rolling resistance is 0.75 percent of 
the bike and rider weight; the combined mass is 75 kg. 
Evaluate the bike speed that could be achieved with an 
umbrella 1.22 m in diameter in a wind that blows at 24 km/hr. 
Discuss the practicality of this propulsion system. 


je: 9.150 Motion of a small rocket was analyzed in Example 


4.12 assuming negligible aerodynamic drag. This was not 
realistic at the final calculated speed of 369 m/s. Use the 
Euler method of Section 5.5 for approximating the first 
derivatives, in an Excel workbook, to solve the equation of 
motion for the rocket. Plot the rocket speed as a function of 
time, assuming Cp = 0.3 and a rocket diameter of 700 mm. 
Compare with the results for Cp = 0. 


9.151 A baseball is popped straight up with an initial 
velocity of 25 m/s. The baseball has a diameter of 0.073 m 
and a mass of 0.143 kg. The drag coefficient for the baseball 
can be estimated as 0.47 for Re < 10* and 0.10 for Re > 10°. 
Determine how long the ball will be in the air and how high 
it will go. 

9.152 Wiffle™ balls made from light plastic with numerous 
holes are used to practice baseball and golf. Explain the 
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purpose of the holes and why they work. Explain how you 
could test your hypothesis experimentally. 


9.153 Towers for television transmitters may be up to 500 min 
height. In the winter, ice forms on structural members. When 
the ice thaws, chunks break off and fall to the ground. How far 
from the base of a tower would you recommend placing a fence 
to limit danger to pedestrians from falling ice chunks? 


9.154 The “shot tower,” used to produce spherical lead shot, 
has been recognized as a mechanical engineering landmark. 
In a shot tower, molten lead is dropped from a high tower; as 
the lead solidifies, surface tension pulls each shot into a 
spherical shape. Discuss the possibility of increasing the 
“hang time,” or of using a shorter tower, by dropping molten 
lead into an air stream that is moving upward. Support your 
discussion with appropriate calculations. 


9.155 Design a wind anemometer that uses aerodynamic 
drag to move or deflect a member or linkage, producing an 
output that can be related to wind speed, for the range from 
1 to 10 m/s in standard air. Consider three alternative design 
concepts. Select the best concept and prepare a detailed 
design. Specify the shape, size, and material for each com- 
ponent. Quantify the relation between wind speed and 
anemometer output. Present results as a theoretical “cali- 
bration curve” of anemometer output versus wind speed. 
Discuss reasons why you rejected the alternative designs and 
chose your final design concept. 


9.156 A model airfoil of chord 6 in. and span 30 in. is placed 
in a wind tunnel with an air flow of 100 ft/s (the air is at 
70°F). It is mounted on a cylindrical support rod 1 in. in 
diameter and 10 in. tall. Instruments at the base of the rod 
indicate a vertical force of 10 lbf and a horizontal force of 1.5 
Ibf. Calculate the lift and drag coefficients of the airfoil. 


9.157 An antique airplane carries 50 m of external guy wires 
stretched normal to the direction of motion. The wire 
diameter is 5 mm. Estimate the maximum power saving that 
results from an optimum streamlining of the wires at a plane 
speed of 175 km/hr in standard air at sea level. 


9.158 Why do modern guns have rifled barrels? 


9.159 How do cab-mounted wind deflectors for tractor- 
trailer trucks work? Explain using diagrams of the flow 
pattern around the truck and pressure distribution on the 
surface of the truck. 


9.160 An airplane with an effective lift area of 25 m” is fitted 
with airfoils of NACA 23012 section (Fig. 9.23). The max- 
imum flap setting that can be used at takeoff corresponds to 
configuration (2) in Fig. 9.23. Determine the maximum gross 
mass possible for the airplane if its takeoff speed is 150 km/hr 
at sea level (neglect added lift due to ground effect). Find the 
minimum takeoff speed required for this gross mass if 
the airplane is instead taking off from Denver (elevation 
approximately 1.6 km). 


9.161 An aircraft is in level flight at 225 km/hr through air at 
standard conditions. The lift coefficient at this speed is 0.45 
and the drag coefficient is 0.065. The mass of the aircraft is 
900 kg. Calculate the effective lift area for the craft, and the 
required engine thrust and power. 


9.162 The foils of a surface-piercing hydrofoil watercraft 
have a total effective area of 7.5 ft*. Their coefficients of lift 
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and drag are 1.5 and 0.63, respectively. The total weight of 
the craft in running trim is 4000 Ib. Determine the minimum 
speed at which the craft is supported by the hydrofoils. At 
this speed, find the power required to overcome water 
resistance. If the craft is fitted with a 150-hp engine, estimate 
its top speed. 


9.163 A high school project involves building a model 
ultralight airplane. Some of the students propose making an 
airfoil from a sheet of plastic 5 ft long x 7 ft wide at an angle 
of attack of 10°. At this airfoil’s aspect ratio and angle of 
attack the lift and drag coefficients are C; = 0.75 and Cp = 
0.19. If the airplane is designed to fly at 40 ft/s, what is the 
maximum total payload? What will be the required power to 
maintain flight? Does this proposal seem feasible? 


9.164 The U.S. Air Force F-16 fighter aircraft has wing 
planform area A = 300 ft; it can achieve a maximum lift 
coefficient of C, = 1.6. When fully loaded, its weight is 
26,000 Ib. The airframe is capable of maneuvers that produce 
9g vertical accelerations. However, student pilots are 
restricted to 5 g maneuvers during training. Consider a turn 
flown in level flight with the aircraft banked. Find the 
minimum speed in standard air at which the pilot can pro- 
duce a 5g total acceleration. Calculate the corresponding 
flight radius. Discuss the effect of altitude on these results. 


9.165 The teacher of the students designing the airplane of 
Problem 9.163 is not happy with the idea of using a sheet 
of plastic for the airfoil. He asks the students to evaluate the 
expected maximum total payload, and required power to 
maintain flight, if the sheet of plastic is replaced with a con- 
ventional section (NACA 23015) airfoil with the same aspect 
ratio and angle of attack. What are the results of the analysis? 


9.166 A light airplane, with mass M = 1000 kg, has a con- 
ventional-section (NACA 23015) wing of planform area A = 
10 m*. Find the angle of attack of the wing for a cruising 
speed of V = 63 m/s. What is the required power? Find the 
maximum instantaneous vertical “g force” experienced at 
cruising speed if the angle of attack is suddenly increased. 


9.167 A light airplane has 35-ft effective wingspan and 5.5-ft 
chord. It was originally designed to use a conventional 
(NACA 23015) airfoil section. With this airfoil, its cruising 
speed on a standard day near sea level is 150 mph. A con- 
version to a laminar-flow (NACA 66,—215) section airfoil is 
proposed. Determine the cruising speed that could be 
achieved with the new airfoil section for the same power. 


9.168 Instead of a new laminar-flow airfoil, a redesign of the 
light airplane of Problem 9.167 is proposed in which 
the current conventional airfoil section is replaced with 
another conventional airfoil section of the same area, but 
with aspect ratio AR = 8. Determine the cruising speed that 
could be achieved with this new airfoil for the same power. 

9.169 Assume the Boeing 727 aircraft has wings with NACA 
23012 section, planform area of 1600 ft”, double-slotted flaps, 
and effective aspect ratio of 6.5. If the aircraft flies at 150 
knots in standard air at 175,000 Ib gross weight, estimate the 
thrust required to maintain level flight. 

9.170 An airplane with mass of 10,000 lb is flown at constant 
elevation and speed on a circular path at 150 mph. The flight 
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circle has a radius of 3250 ft. The plane has lifting area of 225 
ft” and is fitted with NACA 23015 section airfoils with 
effective aspect ratio of 7. Estimate the drag on the aircraft 
and the power required. 


9.171 Find the minimum and maximum speeds at which the 
airplane of Problem 9.170 can fly on a 3250 ft radius circular 
flight path, and estimate the drag on the aircraft and power 
required at these extremes. 


9.172 Jim Hall’s Chaparral 2F sports-racing cars in the 1960s 
pioneered use of airfoils mounted above the rear suspension 
to enhance stability and improve braking performance. The 
airfoil was effectively 6 ft wide (span) and had a 1-ft chord. 
Its angle of attack was variable between 0 and minus 12 
degrees. Assume lift and drag coefficient data are given by 
curves (for conventional section) in Fig. 9.17. Consider a car 
speed of 120 mph on a calm day. For an airfoil deflection of 
12° down, calculate (a) the maximum downward force and 
(b) the maximum increase in deceleration force produced by 
the airfoil. 


9.173 The glide angle for unpowered flight is such that lift, 
drag, and weight are in equilibrium. Show that the glide 
slope angle, 0, is such that tan 6 = C)/C,. The minimum 
glide slope occurs at the speed where C;/Cp is a maximum. 
For the conditions of Example 9.8, evaluate the minimum 
glide slope angle for a Boeing 727-200. How far could this 
aircraft glide from an initial altitude of 10 km on a standard 
day? 

9.174 The wing loading of the Gossamer Condor is 0.4 Ibf/ft* 
of wing area. Crude measurements showed drag was 
approximately 6 Ibf at 12 mph. The total weight of the 
Condor was 200 lbf. The effective aspect ratio of the Condor 
is 17. Estimate the minimum power required to fly the air- 
craft. Compare to the 0.39 hp that pilot Brian Allen could 
sustain for 2 hr. 


9.175 Some cars come with a “spoiler,” a wing section 
mounted on the rear of the vehicle that salespeople some- 
times claim significantly increases traction of the tires at 
highway speeds. Investigate the validity of this claim. Are 
these devices really just cosmetic? 

.176 Roadside signs tend to oscillate in a twisting motion 
when a strong wind blows. Discuss the phenomena that must 
occur to cause this behavior. 

9.177 How does a Frisbee™ fly? What causes it to curve left 

or right? What is the effect of spin on its flight? 


ve) 


9.178 Air moving over an automobile is accelerated to 
speeds higher than the travel speed, as shown in Fig. 9.25. 
This causes changes in interior pressure when windows are 
opened or closed. Use the data of Fig. 9.25 to estimate the 
pressure reduction when a window is opened slightly at a 
speed of 100 km/hr. What is the air speed in the freestream 
near the window opening? 


9.179 An automobile travels down the road with a bicycle 
attached to a carrier across the rear of the trunk. The bicycle 
wheels rotate slowly. Explain why and in what direction the 
rotation occurs. 


9.180 A class demonstration showed that lift is present when 
a cylinder rotates in an air stream. A string wrapped around 


a paper cylinder and pulled causes the cylinder to spin and 
move forward simultaneously. Assume a cylinder of 5 cm 
diameter and 30 cm length is given a rotational speed of 240 
rpm and a forward speed of 1.5 m/s. Estimate the approx- 
imate lift force that acts on the cylinder. 


9.181 A golf ball (diameter D = 43 mm) with circular 
dimples is hit from a sand trap at 20 m/s with backspin of 
2000 rpm. The mass of the ball is 48 g. Evaluate the lift and 
drag forces acting on the ball. Express your results as frac- 
tions of the weight of the ball. 


9.182 Rotating cylinders were proposed as a means of ship 
propulsion in 1924 by the German engineer, Flettner. The 
original Flettner rotor ship had two rotors, each about 10 ft 
in diameter and 50 ft high, rotating at up to 800 rpm. Cal- 
culate the maximum lift and drag forces that act on each 
rotor in a 30-mph wind. Compare the total force to that 
produced at the optimum L/D at the same wind speed. 
Estimate the power needed to spin the rotor at 800 rpm. 
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9.183 A baseball pitcher throws a ball at 80 mph. Home 
plate is 60 ft away from the pitcher’s mound. What spin 
should be placed on the ball for maximum horizontal 
deviation from a straight path? (A baseball has a mass of 5 oz 
and a circumference of 9 in.) How far will the ball deviate 
from a straight line? 


9.184 American and British golf balls have slightly different 
diameters but the same mass (see Problems 1.39 and 1.42). 
Assume a professional golfer hits each type of ball from a tee 
at 85 m/s with backspin of 9000 rpm. Evaluate the lift and 
drag forces on each ball. Express your answers as fractions of 
the weight of each ball. Estimate the radius of curvature 
of the trajectory of each ball. Which ball should have the 
longer range for these conditions? 


9.185 A soccer player takes a free kick. Over a distance of 10 
m, the ball veers to the right by about 1 m. Estimate the spin 
the player’s kick put on the ball if its speed is 30 m/s. The ball 
has a mass of 420 gm and has a circumference of 70 cm. 


10.1 Introduction and Classification of Fluid Machines 
10.2 Turbomachinery Analysis 

10.3 Pumps, Fans, and Blowers 

10.4 Positive Displacement Pumps 

10.5 Hydraulic Turbines 

10.6 Propellers and Wind-Power Machines 

10.7 Compressible Flow Turbomachines 


10.8 Summary and Useful Equations 


In the Case Study of Chapter 9, we learned 
that humpback whales’ incredible agility to a large 
degree comes from the bumps on the leading edges of 
their flippers, known as tubercles. Ernst van Nierop, a 
PhD candidate at the School of Engineering and 
Applied Sciences at Harvard University, coauthored a 
study to explain this phenomenon with mathematics 
professor Michael Brenner and researcher Silas Alben. 

As with the airfoils discussed in Chapter 9, when the 
angle of attack of a whale flipper becomes too steep, 
the result is stall. Previous experiments have shown, 
however, that the angle of attack before stall occurs 


for a humpback-whale flipper is much steeper than 
that of a smooth flipper. The Harvard team showed that 
the tubercles change the distribution of pressure on the 
flipper so that some parts of it stall before others, 
thereby avoiding abrupt stalling and giving the whale 
more freedom to attack at higher angles and the ability 
to better predict its hydrodynamic limitations. 
Studying living things in order to come up with 
ideas to improve technology is a practice known as 
biomimicry, and it is becoming more widely used to 
increase efficiency in machines. In this instance we 
have a practical application of tubercle technology, 
specifically as it applies to turbomachinery, the topic 
of this chapter. A company in Toronto, Ontario, called 


The tubercles on WhalePower’s turbine blade (Photo courtesy of 
J. Subirana, WhalePower) 


WhalePower, has demonstrated the advantages of 
tubercles when they are integrated into the leading 
edges of wind-turbine and fan blades. The photograph 
shows a prototype of a wind turbine blade incorpor- 
ating tubercles on its leading edge. Tests of these 
prototypes have shown that the delayed stall doubles 
the performance of the turbines and allows the turbine 
to capture more energy out of lower-speed winds. As 
we alluded to in the Case Study of Chapter 9, this 
increase in performance can be explained by looking 
at how stall affects the flow over rotating blades. In 
particular, it is well-known that the stall experienced 
by conventional blades causes air to travel from the 
hub to the tips of the blades, rather than parallel to 
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the axis of rotation. The result of this effect, sometimes 
referred to as span-wise pumping, is that additional 
energy is needed to move the air in the desired 
direction, decreasing efficiency of the fan. Similarly, a 
wind turbine that experiences stall will generate less 
lift, and therefore less power can extracted from the 
air. In addition, the radial component of the air flow 
increases vibration of the blades, causing noise and 
increased wear and tear. 

Ongoing tests at the Wind Energy Institute of 
Canada have shown that because the tubercle-lined 
blades delay stall, they are more stable, quiet, and 
durable than conventional blades. Recent studies 
show that the addition of tubercles to the leading 
edges of turbine blades makes them generate more 
stable lift, with lower drag even at high pitch angles, 
and when there is stall it is a gradual, not catastrophic, 
change. WhalePower claims that there is improved 
power generation at low wind speeds, the blades 
are quieter than conventional blades, and there is 
decreased tip chatter (vibrations at the blade tip due 
to flow instabilities); in other words, in real-world 
conditions the tubercle-enhanced blades appear to be 
more stable and responsive than any previous turbine. 
WhalePower has also shown that tubercle-lined 
blades on industrial ceiling fans can operate 20 per- 
cent more efficiently than conventional blades and 
that they do a better job at circulating air in a building. 
The results were dramatic enough to convince Envira- 
North, Canada’s largest maker of ventilation fans, to 
license the design. 


Humans have sought to control nature since antiquity. Early humans carried water by 
the bucket; as larger groups formed, this process was mechanized. The first fluid 
machines developed as bucket wheels and screw pumps to lift water. The Romans 
introduced paddle wheels around 70 B.C. to obtain energy from streams [1]. Later, 
windmills were developed to harness wind power, but the low power density of the 
wind limited output to a few hundred horsepower. Development of waterwheels made 
it possible to extract thousands of horsepower at a single site. 

Today we take many fluid machines for granted. On a typical day we draw pres- 
surized water from the tap, use a blower to dry our hair, drive a car (in which fluid 
machines operate the lubrication, cooling, and power steering systems), and work in a 
comfortable environment provided by air circulation. The list could be extended 
indefinitely. 

A fluid machine is a device that either performs work on or extracts work (or 
power) from a fluid. As you can imagine, this is a very large field of study, so we will 
limit ourselves mostly to incompressible flows. First the terminology of the field is 
introduced and machines are classified by operating principle and physical character- 
istics. Rather than attempt a treatment of the entire field, we focus on machines in 
which energy transfer to or from the fluid is through a rotating element. Basic equa- 
tions are reviewed and then simplified to forms useful for analysis of fluid machines. 
Performance characteristics of typical machines are considered. Examples are given of 
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pump and turbine applications in typical systems. Next, we will discuss propellers 
and wind turbines, which are unique in that they achieve energy transfer with a fluid 
without the benefit of an external housing. A discussion of compressible flow machines 
concludes the chapter. 


10.7 Introduction and Classification 


of Fluid Machines 


Fluid machines may be broadly classified as either positive displacement or dynamic. In 
positive-displacement machines, energy transfer is accomplished by volume changes that 
occur due to movement of the boundary in which the fluid is confined. This includes 
piston-cylinder arrangements, gear pumps (for example, the oil pump for a car engine), 
and lobe pumps (for example, those used in medicine for circulating blood through a 
machine). We will not analyze these devices in this chapter; we will review them briefly in 
Section 10.4. Dynamic fluid-handling devices that direct the flow with blades or vanes 
attached to a rotating member are termed turbomachines. In contrast to positive dis- 
placement machinery, there is no closed volume in a turbomachine. These devices are 
very widely used in industry for power generation (for example, water and steam tur- 
bines) and in numerous other applications (for example, the turbocharger of a high- 
performance car). The emphasis in this chapter is on dynamic machines. 

A further distinction among types of turbomachines is based on the geometry of the 
flow path. In radial-flow machines, the flow path is essentially radial, with significant 
changes in radius from inlet to outlet. (Such machines sometimes are called centrifugal 
machines.) In axial-flow machines, the flow path is nearly parallel to the machine 
centerline, and the radius of the flow path does not vary significantly. In mixed-flow 
machines the flow-path radius changes only moderately. Diagrams and photographs of 
typical turbomachines are shown in Figs. 10.1 through 10.5. 

All work interactions in a turbomachine result from dynamic effects of the rotor on 
the fluid stream; that is, the transfer of work between the fluid and the rotating 
machine either increases or decreases the speed of the flow. However, in conjunction 
with this kinetic energy transfer, machines that include external housings (e.g., com- 
pressors, pumps, and turbines) also involve either the conversion of pressure energy to 
kinetic energy, or vice versa. This acceleration or deceleration of the flow allows for 
maximum pressure rise in pumps and compressors and for maximum power output 
from turbines. 


Machines for Doing Work on a Fluid 


Machines that add energy to a fluid by performing work on it are called pumps when 
the flow is liquid or slurry, and fans, blowers, or compressors for gas- or vapor- 
handling units, depending on pressure rise. Fans usually have small pressure rise (less 
than 1 inch of water) and blowers have moderate pressure rise (perhaps 1 inch of 
mercury); pumps and compressors may have very high pressure rises. Current 
industrial systems operate at pressures up to 150,000 psi (10* atmospheres). 

Pumps and compressors consist of a rotating wheel (called an impeller or rotor, 
depending on the type of machine) driven by an external power source (e.g., a motor 
or another fluid machine) to increase the flow kinetic energy, followed by an element 
to decelerate the flow, thereby increasing its pressure. This combination is known as a 
stage. These elements are contained within a housing or casing. A single pump or 
compressor might consist of several stages within a single housing, depending on 
the amount of pressure rise required of the machine. The shaft must penetrate the 
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Eye —> — 
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(a) Centrifugal pump (b) Centrifugal blower (c) Centrifugal compressor 


Fig. 10.1 Schematic diagrams of typical centrifugal-flow turbomachines, adapted from [2]. 
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-— Rotor axis 


(a) Axial-flow compressor stage (b) Mixed-flow pump stage 


Fig. 10.2 Schematic diagrams of typical axial-flow and mixed-flow turbo- 
machines, adapted from [2]. 


housing in order to receive mechanical work from the external power source. Bearings 
and seals are needed to minimize frictional (mechanical) losses and prevent leakage of VIDEO 
the working fluid. 

Three typical centrifugal machines are shown schematically in Fig. 10.1. The —— fow in an Axial Flow Compressor 

rotating element of a centrifugal pump or compressor is frequently called the impeller, mation). 
Flow enters each machine nearly axially at small radius through the eye of the 
impeller, diagram (a), at radius r,. Flow is turned and leaves through the impeller 
discharge at radius rz, where the width is b>. Diffusion of the flow is achieved in a 
centrifugal machine as it leaves the impeller and is collected in the scroll or volute, 
which gradually increases in area as it nears the outlet of the machine, diagram (b). 
The impeller usually has vanes; it may be shrouded (enclosed) as shown in diagram 
(a), or open as shown in diagram (c). The impeller vanes may be relatively straight, or 
they may curve to become nonradial at the outlet. Diagram (c) shows that the diffuser 
may have vanes to direct the flow between the impeller discharge and the volute; 
vanes allow for more efficient diffusion, but at increased fabrication cost. Centrifugal 
machines are capable of higher pressure ratios than axial machines, but they have a 
higher frontal area per unit mass flow. 

Typical axial-flow and mixed-flow turbomachines are shown schematically in 
Fig. 10.2. Figure 10.2a shows a typical axial-flow compressor stage. In these machines 
the rotating element is referred to as the rotor, and flow diffusion is achieved in the 
stator. Flow enters nearly parallel to the rotor axis and maintains nearly the same 
radius through the stage. The mixed-flow pump in diagram (b) shows the flow being 
turned outward and moving to larger radius as it passes through the stage. Axial flow 
machines have higher efficiencies and less frontal area than centrifugal machines, but 
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Fig. 10.3. Photograph of a multiple-stage axial-flow compressor rotor for a gas 
turbine. (Photo courtesy of General Electric Company. © 2010 General Electric Com- 
pany. All rights reserved.) 


they cannot achieve as high pressure ratios. As a result, axial flow machines are more 
likely to consist of multiple stages, making them more complex than centrifugal 
machines. Figure 10.3 shows a multiple-stage axial flow compressor. In this photo- 
graph, the outer housing (to which the stator vanes are attached) has been removed, 
clearly showing the rows of rotor vanes. 

The pressure rise that can be achieved efficiently in a single stage is limited, 
depending on the type of machine. The reason for this limitation can be understood 
based on the pressure gradients in these machines (see Section 9.6). In a pump or 
compressor, the boundary layer subjected to an adverse pressure gradient is not 
stable; so flow is more likely to encounter boundary-layer separation in a compressor 
or pump. Boundary-layer separation increases the drag on the impeller, resulting in a 
decrease in efficiency; therefore additional work is needed to compress the flow. 

Fans, blowers, compressors, and pumps are found in many sizes and types, ranging 
from simple household units to complex industrial units of large capacity. Torque and 
power requirements for idealized pumps and turboblowers can be analyzed by 
applying the angular-momentum principle using a suitable control volume. 

Propellers are essentially axial-flow devices that operate without an outer housing. 
Propellers may be designed to operate in gases or liquids. As you might expect, pro- 
pellers designed for these very different applications are quite distinct. Marine propellers 
tend to have wide blades compared with their radii, giving high solidity. Aircraft pro- 
pellers tend to have long, thin blades with relatively low solidity. These machines will be 
discussed in detail in Section 10.6. 


Machines for Extracting Work (Power) from a Fluid 


Machines that extract energy from a fluid in the form of work (or power) are called 
turbines. In hydraulic turbines, the working fluid is water, so the flow is incompressible. 
In gas turbines and steam turbines, the density of the working fluid may change sig- 
nificantly. In a turbine, a stage normally consists of an element to accelerate the flow, 
converting some of its pressure energy to kinetic energy, followed by a rotor, wheel, or 
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runner extracts the kinetic energy from the flow via a set of vanes, blades, or buckets 
mounted on the wheel. 

The two most general classifications of turbines are impulse and reaction turbines. 
Impulse turbines are driven by one or more high-speed free jets. The classic example 
of an impulse turbine is the waterwheel. In a waterwheel, the jets of water are driven 
by gravity; the kinetic energy of the water is transferred to the wheel, resulting in 
work. In more modern forms of impulse turbines, the jet is accelerated in a nozzle 
external to the turbine wheel. If friction and gravity are neglected, neither the fluid 
pressure nor speed relative to the runner changes as the fluid passes over the turbine 
buckets. Thus for an impulse turbine, the fluid acceleration and accompanying pres- 
sure drop take place in nozzles external to the blades, and the runner does not flow 
full of fluid; work is extracted as a result of the large momentum change of the fluid. 

In reaction turbines, part of the pressure change takes place externally and part 
takes place within the moving blades. External acceleration occurs and the flow is 
turned to enter the runner in the proper direction as it passes through nozzles or 
stationary blades, called guide vanes or wicket gates. Additional fluid acceleration 
relative to the rotor occurs within the moving blades, so both the relative velocity and 
the pressure of the stream change across the runner. Because reaction turbines flow 
full of fluid, they generally can produce more power for a given overall size than 
impulse turbines. 

Figure 10.4 shows turbines used for different applications. Figure 10.4a shows a 
Pelton wheel, a type of impulse turbine wheel used in hydroelectric power plants. 
Figure 10.45 is a photograph of an axial steam turbine rotor, an example of a reaction 
turbine. Figure 10.4c is a wind turbine farm. A wind turbine is another example of a 
reaction turbine, but, like a propeller, also operates without an outer housing. Modern 
wind turbines typically collect wind energy and convert it into electricity. 

Several typical hydraulic turbines are shown schematically in Fig. 10.5. Figure 10.5a 
shows an impulse turbine driven by a single jet, which lies in the plane of the turbine 
runner. Water from the jet strikes each bucket in succession, is turned, and leaves the 
bucket with relative velocity nearly opposite to that with which it entered the bucket. 
Spent water falls into the tailrace (not shown). 

A reaction turbine of the Francis type is shown in Fig. 10.55. Incoming water flows 
circumferentially through the turbine casing. It enters the periphery of the stationary 
guide vanes and flows toward the runner. Water enters the runner nearly radially and 
is turned downward to leave nearly axially; the flow pattern may be thought of as a 
centrifugal pump in reverse. Water leaving the runner flows through a diffuser known 
as a draft tube before entering the tailrace. Figure 10.5c shows a propeller turbine of 
the Kaplan type. The water entry is similar to that in the Francis turbine, but it is 


(a) Pelton wheel (b) Steam turbine rotor (c) Wind turbine farm 


Fig. 10.4 Photograph of turbines used in different applications. (Photo courtesy of (a) Andy 
Dingley; (b) and (c) Siemens Energy © 2010.) 
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(a) Impulse turbine (b) Reaction turbine (c) Propeller turbine 
(Pelton wheel) (Francis type) (Kaplan type) 


Fig. 10.5 Schematic diagrams of typical hydraulic turbines, adapted from [2]. 


turned to flow nearly axially before encountering the turbine runner. Flow leaving the 
runner may pass through a draft tube. 

Thus turbines range from simple windmills to complex gas and steam turbines with 
many stages of carefully designed blading. These devices also can be analyzed in 
idealized form by applying the angular-momentum principle. 

The allowable amount of pressure drop in a turbine stage is usually greater than the 
amount of pressure rise allowable in a compressor stage. The difference is due to 
the favorable pressure gradient (see Section 9.6), which makes boundary-layer separa- 
tion much less likely than in the case of the compressor. 

Dimensionless parameters, such as specific speed, flow coefficient, torque coefficient, 
power coefficient, and pressure ratio, frequently are used to characterize the perfor- 
mance of turbomachines. These parameters were introduced in Chapter 7; their 
development and use will be considered in more detail later in this chapter. 


Scope of Coverage 


According to Japikse [3], “Turbomachinery represents a $400 billion market (possibly 
much more) with enormous worldwide growth at this time. It is estimated that 
industrial centrifugal pumps alone consume 5 percent of all the energy produced in 
the USA.” In addition, the demands for widely available, economical, green power 
will continue to drive research and development in the turbomachinery industry [4]. 
Therefore, proper design, construction, selection, and application of pumps and 
compressors are economically significant. 

Design of actual machines involves diverse technical knowledge, including fluid 
mechanics, materials, bearings, seals, and vibrations. These topics are covered in 
numerous specialized texts. Our objective here is to present only enough detail to 
illustrate the analytical basis of fluid flow design and to discuss briefly the limitations 
on results obtained from simple analytical models. For more detailed design infor- 
mation, consult the references. 

Applications or “system” engineering requires a wealth of experience. Much of this 
experience must be gained by working with other engineers in the field. Our coverage 
is not intended to be comprehensive; instead we discuss only the most important 
considerations for successful system application of pumps, compressors, and turbines. 

The material in this chapter is of a different nature from that in the previous 
chapters. Chapters 1 through 9 covered much of the fundamental material of fluid 
mechanics, with detailed analytical results in most cases. This chapter will also involve 
significant amounts of analysis, but the inherent complexity of the topic means that, 
on many occasions, we need to resort to empirical results and correlations. To the 


70.2 Turbomachinery Analysis 499 


student, this may appear as so much “hand-waving,” but combining theory and 
experiment to deduce results is a very common approach in engineering science. 


Turbomachinery Analysis 10.2 


As in other analyses, the method of analysis used for turbomachinery is chosen 
according to the information sought. If overall information on flow rate, pressure 
change, torque, and power is desired, then a finite-control-volume analysis may be 
used. If detailed information is desired about blade angles or velocity profiles, then 
individual blade elements must be analyzed using an infinitesimal-control-volume or 
other detailed procedure. We consider only idealized flow processes in this book, so 
we concentrate on the approach using the finite control volume, applying the angular- 
momentum principle. The analysis that follows applies to machines both for doing 
work on, and extracting work from, a fluid flow. 


The Angular-Momentum Principle: The Euler 
Turbomachine Equation 


The angular-momentum principle was applied to finite control volumes in Chapter 4. The 
result was Eq. 4.46. 


7X EF +f 7X Zod¥ + Than = =| 7x Vodr+ | 7X VpV-dA (4.46) 
CV tIcv cs 


Equation 4.46 states that the moment of surface forces and body forces, plus the 
applied torque, lead to a change in the angular momentum of the flow. [The surface 
forces are due to friction and pressure, the body force is due to gravity, the applied 
torque could be positive or negative (depending on whether we are doing work on or 
extracting work from the fluid, respectively), and the angular-momentum change can 
arise as a change in angular momentum within the control volume, or flux of angular 
momentum across the control surface.] 

We will now simplify Eq. 4.46 for analysis of turbomachinery. First, it is convenient 
to choose a fixed control volume enclosing the rotor to evaluate shaft torque. Because 
we are looking at control volumes for which we expect large shaft torques, as a first 
approximation torques due to surface forces may be ignored. This means we are 
neglecting friction and torque generated by pressure changes. The body force may be 
neglected by symmetry. Then, for steady flow, Eq. 4.46 becomes 


= 


Lue / 7X VpV-dA (10.1a) 
CS 


Equation 10.1a states: For a turbomachine with work input, the torque required causes 
a change in the fluid angular momentum; for a turbomachine with work output, the 
torque produced is due to the change in fluid angular momentum. Let us write this 
equation in scalar form and illustrate its application to axial- and radial-flow machines. 

As shown in Fig. 10.6, we select a fixed control volume enclosing a generalized 
turbomachine rotor. The fixed coordinate system is chosen with the z-axis aligned 
with the axis of rotation of the machine. The idealized velocity components are shown 
in the figure. The fluid enters the rotor at radial location, 7,, with uniform absolute 
velocity, Vi; the fluid leaves the rotor at radial location, rz, with uniform 
absolute velocity Vo. 

The integrand on the right side of Eq. 10.1a is the product of with the mass flow rate 
at each section. For uniform flow into the rotor at section 1, and out of the rotor at 
section 2, Eq. 10.1a becomes 
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Fig. 10.6 Finite control volume and absolute velocity 
components for analysis of angular momentum. 


Tehattk = (12V;, — Vi, nk (10.1b) 


(Note that in 7x V the position vector 7 is purely radial; so only the tangential 
velocity component V, counts.) In scalar form, 


Tshatt = (12Vi, — Vi, )m (10.1c) 


The assumptions we made in deriving this equation are steady, frictionless flow, uni- 
form flow at inlet and exit; and negligible pressure effects. Equation 10.1c is the basic 
relationship between torque and angular momentum for all turbomachines. It often is 
called the Euler turbomachine equation. 

Each velocity that appears in Eq. 10.1c is the tangential component of the absolute 
velocity of the fluid crossing the control surface. The tangential velocities are chosen 
positive when in the same direction as the blade speed, U. This sign convention gives 
Tsnatt > 0 for pumps, fans, blowers, and compressors and T yar, <0 for turbines. 

The rate of work done on a turbomachine rotor (the mechanical power, Wm) is 
given by the dot product of rotor angular velocity, «, and applied torque, T ge Using 
Eq. 10.1b, we obtain 


Wi, =O: T sat = wk- Tsnattk = wk- (12Vi,, ~T V,, mk 


or 
Wi, = wT shaft = w(TV;, =f V,,)m (10.2a) 


According to Eq. 10.2a, the angular momentum of the fluid is increased by the addition 
of shaft work. For a pump, W,, >0 and the angular momentum of the fluid must 
increase. For a turbine, W,,, <0 and the angular momentum of the fluid must decrease. 

Equation 10.2a may be written in two other useful forms. Introducing U=rw, 
where U is the tangential speed of the rotor at radius r, we have 


Wn = (U2V,, — U1V;,)m (10.2b) 
Dividing Eq. 10.2b by mg, we obtain a quantity with the dimensions of length, which 


may be viewed as the theoretical head added to the flow.' 


‘Since W,, has dimensions of energy per unit time and rig is weight flow per unit time, head, H, is actually 
energy per unit weight of flowing fluid. 


70.2 Turbomachinery Analysis 501 


W. Vig. 1 3 


2 Kk a9 Vo 
Bo AIS 
U. 


(c) Velocity components 


2 


at outlet 
> Vi 
Wy Vik Vi 
I 
B ad | Oly 
U 
(a) Absolute velocity as sum : : 
of velocity relative to blade (b) Velocity components 
and rotor velocity at inlet 


Fig. 10.7 Geometry and notation used to develop velocity dia- 
grams for typical radial-flow machines. 


(U2V,, — UV) (10.2c) 


Equations 10.1 and 10.2 are simplified forms of the angular-momentum equation for 
a control volume. They all are written for a fixed control volume under the assumptions 
of steady, uniform flow at each section. The equations show that only the difference in 
the product rV, or UV,, between the outlet and inlet sections, is important in deter- 
mining the torque applied to the rotor or the mechanical power. Although r, >, in 
Fig. 10.6, no restriction has been made on geometry; the fluid may enter and leave at 
the same or different radii. Therefore, these equations may be used for axial, radial, or 
mixed-flow machines. 


Velocity Diagrams 


The equations that we have derived also suggest the importance of clearly defining the 
velocity components of the fluid and rotor at the inlet and outlet sections. For this 
purpose, it is useful to develop velocity diagrams (frequently called velocity polygons) 
for the inlet and outlet flows. Figure 10.7 shows the velocity diagrams and introduces 
the notation for blade and flow angles. The important notation to remember is that the 
variable V is typically used to indicate absolute velocity, that is, the velocity of the flow 
relative to a stationary observer, while the variable W is used to indicate flow velocity 
relative to the rotating blade. 

Machines are designed such that at design condition the fluid moves smoothly 
(without disturbances) through the blades. In the idealized situation at the design speed, 
flow relative to the rotor is assumed to enter and leave tangent to the blade profile at 
each section. (This idealized inlet condition is sometimes called shockless entry flow.) 
At speeds other than design speed (and sometimes in reality, even at design speed!), 
the fluid may impact the blades at inlet, exit at an angle relative to the blade, or may 
have significant flow separation, leading to machine inefficiency. Figure 10.7 is repre- 
sentative of a typical radial flow machine. We assume the fluid is moving without major 
flow disturbances through the machine, as shown in Fig. 10.7a, with blade inlet and exit 
angles 3, and (3, respectively, relative to the circumferential direction. Note that 
although angles 3; and (32 are both less than 90° in Fig. 10.7, in general they can be less 
than, equal to, or greater than 90°, and the analysis that follows applies to all of these 
possibilities. 
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The runner speed at inlet is U; =7r,w, and therefore it is specified by the impeller 
geometry and the machine operating speed. The absolute fluid velocity is the vector 
sum of the impeller velocity and the flow velocity relative to the blade. The absolute 
inlet velocity may be determined graphically, as shown in Fig. 10.7b. The angle of the 
absolute fluid velocity, a;, is measured from the direction normal to the flow area, as 
shown.” Note that for a given machine, angles a; and ap will vary with flow rate, Q, 
(through V, and V3) and rotor speed, w (through U; and U2). The tangential com- 
ponent of the absolute velocity, V;,, and the component normal to the flow area, V,,,, 
are also shown in Fig. 10.7b. Note from the geometry of the figure that at each section 
the normal component of the absolute velocity, V,, and the normal component 
of the velocity relative to the blade, W,,, are equal (because the blade has no normal 
velocity). 

To help determine the absolute velocity at the machine entrance, it is necessary to 
determine whether swirl exists at the entrance. Swirl, which may be present in the 
inlet flow or introduced by inlet guide vanes, is the presence of a circumferential 
velocity component. When the inlet flow is swirl free, the absolute inlet velocity will 
be purely radial. The inlet blade angle may be specified for the design flow rate and 
pump speed to provide a smooth entry flow relative to the orientation of the blades. 

The velocity diagram is constructed similarly at the outlet section. The runner 
speed at the outlet is Uz = rpw, which again is known from the geometry and operating 
speed of the turbomachine. The relative flow is assumed to leave the impeller tangent 
to the blades, as shown in Fig. 10.7c. This idealizing assumption of perfect guidance 
fixes the direction of the relative outlet flow at design conditions. 

For a centrifugal pump or reaction turbine, the velocity relative to the blade 
generally changes in magnitude from inlet to outlet. The continuity equation must be 
applied, using the impeller geometry, to determine the normal component of velocity 
at each section. The normal component, together with the outlet blade angle, is suf- 
ficient to establish the velocity relative to the blade at the impeller outlet for a radial- 
flow machine. The velocity diagram is completed by the vector addition of the velocity 
relative to the blade and the wheel velocity, as shown in Fig. 10.7c. 

The inlet and outlet velocity diagrams provide all the information needed to cal- 
culate the ideal torque or power, absorbed or delivered by the impeller, using Eqs. 
10.1 or 10.2. The results represent the performance of a turbomachine under idealized 
conditions at the design operating point, since we have assumed: 


e Negligible torque due to surface forces (viscous and pressure). 
e Inlet and exit flow tangent to blades. 
e Uniform flow at inlet and exit. 


An actual turbomachine is not likely to conform to all of these assumptions, so the 
results of our analysis represent the upper limit of the performance of actual 
machines. 

Performance of an actual machine may be estimated using the same basic 
approach, but accounting for variations in flow properties across the blade span at the 
inlet and outlet sections, as well as for deviations between the blade angles and 
the flow directions. Such detailed calculations are beyond the scope of this book. The 
alternative is to measure the overall performance of a machine on a suitable test 
stand. Manufacturers’ data are examples of measured performance information. 

In Example 10.1 we will use the Euler Turbomachine Equation to analyze an 
idealized centrifugal pump. 


The notation varies from book to book, so be careful when comparing references. 
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ae 10.1 IDEALIZED CENTRIFUGAL PUMP 


A centrifugal pump is used to pump 150 gpm of water. The water enters the impeller axially through a 1.25-in.- 
diameter inlet. The inlet velocity is axial and uniform. The impeller outlet diameter is 4 in. Flow leaves the impeller at 
10 ft/s relative to the blades, which are radial at the exit. The impeller speed is 3450 rpm. Determine the impeller exit 
width, b>, the torque input, and the power predicted by the Euler turbine equation. 


Given: Flow as shown in the figure: 
V,, =10 ft/s, Q =150 gpm. 


Find: (a) bo. 
(b) That: 
(c) Win. 


Solution: 
Apply the Euler turbomachine equation to a fixed 
control volume. 


R, = 0.625 in. 


Governing equations: 
Tyhatt = (T2Vi, — 1 Vi, (10.1c) 


= 0) 


Al paves | pV- dA =0 (4.12) 
tT] cy es 


Assumptions: (1) Neglect torques due to body and surface forces. 
(2) Steady flow. 
(3) Uniform flow at inlet and outlet sections. 
(4) Incompressible flow. 


Then, from continuity, 
(—pVinR}) + (pV,,27Rob2) = 0 


or 
m = pQ = pV,,2nRyb2 
so that 
Q 1 gal il S ft min in. 
by = = x15 x x x < 12 
@ 27R2oV,, 27 0 Fain 2in. 10ft 748gal 60s ft 


by = 0.0319 ft or 0.383 in. < by 


For an axial inlet the tangential velocity V,, =0, and for radial exit blades V;, = Row, so Eq. 10.1c reduces to 
T shaft = R5wrn ag wR5pQ 


where we have used continuity (7 = pQ). 


Thus, 
eee es rev 2.2 slug gal 
= = ee e104 50 
Tenant = WR3Q = 3450 x (2)?in.? x 1.94 x 150 
rad min? fe ft? Ibf-s? 


X20 


x x x : x 
rev 3600s* 7.48 gal 144in2 © slug-ft 


I, 
Tshatt = 6.51 ft-lbf < shaft 
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and 
rev ad | min hp-s 
eat ev ~ 60s ~ 550 ft-lbf 


W,, = 4.28 hp. Wn 


6.51 ft-Ibf x on 


Performance—Hydraulic Power 


The torque and power predicted by applying the angular-momentum equation to a 
turbomachine rotor (Eqs. 10.1¢ and 10.2a) are idealized values. In practice, rotor 
power and the rate of change of fluid energy are not equal. Energy transfer between 
rotor and fluid causes losses because of viscous effects, departures from uniform flow, 
and departures of flow direction from the blade angles. Kinetic energy transformation 
to pressure rise (which is ultimately the goal of these turbomachines) by diffusion in 
the fixed casing introduces more losses. Energy dissipation occurs in seals and bear- 
ings and in fluid friction between the rotor and housing of the machine (“windage” 
losses). Applying the first law of thermodynamics to a control volume surrounding the 
rotor shows that these “losses” in mechanical energy are irreversible conversions from 
mechanical energy to thermal energy. As was the case for the pipe flows discussed in 
Chapter 8, the thermal energy appears either as internal energy in the fluid stream or 
as heat transfer to the surroundings. 

Because of these losses, in a pump the actual power delivered to the fluid is less 
than predicted by the angular-momentum equation. In the case of a turbine, the actual 
power delivered to the shaft is less than the power given up by the fluid stream. 

We can define the power, head, and efficiency of a turbomachine based on whether 
the machine does work on the fluid or extracts work (or power) from the fluid. 

For a pump, the hydraulic power is given by the rate of mechanical energy input to 
the fluid, 


Wh = pOsH, (10.3a) 


where 


2 2 
H-(2+ 742] -(2+F +2] (10.3b) 
Ps 8 discharge ps 8 suction 


For a pump the head rise measured on a test stand is less than that produced by the 
impeller. The rate of mechanical energy input is greater than the rate of head rise 
produced by the impeller. The mechanical input power needed to drive the pump is 
related to the hydraulic power by defining pump efficiency as 


_ Wi _ pQsh, 
"p W,, wr 


(10.3c) 


To evaluate the actual change in head across a machine from Eq. 10.3b, we must know 
the pressure, fluid velocity, and elevation at two measurement sections. Fluid velocity 
can be calculated from the measured volume flow rate and passage diameters. (Suc- 
tion and discharge lines for pumps usually have different inside diameters.) 
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Static pressure usually is measured in straight sections of pipe upstream from the 
pump inlet and downstream from the pump outlet, after diffusion has occurred within 
the pump casing. The elevation of each pressure gage may be recorded, or the static 
pressure readings may be corrected to the same elevation. (The pump centerline 
provides a convenient reference level.) 

For a hydraulic turbine, the hydraulic power is defined as the rate of mechanical 
energy removal from the flowing fluid stream, 


Wh = pOgH, (10.4a) 


where 


2 —2 
A= Lege = Peeler (10.4b) 
ps 28 inlet p8 2g outlet 


For a hydraulic turbine, the power output obtained from the rotor (the mechanical 
power) is less than the rate of energy transfer from the fluid to the rotor, because the 
rotor must overcome friction and windage losses. 

The mechanical power output obtained from the turbine is related to the hydraulic 
power by defining turbine efficiency as 


W,, wT 


W,  pQsH, 


= (10.4c) 


Equations 10.4a and 10.4b show that to obtain maximum power output from a 
hydraulic turbine, it is important to minimize the mechanical energy in the flow leaving 
the turbine. This is accomplished by making the outlet pressure, flow speed, and 
elevation as small as practical. The turbine must be set as close to the tailwater level as 
possible, allowing for the level increase when the river floods. Tests to measure tur- 
bine efficiency may be performed at various output power levels and at different 
constant head conditions (see the discussion of Figs. 10.35 and 10.36). 


Dimensional Analysis and Specific Speed 


Dimensional analysis for turbomachines was introduced in Chapter 7, where dimen- 
sionless flow, head, and power coefficients were derived in generalized form. The 
independent parameters were the flow coefficient and a form of Reynolds number. 
The dependent parameters were the head and power coefficients. 

Our objective here is to develop the forms of dimensionless coefficients in common 
use and to give examples illustrating their use in selecting a machine type, designing 
model tests, and scaling results. Since we developed an idealized theory for turbo- 
machines, we can gain additional physical insight by developing dimensionless coef- 
ficients directly from the resulting computing equations. We will then apply these 
expressions to scaling of turbomachines through similarity rules in Section 10.3. 

The dimensionless flow coefficient, ®, is defined by normalizing the volume flow 
rate using the exit area and the wheel speed at the outlet. Thus 


(10.5) 


where V,,, is the velocity component perpendicular to the exit area. This component is 
also referred to as the meridional velocity at the wheel exit plane. It appears in true 
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projection in the meridional plane, which is any radial cross-section through the 
centerline of a machine. 

A dimensionless head coefficient, ¥, may be obtained by normalizing the head, H 
(Eq. 10.2c), with U3/g. Thus 


gH 
= SS 10.6 
U3 Cae 


A dimensionless torque coefficient, 7, may be obtained by normalizing the torque, 
T (Eq. 10.1c), with pA,U3R>. Thus 


if 
ss 10.7 
7 pAgU3Rs aoe, 


Finally, the dimensionless power coefficient, II, is obtained by normalizing the 
power, W (Eq. 10.2b), with mU = pQU3. Thus 


aie erage (10.8) 
pQU; pu’ QR> 


For pumps, mechanical input power exceeds hydraulic power, and the efficiency is 
defined as 7, = W,,/W,, (Eq. 10.3c). Hence 


: : H, 
Wy = Two = = Wh, = PER 
"lp "Ip 
Introducing dimensionless coefficients ® (Eq. 10.5), Y (Eq. 10.6), and 7 (Eq. 10.7) 
into Eq. 10.9, we obtain an analogous relation among the dimensionless coefficients as 


(10.9) 


We 
T= (10.10) 
"Np 
For turbines, mechanical output power is less than hydraulic power, and the effi- 
ciency is defined as 7, = W,,/W, (Eq. 10.4c). Hence 


W,, = Tw = ,W, = n,pQgH, (10.11) 


Introducing dimensionless coefficients ©, Y, and 7 into Eq. 10.11, we obtain an 
analogous relation among the dimensionless coefficients as 


T = Won, (10.12) 


The dimensionless coefficients form the basis for designing model tests and scaling 
the results. As shown in Chapter 7, the flow coefficient, , is treated as the inde- 
pendent parameter. Then, if viscous effects are neglected, the head, torque, and power 
coefficients are treated as multiple dependent parameters. Under these assumptions, 
dynamic similarity is achieved when the flow coefficient is matched between model 
and prototype machines. 

As discussed in Chapter 7, a useful parameter called specific speed can be obtained 
by combining the flow and head coefficients and eliminating the machine size. The 
result was 


2 wQ'/2 
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When head is expressed as energy per unit mass (i.e., with dimensions equivalent to 
L’/¢’, or g times head in height of liquid), and w is expressed in radians per second, the 
specific speed defined by Eq. 7.22a is dimensionless. 

Although specific speed is a dimensionless parameter, it is common practice to use 
an “engineering” equation form of Eq. 7.22a in which w and Q are specified in units 
that are convenient but inconsistent, and energy per unit mass, h, is replaced with 
energy per unit weight of fluid, H. When this is done, the specific speed is not a 
unitless parameter and the magnitude of the specific speed depends on the units used 
to calculate it. Customary units used in U.S. engineering practice for pumps are rpm 
for w, gpm for Q, and feet (energy per unit weight) for H. In practice, the symbol N is 
used to represent rate of rotation (w) in rpm. Thus, the dimensional specific speed for 
pumps, expressed in U.S. customary units, as an “engineering” equation, becomes 


_ N(tpm)[Q(gpm)]'/ 
TH? 


(7.22b) 


Values of the dimensionless specific speed, Ns (Eq. 7.22a), must be multiplied by 2733 
to obtain the values of specific speed corresponding to this commonly used but 
inconsistent set of units (see Example 10.2). 

For hydraulic turbines, we use the fact that power output is proportional to flow 
rate and head, ¥ « pQh in consistent units. Substituting %/ph for Q in Eq. 7.22a gives 


1/2 1/2 
w (P wP 
Ns Pa (5) piltpSA (10.13a) 
as the nondimensional form of the specific speed. 
In U.S. engineering practice it is customary to drop the factor p!/? (water is 


invariably the working fluid in the turbines to which the specific speed is applied) and 
to use head H in place of energy per unit mass 4. Customary units used in U.S. 
engineering practice for hydraulic turbines are rpm for w, horsepower for %, and feet 
for H. In practice, the symbol N is used to represent rate of rotation (w) in rpm. Thus 
the dimensional specific speed for a hydraulic turbine, expressed in U.S. customary 
units, as an “engineering” equation, becomes 


_ N(rpm)[%(hp)]'” 
[H(t] 


Ney (10.13b) 


Values of the dimensionless specific speed for a hydraulic turbine, Ns (Eq. 10.13a), 
must be multiplied by 43.46 to obtain the values of specific speed corresponding to this 
commonly used but inconsistent set of units. 

Specific speed may be thought of as the operating speed at which a pump produces 
unit head at unit volume flow rate (or, for a hydraulic turbine, unit power at unit 
head). To see this, solve for N in Eqs. 7.22b and 10.13b, respectively. For pumps 


3/4 
N(rpm) a Ns. A) 1/2 
[Q(gpm)| 
and for hydraulic turbines 
5/4 
N(rpm) = Ns, OO 
[P(hp)]"” 


Holding specific speed constant describes all operating conditions of geometrically 
similar machines with similar flow conditions. 
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It is customary to characterize a machine by its specific speed at the design point. 
This specific speed has been found to characterize the hydraulic design features of a 
machine. Low specific speeds correspond to efficient operation of radial-flow machines. 
High specific speeds correspond to efficient operation of axial-flow machines. For a 
specified head and flow rate, one can choose either a low specific speed machine (which 
operates at low speed) or a high specific speed machine (which operates at higher 
speed). 

Typical proportions for commercial pump designs and their variation with 
dimensionless specific speed are shown in Fig. 10.8. In this figure, the size of each 
machine has been adjusted to give the same head and flow rate for rotation at a speed 
corresponding to the specific speed. Thus it can be seen that if the machine’s size and 
weight are critical, one should choose a higher specific speed. Figure 10.8 shows the 
trend from radial (purely centrifugal pumps), through mixed-flow, to axial-flow geom- 
etries as specific speed increases. 

The corresponding efficiency trends for typical pumps are shown in Fig. 10.9, which 
shows that pump capacity generally increases as specific speed increases. The figure 
also shows that at any given specific speed, efficiency is higher for large pumps than 
for small ones. Physically this scale effect means that viscous losses become less 
important as the pump size is increased. 

Characteristic proportions of hydraulic turbines also are correlated by specific 
speed, as shown in Fig. 10.10. As in Fig. 10.8, the machine size has been scaled in this 
illustration to deliver approximately the same power at unit head when rotating at a 
speed equal to the specific speed. The corresponding efficiency trends for typical 
turbine types are shown in Fig. 10.11. 

Several variations of specific speed, calculated directly from engineering units, are 
widely used in practice. The most commonly used forms of specific speed for pumps 
are defined and compared in Example 10.2. 
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Fig. 10.8 Typical geometric proportions of commercial 
pumps as they vary with dimensionless specific speed [5]. 
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Fig. 10.9 Average efficiencies of commercial pumps as they 
vary with specific speed and pump size [6]. 
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Fig. 10.10 Typical geometric proportions of commercial 
hydraulic turbines as they vary with dimensionless specific 
speed [5]. 
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Fig. 10.11 Average efficiencies of commercial hydraulic 
turbines as they vary with specific speed [6]. 


70.2 COMPARISON OF SPECIFIC SPEED DEFINITIONS 


At the best efficiency point, a centrifugal pump, with impeller diameter D = 8 in., produces H = 21.9 ft at OQ = 300 gpm 
with N = 1170 rpm. Compute the corresponding specific speeds using: (a) U.S. customary units, (b) SI units (rad/s, 
m°/s, m’/s”), and (c) European units (rev/s, m°/s, m/s’). Develop conversion factors to relate the specific speeds. 


Given: Centrifugal pump at best efficiency point (BEP). Assume the pump characteristics are H = 21.9 ft, Q = 300 
gpm, and N = 1170 rpm. 


Find: (a) The specific speed in U.S. customary units. 
(b) The specific speed in SI units. 
(c) The specific speed in European units. 
(d) Appropriate conversion factors to relate the specific speeds. 


Solution: ie i 
5 : Ni 
Governing equations: N,= oe and Ns, = os 74 
From the given information, the specific speed in U.S. customary units is 
il N. 
Ns. =1170 rpm X (300)!/? gpm!/? x —__—____ = 2000 . we 


(C19) 
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Convert information to SI units: 


DET oe ee ipa rade 
min rev 60s 
gal ie min 3m 
= 300 x Xx X (0.305)° — = 0.0190 
eg min 7.48gal 60s ( ) ft? ae 


H=21.9ft x 0.305 = 6.68 m 


The energy per unit mass is 


h=gH = 9815 x 6.68 m= 65.5 m/s? 


The dimensionless specific speed is 


rad yp m3? (s2)34 
s 


z N, (SD) 
N= 23 x(@0is0)-— Esa 


= 0.736 « 


Convert the operating speed to hertz: 


See = S105 Ee 
min 60s rev 


Finally, the specific speed in European units is 


. (s2)34 


2 (65.5) 4 (m2) = (107 €< 


32 
N,(Eur) = 19.5 Hz x (0.0190)? 


To relate the specific speeds, form ratios: 


N. 2000 
eee a 100 
N,(Eur) 0.117 : 
N, 2000 
ees FH) 
N(S) 0.73 


10.3 Pumps, Fans, and Blowers 


We will now look at the various types of fluid machines in greater detail. We will begin 
our discussion with rotating machines that perform work on an incompressible fluid, 
namely pumps, fans and blowers. 


Application of Euler Turbomachine Equation 
to Centrifugal Pumps 


As demonstrated in Example 10.1, the treatment from Section 10.2 may be applied 
directly to the analysis of centrifugal machines. Figure 10.7 in Section 10.2 represents 
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the flow through a simple centrifugal pump impeller. If the fluid enters the impeller 
with a purely radial absolute velocity, then the fluid entering the impeller has no 
angular momentum and V,, is identically zero. 

With V,, = 0, the increase in head (from Eq. 10.2c) is given by 


UV, 
fess (10.14) 
g 
From the exit velocity diagram of Fig. 10.7c, 
Vn 
V,, = U2 — W2 cos By = U2 — ——- cos 3, = U2 — V,,, cot 8, (10.15) 
sin 35 
Then 
2 
= t 
go (10.16) 
& 
For an impeller of width w, the volume flow rate is 
QO =TDwV,, (10.17) 


To express the increase in head in terms of volume flow rate, we substitute for V,,, in 
terms of Q from Eq. 10.17. Thus 


UZ Un cot By 
ge nD .wg 


H= (10.18a) 


Equation 10.18a is of the form 


H= Cy = CQ (10.18b) 


where constants C, and C, are functions of machine geometry and speed, 


C= uy and C)= U2 cot Bp 

g nD2wg 
Thus Eq. 10.18a predicts a linear variation of head, H, with volume flow rate, Q. Note 
that this linear relation is an idealized model; actual devices may have only an 
approximate linear variation and may be better modeled with a curve-fitting method 
based on measured data. (We will see an example of this in Example 10.5.) 

Constant C; = U3/g represents the ideal head developed by the pump for zero flow 
rate; this is called the shutoff head. The slope of the curve of head versus flow rate (the 
H — Q curve) depends on the sign and magnitude of C). 

For radial outlet vanes, 3, =90° and C,=0. The tangential component of the 
absolute velocity at the outlet is equal to the wheel speed and is independent of flow 
rate. From Eq. 10.18a, the ideal head is independent of flow rate. This characteristic 
H — Q curve is plotted in Fig. 10.12. 

If the vanes are backward curved (as shown in Fig. 10.7a), 32 < 90° and C, >0. Then 
the tangential component of the absolute outlet velocity is less than the wheel speed and 
it decreases in proportion to the flow rate. From Eq. 10.18a, the ideal head decreases 
linearly with increasing flow rate. The corresponding H — Q curve is plotted in Fig. 10.12. 

If the vanes are forward curved, then 32 >90° and C; <0. The tangential compo- 
nent of the absolute fluid velocity at the outlet is greater than the wheel speed, and it 
increases as the flow rate increases. From Eq. 10.7a, the ideal head increases linearly 
with increasing flow rate. The corresponding H — Q curve is plotted in Fig. 10.12. 

The characteristics of a radial-flow machine can be altered by changing the outlet 
vane angle; the idealized model developed above predicts the trends as the outlet vane 
angle is changed. 
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Forward-curved, 
By > 90° 


Radial, 85 = 90° 


TS Backward-curved, 


“™-<o B, < 90° 
bia 


Head, H 
/ 


W, (rel) Na labe): R32 


w a Ro Up =Row 
= 


Meridional 
section 


Cross section 


Volume flow rate, Q 
Fig. 10.12 Idealized relationship between 
head and volume flow rate for centrifugal 
pump with forward-curved, radial, and 
backward-curved impeller blades. 


The predictions of the idealized angular-momentum theory for a centrifugal pump 
are summarized in Fig. 10.12. Forward-curved vanes are almost never used in practice 
because they tend to have an unstable operating point. 


Application of the Euler Equation to Axial 
Flow Pumps and Fans 


The Euler Turbomachine Equation developed in Section 10.2 can be used for axial-flow 
machines as well. However, in order to use this model, some assumptions need to be 
made. The most important assumption is that the flow properties at the mean radius (the 
midpoint of the rotor blades) fully represent the flow at all radii. This is a good 
assumption, provided the ratio of blade height to mean radius is approximately 0.2 or 
less [7]. At larger ratios a three-dimensional analysis will be necessary. Such an analysis 
is beyond the scope of this work, but other sources can provide information on this 
phenomenon, such as Dixon [7]. A second assumption is that there is no radial com- 
ponent to the flow velocity. This is a reasonable assumption, since many axial machines 
incorporate stators or sets of vanes which guide the flow into the machine, removing 
unwanted radial velocity components. The third assumption is that the flow only varies 
in the axial direction. This is not the same as saying that there is only an axial component 
of velocity! In fact, there will be a significant component of the velocity in the tangential 
direction as the flow passes through an axial-flow machine, i.e., the flow will have “swirl.” 
The meaning of this assumption is that at a given axial location, the amount of swirl in 
the flow is constant, rather than varying between the blades of the machine [7]. 

The primary consequence of this model applied to axial-flow machines is that the 
radius used in Equations (10.1) is constant, i.e., 


| =7=R, (10.19a) 
Since the angular velocity w of the rotor is also constant, it follows that 


U; = U, =U (10.19b) 
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Therefore, Equations (10.1) and (10.2) reduce to: 


Tehatt = Rm(Vi, — Vi,)m (10.20) 
W,, = U(V,, — V;,)ra (10.21) 
He ay (10.22) 

ee 


In Example 10.3 these special versions of the Euler turbomachine equation and 
velocity diagrams are utilized in the analysis of flow through an axial-flow fan. 


SSE 10.3 “IDEALIZED AXIAL-FLOW FAN 


An axial-flow fan operates at 1200 rpm. The blade tip diameter is 1.1 m and the hub diameter is 0.8 m. The inlet and 
exit angles at the mean blade radius are 30° and 60°, respectively. Inlet guide vanes give the absolute flow entering 
the first stage an angle of 30°. The fluid is air at standard conditions and the flow may be considered incompressible. 
There is no change in axial component of velocity across the rotor. Assume the relative flow enters and leaves the 
rotor at the geometric blade angles and use properties at the mean blade radius for calculations. For these idealized 
conditions, draw the inlet velocity diagram, determine the volume flow rate of the fan, and sketch the rotor blade 
shapes. Using the data so obtained, draw the outlet velocity diagram and calculate the minimum torque and power 
needed to drive the fan. 


Given: Flow through rotor of axial-flow fan. 


Tip diameter: 1.1 m 

Hub diameter: 0.8 m 
Operating speed: 1200 rpm 
Absolute inlet angle: 30° Stationary CV 
Blade inlet angle: 30° 3 je owenamne! 
Blade outlet angle: 60° XY \ 


Fluid is air at standard conditions. Use properties at mean diameter a @ 
of blades. 
Find: (a) Inlet velocity diagram. (d) Outlet velocity diagram. 
(b) Volume flow rate. (e) Rotor torque. 
(c) Rotor blade shape. (f) Power required. 


Solution: Apply the Euler turbomachine equation to a fixed control volume. 


Governing equation: 


Ui rate RalVe V;,)m = Ril Vi, a V,,)pQ (10.20) 


Assumptions: (1) Neglect torques due to body or surface forces. 
(2) Steady flow. 
(3) Uniform flow at inlet and outlet sections. 
(4) Incompressible flow. 
(5) No change in axial flow area. 
(6) Use mean radius of rotor blades, R,,. 


514 Chapter 10 Fluid Machinery 


The blade shapes are 


(Note that for an axial-flow machine the normal velocity components are parallel to the axis, not normal 
to the circumferential surface!) 
The inlet velocity diagram is 


From continuity 
(—pVn,A1) oP (pVn,A2) a) 
or 


Q = Veen = V,,A2 


Since A; = A», then V,, =V,,, and the outlet velocity diagram is as shown in the following figure: 


At the mean blade radius, 


D 
U=R,w = —"w 
2 
t 44 +0.8)m 
pe Eye eno 
2 min rev 60s 


From the geometry of the inlet velocity diagram, 
U=VS,, (tan ay + cot (,) 


so that 


U m 1 
= = 59. Xx = 25. 
"tana, + cot B, a s tan 30° + cot 30° ams 
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Consequently, 
V, m 1 
V, = — =25.9— x = 29.9 
1 Cos Oy s cos 30° mus 
V,, = Vi sin ay = 29.9 x sin 30° = 15.0 m/s 
and 
Ww m 1 
W, = —+ =25.9— x ——, =518 
1 sin B, s sin 30° ae 
The volume flow rate is 
Q=V,,A1 = Vn (D2 — D2) = i x 25.9 [(1.1)? — (0.8)?] m2 
Q=11.6m3?/s < Q 
From the geometry of the outlet velocity diagram, 
WV Cue  W—=\%. COLE 
faniey Z = : 
Ve Woo Vn, 
or 
59.7 - 25.9 X cot 60° 
Q2 = tan = 59.9° 
i59= 
S 
and 
V, V, m il 
Y= —"_ = — _* _ =359— x = 51.6 
> cos Q2 COS ay s cos 59.9° me 
Finally, 
V,, = V2 sin ay = 51.6 x sin 59.9° = 44.6 m/s 
Applying Eq. 10.20 
T shaft a pERD(Vi, rae V,,) 
k 2 E N-s? 
eS ake ee ICA ee 
m s 2 s kgm 
f= 201 Nine T shat 


Thus the torque on the CV is in the same sense as &. The power required is 


5 Z i Ww. 
Were er ee ee ee es aN 
min rev 60s N-m 


W,,=25.3kW .; Wn 
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Performance Characteristics 


To specify fluid machines for flow systems, the designer must know the pressure rise 
(or head), torque, power requirement, and efficiency of a machine. For a given 
machine, each of these characteristics is a function of flow rate; the characteristics for 
similar machines depend on size and operating speed. Here we define performance 
characteristics for pumps and turbines and review experimentally measured trends for 
typical machines. 

The idealized analyses presented in Section 10.2 are useful to predict trends and to 
approximate the design-point performance of an energy-absorbing or an energy- 
producing machine. However, the complete performance of a real machine, including 
operation at off-design conditions, must be determined experimentally. 

To determine performance, a pump, fan, blower, or compressor must be set up on 
an instrumented test stand with the capability of measuring flow rate, speed, input 
torque, and pressure rise. The test must be performed according to a standardized 
procedure corresponding to the machine being tested [8, 9]. Measurements are made 
as flow rate is varied from shutoff (zero flow) to maximum delivery by varying the 
load from maximum to minimum (by starting with a valve that is closed and opening it 
to fully open in stages). Power input to the machine is determined from a calibrated 
motor or calculated from measured speed and torque, and then efficiency is computed 
as illustrated in Example 10.4. Finally, the calculated characteristics are plotted in the 
desired engineering units or nondimensionally. If appropriate, smooth curves may be 
faired through the plotted points or curve-fits may be made to the results, as illus- 
trated in Example 10.5. 


ION OF PUMP CHARACTERISTICS FROM TEST DATA 


The flow system used to test a centrifugal pump at a nominal speed of 1750 rpm is shown. The liquid is water at 80°F, 
and the suction and discharge pipe diameters are 6 in. Data measured during the test are given in the table. The 
electric motor is supplied at 460 V, 3-phase, and has a power factor of 0.875 and a constant efficiency of 90 percent. 


Rate of Flow Suction Pressure Discharge Pressure Motor Current 

(gpm) (psig) (psig) (amp) 
0 0.65 513},3) 18.0 
500 (O25 48.3 26.2 
800 =).35 AL) 3) 31.0 
1000 =U82 36.9 33.9 
1100 =| 24 33.0 B52 
1200 = 1162 27.8 36.3 
1400 = 2) 15.35 38.0 
1500 —2.89 U3 39.0 


Calculate the net head delivered and the pump efficiency at a volume flow rate of 1000 gpm. Plot the pump head, 
power input, and efficiency as functions of volume flow rate. 


Given: 


Find: 


Pump test flow system and data shown. 


(a) Pump head and efficiency at Q = 1000 gpm. 
(b) Pump head, power input, and efficiency as a function of volume flow rate. Plot the results. 
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Solution: 
Governing equations: 
: W, pQgH, 
W, = 7, =a 
n = pQSHy, Np W, oT 


Assumptions: (1) Steady flow. 
(2) Uniform flow at each section. 


(3) Vo = Vi. 
(4) Correct all heads to the same elevation. 


1 
soile#)-Con)]-2" 
gl\p an NE P pg 


where the discharge and suction pressures, corrected to the same elevation, are designated pz and py, respectively 


Since V,; = V2, the pump head is 


Correct measured static pressures to the pump centerline 


P1 = Ps + 82s 
Ibf slug ft Ibf-s? ft 
= - 0.925 +1. 4-3 32.25 x10 ftx x =-0.4 
es 2 : slug-ft ~~ 144 in2 TBE 
and 
P2 = Pat p&2a 
lbf slug ft Ibf-s? ft 
= By ail 4— 3 X 32.25 X30 ft x x = 38 20st 
Bae : slug-ft ~ 144 in2 pst 
Calculate the pump head: 
A, = (P2 — P1)/ pg 
ae fit s? in.” _ slug-ft tae 
OS 0.4 ie = 692i P 
b= I ( Oe OT 94 slug * 399 ft ft2 Ibf-s2 : 


Compute the hydraulic power delivered to the fluid: 


Wh ae pQgH, = OP) — pi) 


gal ey, ft y min ites hp-s 
= x : x = KX = 
Ger RE Dee tie yee ee > ay 
W, = 22.6 hp 


Calculate the motor power output (the mechanical power input to the pump) from electrical information 


P, =nV3(PF)EI 
®, = 0.90 X V3 X 0.875 X 460 VX 33.9 AX Sx BP 985 hb 
in SN oogetayy b wwnes 
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The corresponding pump efficiency is 


lem illu 
22.6 h Strates t 
"p = a = asic =0.792 or 79.2 percent < f 2 i € Used to pe as reduc- 
; Or a pump fr e per- 
0) 
Results from similar calculations at the other volume flow rates are t d a. The r a 


plotted below: 


Efficiency (%) 
—o—Power Input (hp) 
—t+Pump Head (ft) 


Pump power input, ? (hp) 
Pump efficiency, 1 (%) 
Pump head , H (ft) 


| | 
500 1000 
Volume flow rate, Q (gpm) 


ue Measure. 
Calibration 


for ge 
an be een Lie 
ump data, modified for 


ample /0. TO PUMP PERFORMANCE DATA 


Pump test data were given and performance was calculated in Example 10.4. Fit a parabolic curve, H = Hy — AQ’, 
to these calculated pump performance results and compare the fitted curve with the measured data. 


Given: Pump test data and performance calculated in Example 10.4. 
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Find: (a) Parabolic curve, H = Hy) — AQ’, fitted to the pump performance data. 
(b) Comparison of the curve-fit with the calculated performance. 


Solution: 
The curve-fit may be obtained by fitting a linear curve to H versus Q”. Tabulating, 


From calculated performance: From the curve fit: 

O (gpm) Q” (gpm’) H (ft) H (ft) Error (%) 
0 0 123 127 DS 
500 25 x 104 113 116 3.1 
800 64 x 104 100 99.8 -0.5 
1000 100 x 104 89.2 84.6 —5.2 
1100 121 x 104 80.9 Tal -6.5 
1200 144 x 104 69.8 65.9 —5.6 
1400 196 x 104 42.8 43.9 2.5 
1500 ODS Se ily DS 31.7 MAD 

Intercept = 127 

Slope = — 4.23 x 107° 


-= 0.984 


Using the method of least squares, the equation for the fitted curve is obtained as 


H (ft) = 127 — 4.23 X 10°° [O(gpm)|? 


with coefficient of determination r? = 0.984. (The closer /° is to unity, its 
maximum possible value, the better the fit.) 

Always compare the results of a curve-fit with the data used to develop 
the fit. The figure shows the curve-fit (the solid line) and the experimental 


at , ~ Oanye 
values (the points). 4, our justification: fo 


Parabolic function 


T 
oO. Head rise (ft) 


— curve-fit head (ft) | 


e 
xq 
o 
2 
= 
oS 
S 
® 
x= 


! L 
500 1000 
Volume flow rate, Q (gpm) 


The basic procedure used to calculate machine performance was illustrated for 
a centrifugal pump in Example 10.4. The difference in static pressures between 
the pump suction and discharge was used to calculate the head rise produced by the 
pump. For pumps, dynamic pressure rise (or fluid kinetic energy change) typically is a 
small fraction of the head rise developed by the pump, so it may be neglected com- 
pared with the head rise. 
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Typical characteristic curves for a centrifugal pump tested at constant speed 
were shown qualitatively in Fig. 7.5;> the head versus capacity curve is reproduced 
in Fig. 10.13 to compare with characteristics predicted by the idealized analysis. 
Figure 10.13 shows that the head at any flow rate in the real machine may be sig- 
nificantly lower than is predicted by the idealized analysis. Some of the causes are: 


1. At very low flow rate, some fluid recirculates in the impeller. 
2. Friction loss and leakage loss both increase with flow rate. 


3. “Shock loss” results from a mismatch between the direction of the relative velocity 
and the tangent to the impeller blade at the inlet.‘ 


Curves such as those in Figs. 7.5 and 10.13 are measured at constant (design) speed 
with a single impeller diameter. It is common practice to vary pump capacity by 
changing the impeller size in a given casing. To present information compactly, data 
from tests of several impeller diameters may be plotted on a single graph, as shown in 
Fig. 10.14. As before, for each diameter, head is plotted versus flow rate; each curve is 
labeled with the corresponding diameter. Efficiency contours are plotted by joining 
points having the same constant efficiency. Power-requirement contours are also 
plotted. Finally, the NPSH requirements (which we have not yet defined; we will 
discuss its meaning later in this section) are shown for the extreme diameters; in Fig. 
10.14, the curve for the 8-in. impeller lies between the curves for the 6-in. and 10-in. 
impellers. 

With the advent of computer-aided analyses, the data of Fig. 10.14 are often 
tabulated for quick access by computer codes. Therefore, data are not always pre- 
sented in the manner shown in this figure. Specifically, the data of Fig. 10.14 are 
simplified by reporting an average efficiency as a function of the flow rate only, as 
shown in Fig. 10.15, rather than as a function of flow rate and head. The figures in 
Appendix D display pump performance in this format. 

For this typical machine, head is a maximum at shutoff and decreases con- 
tinuously as flow rate increases. Input power is minimum at shutoff and increases as 


Loss due to recirculation 


Ideal head-flow curve (Fig. 10.12) 


“eae Loss due to 
5 flow friction 


Actual 
head-flow 


curve we 


Approximate 
best efficiency point 


Head, H 


"Shock" loss 


Volume flow rate, Q 
Fig. 10.13 Comparison of ideal and actual 
head-flow curves for a centrifugal pump with 
backward-curved impeller blades [10]. 


>The only important pump characteristic not shown in Fig. 7.5 is the net positive suction head (NPSH) 
required to prevent cavitation. Cavitation and NPSH will be treated later in this section. 


“This loss is largest at high and low flow rates; it decreases essentially to zero as optimum operating con- 
ditions are approached [11]. 
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Fig. 10.14 Typical pump performance curves from tests with 
three impeller diameters at constant speed [10]. 


Best efficiency point 
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io 
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Fig. 10.145 Typical pump performance curves from tests with 
three impeller diameters at constant speed, showing efficiency 
as a function of flow rate only [12]. 


delivery is increased. Consequently, to minimize the starting load, it may be advisable 
to start the pump with the outlet valve closed. (However, the valve should not be left 
closed for long, lest the pump overheat as energy dissipated by friction is transferred to 
the water in the housing.) Pump efficiency increases with capacity until the best effi- 
ciency point (BEP) is reached, then decreases as flow rate is increased further. For 
minimum energy consumption, it is desirable to operate as close to BEP as possible. 

Centrifugal pumps may be combined in parallel to deliver greater flow or in series 
to deliver greater head. A number of manufacturers build multistage pumps, which 
are essentially several pumps arranged in series within a single casing. Pumps and 
blowers are usually tested at several constant speeds. Common practice is to drive 
machines with electric motors at nearly constant speed, but in some system applica- 
tions impressive energy savings can result from variable-speed operation. These pump 
application topics are discussed later in this section. 
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Similarity Rules 


Pump manufacturers offer a limited number of casing sizes and designs. Frequently, 
casings of different sizes are developed from a common design by increasing or 
decreasing all dimensions by the same scale ratio. Additional variation in character- 
istic curves may be obtained by varying the operating speed or by changing the 
impeller size within a given pump housing. The dimensionless parameters developed 
in Chapter 7 form the basis for predicting changes in performance that result from 
changes in pump size, operating speed, or impeller diameter. 

To achieve dynamic similarity requires geometric and kinematic similarity. Assuming 
similar pumps and flow fields and neglecting viscous effects, as shown in Chapter 7, we 
obtain dynamic similarity when the dimensionless flow coefficient is held constant. 
Dynamically similar operation is assured when two flow conditions satisfy the relation 


Qi _ 


wD} wD3 


(10.23) 


The dimensionless head and power coefficients depend only on the flow coefficient, i.e., 


h Q P Q 
w* D? =f (3) aad pw D> -n(S,) 


Hence, when we have dynamic similarity, as shown in Example 7.6, pump char- 
acteristics at a new condition (subscript 2) may be related to those at an old condition 
(subscript 1) by 


ary = as (10.236) 
wiD{, = w3D5 

and 
ae aoe (10.23c) 


puD} — pw3D3 


These scaling relationships may be used to predict the effects of changes in pump 
operating speed, pump size, or impeller diameter within a given housing. 

The simplest situation is when we keep the same pump and only the pump speed is 
changed. Then geometric similarity is assured. Kinematic similarity holds if there is no 
cavitation; flows are then dynamically similar when the flow coefficients are matched. 
For this case of speed change with fixed diameter, Eqs. 10.23 become 


S - a (10.24a) 
hy _ Ay w2\ 

op 3 

os = (2) (10.24c) 


In Example 10.5, we showed that a pump performance curve may be modeled 
within engineering accuracy by the parabolic relationship, 


H =H) — AQ’ (10.25a) 


Since this representation contains two parameters, the pump curve for the new 
operating condition could be derived by scaling any two points from the performance 
curve measured at the original operating condition. Usually, the shutoff condition and 


70.5 Pumps, Fans, and Blowers 523 


60 


1750 rpm 


1170 rpm 


0 | | | | 
) 100 200 300 400 500 
Volume flow rate, O (gpm) 


Fig. 10.16 Schematic of a pump performance curve, 
illustrating the effect of a change in pump operating 
speed. 


the best efficiency point are chosen for scaling. These points are represented by 
points B and C in Fig. 10.16. 
As shown by Eq. 10.24a, the flow rate increases by the ratio of operating speeds, so 


WwW Ww 
Op =—Q,=0 and Qc=—~Q 
Wy Wy 


Thus, point B’ is located directly above point B, and point C’ moves to the right of 
point C (in this example wz >w). 
The head increases by the square of the speed ratio, so 


2 2 
Hp = Hp (2) and He =He (=) 
WwW Wy 


Points C and C’, where dynamically similar flow conditions are present, are termed 
homologous points for the pump. 

We can relate the old operating condition (e.g., running at speed N, = 1170 rpm, as 
shown in Fig. 10.16) to the new, primed one (e.g., running at speed Nj = 1750 rpm in 
Fig. 10.16) using the parabolic relation and Eqs. 10.24a and 10.24b, 


2 2 2 
H=H' (=) = Hp AQ’ = Hp (=) AQ” (2) 
W9 Ww Ww 


H' = Hh) — AQ” (10.25b) 


or 


so that for a given pump the factor A remains unchanged as we change pump speed 
(as we will verify in Example 10.6). 

Efficiency remains relatively constant between dynamically similar operating 
points when only the pump operating speed is changed. Application of these ideas is 
illustrated in Example 10.6. 


ee 10.6 SCALING PUMP PERFORMANCE CURVES 


When operated at N = 1170 rpm, a centrifugal pump, with impeller diameter D = 8 in., has shutoff head Ho = 25.0 ft 
of water. At the same operating speed, best efficiency occurs at Q = 300 gpm, where the head is H = 21.9 ft of water. 
Fit these data at 1170 rpm with a parabola. Scale the results to a new operating speed of 1750 rpm. Plot and compare 
the results. 


Given: Centrifugal pump (with D = 8 in. impeller) operated at N = 1170 rpm. 
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Q (gpm) 0 300 
A (ft of water) 25.0 21.9 


Find: (a) The equation of a parabola through the pump characteristics at 1170 rpm. 
(b) The corresponding equation for a new operating speed of 1750 rpm. 
(c) Comparison (plot) of the results. 


Solution: 

Assume a parabolic variation in pump head of the form, H = Hy — AQ?. Solving for A gives 

lily = él 
Q2 


= = 5 2 
(25.0 —21.9)ft x 5 = 3.44 x 10° ft/(gpm) 


(300) (gpm) 
The desired equation is 
H(ft) =25.0 —3.44 x 10~° [Q (gpm)|* 


The pump remains the same, so the two flow conditions are geometrically similar. Assuming no cavitation occurs, the 
two flows also will be kinematically similar. Then dynamic similarity will be obtained when the two flow coefficients 
are matched. Denoting the 1170 rpm condition by subscript 1 and the 1750 rpm condition by subscript 2, we have 


OQ, = Q; Q, _ uw. _ MN, 
or — 


Bi 3) 
w D5 wD; OQ, Wy N, 


since D, = D,. For the shutoff condition, 
Np — 1750rpm 


Q2= 21> T70rpm 


x 0 gpm = 0 gpm 


From the best efficiency point, the new flow rate is 


Np 1750 rpm 
= = x = 
Q> ws Qi 1170 rpm 300 gpm = 449 gpm 
The pump heads are related by 
hy _ Hh _N3DR | Ha Ni _ ) 
hy Hy NZD H, WN? N, 


since D, = D,. For the shutoff condition, 


_ (NY ., _ (1750rpm) = 
H, (%) mh ee 25.0 ft = 55.9 ft 


At the best efficiency point, 


ING = A750 tom _ 
Hy (z) A, Ge _ 21.9 ft =49.0 ft 


The curve parameter at 1750 rpm may now be found. Solving for A, we find 


Hoo — 7 = (55.9 — 49.0) ft x ——=—, = 3.44 x 10° ft/(gpm)? 
Q3 (449)"(gpm) 


Note that A, at 1750 rpm is the same as A, at 1170 rpm. Thus we have demonstrated that the coefficient A in the 
parabolic equation does not change when the pump speed is changed. The “engineering” equations for the two 
curves are 


Azd= 


H, = 25.0 — 3.44 x 10-°[Q (gpm)]* (at 1170 rpm) 
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and 


Hy = 55.9 — 3.44 x 107°[Q (gpm)|? (at 1750 rpm) 


The pump curves are compared in the following plot: This Example il 
dures es I UStrates the proce 


Head, H (ft) 


1170 rpm 


| | | | 
100 200 300 400 
Volume flow rate, Q (gpm) 


In principle, geometric similarity would be maintained when pumps of the same 
geometry, differing in size only by a scale ratio, were tested at the same operating 
speed. The flow, head, and power would be predicted to vary with pump size as 


D3\ D3V Dey 
Q,= 01 (3) » =, (3) , and P,=P; (3) (10.26) 


It is impractical to manufacture and test a series of pump models that differ in size by 
only a scale ratio. Instead it is common practice to test a given pump casing at a fixed 
speed with several impellers of different diameter [13]. Because pump casing width is 
the same for each test, impeller width also must be the same; only impeller diameter D 
is changed. As a result, volume flow rate scales in proportion to D’, not to D*. Pump 
input power at fixed speed scales as the product of flow rate and head, so it becomes 
proportional to D*. Using this modified scaling method frequently gives results of 
acceptable accuracy, as demonstrated in several end-of-chapter problems where the 
method is checked against measured performance data from Appendix D. 

It is not possible to compare the efficiencies at the two operating conditions 
directly. However, viscous effects should become relatively less important as the 
pump size increases. Thus efficiency should improve slightly as diameter is increased. 
Moody [14] suggested an empirical equation that may be used to estimate the max- 
imum efficiency of a prototype pump based on test data from a geometrically similar 
model of the prototype pump. His equation is written 


= 1/5 
Pty (32) / (10.27) 
L=,, D, 


To develop Eq. 10.27, Moody assumed that only the surface resistance changes with 
model scale so that losses in passages of the same roughness vary as 1/D°. Unfortu- 
nately, it is difficult to maintain the same relative roughness between model and 
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Cavitation. 


prototype pumps. Further, the Moody model does not account for any difference in 
mechanical losses between model and prototype, nor does it allow determination of 
off-peak efficiencies. Nevertheless, scaling of the maximum-efficiency point is useful 
to obtain a general estimate of the efficiency curve for the prototype pump. 


Cavitation and Net Positive Suction Head 


Cavitation can occur in any machine handling liquid whenever the local static pres- 
sure falls below the vapor pressure of the liquid. When this occurs, the liquid 
can locally flash to vapor, forming a vapor cavity and significantly changing the 
flow pattern from the noncavitating condition. The vapor cavity changes the 
effective shape of the flow passage, thus altering the local pressure field. Since the size 
and shape of the vapor cavity are influenced by the local pressure field, the flow may 
become unsteady. The unsteadiness may cause the entire flow to oscillate and the 
machine to vibrate. 

As cavitation commences, it reduces the performance of a pump or turbine rapidly. 
Thus cavitation must be avoided to maintain stable and efficient operation. In addi- 
tion, local surface pressures may become high when the vapor cavity implodes or 
collapses, causing erosion damage or surface pitting. The damage may be severe 
enough to destroy a machine made from a brittle, low-strength material. Obviously 
cavitation also must be avoided to assure long machine life. 

In a pump, cavitation tends to begin at the section where the flow is accelerated 
into the impeller. Cavitation in a turbine begins where pressure is lowest. The ten- 
dency to cavitate increases as local flow speeds increase; this occurs whenever flow 
rate or machine operating speed is increased. 

Cavitation can be avoided if the pressure everywhere in the machine is kept above 
the vapor pressure of the operating liquid. At constant speed, this requires that a 
pressure somewhat greater than the vapor pressure of the liquid be maintained at 
a pump inlet (the suction). Because of pressure losses in the inlet piping, the 
suction pressure may be subatmospheric. Therefore it is important to carefully limit 
the pressure drop in the inlet piping system. 

Net positive suction head (NPSH) is defined as the difference between the absolute 
stagnation pressure in the flow at the pump suction and the liquid vapor pressure, 
expressed as head of flowing liquid [15].° Hence the NPSH is a measure of the dif- 
ference between the maximum possible pressure in the given flow and the pressure at 
which the liquid will start flashing over to a vapor; the larger the NPSH, the less likely 
cavitation is to occur. The net positive suction head required (NPSHR) by a specific 
pump to suppress cavitation varies with the liquid pumped, and with the liquid tem- 
perature and pump condition (e.g., as critical geometric features of the pump are 
affected by wear). NPSHR may be measured in a pump test facility by controlling the 
input pressure. The results are plotted on the pump performance curve. Typical pump 
characteristic curves for three impellers tested in the same housing were shown in 
Fig. 10.14. Experimentally determined NPSHR curves for the largest and smallest 
impeller diameters are plotted near the bottom of the figure. 

The net positive suction head available (NPSHA) at the pump inlet must be greater 
than the NPSHR to suppress cavitation. Pressure drop in the inlet piping and pump 
entrance increases as volume flow rate increases. Thus for any system, the NPSHA 
decreases as flow rate is raised. The NPSHR of the pump increases as the flow rate is 
raised. Therefore, as the system flow rate is increased, the curves for NPSHA and 
NPSHR versus flow rate ultimately cross. Hence, for any inlet system, there is a flow 


°NPSH may be expressed in any convenient units of measure, such as height of the flowing liquid, e.g., feet 
of water (hence the term suction head), psia, or kPa (abs). When expressed as head, NPSH is measured 
relative to the pump impeller centerline. 
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rate that cannot be exceeded if flow through the pump is to remain free from cavi- 
tation. Inlet pressure losses may be reduced by increasing the diameter of the inlet 
piping; for this reason, many centrifugal pumps have larger flanges or couplings at the 
inlet than at the outlet. 


ae 10.7 CALGULATION OF NET POSITIVE SUCTION HEAD (NPSH) 


A Peerless Type 4AE11 centrifugal pump (Fig. D.3, Appendix D) is tested at 1750 rpm using a flow system with 
the layout of Example 10.4. The water level in the inlet reservoir is 3.5 ft above the pump centerline; the inlet line 
consists of 6 ft of 5 in. diameter straight cast-iron pipe, a standard elbow, and a fully open gate valve. Calculate the 
net positive suction head available (VPSHA) at the pump inlet at a volume flow rate of 1000 gpm of water at 80°F. 
Compare with the net positive suction head required (NPSHR) by the pump at this flow rate. Plot NPSHA and 
NPSHR for water at 80°F and 180°F versus volume flow rate. 


Given: A Peerless Type 4AE11 centrifugal pump (Fig. D.3, Appendix D) is tested at 1750 rpm using a flow system 
with the layout of Example 10.4. The water level in the inlet reservoir is 3.5 ft. above the pump centerline; the inlet 
line has 6 ft of 5 in. diameter straight cast-iron pipe, a standard elbow, and a fully open gate valve. 


Find: (a) NPSHA at Q = 1000 gpm of water at 80°F. 
(b) Comparison with NPSHR for this pump at Q = 1000 gpm. 
(c) Plot of NPSHA and NPSHR for water at 80°F and 180°F versus volume flow rate. 


Solution: 
Net positive suction head (NPS#H) is defined as the difference between the absolute stagnation pressure in the flow at 
the pump suction and the liquid vapor pressure, expressed as head of flowing liquid. Therefore it is necessary to 
calculate the head at the pump suction. 

Apply the energy equation for steady, incompressible pipe flow to compute the pressure at the pump inlet and 
thus the NPSHA. Denote the reservoir level as (1) and the pump suction as (s), as shown above. 


~0 


Governing equation: i 4 {5 
Pit 7 PVi + 08% = Pst 5 PVs + 8s + phep 


Assumption: V, is negligible. Thus 


il =» 
Ps =Pi + ps(z1 — z) — 7 PVs — phe, (1) 
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The total head loss is 


= Heyy EN ee 
= (K+ yor D aa Dp) ge"s (2) 
Substituting Eq. 2 into Eq. 1 and dividing by pg, 
= 
il, L Vv 
H=H+a-2-(OK+ DPB +g 1) ss (3) 
Evaluating the friction factor and head loss, 
= : _pVD _ VD. v_@. _ 7D’ 
fierce); irae w ar ie 4 


For 5 in. (nominal) pipe, D = 5.047 in. 
2 
Daan rel li = nb” =0.139f2 
12 in. 4 
= gal ft? 1 min 
= il x x x 
es ain ee gal 0.139ft? 60s 
From Table A.7, for water at T = 80°F, v = 0.927 x 10°° ft’/s. 
The Reynolds number is 


Re= a 1608 x 0.421 ft x 
v 


= 16.0 ft/s 


Ss 
0.927 x 10° ft? 


From Table 8.1, e = 0.00085 ft, so e/D = 0.00202. From Eq. 8.37, f = 0.0237. 
The minor loss coefficients are 


=7.27X10° 


Entrance K=0.5 
IL, 
Standard elbow — =30 
D v 
Es the NPSHR 
Open gate value =e with flow rat 
Substituting, 
jie 
K+ ~+fl+1 
(Sa Seger 5+] 
6 
= 0.5 + 0.0237(30 + 8) + 0.0237 (stn) +1=2.74 
The heads are 
oer Ibf i ft? me slug-ft 
= — = 14. x x x 
sae pg ra ute ft?  1.93slug © 32.2 ft © Ibf-s? 
= 34.1 ft (abs) ii The 
_9 — Ex, peel Workbook for this 
ee icine ee HA and be used to ge 
g 2 fs 32.2ft 7 iety Of pur ce SHR Curves ae 
Thus, 


H, = 34.1 ft + 3.5 ft — (2.74)3.98 ft = 26.7 ft (abs) 
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To obtain NPHSA, add velocity head and subtract vapor head. Thus 
We 
NPHSA = H, + — 


— FH, 
2g a 


The vapor pressure for water at 80°F is p, = 0.507 psia. The corresponding head is H,, = 1.17 ft of water. Thus, 


NPSHA = 26.7 +3.98— 1.17 =295 ft- NPSHA 


The pump curve (Fig. D.3, Appendix D) shows that at 1000 gpm the pump requires 


NPSHR = 12.0 ft « NPSHR 


Results of similar computations for water at 80°F are plotted in the figure on the left below. (NPSHR values are 
obtained from the pump curves in Fig. D.3, Appendix D.) 
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(a) Net positive suction head, water at 80°F (b) Net positive suction head, water at 180°F 


Results of computation for water at 180°F are plotted in the figure on the right above. The vapor pressure for 


water at 180°F is p, = 7.51 psia. The corresponding head is H, = 17.3 ft of . This high vapor pressure reduces 
the NPSHA, as shown in the plot. 


Pump Selection: Applications to Fluid Systems 


We define a fluid system as the combination of a fluid machine and a network of pipes 
or channels that convey fluid. The engineering application of fluid machines in an 
actual system requires matching the machine and system characteristics, while satis- 
fying constraints of energy efficiency, capital economy, and durability. We have 
alluded to the vast assortment of hardware offered by competing suppliers; this 
variety verifies the commercial importance of fluid machinery in modern engineering 
systems. 

Usually it is more economical to specify a production machine rather than a custom 
unit, because products of established vendors have known, published performance 
characteristics, and they must be durable to survive in the marketplace. Application 
engineering consists of making the best selection from catalogs of available products. 
In addition to machine characteristic curves, all manufacturers provide a wealth of 
dimensional data, alternative configuration and mounting schemes, and technical 
information bulletins to guide intelligent application of their products. 

This section consists of a brief review of relevant theory, followed by example 
applications using data taken from manufacturer literature. Selected performance 
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Fig. 10.17 Superimposed system head-flow and 
pump head-capacity curves. 


curves for centrifugal pumps and fans are presented in Appendix D. These may be 
studied as typical examples of performance data supplied by manufacturers. The 
curves may also be used to help solve the equipment selection and system design 
problems at the end of the chapter. 

We will consider various machines for doing work on a fluid, but we first make a 
few general points. As we saw in Example 10.4, a typical pump, for example, 
produces a smaller head as the flow rate is increased. On the other hand, the head 
(which includes major and minor losses) required to maintain flow in a pipe system 
increases with the flow rate. Hence, as shown graphically® in Fig. 10.17, a pump- 
system will run at the operating point, the flow rate at which the pump head rise and 
required system head match. (Figure 10.17 also shows a pump efficiency curve, 
indicating that, for optimum pump selection, a pump should be chosen that has 
maximum efficiency at the operating point flow rate.) The pump-system shown in 
Fig. 10.17 is stable. If for some reason the flow rate falls below the operating flow 
rate, the pump pressure head rises above the required system head, and so the flow 
rate increases back to the operating point. Conversely, if the flow rate momentarily 
increases, the required head exceeds the head provided by the pump, and the flow 
rate decreases back to the operating point. This notion of an operating point applies 
to each machine we will consider (although, as we will see, the operating points are 
not always stable). 

The system pressure requirement at a given flow rate is composed of frictional 
pressure drop (major loss due to friction in straight sections of constant area and 
minor loss due to entrances, fittings, valves, and exits) and pressure changes due to 
gravity (static lift may be positive or negative). It is useful to discuss the two limiting 
cases of pure friction and pure lift before considering their combination. 

The all-friction system head versus flow curve, with no static lift, starts at zero flow 
and head, as shown in Fig. 10.18a. For this system the total head required is the sum of 
major and minor losses, 


LV °) 


Ly 
e= Det Dla 2, soy Bea 


For turbulent flow (the usual flow regime in engineering systems), as we learned in 
Chapter 8 (see Fig. 8.13), the friction factors approach constant and the minor loss 
coefficients K and equivalent lengths L, are also constant. Hence h;,~V_ ~ Q? so that 
the system curve is approximately parabolic. (In reality, because the friction factors f 
only approach constants as the regime becomes fully turbulent, it turns out that 
Q'”° <h,, < Q?.) This means the system curve with pure friction becomes steeper as 


°While a graphical representation is useful for visualizing the pump-system matching, we typically use 
analytical or numerical methods to determine the operating point (Excel is very useful for this). 
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Fig. 10.18 Schematic diagrams illustrating basic types of 
system head-flow curves (adapted from [10]). 


flow rate increases. To develop the friction curve, losses are computed at various flow 
rates and then plotted. 

Pressure change due to elevation difference is independent of flow rate. Thus the 
pure lift system head-flow curve is a horizontal straight line. The gravity head is 
evaluated from the change in elevation in the system. 

All actual flow systems have some frictional pressure drop and some elevation 
change. Thus all system head-flow curves may be treated as the sum of a frictional 
component and a static-lift component. The head for the complete system at any flow 
rate is the sum of the frictional and lift heads. The system head-flow curve is plotted in 
Fig. 10.18. 

Whether the resulting system curve is steep or flat depends on the relative importance 
of friction and gravity. Friction drop may be relatively unimportant in the water supply 
to a high-rise building (e.g., the Willis Tower, formerly the Sears Tower, in Chicago, 
which is nearly 400 m tall), and gravity lift may be negligible in an air-handling system 
for a one-story building. 

In Section 8.7 we obtained a form of the energy equation for a control volume 
consisting of a pump-pipe system, 


ia V; 
(2 + a> +4] = (2 a a +4] = hy — Ahtpump (8.49) 


Replacing Ahpump with ha, representing the head added by any machine (not only a 
pump) that does work on the fluid, and rearranging Eq. 8.49, we obtain a more general 


expression 
Vi V3 
a +a,—1 + 221 +hy = Po +a, + gZ. + hy, (10.28a) 
p 2 p 2 
Dividing by g gives 
9) =) 
V. h, 
PU doy 42 +H 40, 2 42,42 (10.28b) 
ps 2 ps 2g g 
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where H, is the energy per unit weight (i.e, the head, with dimensions of L) added by 
the machine. Note that these equations may also be used to analyze a fluid machine 
with internal losses as well. 

The pump operating point is defined by superimposing the system curve and the 
pump performance curve, as shown in Fig. 10.17. The point of intersection is the only 
condition where the pump and system flow rates are equal and the pump and system 
heads are equal simultaneously. The procedure used to determine the match point for 
a pumping system is illustrated in Example 10.8. 


ample /0. HE OPERATING POINT FOR A PUMPING SYSTEM 


The pump of Example 10.6, operating at 1750 rpm, is used to pump water through the pipe system of Fig. 10.18a. 
Develop an algebraic expression for the general shape of the system resistance curve. Calculate and plot the system 
resistance curve. Solve graphically for the system operating point. Obtain an approximate analytical expression for 
the system resistance curve. Solve analytically for the system operating point. 


Given: Pump of Example 10.6, operating at 1750 rpm, with H = Hy — AQ’, where Hy = 55.9 ft and A = 3.44 x 10° 
ft/(gpm)*. System of Fig. 10.18a, where L; = 2 ft of D; = 10 in. pipe and Lz = 3000 ft of D2 = 8 in. pipe, conveying 
water between two large reservoirs whose surfaces are at the same level. 


Find: (a) A general algebraic expression for the system head curve. 
(b) The system head curve by direct calculation. 
(c) The system operating point using a graphical solution. 
(d) An approximate analytical expression for the system head curve. 
(e) The system operating point using the analytical expression of part (d). 


Solution: 
Apply the energy equation to the flow system of Fig. 10.18a. 


Governing equation: 


=) =e 

V hy 
ORE OS Layee ee eee ee (10.24b) 
pg 2g pg 2g 8 


where Zo and z3 are the surface elevations of the supply and discharge reservoirs, respectively. 
Assumptions: (1) Po = P3 = Patm- 
(2) Vo => V3 = 0. 
(3) Zo = Z3 (given). 
Simplifying, we obtain 
hy 


Hae 
Be eee 


= hire, a hin, 


= H,,. (1) 


T 


where sections (1) and @) are located just upstream and downstream from the pump, respectively. 
The total head losses are the sum of the major and minor losses, so 


2 2 —2 
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From continuity, V; Ay = V2 A>, so Vi =V> een V> ; 
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or, upon simplifying, 


Ede le 
= (Kn 16. at) (3) the + Kexit 


This is the head loss equation for the system. At the operating point, as indicated in Eq. 1, the head loss is equal to 
the head produced by the pump, given by 


=! 
We H,, 


ee 


H, = Hy — AQ? (2) 


where Hy = 55.9 ft and A = 3.44 x 10 ° ft/(gpm)’. 
The head loss in the system and head produced by the pump can be computed for a range of flow rates: 


O(gpm) ‘Vy (ft/s) ~—Rex (1000) fi(-) 2 (fs) «= Rez (1000) fa (-) HW, f) Ha (ft) 
0 0.00 0 _ 0.00 0 — 0.0 55.9 
100 0.41 32 0.026 0.64 40 0.025 0.7 55.6 
200 0.82 63 0.023 As 719 0.023 Dali 54.5 
300 1283 95 0.022 1.91 119 0.023 5.9 52.8 
400 1.63 Wy 0.022 DSS) 158 0.022 10.3 50.4 
500 2.04 158 0.021 3.19 198 0.022 15.8 47.3 
600 2.45 190 0.021 3.83 237 0.022 22.6 43.5 
700 2.86 222 0.021 4.47 DHA 0.022 30.6 39.0 
800 3.27 253 0.021 ell 317 0.022 Si 33.9 
900. 3.68 285 0.021 5.74 356 0.021 50.1 28.0 
1000 4.09 Sly 0.021 6.38 396 0.021 61.7 PALS) 
1100 4.49 348 0.020 WSOP 435 0.021 74.4 
1200 4.90 380 0.020 7.66 475 0.021 88.4 
1300 53 412 0.020 8.30 Bills) 0.021 103 
1400 Sz 443 0.020 8.94 554 0.021 120 
1500 6.13 475 0.020 9.57 594 0.021 137 


The pump curve and the system resistance curve are plotted below: 
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The graphical solution is shown on the plot. At the operating point, H ~ 36 ft and Q ~ 750 gpm. 

We can obtain more accuracy from the graphical solution using the following approach: Because the Reynolds 
number corresponds to the fully turbulent regime, f~ const., we can simplify the equation for the head loss and write 
it in the form 
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Ay, ~ Co” (3) 


where C = 8/1*D3g times the term in square brackets in the expression for H;,. We can obtain a value for C directly 
from Eq. 3 by using values for H, and Q from the table at a point close to the anticipated operating point. For 
example, from the Q = 700 gpm data point, 
HA, 30.6 ft = 2 
= = = 6.24 x 10> ft/(gpm 


Hence, the approximate analytical expression for the system head curve is 


Hy, = 6.24 X 107° ft/(gpm) [O(gpm)]° « 


Using Eqs. 2 and 3 in Eq. 1, we obtain 
Hy - AQ? = CQ? 


Solving for Q, the volume flow rate at the operating point, gives 


oe eh 1/2 
~ |A+C 
For this case, 
(gpm)” = 
Q= |55.9ft x = = = 760 gpm 
(3.44 xX 10 ° + 6.24 x 10 ~) ft 


The volume flow rate may be substituted into either expression for head 
to calculate the head at the operating point as 


X (760)°(gpm)? = 36.0 ft a 


f 
H = CQ? =6.24x10°—, 
(gpm) 


We can see that in this problem our reading of the operating point 
from the graph was pretty good: The reading of head was in agree- 
ment with the calculated head; the reading of flow rate was less than 
2 percent different from the calculated result. 

Note that both sets of results are approximate. We can get a more 
accurate, and easier, result by using Excel’s Solver or Goal Seek to 
find the operating point, allowing for the fact that the friction factors 
vary, however slightly, with Reynolds number. Doing so yields an 


ae Solution. It 
operating point flow rate of 761 gpm and head of 36.0 ft. Systems. Se with Othe 


can 
" PUmp-pipe 


The shapes of both the pump curve and the system curve can be important to 
system stability in certain applications. The pump curve shown in Fig. 10.17 is typical 
of the curve for a new centrifugal pump of intermediate specific speed, for which the 
head decreases smoothly and monotonically as the flow rate increases from shutoff. 
Two effects take place gradually as the system ages: (1) The pump wears, and its 
performance decreases (it produces less pressure head; so the pump curve gradually 
moves downward toward lower head at each flow rate). (2) The system head increases 
(the system curve gradually moves toward higher head at each flow rate because of 
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pipe aging’). The effect of these changes is to move the operating point toward lower 
flow rates over time. The magnitude of the change in flow rate depends on the shapes 
of the pump and system curves. 

The capacity losses, as pump wear occurs, are compared for steep (friction domi- 
nated) and flat (gravity dominated) system curves in Fig. 10.19. The loss in capacity is 
greater for the flat system curve than for the steep system curve. 

The pump efficiency curve is also plotted in Fig. 10.17. The original system operating 
point usually is chosen to coincide with the maximum efficiency by careful choice of 
pump size and operating speed. Pump wear increases internal leakage, thus reducing 
delivery and lowering peak efficiency. In addition, as shown in Fig. 10.19, the operating 
point moves toward lower flow rate, away from the best efficiency point. Thus the 
reduced system performance may not be accompanied by reduced energy usage. 

Sometimes it is necessary to satisfy a high-head, low-flow requirement; this forces 
selection of a pump with low specific speed. Such a pump may have a performance curve 
with a slightly rising head near shutoff, as shown in Fig. 10.20. When the system curve is 
steep, the operating point is well-defined and no problems with system operation should 
result. However, use of the pump with a flat system curve could easily cause problems, 
especially if the actual system curve were slightly above the computed curve or the 
pump delivery were below the charted head capacity performance. 

If there are two points of intersection of the pump and system curves, the system 
may operate at either point, depending on conditions at start-up; a disturbance could 
cause the system operating point to shift to the second point of intersection. Under 
certain conditions, the system operating point can alternate between the two points of 
intersection, causing unsteady flow and unsatisfactory performance. 
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Fig. 10.19 Effect of pump wear on flow delivery to system. 
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Fig. 10.20 Operation of low specific speed pump near 
shutoff. 


7As the pipe ages, mineral deposits form on the wall (see Fig. 8.14), raising the relative roughness and 
reducing the pipe diameter compared with the as-new condition. See Problem 10.63 for typical friction 
factor data. 
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Fig. 10.21 Operation of high specific speed pump near 
the dip. 


Instead of a single pump of low specific speed, a multistage pump may be used in 
this situation. Since the flow rate through all stages is the same, but the head per stage 
is less than in the single-stage unit, the specific speed of the multistage pump is higher 
(see Eq. 7.22a). 

The head-flow characteristic curve of some high specific speed pumps shows a dip 
at capacities below the peak efficiency point, as shown in Fig. 10.21. Caution is needed 
in applying such pumps if it is ever necessary to operate the pump at or near the dip in 
the head-flow curve. No trouble should occur if the system characteristic is steep, for 
there will be only one point of intersection with the pump curve. Unless this inter- 
section is near point B, the system should return to stable, steady-state operation 
following any transient disturbance. 

Operation with a flat system curve is more problematic. It is possible to have one, 
two, or three points of intersection of the pump and system curves, as suggested in the 
figure. Points A and C are stable operating points, but point B is unstable: If the flow 
rate momentarily falls below Qz, for whatever reason, the flow rate will continue to 
fall (to Q,) because the head provided by the pump is now less than that required by 
the system; conversely, if the flow surges above Qz,, the flow rate will continue to 
increase (to Qc) because the pump head exceeds the required head. With the flat 
system curve, the pump may “hunt” or oscillate periodically or aperiodically. 

Several other factors can adversely influence pump performance: pumping hot 
liquid, pumping liquid with entrained vapor, and pumping liquid with high viscosity. 
According to [9], the presence of small amounts of entrained gas can drastically 
reduce performance. As little as 4 percent vapor can reduce pump capacity by more 
than 40 percent. Air can enter the suction side of the pumping circuit where pressure 
is below atmospheric if any leaks are present. 

Adequate submergence of the suction pipe is necessary to prevent air entrainment. 
Insufficient submergence can cause a vortex to form at the pipe inlet. If the vortex is 
strong, air can enter the suction pipe. Dickinson [16] and Hicks and Edwards [17] give 
guidelines for adequate suction-basin design to eliminate the likelihood of vortex 
formation. 

Increased fluid viscosity may dramatically reduce the performance of a centrifugal 
pump [17]. Typical experimental test results are plotted in Fig. 10.22. In the 
figure, pump performance with water (4% =1 cP) is compared with performance in 
pumping a more viscous liquid (j: = 220 cP). The increased viscosity reduces the head 
produced by the pump. At the same time the input power requirement is increased. 
The result is a dramatic drop in pump efficiency at all flow rates. 

Heating a liquid raises its vapor pressure. Thus to pump a hot liquid requires 
additional pressure at the pump inlet to prevent cavitation, as we saw in Example 10.7. 

In some systems, such as city water supply or chilled-water circulation, there may 
be a wide range in demand with a relatively constant system resistance. In these cases, 
it may be possible to operate constant-speed pumps in series or parallel to supply the 
system requirements without excessive energy dissipation due to outlet throttling. 
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Fig. 10.22 Effect of liquid viscosity on performance of a 
centrifugal pump [9]. 
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(a) Single-pump operation (b) Two pumps in series 


Fig. 10.23 Operation of two centrifugal pumps in series. 


Two or more pumps may be operated in parallel or series to supply flow at high 
demand conditions, and fewer units can be used when demand is low. 

For pumps in series, the combined performance curve is derived by adding the head 
rises at each flow rate (Fig. 10.23). The increase in flow rate gained by operating 
pumps in series depends on the resistance of the system being supplied. For 
two pumps in series, delivery will increase at any system head. The characteristic 
curves for one pump and for two identical pumps in series are 


H, =H) - AQ” 


and 


Hp, = 2(Hy — AQ’) = 2Hy — 2AQ? 


Figure 10.23 is a schematic illustrating the application of two identical pumps in 
series. A reasonable match to the system requirement is possible—while keeping 
efficiency high—if the system curve is relatively steep. 

In an actual system, it is not appropriate simply to connect two pumps in series. If 
only one pump were powered, flow through the second, unpowered pump would cause 
additional losses, raising the system resistance. It also is desirable to arrange the 
pumps and piping so that each pump can be taken out of the pumping circuit for 
maintenance, repair, or replacement when needed. Thus a system of bypasses, valves, 
and check valves may be necessary in an actual installation [13, 17]. 
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Fig. 10.24 Operation of two centrifugal pumps in parallel. 


Pumps also may be combined in parallel. The resulting performance curve, shown 
in Fig. 10.24, is obtained by adding the pump capacities at each head. The char- 
acteristic curves for one pump and for two identical pumps in parallel are 


H, = H) - AQ” 
and 
Hy =H)—-A Q Ly Le 
2 0 5) 0 | 


The schematic in Fig. 10.24 shows that the parallel combination may be used most 
effectively to increase system capacity when the system curve is relatively flat. 

An actual system installation with parallel pumps also requires more thought to 
allow satisfactory operation with only one pump powered. It is necessary to prevent 
backflow through the pump that is not powered. To prevent backflow and to permit 
pump removal, a more complex and expensive piping setup is needed. 

Many other piping arrangements and pump combinations are possible. Pumps of 
different sizes, heads, and capacities may be combined in series, parallel, or series- 
parallel arrangements. Obviously the complexity of the piping and control system 
increases rapidly. In many applications the complexity is due to a requirement that the 
system handle a variety of flow rates—a range of flow rates can be generated by using 
pumps in parallel and in series and by using throttling valves. Throttling valves are 
usually necessary because constant-speed motors drive most pumps, so simply using a 
network of pumps (with some on and others off) without throttling valves allows the 
flow rate to be varied only in discrete steps. The disadvantage of throttling valves is 
that they can be a major loss of energy so that a given flow rate will require a larger 
power supply than would otherwise be the case. Some typical data for a throttling 
valve, given in Table 10.1 [18], show a decreasing valve efficiency (the percentage of 
pump pressure available that is not consumed by the valve) as the valve is used to 
reduce the flow rate. 

Use of variable-speed operation allows infinitely variable control of system flow rate 
with high energy efficiency and without extra plumbing complexity. A further 
advantage is that a variable-speed drive system offers much simplified control of 
system flow rate. The cost of efficient variable-speed drive systems continues to 
decrease because of advances in power electronic components and circuits. The sys- 
tem flow rate can be controlled by varying pump operating speed with impressive 
savings in pumping power and energy usage. The input power reduction afforded by 
use of a variable-speed drive is illustrated in Table 10.1. At 1100 gpm, the power input 
is cut almost 54 percent for the variable-speed system; the reduction at 600 gpm is 
more than 75 percent. 

The reduction in input power requirement at reduced flow with the variable speed 
drive is impressive. The energy savings, and therefore the cost savings, depend on the 
specific duty cycle on which the machine operates. Armintor and Conners [18] present 


Table 10.1 


Power Requirements for Constant- and Variable-Speed Drive Pumps 
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Throttle Valve Control with Constant-Speed (1750 rpm) Motor 


Flow Valve“ Pump Pump Pump Motor Motor Power 
Rate System Efficiency Head Efficiency Power Efficiency Input Input? 
(gpm) Head (ft) (%) (ft) == (%) ~~ (bhp) (%)~—s (ap) —s (hp) 
1700 180 100.0 180 80.0 96.7 90.8 106.5 106.7 
1500 150 78.1 192 78.4 92.9 90.7 102.4 102.6 
1360 131 66.2 198 76.8 88.6 90.7 97.7 97.9 
1100 102 49.5 206 72.4 79.1 90.6 87.3 87.5 
900 83 39.5 210 67.0 71.3 90.3 79.0 79.1 
600 62 29.0 214 54.0 60.1 90.0 66.8 66.9 
Variable-Speed Drive with Energy-Efficient Motor 
Flow Pump/ Pump Pump Motor Motor Motor Control Power 
Rate System Efficiency Power speed Efficiency Input Efficiency Input 
(gpm) Head (ft) = (%) == (bhp) (rpm) (%) =~ (hp) (%) ~— (hp) 
1700 180 80.0 96.7 1750 93.7 103.2 97.0 106.4 
1500 150 79.6 TAD 1580 94.0 76.0 96.1 79.1 
1360 131 78.8 S12 1470 93.9 60.9 95.0 64.1 
1100 102 78.4 36.2 1275 93.8 38.6 94.8 40.7 
900 83 TEA 24.5 1140 92.3 26.5 92.8 28.6 
600 62 72.0 13.1 960 90.0 14.5 89.1 16.3 


Source: Based on Armintor and Conners [18]. 


“Valve efficiency is the ratio of system pressure to pump pressure. 
>Power input is motor input divided by 0.998 starter efficiency. 
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Fig. 10.25 Mean duty cycle for centrifugal pumps in the 
chemical and petroleum industries [18]. 


information on mean duty cycles for centrifugal pumps used in the chemical process 
industry; Fig. 10.25 is a plot showing the histogram of these data. The plot shows that 
although the system must be designed and installed to deliver full rated capacity, this 
condition seldom occurs. Instead, more than half the time, the system operates at 70 
percent capacity or below. The energy savings that result from use of a variable speed 


drive for this duty cycle are estimated in Example 10.9. 
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ample /0. AVINGS WITH VARIABLE-SPEED CENTRIFUGAL PUMP DRIVE 


Combine the information on mean duty cycle for centrifugal pumps given in Fig. 10.25 with the drive data in 
Table 10.1. Estimate the annual savings in pumping energy and cost that could be achieved by implementing a 
variable-speed drive system. 


Given: Consider the variable-flow, variable-pressure pumping system of Table 10.1. Assume the system operates on 
the typical duty cycle shown in Fig. 10.25, 24 hours per day, year round. 


Find: (a) An estimate of the reduction in annual energy usage obtained with the variable-speed drive. 
(b) The energy costs and the cost saving due to variable-speed operation. 


Solution: 
Full-time operation involves 365 days x 24 hours per day, or 8760 hours per year. Thus the percentages in Fig. 10.27 
may be multiplied by 8760 to give annual hours of operation. 

First plot the pump input power versus flow rate using data from Table 10.1 to allow interpolation, as shown below. 
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Illustrate the procedure using operation at 70 percent flow rate as a sample calculation. At 70 percent flow rate, 
the pump delivery is 0.7 x 1700 gpm = 1190 gpm. From the plot, the pump input power requirement at this flow rate 
is 90 hp for the constant-speed drive. At this flow rate, the pump operates 23 percent of the time, or 0.23 x 
8760 = 2015 hours per year. The total energy consumed at this duty point is 90 hp X 2015 hr = 1.81 x 10° hp-hr. The 
electrical energy consumed is 


E=1.81 X 10° hp-hr X 0.746 SS 5a win 
hp-hr 
The corresponding cost of electricity [at $0.12/(kW-hr)| is 
$0.12 


C—135.610) kwh: = $16,250 


kW-hr 


The following tables were prepared using similar calculations: 


Constant-Speed Drive, 8760 hr/yr 


Flow (%) Flow (gpm) Time (%) Time (hr) Power (hp) Energy (hp-hr) 
100 1700 D 175 109 LO x 10 
90 1530 8 701 103 7.20 x 104 
80 1360 21 1840 96 GLA SOF 
70 1190 23 2015 90 IBA x iar 
60 1020 21 1840 84 SAL xe OF 
50 850 15) 1314 Wil OD S¢ OF 
40 680 10 876 vill 6.21 x 104 


Total: 76.7 x 104 
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Summing the last column of the table shows that for the constant-speed drive system the annual energy consumption 
is 7.67 X 10° hp-hr. The electrical energy consumption is 


E =7.67 X 10° hp-hr x 0.746 wir = 572,000 kW-hr . Ecsp 
At $0.12 per kilowatt hour, the energy cost for the constant-speed drive system is 
= SOu2 Cesp 
C = 572,000 kW-hr x kWh $68,700 < 


Variable-Speed Drive, 8760 hr/yr 


Flow (%) Flow (gpm) Time (%) Time (hr) Power (hp) Energy (hp-hr) 

100 1700 2 175 109 1.90 x 10* 
90 1530 8 701 81 5.71 x 10+ 

80 1360 21 1840 61 12 < 10" 

70 1190 23 2015 46 9.20 x 10+ 

60 1020 21 1840 34 6.29 x 10+ 

50 850 15 1314 26 3.37 x 10+ 

40 680 10 876 19 1.68 x 10* 
Total: 39.4 x 10+ 


Summing the last column of the table shows that for the variable-speed drive system, the annual energy consumption 
is 3.94 x 10° hp-hr. The electrical energy consumption is 


KW br _ 594,000 kW-hr ____E-VsD 


Ww 
E =3.94 X 10° hp-hr X 0.74 
3.94 x 10° hp ES re 


At $0.12 per kilowatt hour, the energy cost for the variable-speed drive 
system is only 


$0.12 _ Cyvsp 
EW = $35,250 < 


Thus, in this application, the variable-speed drive reduces energy 
consumption by 278,000 kW-hr (47 percent). The cost saving is an 
impressive $33,450 annually. One could afford to install a variable- 
speed drive even at considerable cost penalty. The savings in energy 
cost are appreciable each year and continue throughout the life of the Ures after calcul 
system. oak 


C = 294, 000 kW-hr X 


to thr 


€e signif : 
ice Snificant fig- 


Blowers and Fans 


Fans are designed to handle air or vapor. Fan sizes range from that of the cooling fan in 
a notebook computer, which moves a cubic meter of air per hour and requires a few 
watts of power, to that of the ventilation fans for the Channel Tunnel, which move 
thousands of cubic meters of air per minute and require many hundreds of kilowatts of 
power. Fans are produced in varieties similar to those of pumps: They range from 
radial-flow (centrifugal) to axial-flow devices. As with pumps, the characteristic curve 
shapes for fans depend on the fan type. Some typical performance curves for centrifugal 
fans are presented in Appendix D. The curves may be used to choose fans to solve some 
of the equipment-selection and system design problems at the end of the chapter. 
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An exploded view of a medium-size centrifugal fan is shown in Fig. 10.26. Some 
commonly used terminology is shown on the figure. The pressure rise produced by 
fans is several orders of magnitude less than that for pumps. Another difference 
between fans and pumps is that measurement of flow rate is more difficult in gases and 
vapors than in liquids. There is no convenient analog to the catch-the-flow-in-a-bucket 
method of measuring liquid flow rates! Consequently, fan testing requires special 
facilities and procedures [20, 21]. Because the pressure rise produced by a fan is small, 
usually it is impractical to measure flow rate with a restriction flow meter such as an 
orifice, flow nozzle, or venturi. It may be necessary to use an auxiliary fan to develop 
enough pressure rise to permit measurement of flow rate with acceptable accuracy 
using a restriction flow meter. An alternative is to use an instrumented duct in which 
the flow rate is calculated from a pitot traverse. Appropriate standards may be con- 
sulted to obtain complete information on specific fan-test methods and data-reduction 
procedures for each application [20, 21]. 

The test and data reduction procedures for fans, blowers, and compressors are 
basically the same as for centrifugal pumps. However, blowers, and especially fans, 
add relatively small amounts of static head to gas or vapor flows. For these machines, 
the dynamic head may increase from inlet to discharge, and it may be appreciable 
compared with the static head rise. For these reasons, it is important to state clearly 
the basis on which performance calculations are made. Standard definitions are 
available for machine efficiency based on either the static-to-static pressure rise or the 
static-to-total pressure rise [20]. Data for both static and total pressure rise and for 
efficiency, based on both pressure rises, are frequently plotted on the same char- 
acteristic graph (Fig. 10.27). 

The coordinates may be plotted in physical units (e.g., inches of water, cubic feet 
per minute, and horsepower) or as dimensionless flow and pressure coefficients. 
The difference between the total and static pressures is the dynamic pressure, so the 
vertical distance between these two curves is proportional to Q?. 

Centrifugal fans are used frequently; we will use them as examples. The centrifugal 
fan developed from simple paddle-wheel designs, in which the wheel was a disk 
carrying radial flat plates. (This primitive form still is used in nonclogging fans such 
as in commercial clothes dryers.) Refinements have led to the three general types 
shown in Fig. 10.28a—c, with backward-curved, radial-tipped, and forward curved 
blades. All the fans illustrated have blades that are curved at their inlet edges to 
approximate shockless flow between the blade and the inlet flow direction. These 
three designs are typical of fans with sheet-metal blades, which are relatively simple to 
manufacture and thus relatively inexpensive. The forward-curved design illustrated in 
the figure has very closely spaced blades; it is frequently called a squirrel-cage fan 
because of its resemblance to the exercise wheels found in animal cages. 
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Fig. 10.26 Exploded view of typical centrifugal fan [19]. 
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Fig. 10.27. Typical characteristic curves for fan with 
backward-curved blades [22]. 
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Fig. 10.28 Typical types of blading used for centrifugal fan 
wheels [22]. 


As fans become larger in size and power demand, efficiency becomes more 
important. The streamlined airfoil blades shown in Fig. 10.28d are much less sensitive 
to inlet flow direction and improve efficiency markedly compared with the thin blades 
shown in diagrams a through c. The added expense of airfoil blades for large metal 
fans may be life-cycle cost effective. Airfoil blades are being used more frequently on 
small fans as impellers molded from plastic become common. 

As is true for pumps, the total pressure rise across a fan is approximately pro- 
portional to the absolute velocity of the fluid at the exit from the wheel. Therefore the 
characteristic curves produced by the basic blade shapes tend to differ from each 
other. The typical curve shapes are shown in Fig. 10.29, where both pressure rise and 
power requirements are sketched. Fans with backward-curved blade tips typically 
have a power curve that reaches a maximum and then decreases as flow rate increases. 
If the fan drive is sized properly to handle the peak power, it is impossible to overload 
the drive with this type of fan. 

The power curves for fans with radial and forward-curved blades rise as flow rate 
increases. If the fan operating point is higher than the design flow rate, the motor may 
be overloaded. Such fans cannot be run for long periods at low back pressures. An 
example of this would be when a fan is run without a load to resist the flow—in other 
words, the fan is almost “free-wheeling.” Because the power drawn by the fan 
monotonically increases with flow rate, the fan motor could eventually burn out under 
this free-wheeling condition. 
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(a) Backward-curved blades (b) Radial-tipped blades (c) Forward-curved blades 


Fig. 10.29 General features of performance curves for centrifugal fans with backward-, radial-, 
and forward-curved blades [22]. 


Head curve 


Head and power 


/ 


Power curve 


Volume flow rate 


Fig. 10.30 Characteristic curves for a 
typical axial-flow fan [22]. 


Fans with backward-curved blades are best for installations with large power 
demand and continuous operation. The forward-curved blade fan is preferred where 
low first cost and small size are important and where service is intermittent. Forward 
curved blades require lower tip speed to produce a specified head; lower blade tip 
speed means reduced noise. Thus forward-curved blades may be specified for heating 
and air conditioning applications to minimize noise. 

Characteristic curves for axial-flow (propeller) fans differ markedly from those for 
centrifugal fans. The power curve, Fig. 10.30, is especially different, as it tends to 
decrease continuously as flow rate increases. Thus it is impossible to overload a 
properly sized drive for an axial-flow fan. The simple propeller fan is often used for 
ventilation; it may be free-standing or mounted in an opening, as a window fan, with no 
inlet or outlet duct work. Ducted axial-flow fans have been studied extensively and 
developed to high efficiency [23]. Modern designs, with airfoil blades, mounted in ducts 
and often fitted with guide vanes, can deliver large volumes against high resistances 
with high efficiency. The primary deficiency of the axial-flow fan is the non-monotonic 
slope of the pressure characteristic: In certain ranges of flow rate the fan may pulsate. 
Because axial-flow fans tend to have high rotational speeds, they can be noisy. 

Selection and installation of a fan always requires compromise. To minimize energy 
consumption, it is desirable to operate a fan at its highest efficiency point. To reduce 
the fan size for a given capacity, it is tempting to operate at higher flow rate than that 
at maximum efficiency. In an actual installation, this tradeoff must be made con- 
sidering such factors as available space, initial cost, and annual hours of operation. It is 
not wise to operate a fan at a flow rate below maximum efficiency. Such a fan would 
be larger than necessary and some designs, particularly those with forward-curved 
blades, can be unstable and noisy when operated in this region. 

It is necessary to consider the duct system at both the inlet and the outlet of the fan to 
develop a satisfactory installation. Anything that disrupts the uniform flow at the fan inlet 
is likely to impair performance. Nonuniform flow at the inlet causes the wheel to operate 
unsymmetrically and may decrease capacity dramatically. Swirling flow also adversely 
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affects fan performance. Swirl in the direction of rotation reduces the pressure devel- 
oped; swirl in the opposite direction can increase the power required to drive the fan. 

The fan specialist may not be allowed total freedom in designing the best flow 
system for the fan. Sometimes a poor flow system can be improved without too much 
effort by adding splitters or straightening vanes to the inlet. Some fan manufacturers 
offer guide vanes that can be installed for this purpose. 

Flow conditions at the fan discharge also affect installed performance. Every fan 
produces nonuniform outlet flow. When the fan is connected to a length of straight 
duct, the flow becomes more uniform and some excess kinetic energy is transformed 
to static pressure. If the fan discharges directly into a large space with no duct, the 
excess kinetic energy of the nonuniform flow is dissipated. A fan in a flow system with 
no discharge ducting may fall considerably short of the performance measured in a 
laboratory test setup. 

The flow pattern at the fan outlet may be affected by the amount of resistance 
present downstream. The effect of the system on fan performance may be different at 
different points along the fan pressure-flow curve. Thus, it may not be possible to 
accurately predict the performance of a fan, as installed, on the basis of curves 
measured in the laboratory. 

Fans may be scaled up or down in size or speed using the basic laws developed for 
fluid machines in Chapter 7. It is possible for two fans to operate with fluids of sig- 
nificantly different density,® so pressure is used instead of head (which uses density) as 
a dependent parameter and density must be retained in the dimensionless groups. The 
dimensionless groups appropriate for fan scaling are 


_@ _ P wees 
ms wD3’ My pu*D2’ ang pus DS (10.29) 
Once again, dynamic similarity is assured when the flow coefficients are matched. 
Thus when 
Ww’ D' 3 
‘=Q(—]}{— 10.30 
a= 0(=)(5) (10.304) 
then 
2 2 
, - D' 
p'=p (Z) (=) ( ) (10.30b) 
p/\w D 
and 


p’ Ww’ 3 D' 5 
@-9(£)(=) (5) (10.30¢) 
p)\w D 
As a first approximation, the efficiency of the scaled fan is assumed to remain con- 
stant, so 


=n (10.30d) 


When head is replaced by pressure, and density is included, the expression defining 
the specific speed of a fan becomes 


wQ/? 63/4 


A fan scale-up with density variation is the subject of Example 10.10. 


Density of the flue gas handled by an induced-draft fan on a steam powerplant may be 40 percent less than 
the density of the air handled by the forced-draft fan in the same plant. 


546 = Chapter 10 Fluid Machinery 


ample /0. OF FAN PERFORMANCE 


Performance curves [20] are given below for a centrifugal fan with D = 36 in. and N = 600 rpm, as measured on a test 
stand using cool air (p=0.075 lbm/ft®). Scale the data to predict the performance of a similar fan with 
D'=42in., N’= 1150rpm, and p' =0.045 Ibm/ft*. Estimate the delivery and power of the larger fan when it 
operates at a system pressure equivalent to 7.4 in. of H,O. Check the specific speed of the fan at the new operating 
point. 
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Given: Performance data as shown for centrifugal fan with D = 36 in., N = 600 rpm, and p = 0.075 lbm/ft’. 
Find: (a) The predicted performance of a geometrically similar fan with D’=42in., at N’= 1150 rpm, with 
p' = 0.045 lbm/ft®. 
(b) An estimate of the delivery and input power requirement if the larger fan operates against a system 
resistance of 7.4 in. H,O. 
(c) The specific speed of the larger fan at this operating point. 


Solution: 
Develop the performance curves at the new operating condition by scaling the test data point-by-point. Using Eqs. 
10.30 and the data from the curves at Q = 30,000 cfm, the new volume flow rate is 


; IES (DIN 11507 42\- 
Q o(5) (5) 30,000 cfm (Sr) (=) = 91,300 cfm 


The fan pressure rise is 
2 2 2 2 
> — (2 (NPY f OY : 0.045\ /1150\" /42\" _ : 
2) ee (5) (5) 2.96 in. H,0(To 600 36 8.88 in. H2O 
and the new power input is 
3 5 3 5 
(B \ INP? [DY 0.045\ /1150\ /42 
GY =o =21.4h = 195 h 
(Z)(F) (5) esa an) ee 

We assume the efficiency remains constant between the two scaled points, so 


n =n = 0.64 


Similar calculations at other operating points give the results tabulated below: 
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Q (cfm) p (in. H20) % (hp) 7 (%) Q(cfm) p’ (in. H20) %’ (hp) 
0 3.68 11 0 0 11.0 101 
10,000 375 154 37 30,400 ifs) 138 
20,000 3.50 18.6 59 60,900 10.5 170 
30,000 2.96 21.4 65 91,300 8.88 195 
40,000 Poss 23.1 57 122,000 6.36 ait 
50,000 1.02 2A. 34 152,000 3.06 211 
60,000 0 21.0 0 183,000 0 192 


To allow interpolation among the calculated points, it is convenient to plot the results: 
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From the head-capacity curve, the larger fan should deliver 110,000 cfm at 7.5 in. H2O system head, with an 
efficiency of about 58 percent. 

This operating point is only slightly to the right of peak efficiency for this 
fan, so it is a reasonable point at which to operate the fan. The specific 
speed of the fan at this operating point (in U.S. customary units) is given 
by direct substitution into Eq. 10.31: 

Rs wQ'/? 93/4 — (1150 rpm)(110,000 cfm)'/*(0.045 Ibm/ft?)*/4 

x pe (7.5 in. H,0)*/* 


= 8223 . Nseu 


In nondimensional (SI) units, 


(120 rad/s)(3110 m*/s)'/?(0.721 kg/m?) _ 
(1.86 X 10°N/m2)>/4 


N,(SD) 


= 18.5 


Three methods are available to control fan delivery: motor speed control, inlet 
dampers, and outlet throttling. Speed control was treated thoroughly in the section on 
pumps. The same benefits of reduced energy usage and noise are obtained with fans, 
and the cost of variable-speed drive systems continues to drop. 

Inlet dampers may be used effectively on some large centrifugal fans. However, 
they decrease efficiency and cannot be used to reduce the fan flow rate below about 40 
percent of rated capacity. Outlet throttling is cheap but wasteful of energy. For further 
details, consult either Jorgensen [19] or Berry [22]; both are particularly compre- 
hensive. Osborne [24] also treats noise, vibration, and the mechanical design of fans. 
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Fans also may be combined in series, parallel, or more complex arrangements to 
match varying system resistance and flow needs. These combinations may be analyzed 
using the methods described for pumps. ASHRAE [25] and Idelchik [26] are excellent 
sources for loss data on air flow systems. 

Blowers have performance characteristics similar to fans, but they operate (typi- 
cally) at higher speeds and increase the fluid pressure more than do fans. Jorgensen [19] 
divides the territory between fans and compressors at an arbitrary pressure level 
that changes the air density by 5 percent; he does not demarcate between fans and 
blowers. 


Positive Displacement Pumps 


Pressure is developed in positive-displacement pumps through volume reductions 
caused by movement of the boundary in which the fluid is confined. In contrast to 
turbomachines, positive displacement pumps can develop high pressures at relatively 
low speeds because the pumping effect depends on volume change instead of dynamic 
action. 

Positive-displacement pumps frequently are used in hydraulic systems at pressures 
ranging up to 40 MPa (6000 psi). A principal advantage of hydraulic power is the high 
power density (power per unit weight or unit size) that can be achieved: For a given power 
output, a hydraulic system can be lighter and smaller than a typical electric-drive system. 

Numerous types of positive-displacement pumps have been developed. A few 
examples include piston pumps, vane pumps, and gear pumps. Within each type, pumps 
may be fixed- or variable-displacement. A comprehensive classification of pump types 
is given in [16]. 

The performance characteristics of most positive-displacement pumps are similar; in 
this section we shall focus on gear pumps. This pump type typically is used, for example, 
to supply pressurized lubricating oil in internal combustion engines. Figure 10.31 is a 
schematic diagram of a typical gear pump. Oil enters the space between the gears at the 
bottom of the pump cavity. Oil is carried outward and upward by the teeth of the rotating 
gears and exits through the outlet port at the top of the cavity. Pressure is generated as 
the oil is forced toward the pump outlet; leakage and backflow are prevented by the 
closely fitting gear teeth at the center of the pump, and by the small clearances main- 
tained between the side faces of the gears and the pump housing. The close clearances 
require the hydraulic fluid to be kept extremely clean by full-flow filtration. 

Figure 10.32 is a photo showing the parts of an actual gear pump; it gives a good 
idea of the robust housing and bearings needed to withstand the large pressure forces 


Fig. 10.31 Schematic of typical gear pump [27]. 


Fig. 10.32 Cutaway photograph of gear pump. 
(Photo courtesy Sauer-Danfoss Inc.) 
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developed within the pump. It also shows pressure-loaded side plates designed to 
“float”—to allow thermal expansion—while maintaining the smallest possible side 
clearance between gears and housing. Many ingenious designs have been developed 
for pumps; details are beyond the scope of our treatment here, which will focus on 
performance characteristics. For more details consult Lambeck [27] or Warring [28]. 

Typical performance curves of pressure versus delivery for a medium-duty gear 
pump are shown in Fig. 10.33. The pump size is specified by its displacement per 
revolution and the working fluid is characterized by its viscosity and temperature. 
Curves for tests at three constant speeds are presented in the diagram. At each speed, 
delivery decreases slightly as pressure is raised. The pump displaces the same volume, 
but as pressure is raised, both leakage and backflow increase; so delivery decreases 
slightly. Leakage fluid ends up in the pump housing; so a case drain must be provided 
to return this fluid to the system reservoir. 

Volumetric efficiency—shown by the dashed curves—is defined as actual volumetric 
delivery divided by pump displacement. Volumetric efficiency decreases as pressure 
is raised or pump speed is reduced. Overall efficiency—shown by the solid curves—is 
defined as power delivered to the fluid divided by power input to the pump. Overall 
efficiency tends to rise (and reaches a maximum at intermediate pressure) as pump 
speed increases. 

Thus far we have shown pumps of fixed displacement only. The extra cost and com- 
plication of variable-displacement pumps are motivated by the energy saving they permit 
during partial-flow operation. In a variable-displacement pump, delivery can be varied 
to accommodate the load. Load sensing can be used to reduce the delivery pressure 
and thus the energy expenditure still further during part-load operation. Some pump 
designs allow pressure relief to further reduce power loss during standby operation. 

Figure 10.34 illustrates system losses with a fixed-displacement pump, compared 
with losses for variable-displacement and variable-pressure pumps. Assume the 
pressure and flow required by the load at partial-flow operation correspond to point L 
on the diagram. A fixed-displacement pump will operate along curve CD; its delivery 
will be at point A. Since the load requires only the flow at L, the remaining flow 
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Volume flow rate, Q 
Fig. 10.34 Pressure-flow diagram 
illustrating system losses at part 
load [27]. 


(between L and A) must be bypassed back to the reservoir. Its pressure is dissipated 
by throttling. Consequently the system power loss will be the area beneath line LA. 

A variable-displacement pump operating at constant pressure will deliver just 
enough flow to supply the load, but at a pressure represented by point B. The 
system power loss will be proportional to the area to the left of line BL. Control of 
delivery pressure using load sensing can be used to reduce power loss. With a load- 
sensing pump of variable displacement, the pressure supplied is only slightly higher 
than is needed to move the load. A pump with load sensing would operate at the flow 
and pressure of point B’. The system loss would be reduced significantly to the area to 
the left of line B’L. 

The best system choice depends on the operating duty cycle. Complete details of 
these and other hydraulic power systems are presented in Lambeck [27]. 


ample /0. ANCE OF A POSITIVE-DISPLACEMENT PUMP 


A hydraulic pump, with the performance characteristics of Fig. 10.33, operates at 2000 rpm in a system that requires 
Q = 20 gpm at p = 1500 psig to the load at one operating condition. Check the volume of oil per revolution delivered 
by this pump. Compute the required pump power input, the power delivered to the load, and the power dissipated by 
throttling at this condition. Compare with the power dissipated by using (i) a variable-displacement pump at 3000 
psig and (ii) a pump with load sensing that operates at 100 psi above the load requirement. 


Given: Hydraulic pump, with performance characteristics of Fig. 10.33, operating at 2000 rpm. System requires 
Q = 20 gpm at p = 1500 psig. 
Find: (a) The volume of oil per revolution delivered by this pump. 
(b) The required pump power input. 
(c) The power delivered to the load. 
(d) The power dissipated by throttling at this condition. 
(e) The power dissipated using: 
(i) a variable-displacement pump at 3000 psig, and 
(ii) a pump with load sensing that operates at 100 psi above the load pressure requirement. 


Solution: 
To estimate the maximum delivery, extrapolate the curve of pressure versus flow rate to zero pressure. Under these 


conditions, Q = 48.5 gpm at N = 2000 rpm with negligible Ap. Thus 
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The volumetric efficiency of the pump at maximum flow is 


Feate _ 5.60 
= 949 
ee SS 


The operating point of the pump may be found from Fig. 10.33. At 1500 psig, it operates at Q ~ 46.5 gpm. The power 
delivered to the fluid is 


id= PO ei, OAD, 


gal Ibf ft? min ia hp-s 
=465 2 <1 x x x14 x 
eo min a in? 7.48 gal 60s ft? 550 ft-Ibf 


P nia = 40.7 hp 


From the graph, at this operating point, the pump efficiency is approximately 7 = 0.84. Therefore the required input 
power is 


= P uid -_ 40.7 hp _ P input 
Pinput n 0.84 48 hp < 


The power delivered to the load is 


Pigad = Qhoad APtoad 


gal Ibf ft? min in hp-s 
= 20.0 — X x x x 144 x 
2) On 0 in? 748 gal 60s ft2 550 ft-lbf 
Pie 1g Spee Proad 
The power dissipated by throttling is 
Oca = P sinia = Deer = 40.7 — 17.5 = 23.2 hp « P cissipated 
The dissipation with the variable-displacement pump is 
P var-disp =a Qhoad (Poper = Pload) 
gal Ibf fe min in? hp-s 
= 20.0 =— X =i x x x 144 Kk ——__ 
. Geran e300) in? 7.48 gal 60s ft? 550 ft-lbf 
Oo aediep = iiss hp S Prar-disp 


The dissipation with the variable-displacement pump is therefore less than 
the 23.2 hp dissipated with the constant-displacement pump and throttle. 
The saving is approximately 6 hp. P of ¢ 

The final computation is for the load-sensing pump. If the pump pressure F , 0 that of a Onstant 
is 100 psi above that required by the load, the excess energy dissipation is : 


Contrasts 
with a the Performance 


P ioad-sense = Qhoad (oper — Pioad) 


gal Ibf fe min ig hp-s 
= 20, x100—— x x x 144 
Oe ain ne 7.48 gal 60s ft? 550 ft-Ibf 


Pndkoones = all? hp < Pioad-sense 
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10.5 Hydraulic Turbines 
Hydraulic Turbine Theory 


The theory for machines doing work on a fluid, e.g., pumps, may be used for the 
analysis of machines extracting work from a fluid, namely turbines. The main dif- 
ference is that the terms denoting torque, work, and power will be negative instead of 
positive. Example 10.12 below illustrates the application of the Euler turbomachine 
equation to a reaction turbine. 


ampte /0. ALYSIS OF A REACTION TURBINE 


In a vertical-shaft Francis turbine the available head at the inlet flange of the turbine is 500 ft and the vertical 
distance between the runner and the tailrace is 6.5 ft. The runner tip speed is 115 ft/s, the velocity of the water 
entering the runner is 130 ft/s, and the velocity of the water exiting the runner is constant and equal to 35 ft/s. The 
flow velocity at the exit of the draft tube is 11.5 ft/s. The hydraulic energy losses estimated from the turbine are equal 
to 20 ft at the volute, 3.5 ft at the draft tube, and 33.0 ft at the runner. Determine the pressure head (with respect to 
the tailrace) at the inlet and exit of the runner, the flow angle at the runner inlet, and the efficiency of the turbine. 


Turbine 


Draft tube 


Given: Flow through a vertical shaft Francis turbine 
Head at entrance: 500 ft 
Distance between runner and tailrace: 6.5 ft 
Runner tip speed: 115 ft/s 
Velocity at runner entrance: 130 ft/s 
Velocity at runner exit: 35 ft/s 
Flow velocity at draft tube exit: 11.5 ft/s 
Losses: 20 ft at volute, 3.5 ft at draft tube, 33 ft at runner 


Find: (a) Pressure head at inlet and exit of runner. 
(b) Flow angle at runner inlet. 
(c) Turbine efficiency. 


Solution: Apply the energy and Euler turbomachine equations to the control volume. 


Governing equations: 


WwW, 1 

T=" == (UV, UV.) (10.2c) 
mg g 
res ine (10.4c) 


70.5 Hydraulic Turbines 553 


V hy, 
Oe oie aay sp eae Serle (10.28b) 
g p g g 


Assumptions: (1) Steady flow 
(2) Uniform flow at each station 
(3) Turbulent flow; a=1 
(4) Reservoir and tailrace are at atmospheric pressure 
(5) Reservoir is at stagnation condition; V; = 0 


(a) If we apply the energy equation between the runner exit and the tailrace: 


2 2 
P37 Patm _ Vi, av 


H3= 2 + AHprt 24 
pg 2g 
1 fO\ ft\? 1 3? H 
He (ts 35 x +3.5ft—6.5ft= —19.97ft . 3 
22 ( =) ( s) 32.2 ft ae 


(negative sign indicates suction) 


Next we apply the energy equation between the runner entrance and the tailrace: 
= 


f= a = Hy AHr VV, 
pg 2g 
1 ee. le H 
H> = 500 ft — 33.0 ft — — x (130—] x —— =205 ft . 2 
: D ( ") 32.2 ft 


(b) Applying the energy equation across the entire system provides the work extraction through the turbine: 


=! =! 

V V , 
Tp a a ep te gg Ey ait 
pg 28 28 


If we simplify the expression based on assumptions and solve for the head extracted at the turbine: 
V; Ve 
HA, = 5 nll apeeAials \ > AH= Ie = (Eis 3 ) + (AHy + AHr + AHpr) 
Since station 1 is higher than station 4, we will take the negative of H, and call that H7, the head extracted at the 
turbine: 


=! 
ce ar (H, ai Z) a (AAy ar AHrp aF AHpr) 
§ 


fe 
ll 
| 


2 
1 ft 1 3? 
= =x (ust) X ssa qq t (S00 ft + 6.5 ft) — (20 ft + 33 ft + 3.5 ft) = 448 ft 


Applying the Euler turbomachine equation to this system: 


Ti; = U3V;, ia U2V,, 
§ 
Solving for the tangential velocity at 2: 
gHy ft il § ft 
= 30 ee ay Wa ee 
V, U, ow 23 448 ft iis ft 125.4 : 


Setting up the velocity triangle: 
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-1V,— Up _, -4125.4-115 8 

G=tan 7 aan = 6.5) 
ve 35 

ey aati - es tan! i Somes 2 


aoe 10S 
(c) To calculate the efficiency: 


W, gH, 448 n 
Wi,” elle 7 500 89.6% « 


UT 


The trends predicted by the idealized angular-momentum theory, especially Eq. 
10.18b and Fig. 10.12, are compared with experimental results in the next section. 


Performance Characteristics for Hydraulic Turbines 


The test procedure for turbines is similar to that for pumps, except that a dyna- 
mometer is used to absorb the turbine power output while speed and torque are 
measured. Turbines usually are intended to operate at a constant speed that is a 
fraction or multiple of the electric power frequency to be produced. Therefore turbine 
tests are run at constant speed under varying load, whereas water usage is measured 
and efficiency is calculated. 

The impulse turbine is a relatively simple turbomachine, so we use it to illustrate 
typical test results. Impulse turbines are chosen when the head available exceeds 
about 300 m. Most impulse turbines used today are improved versions of the Pelton 
wheel developed in the 1880s by American mining engineer Lester Pelton [29]. An 
impulse turbine is supplied with water under high head through a long conduit called a 
penstock. The water is accelerated through a nozzle and discharges as a high-speed 
free jet at atmospheric pressure. The jet strikes deflecting buckets attached to the rim 
of a rotating wheel (Fig. 10.5a). Its kinetic energy is given up as it is turned by the 
buckets. Turbine output is controlled at essentially constant jet speed by changing the 
flow rate of water striking the buckets. A variable-area nozzle may be used to make 
small and gradual changes in turbine output. Larger or more rapid changes must be 
accomplished by means of jet deflectors, or auxiliary nozzles, to avoid sudden changes 
in flow speed and the resulting high pressures in the long water column in the pen- 
stock. Water discharged from the wheel at relatively low speed falls into the tailrace. 
The tailrace level is set to avoid submerging the wheel during flooded conditions. 
When large amounts of water are available, additional power can be obtained by 
connecting two wheels to a single shaft or by arranging two or more jets to strike a 
single wheel. 

Figure 10.35 illustrates an impulse-turbine installation and the definitions of gross 
and net head [11]. The gross head available is the difference between the levels in the 
supply reservoir and the tailrace. The effective or net head, H, used to calculate 
efficiency, is the total head at the entrance to the nozzle, measured at the nozzle 
centerline [11]. Hence not all of the net head is converted into work at the turbine: 
Some is lost to turbine inefficiency, some is lost in the nozzle itself, and some is lost as 
residual kinetic energy in the exit flow. In practice, the penstock usually is sized so that 
at rated power the net head is 85—95 percent of the gross head. 

In addition to nozzle loss, windage, bearing friction, and surface friction between 
the jet and bucket reduce performance compared with the ideal, frictionless case. 
Figure 10.36 shows typical results from tests performed at constant head. 
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Fig. 10.35 Schematic of impulse-turbine installation, 
showing definitions of gross and net heads [11]. 
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Fig. 10.36 Ideal and actual variable-speed 
performance for an impulse turbine [6]. 


The peak efficiency of the impulse turbine corresponds to the peak power, since the 
tests are performed at constant head and flow rate. For the ideal turbine, as we will see 
in Example 10.13, this occurs when the wheel speed is half the jet speed. As we will 
see, at this wheel speed the fluid exits the turbine at the lowest absolute velocity 
possible, hence minimizing the loss of kinetic energy at the exit. As indicated in 
Eq. 10.2a, if we minimize the exit velocity V, we will maximize the turbine work W,,, 
and hence the efficiency. In actual installations, peak efficiency occurs at a wheel 
speed only slightly less than half the jet speed. This condition fixes the wheel speed 
once the jet speed is determined for a given installation. For large units, overall 
efficiency may be as high as 88 percent [30]. 


Besa 10.13 “OPTIMUM SPEED FOR IMPULSE TURBINE 


A Pelton wheel is a form of impulse turbine well adapted to situations of high 
head and low flow rate. Consider the Pelton wheel and single-jet arrangement 
shown, in which the jet stream strikes the bucket tangentially and is turned R= mean radius 
through angle @. Obtain an expression for the torque exerted by the water stream 
on the wheel and the corresponding power output. Show that the power is a 
maximum when the bucket speed, U = Rw, is half the jet speed, V. 


wW 


Given: Pelton wheel and single jet shown. 


Find: (a) Expression for torque exerted on the wheel. 
(b) Expression for power output. 
(c) Ratio of wheel speed U to jet speed V for maximum power. 
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Solution: 7 
As an illustration of its use, we start with the angular-momentum CV rotates 
equation, Eq. 4.52 (on the Web site), for a rotating CV as shown, with wheel 


rather than the inertial CV form, Eq. 4.46, that we used in 
deriving the Euler turbomachine equation in Section 10.2. 


Governing equation: 


= 0(1) = 0(2) = (0(3) 
ref f rx go + Tag — f FX 2OX Vy $B XG x7) +i x Foye 
CV CV 
a (4.52) 


-¥f Px Vac ales PX Vue idl 
TY] cy (GS 


Assumptions: (1) Neglect torque due to surface forces. 
(2) Neglect torque due to body forces. 
(3) Neglect mass of water on wheel. 
(4) Steady flow with respect to wheel. 
(5) All water that issues from the nozzle acts upon the buckets. 
(6) Bucket height is small compared with R, hence r;, + r. = R. 
(7) Uniform flow at each section. 
(8) No change in jet speed relative to bucket. 


Then, since all water from the jet crosses the buckets, 
Tyratt = 7, X Vi(-pVA) + % X V2(+pVA) 
7 = Re = Ré 
V,=(V-U)&  V.=(V—-U)cosd&+(V—U) sinbé 
T shank = R(V — U)k(-pVA) + R(V — U) cos 6 k(pVA) 
so that finally 
T shack =—R(1 — cos 6)pVA(V — U)k 


This is the external torque of the shaft on the control volume, i.e., on the 
wheel. The torque exerted by the water on the wheel is equal and opposite, 


= A 


Tout = —Tenatt = R(1 — cos 0)pVA(V — U)k 
Tout = pOR(V — U) X (1 —cos 6k « jie 


The corresponding power output is 
Wout = @ Tout = Rw(1 — cos 6)pVA(V — U) . 
Wour = pQU(V — U) X (1—cos 6) « Wout 


To find the condition for maximum power, differentiate the expression for 
power with respect to wheel speed U and set the result equal to zero. Thus 


= = pQ(V — U)(1 —cos6) + pQU(—-1)(1 — cos 6) =0 
“.(V-U)-U=V-2U=0 
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U/V 


Thus for maximum power, U/V= - or U=V/2. 


Note: Turning the flow through 0 = 180° would give maximum power with U = V/2. Under 
these conditions, theoretically the absolute velocity of the fluid at the exit (computed in the direction of U) 
would be U—(V —U)= V/2—(V —V/2) =0, so that the fluid would exit with zero kinetic energy, max- 
imizing the power output. In practice, it is possible to deflect the jet stream through angles up to 165°. With 
6 = 165°, 1 —cos 0 © 1.97, or about 1.5 percent below the value for maxi ie, 


In practice, hydraulic turbines usually are run at a constant speed, and output is 
varied by changing the opening area of the needle valve jet nozzle. Nozzle loss 
increases slightly and mechanical losses become a larger fraction of output as the 
valve is closed, so efficiency drops sharply at low load, as shown in Fig. 10.37. For this 
Pelton wheel, efficiency remains above 85 percent from 40 to 113 percent of full load. 

At lower heads, reaction turbines provide better efficiency than impulse turbines. 
In contrast to flow in a centrifugal pump, used for doing work on a fluid, flow in a 
work-producing reaction turbine enters the rotor at the largest (outer) radial section 
and discharges at the smallest (inner) radial section after transferring most of its 
energy to the rotor. Reaction turbines tend to be high-flow, low-head machines. A 
typical reaction turbine installation is shown schematically in Fig. 10.38, where the 
terminology used to define the heads is indicated. 
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Fig. 10.37 Relation between efficiency and output for a typical Pelton water 
turbine (adapted from [30]). 
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Fig. 10.38 Schematic of typical reaction turbine 
installation, showing definitions of head terminology [11]. 
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Fig. 10.39 Performance of typical reaction turbine as predicted 
by model tests (expected efficiencies) and confirmed by field 
test [6]. 


Reaction turbines flow full of water. Consequently, it is possible to use a diffuser or 
draft tube to regain a fraction of the kinetic energy that remains in water leaving the 
rotor. The draft tube forms an integral part of the installation design. As shown in 
Fig. 10.38, the gross head available is the difference between the supply reservoir head 
and the tailrace head. The effective head or net head, H, used to calculate efficiency, 
is the difference between the elevation of the energy grade line just upstream of 
the turbine and that of the draft tube discharge (section C). The benefit of the draft 
tube is clear: The net head available for the turbine is equal to the gross head minus 
losses in the supply pipework and the kinetic energy loss at the turbine exit. Without 
the draft tube the exit velocity and kinetic energy would be relatively large, but 
with the draft tube they are small, leading to increased turbine efficiency. Put another 
way, the draft tube diffuser, through a Bernoulli effect, reduces the turbine exit 
pressure, leading to a larger pressure drop across the turbine, and increased power 
output. (We saw a similar Bernoulli effect used by ancient Romans in Example 8.10.) 

An efficient mixed-flow turbine runner was developed by James B. Francis using 
a careful series of experiments at Lowell, Massachusetts, during the 1840s [29]. An 
efficient axial-flow propeller turbine, with adjustable blades, was developed by Ger- 
man Professor Victor Kaplan between 1910 and 1924. The Francis turbine (Fig. 10.5) 
is usually chosen when 15 m = H S 300 m, and the Kaplan turbine (Fig. 10.5c) is 
usually chosen for heads of 15 m or less. Performance of reaction turbines may be 
measured in the same manner as performance of the impulse turbine. However, 
because the gross heads are less, any change in water level during operation is more 
significant. Consequently, measurements are made at a series of heads to completely 
define the performance of a reaction turbine. 

An example of the data presentation for a reaction turbine is given in Fig. 10.39, 
where efficiency is shown at various output powers for a series of constant heads [6]. 
The reaction turbine has higher maximum efficiency than the impulse turbine, but 
efficiency varies more sharply with load. 


Sizing Hydraulic Turbines for Fluid Systems 


Falling water has long been considered a source of “free,” renewable energy. In reality, 
power produced by hydraulic turbines is not free; operating costs are low, but con- 
siderable capital investment is required to prepare the site and install the equipment. At 
a minimum, the water inlet works, supply penstock, turbine(s), powerhouse, and con- 
trols must be provided. An economic analysis is necessary to determine the feasibility of 
developing any candidate site. In addition to economic factors, hydroelectric power 
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plants must also be evaluated for their environmental impact; in recent years it has 
been found that such plants are not entirely benign and can be damaging, for example, 
to salmon runs. 

Early in the industrial revolution, waterwheels were used to power grain mills and 
textile machinery. These plants had to be located at the site of the falling water, which 
limited use of water power to relatively small and local enterprises. The introduction 
of alternating current in the 1880s made it possible to transmit electrical energy 
efficiently over long distances. Since then nearly 40 percent of the available hydro- 
electric power resources in the United States have been developed and connected to 
the utility grid [31]. Hydroelectric power accounts for about 16 percent of the elec- 
trical energy produced in this country. 

The United States has abundant and relatively cheap supplies of fossil fuels, mostly 
coal. Therefore at present the remaining hydropower resources in the United States 
are not considered economical compared to fossil-fired plants. 

Worldwide, only about one-third of available hydropower resources have been 
developed commercially [32]. Considerably more hydropower will likely be developed 
in coming decades as countries become more industrialized. Many developing coun- 
tries do not have their own supplies of fossil fuel. Hydropower may offer many such 
countries their only practical path to increased utility development. Consequently the 
design and installation of hydroelectric plants are likely to be important future 
engineering activities in developing countries. 

To evaluate a candidate site for hydropower potential, one must know the average 
stream flow rate and the gross head available to make preliminary estimates of turbine 
type, number of turbines, and potential power production. Economic analyses are 
beyond the scope of this book, but we consider the fluids engineering fundamentals of 
impulse turbine performance to optimize the efficiency. 

Hydraulic turbines convert the potential energy of stored water to mechanical 
work. To maximize turbine efficiency, it is always a design goal to discharge water 
from a turbine at ambient pressure, as close to the tailwater elevation as possible and 
with the minimum possible residual kinetic energy. 

Conveying water flow into the turbine with minimum energy loss also is important. 
Numerous design details must be considered, such as inlet geometry, trash racks, etc. 
[31]. References 1, 6, 10, 31 and 33—38 contain a wealth of information about turbine 
siting, selection, hydraulic design, and optimization of hydropower plants. The num- 
ber of large manufacturers has dwindled to just a few, but small-scale units are 
becoming plentiful [35]. The enormous cost of a commercial-scale hydro plant justifies 
the use of comprehensive scale-model testing to finalize design details. See [31] for a 
more detailed coverage of hydraulic power generation. 

Hydraulic losses in long supply pipes (known as penstocks) must be considered 
when designing the installation for high-head machines such as impulse turbines; an 
optimum diameter for the inlet pipe that maximizes turbine output power can be 
determined for these units, as shown in Example 10.14. 

Turbine power output is proportional to volume flow rate times the pressure dif- 
ference across the nozzle. At zero flow, the full hydrostatic head is available but power 
is zero. As flow rate increases, the net head at the nozzle inlet decreases. Power first 
increases, reaches a maximum, then decreases again as flow rate increases. As we will 
see in Example 10.14, for a given penstock diameter, the theoretical maximum power 
is obtained when the system is designed so that one-third of the gross head is dis- 
sipated by friction losses in the penstock. In practice, penstock diameter is chosen 
larger than the theoretical minimum, and only 10—15 percent of the gross head is 
dissipated by friction [11]. 

A certain minimum penstock diameter is required to produce a given power 
output. The minimum diameter depends on the desired power output, the available 
head, and the penstock material and length. Some representative values are shown 
in Fig. 10.40. 
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ampte /0. ANCE AND OPTIMIZATION OF AN IMPULSE TURBINE 


Consider the hypothetical impulse turbine installation shown. Analyze flow in the penstock to develop an expression 
for the optimum turbine output power as a function of jet diameter, D;. Obtain an expression for the ratio of jet 
diameter, D;, to penstock diameter, D, at which output power is maximized. Under conditions of maximum power 
output, show that the head loss in the penstock is one-third of the available head. Develop a parametric equation for 
the minimum penstock diameter needed to produce a specified power output, using gross head and penstock length 
as parameters. 


Reservoir surface 


Turbine wheel 


. 


Penstock RSA 


{0} 


& 
Dy 


Given: Impulse turbine installation shown. 


Find: (a) Expression for optimum turbine output power as a function of jet diameter. 
(b) Expression for the ratio of jet diameter, Dj, to penstock diameter, D, at which output power is 
maximized. 
(c) Ratio of head loss in penstock to available head for condition of maximum power. 
(d) Parametric equation for the minimum penstock diameter needed to produce a specified output power, 
using gross head and penstock length as parameters. 


Solution: 
According to the results of Example 10.13, the output power of an idealized impulse turbine is given by Pour = PQU 
(V — U) (1 — cos 8). For optimum power output, U = V/2 = V;/2, and 
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V 4 V, V; 
Pout = pQ 2 Ve ) (1 cos 0) = pAjV; 5 I 


(costa) 


V; 
Pout = pA; ae (1 — cos @) 


Thus output power is proportional to A; V?. 
Apply the energy equation for steady incompressible pipe flow through the penstock to analyze Vv; at the nozzle 
outlet. Designate the free surface of the reservoir as section (1); there V; ~ 0. 


Governing equation: 


= 0 
Pp Vi — (2 Vi eee ae ee 
(us ar a ar s:| (2 ay a; oe oly #3 hy, a (Ks +E) ap Krome 5 


Assumptions: (1) Steady flow. 
(2) Incompressible flow. 
(3) Fully developed flow. 
(4) Atmospheric pressure at jet exit. 
(5) a; =1, so Y= Vy. 
(6) Uniform dew in penstock, so 4, = V. 
(7) Kent <«K fr: 
(8) Knozzle alls 
Then 


EVE 
i) =egH = + 
Be =a) = fs 5) 5 


ik; 
De an 2 
Or Va = 23h fv (1) 


Hence the available head is partly consumed in friction in the supply penstock, and the rest is available as kinetic 
energy at the jet exit—in other words, the jet kinetic energy is reduced by the loss in the penstock. However, this loss 
itself is a function of jet speed, as we see from continuity: 


Lk Dy. ee LN 
VA=V,A,, so v=¥,F=1(2)) and V;=2gH r54(z) 


Solving for V;, we obtain 


1/2 
2gH 
ie 4 (2) 
ee 
D\D 
The turbine power can be written as 
3/2 
3 2¢H 
P=pA, — (1 cos 8) = pr D} Ee (1 — cos) 
iy en (atl 
(58) f 
-3/2 
AONE pp 
= Pally elt ce || al Ps 
2 Da 5 (2) | 


where C, = pr(2gH)*/?(1 — cos@) /16 = constant. 
To find the condition for maximum power output, at fixed penstock diameter, D, differentiate with respect 
to D; and set equal to zero, 


562 = Chapter 10 Fluid Machinery 


dP Lip 3 
eli ase {cel a 2 
1 r5 (2) | 5 OD; 


ee OH DY 
dD; a 


Thus, 


Solving for Dj/D, we obtain 


1/4 D; 
D L : 
2f D 
At this optimum value of D,/D, the jet speed is given by Eq. 2 as 
1/2 
2gH 4 
Vis - i ee 
ieee 
f D\D 
The head loss at maximum power is then obtained from Eq. 1 after rearranging 
Lev Vv; 2 1 
hy, = po ~84-> = gH — 36H = 38H 
and 
aie 
Le gH 
g 3 


Under the conditions of maximum power 


A a2 Te 12 
Poax = OVI G (1 cost) =0(5 8) re arr] (1 —c0s0) 


Finally, to solve for minimum penstock diameter for fixed output power, 
the equation may be written in the form 


L\ "5 (gy 2/5 D 
p«(z) lal ; 


10.6 Propellers and Wind-Power Machines 


As mentioned in Section 10.1, propellers and wind-power machines such as windmills 
and wind turbines may be considered axial-flow machines without housings [6]. 
Despite their long history (propellers were used on marine craft as early as 1776, and 
wind-power machines discovered in Persia date back to some time between the 6th 
and 10th centuries C.E. [39]), they have been proven to be efficient methods of 
propulsion and energy generation. 
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Fig. 10.41 One-dimensional flow model and control volume used to analyze an idealized propeller [6]. 


Propellers 


In common with other propulsion devices, a propeller produces thrust by imparting 
linear momentum to a fluid. Thrust production always leaves the stream with some 
kinetic energy and angular momentum that are not recoverable, so the process is 
never 100 percent efficient. 

The one-dimensional flow model shown schematically in Fig. 10.41 is drawn in 
absolute coordinates on the left and as seen by an observer moving with the propeller, 
at speed V, on the right. The wake is modeled as a uniform flow as shown, and in the 
new coordinates the flow is steady. The actual propeller is replaced conceptually by a 
thin actuator disk, across which flow speed is continuous but pressure rises abruptly. 
Relative to the propeller, the upstream flow is at speed V and ambient pressure. The 
axial speed at the actuator disk is V+ AV/2, with a corresponding reduction in 
pressure. Downstream, the speed is V+ AV and the pressure returns to ambient. 
(Example 10.15 will show that half the speed increase occurs before and half after the 
actuator disk.) The contraction of the slipstream area to satisfy continuity and 
the pressure rise across the propeller disk are shown in the figure. 

Not shown in the figure are the swirl velocities that result from the torque required to 
turn the propeller. The kinetic energy of the swirl in the slipstream also is lost unless it is 
removed by a counter-rotating propeller or partially recovered in stationary guide vanes. 

As for all turbomachinery, propellers may be analyzed in two ways. Application of 
linear momentum in the axial direction, using a finite control volume, provides overall 
relations among slipstream speed, thrust, useful power output, and minimum residual 
kinetic energy in the slipstream. A more detailed blade element theory is needed to 
calculate the interaction between a propeller blade and the stream. A general relation 
for ideal propulsive efficiency can be derived using the control volume approach, as 
shown following Example 10.15. 


| Seay 10.15 “CONTROL VOLUME ANALYSIS OF IDEALIZED FLOW THROUGH A PROPELLER 


Consider the one-dimensional model for the idealized flow through a propeller shown in Fig. 10.41. The propeller 
advances into still air at steady speed V;. Obtain expressions for the pressure immediately upstream and the pressure 
immediately downstream from the actuator disk. Write the thrust on the propeller as the product of this pressure dif- 
ference times the disk area. Equate this expression for thrust to one obtained by applying the linear momentum equation 
to the control volume. Show that half the velocity increase occurs ahead of and half behind the propeller disk. 


Given: Propeller advancing into still air at speed V;, as shown in Fig. 10.41. 
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Find: (a) Expressions for the pressures immediately upstream and immediately downstream from the actuator 


disk. 


(b) Expression for the air speed at the actuator disk. Then show that half the velocity increase occurs ahead 


of the actuator disk and half occurs behind the actuator disk. 


Solution: 


Apply the Bernoulli equation and the x component of linear momentum using the CV shown. 


Governing equations: 


= 0(5) 


oD 
P af as aia of- constant 
p 2 


0(1) 


Il 


0(5) 


= 


F, + = 2 tne PAV + [tye p> a 
HW cy cs 


Assumptions: (1) Steady flow relative to the CV. 
(2) Incompressible flow. 
(3) Flow along a streamline. 
(4) Frictionless flow. 
(5) Horizontal flow: neglect changes in z; Fg = 0. 
(6) Uniform flow at each section. 
(7) Patm Surrounds the CV. 


Applying the Bernoulli equation from section (J) to section (2) gives 


Pam , Vi _ Po, V3, 
p p) p D* 


Applying Bernoulli from section @) to section @ gives 


Ps , V3 _ Pom , Va, 
p 2) p D; 


The thrust on the propeller is given by 


il 
P2(gage) om a p (V 


Ts A AV elt) (Va Va) 


From the momentum equation, using relative velocities, 


R, = Fr = u(—m) + u4(+m) = pVA(V4-Vi) {uy = 


VAY teva) 
Equating these two expressions for F’7, 


1 
B= PAU Vg = Vi) VAN = Vi) 


1 
or 5 (Va Me A Ei A NA er V5) 


il 
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The continuity and momentum equations in control volume form were applied in 
Example 10.15 to the propeller flow shown in Fig. 10.41. The results obtained are 
discussed further below. The thrust produced is 


Fp =mAV (10.32) 


For incompressible flow, in the absence of friction and heat transfer, the energy 
equation indicates that the minimum required input to the propeller is the power 
required to increase the kinetic energy of the flow, which may be expressed as 


(V+AVyY Vv? 
2 2 


2VAV + (AV) 
2 


= mvav |i + = (10.33) 


P input =m 


2V 


The useful power produced is the product of thrust and speed of advance, V, of the 
propeller. Using Eq. 10.32, this may be written as 


Pusetul = FrpV = mVAV (10.34) 
Combining Eqs. 10.33 and 10.34, and simplifying, gives the propulsive efficiency as 


_ P useful = 1 


P input T+ AV 
2V 


(10.35) 


Equations 10.32—10.35 are applicable to any device that creates thrust by 
increasing the speed of a fluid stream. Thus they apply equally well to propeller-driven 
or jet-propelled aircraft, boats, or ships. 

Equation 10.35 for propulsive efficiency is of fundamental importance. It indi- 
cates that propulsive efficiency can be increased by reducing AV or by increasing V. 
At constant thrust, as shown by Eq. 10.32, AV can be reduced if m is increased, 1.e., 
if more fluid is accelerated over a smaller speed increase. More mass flow can be 
handled if propeller diameter is increased, but overall size and tip speed ultimately 
limit this approach. The same principle is used to increase the propulsive efficiency 
of a turbofan engine by using a large fan to move additional air flow outside the 
engine core. 

Propulsive efficiency also can be increased by increasing the speed of motion 
relative to the fluid. Speed of advance may be limited by cavitation in marine appli- 
cations. Flight speed is limited for propeller-driven aircraft by compressibility effects 
at the propeller tips, but progress is being made in the design of propellers to maintain 
high efficiency with low noise levels while operating with transonic flow at the blade 
tips. Jet-propelled aircraft can fly much faster than propeller-driven craft, giving them 
superior propulsive efficiency. 

The analysis provided does not reveal the length scale over which the axial velocity 
varies. Such an analysis is provided in [40]; the axial variation in velocity may be 
expressed as 


Xx 
Vix) =V + av(1 =| (10.36) 

In Eq. 10.36 V.(x) is the centerline velocity at location x upstream of the disk, 
while V is the upstream velocity. This relationship is plotted in Fig. 10.42. The plot 
shows that the effects of the propeller are only felt at distances within two radii of the 
actuator disk. 

A more detailed blade element theory may be used to calculate the interaction 
between a propeller blade and the stream and therefore to determine the effects of 
blade aerodynamic drag on the propeller efficiency. If the blade spacing is large and the 
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Fig. 10.42 Plot of velocity versus distance for flow of air near a propeller. 
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Fig. 10.43 Diagram of blade element and relative flow 
velocity vector. 


Drag 


disk loading? is light, blades can be considered independent, and relations can be 
derived for the torque required and the thrust produced by a propeller. These 
approximate relations are most accurate for low-solidity propellers.'° Aircraft pro- 
pellers typically are of fairly low solidity, having long, thin blades. 

A schematic diagram of an element of a rotating propeller blade is shown in 
Fig. 10.43. The blade is set at angle @ to the plane of the propeller disk and has a 
thickness (into the plane of the page) of dr. Flow is shown as it would be seen by an 
observer on the propeller blade. Lift and drag forces are exerted on the blade per- 
pendicular and parallel to the relative velocity vector V,, respectively. We call the 
angle that V, makes with the plane of the propeller disk the effective pitch angle, ¢, 
and therefore the lift and drag forces are inclined at an angle to the propeller rotation 
axis and the plane of the propeller disk, respectively. 

The relative speed of flow, V,, passing over the blade element depends on both the 
blade peripheral speed, rw, and the speed of advance, V. Consequently, for a given blade 
setting, the angle of attack, a, depends on both V and rw. Thus, the performance of a 
propeller is influenced by both w and V. 

If we take a free-body diagram of the airfoil element of width dr in Fig. 10.43, we 
find that the magnitude of the resultant force dF, parallel to the velocity vector V: 


dF; = dL cos ¢ — dD sin ¢ = q,cdr(Cy cos ¢ — Cp sin d) (10.37a) 


° Disk loading is the propeller thrust divided by the swept area of the actuator disk. 


'°Solidity is defined as the ratio of projected blade area to the swept area of the actuator disk. 
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In this equation q, is the dynamic pressure based on the relative velocity V,, 


1 
Dr = 7 pV, 
c is the local chord length, and C;, and Cp are lift and drag coefficients, respectively, 
for the airfoil. In general, due to twist and taper in the propeller blades, and the radial 
variation of the blade peripheral speed, C;, Cp, V,, c, ¢, and q; will all be functions of 
the radial coordinate r. We can also generate an expression for the torque that must 
be applied to the propeller: 


dT =r(dLsin@ + dD cos ¢) = q,rcdr(Cy sin ¢ + Cp cos ¢) (10.37b) 


These two expressions may be integrated to find the total propulsive thrust and 
torque, assuming N independent blades mounted on the rotor: 


r=R R = 
Fp=N 1 Wn atay |) ease 2 Snel (10.38a) 
r= Rhub Rhub sim o) 
T=R R é a 
T=N cpg) castee _ COS) oat (10.38b) 
T|Rnuv Rhub sin” 


In these equations, q, is replaced by q/sin*# based on the relationship between V and 
V,. We will use the equations above to analyze the startup characteristics of a pro- 
peller in Example 10.16. 


ae 10.16 “PROPELLER STARTUP THRUST AND TORQUE 


Use blade element theory to estimate the start-up thrust and torque for a propeller consisting of N independent 
blades with constant chord length, c, and at a constant angle, 0, with respect to the actuator disk plane. 


Given: Propeller with N independent blades 
Chord length c is constant 
Angle with respect to actuator disk @ is constant 


Find: Expressions for startup thrust and torque 
Solution: Apply the equations presented above to the propeller: 


Governing equations: 


dF; =dL cos ¢ — dD sin ¢ = q,cdr(C, cos ¢ — Cp sin ¢) (10.37a) 
dT =r(dL sin ¢ + dD cos ¢) = q,rcdr(C, sin ¢ + Cp cos ¢) (10.37b) 
(C, cos é— Cp sin ¢) 
Fr; =qN - cdr 10.38a 
iti q Re. sin 26 ( ) 
R et 
feagn | loose = COS) ty (10.38b) 
Reais sin @ 


Assumptions: Local wind velocity V is negligible. 
Angular velocity w is constant. 
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If at start-up we neglect the local wind velocity V, we find that the integrals in Eqs. 10.38 will be indeterminate since 
q=0 and ¢=0. Therefore, we will use the differential thrust and torque expressions given in Eqs. 10.37 and inte- 
grate them. At start-up, the relative velocity V, is simply equal to the local blade element velocity rw. Therefore, the 
relative dynamic pressure q, is equal to: 
il 
d= spr 


When ¢=0, the differential thrust and torque expressions become 


1 il 
dF; = 5 pr’ucdr( Cy cos 0 — Cp sin 0) = 5 pucCyrdr 
dT = ere rcdr(C;, sin0 + Cp cos 0) = a cCpr°dr 


We can then integrate the thrust and torque over the entire actuator disk: 


R 
1 1 1 
Fr=N ih a pwcCy, / rdr= 5 pwcCy, X : (i) 


Riub 


R 
il 1 1 
T= Nfar = 5 pureCp [re - 5 pure Gi (Ree 
Rhub 


When we collect terms and simplify we get the following expressions: 


2, 
Bw cy Up tartuy 
F T startup = 6 (RP an Rou) « here 
2) 
wc] T. 
T startup = " 8 2 (R* — Rip) Sup 


While these expressions may be relatively simple to derive, they are difficult to 
evaluate. Even if the geometry of the propeller is adjusted to give constant geometric 
pitch,'' the flow field in which it operates may not be uniform. Thus, the angle of 
attack across the blade elements may vary from the ideal, and it can be calculated only 
with the aid of a comprehensive computer code that can predict local flow directions 
and speeds. As a result, Eqs. 10.38 are not normally used, and propeller performance 
characteristics usually are measured experimentally. 

Figure 10.44 shows typical measured characteristics for a marine propeller [6] and 
for an aircraft propeller [41]. The variables used to plot the characteristics are almost 
dimensionless: by convention, rotational speed, n, is expressed in revolutions per 
second (rather than as w, in radians per second). The independent variable is the speed 
of advance coefficient, J, 


—— (10.39) 


"| Pitch is defined as the distance a propeller would travel in still fluid per revolution if it advanced along the 
blade setting angle 0. The pitch, H, of this blade element is equal to 27r tan @. To obtain constant pitch along 
the blade, @ must follow the relation, tan @= H/2zr, from hub to tip. Thus the geometric blade angle is 
smallest at the tip and increases steadily toward the root. 
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Fig. 10.44 Typical measured characteristics of two 
propellers. 


Dependent variables are the thrust coefficient, Cr, the torque coefficient, Cy, the 
power coefficient, Cp, and the propeller efficiency, n, defined as 


PMT ee ee _ g ers 
til pn2D* ’ 8 pn2D> ’ - pn? D> » a NS P input 


(10.40) 


The performance curves for both propellers show similar trends. Both thrust and 
torque coefficients are highest, and efficiency is zero, at zero speed of advance. This 
corresponds to the largest angle of attack for each blade element (@ = Qmax = 9). 
Efficiency is zero because no useful work is being done by the stationary propeller. As 
advance speed increases, thrust and torque decrease smoothly. Efficiency increases to 
a maximum at an optimum advance speed and then decreases to zero as thrust tends to 
zero. (For example, if the blade element section is symmetric, this would theoret- 
ically occur when a = 0, or when tan 0 = Viwr.) 

In order to improve performance, some propellers are designed with variable pitch. 
The performance of a variable-pitch propeller is shown in Fig. 10.45. This figure shows 
efficiency curves (solid curves) for a propeller set to different pitch angles. As we saw 
in Fig. 10.44, the propeller exhibits a maximum 7 at a certain value of J. However, 
the value of J needed for maximum 77 varies with 6. If we trace out all of the maxima, 
the result is the dashed curve in Fig. 10.45. Therefore, if we allow for the variation of 6, 
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we may achieve improved efficiency over a wider range of J than with a fixed-pitch 
propeller. Such a design, however, comes at the cost of the additional complexity in 
actuators and control systems needed to implement the variable pitch, so the selection 
of this design depends on the relative costs and benefits for the intended application. 


Locus of Maximum Efficiencies 


Efficiency, 7 


Speed of advance ratio, J 


Fig. 10.45 Propeller efficiency for a variable-pitch 
propeller at various overall incidences identified by 
0 at a fixed radial distance. 


ampte /0. MARINE PROPELLER 


Consider the supertanker of Example 9.5. Assume the total power required to overcome viscous resistance and wave 
drag is 11.4 MW. Use the performance characteristics of the marine propeller shown in Fig. 10.44a to estimate the 
diameter and operating speed required to propel the supertanker using a single propeller. 


Given: Supertanker of Example 9.5, with total propulsion power requirement of 11.4 MW to overcome viscous and 
wave drag, and performance data for the marine propeller shown in Fig. 10.44a. 


Find: (a) An estimate of the diameter of a single propeller required to power the ship. 
(b) The operating speed of this propeller. 


Solution: 
From the curves in Fig. 10.44a, at optimum propeller efficiency, the coefficients are 


J=0.85, C,=0.10, C,=0.020, and 7=0.66 


The ship steams at V = 6.69 m/s and requires Pusefy) = 11.4 MW. Therefore, the propeller thrust must be 


op . 
ee nn 


The required power input to the propeller is 
— Presi — LAIMA 


P input n 0.66 = 17.3 MW 
V 
From J = —~ = 0.85, then 
nD 
m 1 
D=— =6.6 Xx =7.8 
n 9 RG 7.87 m/s 
Since 
= Fr os os Fr Fr 
Cr= Gaps 99> Soap yp? p(nD)2D2 
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solving for D gives 


1/2 , 5 1/2 
Fy 6 m s 1 kg-m 
D= |———|_ = ]1.70x10°Nx x x x 
D=164m « D 
W nD m 1 
From nD= 7 = 7.87 m/s, n= aD SES x Tea = 0.480 rev/s 
so that 
4 
n= cas x 60 : = 28.8 rev/min < ul 
s min 


binati 
The required propeller is quite large, but still smaller than the 25 m draft efficiency. 


of the supertanker. The ship would need to take on seawater for ballast 
to keep the propeller submerged when not carrying a full cargo of petroleum: 


Marine propellers tend to have high solidity. This packs a lot of lifting surface 
within the swept area of the disk to keep the pressure difference small across 
the propeller and to avoid cavitation. Cavitation tends to unload the blades of a 
marine propeller, reducing both the torque required and the thrust produced [6]. 
Cavitation becomes more prevalent along the blades as the cavitation number, 


P—Po 
Ca= 10.41 
ee (10.41) 


is reduced. Inspection of Eq. 10.41 shows that Ca decreases when p is reduced by 
operating near the free surface or by increasing V. Those who have operated motor 
boats also are aware that local cavitation can be caused by distorted flow approaching 
the propeller, e.g., from turning sharply. 

Compressibility affects aircraft propellers when tip speeds approach the critical 
Mach number, at which the local Mach number approaches M = 1 at some point on 
the blade. Under these conditions, torque increases because of increased drag, thrust 
drops because of reduced section lift, and efficiency drops drastically. 

If a propeller operates within the boundary layer of a propelled body, where the 
relative flow is slowed, its apparent thrust and torque may increase compared with those in 
a uniform freestream at the same rate of advance. The residual kinetic energy in the 
slipstream also may be reduced. The combination of these effects may increase the overall 
propulsive efficiency of the combined body and propeller. Advanced computer codes are 
used in the design of modern ships (and submarines, where noise may be an overriding 
consideration) to optimize performance of each propeller/hull combination. 

For certain special applications, a propeller may be placed within a shroud or duct. 
Such configurations may be integrated into a hull (e.g., as a bow thruster to increase 
maneuverability), built into the wing of an aircraft, or placed on the deck of a hover- 
craft. Thrust may be improved by the favorable pressure forces on the duct lip, but 
efficiency may be reduced by the added skin-friction losses encountered in the duct. 


Wind-Power Machines 


Windmills (or more properly, wind turbines) have been used for centuries to harness 
the power of natural winds. Two well-known classical examples are shown in Fig. 10.46. 
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(a) Traditional Dutch Mill (b) American farm windmill 


Fig. 10.46 Examples of well-known windmills [42]. (Photo courtesy of 
(a) Netherlands Board of Tourism, (6) U.S. Department of Agriculture.) 


Dutch windmills (Fig. 10.46a) turned slowly so that the power could be used to turn 
stone wheels for milling grain; hence the name “windmill.” They evolved into large 
structures; the practical maximum size was limited by the materials of the day. Calvert 
[43] reports that, based on his laboratory-scale tests, a traditional Dutch windmill of 
26 m diameter produced 41 kW in a wind of 36 km/hr at an angular speed of 20 rpm. 
American multi-blade windmills (Fig. 10.466) were found on many American farms 
between about 1850 and 1950. They performed valuable service in powering water 
pumps before rural electrification. 

The recent emphasis on renewable resources has revived interest in windmill 
design and optimization. In 2008, the United States had over 25,000 MW of wind- 
based electric generation capacity, which generated 52 million MWh of electricity, 
representing 1.26 percent of the total electric energy consumption for that year [44]. 
In addition, in 2008 the United States overtook Germany to become the largest 
generator of wind-based electrical power in the world. Wind power accounts for 42 
percent of all new generating capacity, up from only 2 percent in 2004. America’s wind 
belt, which stretches across the Great Plains from Texas to the Dakotas, has been 
dubbed the “Saudi Arabia of wind” [45]. 

Schematics of wind turbine configurations are shown in Fig. 10.47. In general, wind 
turbines are classified in two ways. The first classification is the orientation of the 
turbine axis. Horizontal-axis wind turbine (HAWT) and vertical-axis wind turbine 
(VAWT) configurations have been studied extensively. Most HAWT designs feature 
two- or three-bladed propellers turning at high speed, mounted on a tower along 
with its electric generator. The large modern HAWT, shown in Fig. 10.48a, is capable 
of producing power in any wind above a light breeze. The wind turbine shown in 
Fig. 10.485 is a VAWT. This device uses a modern symmetric airfoil section for the 
rotor. Earlier designs of the VAWT, such as the Darrieus troposkien shape,” suffered 
from high bending stresses and pulsatory torques. More recent designs, such as the 
one shown in this figure, feature helical airfoils, which distribute the torques more 
evenly about the central axis. VAWTs feature a ground-mounted electric generator. 

The second classification is how the wind energy is harnessed. The first group of 
turbines collects wind energy through drag forces; these wind turbines are typically 
of the vertical axis configuration only. The second group collects energy through lift 
forces. Lift-based wind turbines employ horizontal- or vertical-axis configurations. It 
is important to note that most of these designs are self-starting. The lift-type VAWT is 


This shape (which would be assumed by a flexible cord whirled about a vertical axis) minimizes bending 
stresses in the Darrieus turbine rotor. 


70.6 Propellers and Wind-Power Machines 573 


Vertical axis 
drag type 
(wind left-right) 
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I I I 


Vertical axis ©) 
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(wind left-right) @ 


Darrieus Giromil Helical 
Horizontal axis 
lift type U.S. farm multibladed 
(wind into page) 
Propeller 


Fig. 10.47 Wind turbine configurations differentiated by axis orientation 
(horizontal versus vertical) and by nature of force exerted on the active 
element (lift versus drag). 


(a) Horizontal-axis wind turbine (b) Vertical-axis wind turbine 


Fig. 10.48 Examples of modern wind turbine designs. (Photos courtesy of 
(a) Siemens Energy, © 2010; (b) www.quietrevolution.co.uk.) 


not capable of starting from rest; it can produce usable power only above a certain 
minimum angular speed. It is typically combined with a self-starting turbine, such as a 
Savonius rotor, to provide starting torque [40, 46]. 

A horizontal-axis wind turbine may be analyzed as a propeller operated in reverse. 
The Rankine model of one-dimensional flow incorporating an idealized actuator disk 
is shown in Fig. 10.49. The simplified notation of the figure is frequently used for 
analysis of wind turbines. 

The wind speed far upstream is V. The stream is decelerated to V(1 — a) at the 
turbine disk and to V(1 — 2a) in the wake of the turbine (a is called the interference 
factor). Thus the stream tube of air captured by the wind turbine is small upstream 
and its diameter increases as it moves downstream. 
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Fig. 10.49 Control volume and simplified notation used to 
analyze wind turbine performance. 


Straightforward application of linear momentum to a CV (see Example 10.18) 
predicts the axial thrust on a turbine of radius R to be 


rH=2ThK pV-all—a ‘ 
Frp=2rR*pV7a(1 10.42 


Application of the energy equation, assuming no losses (no change in internal energy 
or heat transfer), gives the power taken from the fluid stream as 


P =n R* pV>a(1 — a)” (10.43) 


The efficiency of a wind turbine is most conveniently defined with reference to 
the kinetic energy flux contained within a stream tube the size of the actuator disk. 
This kinetic energy flux is 


KEF= ; pV°nR* (10.44) 


Combining Eqs. 10.43 and 10.44 gives the efficiency (or alternatively, the power 
coefficient [47]) as 


Pago a)’ (10.45) 
Betz [see 47] was the first to derive this result and to show that the theoretical effi- 
ciency is maximized when a = 1/3. The maximum theoretical efficiency is 7 = 0.593. 

If the wind turbine is lightly loaded (a is small), it will affect a large mass of air per 
unit time, but the energy extracted per unit mass will be small and the efficiency low. 
Most of the kinetic energy in the initial air stream will be left in the wake and wasted. 
If the wind turbine is heavily loaded (a ~ 1/2), it will affect a much smaller mass of air 
per unit time. The energy removed per unit mass will be large, but the power pro- 
duced will be small compared with the kinetic energy flux through the undisturbed 
area of the actuator disk. Thus a peak efficiency occurs at intermediate disk loadings. 

The Rankine model includes some important assumptions that limit its applica- 
bility [47]. First, the wind turbine is assumed to affect only the air contained within the 
stream tube defined in Fig. 10.49. Second, the kinetic energy produced as swirl behind 
the turbine is not accounted for. Third, any radial pressure gradient is ignored. 
Glauert [see 41] partially accounted for the wake swirl to predict the dependence of 
ideal efficiency on tip-speed ratio, X, 


Rw 
a 10.4 
- (10.46) 


as shown in Fig. 10.50 (w is the angular velocity of the turbine). 

As the tip-speed ratio increases, ideal efficiency increases, approaching the peak 
value (7 = 0.593) asymptotically. (Physically, the swirl left in the wake is reduced as 
the tip-speed ratio increases.) Avallone et al. [46] presents a summary of the detailed 
blade-element theory used to develop the limiting efficiency curve shown in Fig. 10.50. 
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Turbine tip-speed ratio, X = Rw/V 


Fig. 10.50 Efficiency trends of wind turbine types versus 
tip-speed ratio [43]. 


Each type of wind turbine has its most favorable range of application. The tradi- 
tional American multibladed windmill has a large number of blades and operates at 
relatively slow speed. Its solidity, o (the ratio of blade area to the swept area of the 
turbine disk, 7R*), is high. Because of its relatively slow operating speed, its tip-speed 
ratio and theoretical performance limit are low. Its relatively poor performance, 
compared with its theoretical limit, is largely caused by use of crude blades, which are 
simply bent sheet metal surfaces rather than airfoil shapes. 

It is necessary to increase the tip-speed ratio considerably to reach a more favor- 
able operating range. Modern high-speed wind-turbine designs use carefully shaped 
airfoils and operate at tip-speed ratios up to 7 [48]. 


SBE 10.18 “PERFORMANCE OF AN IDEALIZED WINDMILL 


Develop general expressions for thrust, power output, and efficiency of an idealized windmill, as shown in Fig. 10.49. 
Calculate the thrust, ideal efficiency, and actual efficiency for the Dutch windmill tested by Calvert (D = 26 m, 
N=20 1pm, V = 36 km/hr, and Poutpur = 41 KW). 


Given: Idealized windmill, as shown in Fig. 10.49, and Dutch windmill tested by Calvert: 
D= 26m N=20rpm V=36km/hr Popa =41 kW 
Find: (a) General expressions for the ideal thrust, power output, and efficiency. 
(b) The thrust, power output, and ideal and actual efficiencies for the Dutch windmill tested by Calvert. 


Solution: 
Apply the continuity, momentum (x component), and energy equations, using the CV and coordinates shown. 


Windmill disk 


= 


Streamline 
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Governing equations: 
= 0(3) 


x pave | pV -dA =0 
t} cy cs 


=0@)=0@6) 


rth Uf upav +/ upV-dA 
cs cs 


= 07) — 03) 


é Wi= Of epav +f (e+) pv aA 
@) CV cS p 


Assumptions: (1) Atmospheric pressure acts on CV; Fs = Ry. 
(2) Fz =0. 
(3) Steady flow. 
(4) Uniform flow at each section. 
(5) Incompressible flow of standard air. 
(6) V, — V2 = V2 — V3 = 5(V; — V3), as shown by Rankine. 
@) O=%, 


(8) No change in internal energy for frictionless incompressible flow. 


In terms of the interference factor, a, V; =V, V2 =(1—a) V, and V3 = (1 — 2a) V. 


From continuity, for uniform flow at each cross section, V;A, = V2A, = V3A3. 
From momentum, 


R, = u1(~pV1A1) + u3(+pV3A3) = (V3 — Vi) pV2A2 Vi = Vi, Uz — V3} 
R, is the external force acting on the control volume. The thrust force exerted by the CV on the surroundings is 


Ky =—R, = (Vi — Va) pVoAo 


In terms of the interference factor, the equation for thrust may be written in the general form, 


K, = pV? tR’2a(1—a) « Ke 
(Set dK,/da equal to zero to show that maximum thrust occurs when a = 5. 
The energy equation becomes 
2 Ve Ve il 
adie ay (eV ian) > (+eV3A3) = pV2nR? 5 (Vz — V7) 
The ideal output power, #, is equal to W. In terms of the interference factor, 
. Ve Vy ge 
P =W=pV(1—a)rR” = (1=2a)"| = pV°(1—a) = [te legal 
After simplifying algebraically, 
Pideal = 2pV°nR’a(1 — a)? « Pideal 
The kinetic energy flux through a stream tube of undisturbed flow, equal in area to the actuator disk, is 
et 
KEF = pVxR? — pV? R” 
ee 
Thus the ideal efficiency may be written 
_ Pidea _ 2pV?nRa(l a)” _ 4 (ene n 


KEF 1 V3 R 
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To find the condition for maximum possible efficiency, set dj/da equal to zero. The maximum efficiency is 7 = 0.593, 
which occurs when a= 1/3. 
The Dutch windmill tested by Calvert had a tip-speed ratio of 
NR rev rad _ min 


S 
x V DO OR eel pate gua ¢ 


xX 


The maximum theoretically attainable efficiency at this tip-speed ratio, accounting for swirl (Fig. 10.45), would be 
about 0.53. 
The actual efficiency of the Dutch windmill is 


ot actual 


actual = KEF 


Based on Calvert’s test data, the kinetic energy flux is 


1 
IETS = pV°nR* 


1 kg 3m? go, NES? Wes 
== <1 23—= X (OP Se Kae Xx x <—— 
2 ae oe eo en kgm N-m 
KEF =3.27X10° W or 327kW 
Substituting into the definition of actual efficiency, 
41 kw Tactual 


=0.125 < 


Nactual = 327 kW 


Thus the actual efficiency of the Dutch windmill is about 24 percent of the maximum efficiency theoretically 
attainable at this tip-speed ratio. 

The actual thrust on the Dutch windmill can only be estimated, because the interference factor, a, is not known. 
The maximum possible thrust would occur at a = 1/2, in which case, 


K, = pV°R? 2a(1 — a) 


kg pout 5 1 1 N-s? 
= 1973; == = Ka x = x 
123} oa (10) Z m X (13)° m* x2 5 1 5 roa 


K,=327X10'N or 32.7kN. 5 


This does not sound like a large thrust force, considering the size (D = 26 m) 
of the windmill. However, V =36 km/hr is only a moderate wind. The 
actual machine would have to withstand much more severe wind conditions 

during storms. 


The analysis of a VAWT is slightly different from that of a HAWT. The main 
reason for this difference can be seen in Fig. 10.51. In this figure, a cross section of one 
airfoil in a Darrieus turbine is shown rotating about the turbine axis. Assuming that 
the wind emanates from a constant direction, the airfoil angle of attack a will be a 
function of the azimuthal angle 6. The angle of attack is due to the relation between 
the effective velocity vector and the rotational direction. As 6 varies, a will vary as 
well until it reaches a maximum value when @ is equal to 90°. In that configuration, the 
angle of attack is expressed by: 


V 
Om =tan~! oe (10.47a) 
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Fig. 10.51 Velocities around a Darrieus rotor blade ele- 
ment at a general azimuthal angle 0, as well as at 0= 7/2, 
where the airfoil angle of attack is maximized. 


Equation 10.47a states that the maximum angle of attack is related to the wind velocity, 
the angular velocity of the rotor, and the local rotor radius. In terms of the tip speed 
ratio X from Eq. 10.46, Eq. 10.47a may then be rewritten as: 


1 
=tan 7! — 10.47b 
Q,, =tan ¥ ( 7b) 


Since the maximum angle of attack must be less than that for stall (10°—15° for most 
typical airfoils), it follows that XY should be a large number (at least on the order of 6). 
The lift and drag forces (L and D, respectively) acting on the airfoil can be seen in 
Fig. 10.51. These aerodynamic forces generate a torque on the rotor. The torque on 
the rotor at a given value of a is: 


T=wR(L sina — Dcos a) (10.48) 


Now if the airfoil section being employed is symmetric (zero camber), then the lift 
coefficient is linearly proportional to the angle of attack [49]: 


C.=ma (10.49) 


In Eq. 10.49, m is the slope of the lift curve, and is specific to the airfoil being used. In 
addition, the drag coefficient may be approximated by: 
Ci 
= + 43 

Cp=Cpo9 AR (9.43) 
In this expression, Cp is the drag coefficient at zero angle of attack, and AR is the 
aspect ratio of the airfoil. Now since the air velocity relative to the rotor is a function 
of a, which depends on 0, it follows that the lift and drag forces are functions of 6 as 
well. Therefore, any quantification of rotor performance needs to be averaged over 
the entire range of 0. Decher [40] derived an expression for the efficiency of the rotor 
based on lift and drag effects, 77/p. This expression is defined as the useful work out 
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(the torque in Eq. 10.48) divided by the available power in the wind. In terms of the lift 
and drag, this expression is: 


_ Rw(Lsina— D cosa) 
V(Lcosa+ Dsina) 


L/D 


The overbars in this equation indicate average values of those quantities. Since the lift 
and drag forces on the rotor change with 6, a time average of the forces needs to be 
calculated by integrating. Now once we substitute Eqs. 10.49 and 9.43 into this 
expression and average over a full revolution of the rotor (0 < 0 S 27), the efficiency 
becomes: 


(8 2a ae 
PO\CppAR 14 X?2 


L/D ai 1 3 
+ ~ 
pene (= sci) 


(10.50) 


This efficiency modifies the efficiency based on actuator disk theory (Eq. 10.45) for an 
estimate of the overall efficiency of the rotor: 


1 Nact disk L/D (10.51) 


One must keep in mind, however, that in order to determine the efficiency of a 
complete rotor, one must add the contributions to the torque over the entire rotor. 
Since different parts of the rotor have different radii (different values of R), they will 
have different values of X. Based on Eq. 10.50, one might realize that the portions of 
the rotor with small radii will contribute very little to the torque compared to central 
portions of the rotor. 


ae 70. 77—~KNALYSIS OF A GIROMILL 


A Giromill wind turbine (see Fig. 10.47) has a height of 140 ft and a diameter of 110 ft. The airfoil section being used 
is a constant-width symmetric section with a stall angle of 12° and an aspect ratio of 50. Over the normal range of 
operation the airfoil lift coefficient can be described by the equation C;, = 0.1097a, where a is the angle of attack in 
degrees. The drag coefficient at zero angle of attack is 0.006, and at other angles of attack the drag coefficient can be 
approximated by Eq. 9.43. If the Giromill rotates at 24 rpm, calculate the maximum allowable wind speed to avoid 
stall on the airfoil section. If the power generated at this minimum speed condition is 160 hp, what is the efficiency of 
the turbine? 


Given: Giromill wind turbine 
Height: 140 ft 
Diameter: 100 ft 
Minimum rotation speed: 24 rpm 
Power: 160 hp 
Airfoil is symmetric 
Stall angle: 12° 
Aspect ratio: 50 
Lift coefficient is linear; C;, = 0.1097a (a is in degrees) 
Drag coefficient is parabolic, Cp 9 = 0.006 


Find: (a) Maximum allowable wind speed to prevent stall. 
(b) Turbine efficiency. 
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Solution: 
Apply the equations presented above to the turbine: 


Governing equations: 


i Al 


V 
il = ee 
Q, = tan OR tan (10.47a, b) 
KEF = : pV°nR2 (10.44) 
ge 
a 10.4 
"= EF (10.45) 
Ci. 
= + G 
Cp =Cpo TAR (9.43) 
2 AX? 
- + 
1~ Coo ior 1+ =) 
Nie) = T 3 (10.50) 
+ ~ 
SoD (= | 
1 Nact diskNL/D (10.51) 
Assumption: Standard atmosphere: p = 0.002377 slug/ft* 
(a) To find the maximum speed, we solve Eq. 10.47a for the velocity: 
rev _ 2mrad _ min ft mi 3600 s 
= = 55 ft x x x x °=29.4— x x = 20. 
V = Rw tana, =55 ft X 24 am a 60s tan 12° = 29.4 5 * 5980T¢ re 20.0 mph 
V =20.0 mph « ve 


(b) To determine the efficiency, we find the actuator disk efficiency and the lift/drag efficiency, per Eq. 10.51. To 
calculate the actuator disk efficiency, first we find the kinetic energy flux: 

Ibf-s? hp-s 

slug-ft 550 ft-Ibf 


sine 
fe 


3 
KEF = : pV3 rR? = - X 0.002377 —= x (29.42) x (55 ft)? x = §21hp 


Therefore, the actuator disk efficiency is: 


P 160 
1 KEF 4521 


0.307 


To find the lift/drag efficiency of the rotor, we need to find the tip 
speed ratio: 
il 1 


= = = A705 
tana, tan 12° 


Taking this value for X and the given data, we can calculate the lift/drag efficiency: 
3 2 4x 4.705° 
1 ale (oe ection 1 — 0.006 x pceecs 
ENGR OAR 1x2 Z 0.00650 144.705 ~ 0.850 


il 3 il 3 
ile tf 1 + 0.006 x + 
a (= se) iS 2 x 0.006 x 50 x ae 
So the overall efficiency is: 


1 Nact diskML/D = 0-307 X 0.850 = 0.261 « dl 


ieee 


hit oy = 
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Compressible Flow Turbomachines 10.7 


While the interaction of incompressible fluids with turbomachines is an important 
topic, both from a phenomenological and a practical point of view, there are many 
instances in which the flow through a turbomachine will experience significant 
changes in density. This is especially important in gas turbine (Brayton cycle) power 
generation (for both stationary and mobile power plants) and in steam turbine 
(Rankine cycle) power generation. We will investigate the modifications to the gov- 
erning equations and dimensional analyses necessary in compressible flow applica- 
tions. Where necessary, the reader is directed to the appropriate sections in Chapters 
12 and 13 for further clarification. 


Application of the Energy Equation 
to a Compressible Flow Machine 


In Chapter 4 we looked at the first law of thermodynamics for an arbitrary control 
volume. The result was the energy equation, Eq. 4.56, 


A A z 2 = ay 
Q W, — Wenear — Wother = i epd¥ =F : (« + put We + sz) pV -dA (4.56) 
Ot ov cs 2 


Equation 4.56 states that the heat added to the system, minus the work done by the 
system results in an increase in energy for the system. In this equation, the work done 
by the system is assumed to consist of three parts. The first, known as “shaft work,” is 
the useful work input/output we consider in the analysis of turbomachines. The second 
is the work done by fluid shear stresses at the control volume surface. The third, 
referred to as “other work,” includes sources such as electromagnetic energy transfer. 

We will now simplify Eq. 4.56 for compressible flow turbomachinery. First, tur- 
bomachines typically run at conditions such that heat transfer with the surroundings 
are minimized, and so the heat transfer term may be ignored. Second, work terms 
other than shaft work should be negligibly small, and so they can be ignored as well. 
Third, changes in gravitational potential energy should be small, and so that term can 
be dropped from the surface integral. Since enthalpy is defined as h = u+ pu, for 
steady flow, Eq. 4.56 becomes 


; V\ = - 
v= - | (i+ ) ova 
CS 


At this point, we introduce the stagnation enthalpy’ as the sum of the fluid enthalpy 
and kinetic energy: 


Therefore, we may rewrite the energy equation as: 
W=- | hopV-dA (10.52a) 
cs 


Equation 10.52a states that, for a turbomachine with work input, the power required 
causes an increase in the stagnation enthalpy in the fluid; for a turbomachine with work 
output, the power produced is due to a decrease in the stagnation enthalpy of the fluid. 


13See Section 12.3 for a discussion of the stagnation state. 
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In this equation, W, is positive when work is being done by the fluid (as in a turbine), 
while W, is negative when work is being done on the fluid (as in a compressor). 

It is important to note that the sign convention used in this equation appears to be 
contrary to that used in the Euler turbomachine equation, developed in Section 10.2. 
If you recall, in Eq. 10.2 a positive value of W, indicated work done on the fluid, while 
a negative value indicated work done by the fluid. The difference to remember is that 
W, is the mechanical power exerted by the working fluid on its surroundings, i.e., the 
rotor, whereas W, is the mechanical power exerted on the working fluid by the rotor. 
Keeping this distinction in mind, it makes perfect sense that these two quantities 
would have equal magnitudes and opposite signs. 

The integrand on the right side of Eq. 10.52a is the product of the stagnation 
enthalpy with the mass flow rate at each section. If we make the additional assumption 
of uniform flow into the machine at section 1, and out of the machine at section 2, 
Eq. 10.52a becomes 


W,= —(ho, — ho, mi (10.52b) 


Compressors 


Compressors may be centrifugal or axial, depending on specific speed. Automotive 
turbochargers, small gas-turbine engines, and natural-gas pipeline boosters usually are 
centrifugal. Large gas and steam turbines and jet aircraft engines (as seen in Figs. 10.3 
and 10.4b) frequently are axial-flow machines. 

Since the flow through a compressor will see a change in density, the dimensional 
analysis presented for incompressible flow is no longer appropriate. Rather, we 
quantify the performance of a compressor through Ahy,, the ideal rise in stagnation 
enthalpy of the flow,'* the efficiency 7, and the power #. The functional relationship is: 


Aho,,7, P=f(u, N, Dm, po, Co, .*) (10.53) 


In this relation, the independent variables are, in order, viscosity, rotational speed, 
rotor diameter, mass flow rate, inlet stagnation density, inlet stagnation speed of 
sound, and ratio of specific heats. 

If we apply the Buckingham Pi theorem to this system, the resulting dimensionless 
groups are: 


n— ho. eo 
(ND? > po, N3D5 
ND? 
I= m : t=" 
po, ND Lh 
ND 
Il; = —— 
Co, 


Since the efficiency 7 and ratio of specific heats k are dimensionless quantities, they 
can be thought of as II-terms. The resulting functional relationships are: 


Tn Section 12.1, it is demonstrated that an adiabatic and reversible process is isentropic. It can be proven 
that an isentropic compression results in the minimum power input between two fixed pressures, and an 
isentropic expansion results in the maximum power output between two fixed pressures. Therefore, 
the isentropic compression/expansion process is considered the ideal for compressors and_ turbines, 
respectively. For more information, please consult Moran and Shapiro [50]. 
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Ah ND? 
0. i =A A a A «) (10.54a) 


(ND) po,N3D5 py, ND??? & 


This equation is actually an expression of three separate functions; that is, the terms 
Tl, =Ahpo, / (ND)’, 7, and I1,=/ po, N*D® are all functions of the other dimensionless 
quantities. Aho, / (ND) is a measure of the energy change in the flow and is the 
compressible analog to the head coefficient UV (Eq. 10.6). P/ py, N?D° is a power 
coefficient, similar to that in Eq. 10.8. m/ po, ND? is a mass flow coefficient, analogous 
to the incompressible flow coefficient & (Eq. 10.5). po, ND?/, is a Reynolds number 
based on rotor tip speed, and ND/co, is a Mach number based on rotor tip speed. 
Using the relationships for isentropic processes and for the compressible flow of a 
perfect gas, we can make some simplifications. As a result, Eq. 10.54a may be 
rewritten as: 


Po.  ATo _, [MV/RTo, ND 
Ms , Re, ik 10.54b 
Po, To, af Po, D? /RTo, ( ) 


The functional relationships presented here can be used in the manner seen both in 
Chapter 7 and earlier in this chapter to investigate scaling the performance of similar 
flow machines. An example of this is presented in the following example. 


Dae 70.20 “SEALING OF A COMPRESSOR 


A 1/5 scale model of a prototype air compressor consuming 300 hp and running at a speed of 1000 rpm delivers a flow 
rate of 20 lbm/s through a pressure ratio of 5. At dynamically and kinematically similar conditions, what would the 
operating speed, mass flow rate, and power consumption be for the full-scale prototype? 


Given: 1/5 scale compressor model 
Power: 300 hp 
Speed: 1000 rpm 
Pressure ratio: 5 
Mass flow rate: 50 Ibm/s 


Find: Prototype speed, mass flow rate, and power consumption at similar conditions. 


Solution: Apply the equations presented above and the concepts presented in Chapter 7 on similitude to the 
compressor: 


Governing equations: 


eg \ [{ @ 
po,NSD® }~ \p,N°D> J 


Assumption: Similar entrance conditions for both model and prototype. 


Similar entrance conditions would stipulate that the stagnation sound speed and density would be equal for both the 
model and the prototype. Solving the first equation for the prototype speed: 
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Dy, 01, 1 
Nb = ING Dye, 1000 rpm 5 1 =200 rpm 
N, =200rpm < Np 


Solving the second equation for the prototype mass flow rate: 


Po, Np 


PO: INbo 


My = 500 1bm/s 


To calculate the power requirement for the prototype: 


€ 


My 
3 5 3 5 
D, 200 5 
Y (PY = stom x (220Y (8f «1500 
P, 


Po, (z 
on Oe 
By ” Bo, Nn 
P, =7500hp « 


Since most operability studies are performed on a single compressor design without 
scaling, and, using the same working fluid, all variables related to the scale and the 
fluid (specifically, D, R, and k) may be eliminated from the functional relationship. In 
addition, empirical studies have shown that, as in the case study of the centrifugal 
pump in Chapter 7, for sufficiently high values of Reynolds number the performance 
of the compressor is not dependent upon Reynolds number either; i.e., the flow is fully 
turbulent in the compressor. Once these variables are eliminated, Eq. 10.54b becomes 


AT, ee thi 
Hs Se 5 EN ee (10.54c) 
Po, To, Po, To, 


Note that this equation is no longer dimensionless. However, it is still useful in char- 
acterizing the performance of a compressor, provided the performance is assessed for a 
single machine using a single working fluid. The relationship portrayed in Eq. 10.54c is 
normally expressed in the form of a compressor operability map, as shown in Fig. 10.52. 
On this map we can see the compression ratio versus mass flow ratio (7\/To, /po,), with 
curves of constant normalized speed (N/,/To,) and efficiency. Often, the abscissa is a 
“corrected mass flow”: 


m V Tg, | Tree 


Po, | Pree 


corr = 
and the lines of constant compressor speed are a “corrected speed”: 


N 


V To, / Tyet 


In these expressions, 7, and Pyep are reference pressure and temperature (usually 
standard conditions one would expect at the entrance of such a machine). This allows 
the user to read the chart quickly in terms of “real” physical quantities and to be able 
to make adjustments for varying entrance conditions with a minimum of calculation. 
The operating line is the locus of points of maximum efficiency for a given mass flow. 


Neorr = 
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Fig. 10.52 Performance map for a compressor. 


It is important to note that the compressor operability map of Fig. 10.52 bears a 
striking resemblance to the pump operability map of Fig. 10.14. Not only do both 
figures show the performance of a turbomachine performing work on a fluid, but the 
data are plotted in a similar fashion; level curves of constant efficiency are plotted on a 
plane of work output (head for the pump, pressure ratio for the compressor) versus 
flow input (volumetric flow rate for the pump, mass flow rate for the compressor). 

This figure shows two of the phenomena that must be avoided in the operation of a 
compressor. The first is choking, which is experienced when the local Mach number at 
some point in the compressor reaches unity.’° To explain choking in a physical sense, 
imagine that we run the compressor at constant speed and constant inlet pressure and 
that we can directly control the compressor exit pressure. On the compressor map, we 
would be traveling along a line of constant normalized speed. If we were to lower the 
exit pressure, the pressure ratio would decrease. If the compressor speed remains 
constant, the mass flow increases. However, we see that the lines of constant nor- 
malized speed turn downward if the mass flow rate is increased beyond a certain 
value, indicating a maximum possible flow rate for a given rotor speed, and the 
compressor is choked. When choking occurs, it is impossible to increase mass flow 
without increasing rotor speed. 

The second phenomenon is surge, which is a cyclic pulsation phenomenon that causes 
the mass flow rate through the machine to vary, and can even reverse it! Surge occurs 
when the pressure ratio in the compressor is raised beyond a certain level for a given mass 
flow rate. As pressure ratio increases, the adverse pressure gradient across the compressor 
increases as well. This increase in pressure gradient can cause boundary-layer separation 
on the rotor surfaces and constrict flow through the space between two adjacent blades.’° 
Therefore, the extra flow gets diverted to the next channel between blades. The separa- 
tion is relieved in the previous channel and moves to the next channel, causing the cyclic 
pulsation mentioned above. Surge is accompanied by loud noises and can damage the 
compressor or related components; it too must be avoided. Fig. 10.52 shows the surge line, 
the locus of operating conditions beyond which surge will occur. 

In general, as shown in Fig. 10.52, the higher the performance, the more narrow the 
range in which the compressor may be operated successfully. Thus a compressor must 
be carefully matched to its flow system to assure satisfactory operation. Compressor 
matching in natural gas pipeline applications is discussed by Vincent-Genod [51]. 


'SChoking is also described from the standpoint of nozzle flow in Section 13.2. 


‘6Boundary layer separation due to adverse pressure gradients is discussed in Section 9.6. 
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Fig. 10.53 Performance map for a compressible flow turbine. 


Perhaps the most common application of high-speed fluid machinery today is in 
automotive turbochargers (worldwide many millions of cars are sold each year with 
turbochargers). Automotive turbocharger matching is described in manufacturers’ 


literature [52]. 


Compressible-Flow Turbines 


The flow through a gas turbine is governed by the same general relationship as the 
compressor, but the actual functional relationships are different. Figure 10.53 shows 
the performance map for a compressible flow turbine. As in the case for the com- 
pressor the turbine map shows lines of constant normalized speed on a graph of 
pressure ratio versus normalized mass flow rate. The most striking difference between 
this map and that for the compressor is that the performance is a very weak function 
of N/ JT, ; the curves are set very close together. The choking of the turbine flow is 
well-defined on this map: There is a normalized mass flow that cannot be exceeded in 
the turbine, regardless of the pressure ratio. 


10.8 Summary and Useful Equations 


Int 


v 
v 


v 


v 


his chapter, we: 


Defined the two major types of fluid machines: positive displacement machines and turbomachines. 

Defined, within the turbomachine category, radial, axial, and mixed-flow types, pumps, fans, blowers, compressors, and impulse 
and reaction turbines. 

Discussed various features of turbomachines, such as impellers, rotors, runners, scrolls (volutes), compressor stages, and draft 
tubes. 

Used the angular-momentum equation for a control volume to derive the Euler turbomachine equation. 

Drew velocity diagrams and applied the Euler turbomachine equation to the analysis of various idealized machines to derive ideal 
torque, head, and power. 

Evaluated the performance—head, power, and efficiency—of various actual machines from measured data. 

Defined and used dimensionless parameters to scale the performance of a fluid machine from one size, operating speed, and set 
of operating conditions to another. 

Discussed various defining parameters, such as pump efficiency, solidity, hydraulic power, mechanical power, turbine efficiency, 
shutoff head, shock loss, specific speed, cavitation, NPSHR, and NPSHA. 
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v Examined pumps for their compliance with the constraint that the net positive suction head available exceeds that required to 
avoid cavitation. 

¥ Matched fluid machines for doing work on a fluid to pipe systems to obtain the operating point (flow rate and head). 

v Predicted the effects of installing fluid machines in series and parallel on the operating point of a system. 

v Discussed and analyzed turbomachines without housings, namely propellers and wind turbines. 

v Discussed the use and performance of compressible flow turbomachines. 


With these concepts and techniques, we learned how to use manufacturers’ literature and other data to perform 
preliminary analyses and make appropriate selections of pumps, fans, hydraulic and wind turbines, and other fluid 
machines. 

Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Euler turbomachine equation: (10.1¢) Page 
T shatt =(r V,, maal V,, )m 500 
Turbomachine theoretical power: : (10.2b) Page 
Wn=(U2V;, — ULV, )m 500 
Turbomachine theoretical head: Ww. 1 (10.2c) Page 
cE = g (U2V,, U, Vi) 501 
Pump power, head, and efficiency: W,= pQgH, (10.3a) Page 
504 
ve Vv 
w-(Z +5 +) -(2+F +2) (10.3b) 
ps 8 discharge ps 8 suction 
WM _ pQgH, 
Tp = WwW. er (10.3c) 
Turbine power, head, and W,= pQgH, (10.4a) Page 
efficiency: 505 
7) = 
n-(Z+ Fs] -(E+E +2) (10.4b) 
ps g inlet ps 8 outlet 
_ W,, _— wT 
Un Vj, pOgH, (10.4c) 
Dimensionless flow coefficient: a) V. (10.5) Page 
= ai 505 
A,U, Uy 
Dimensionless head coefficient: eH (10.6) Page 
= iz 506 
2 
Dimensionless torque coefficient: T (10.7) Page 
Dimensionless power coefficient: W wW (10.8) Page 
Il= 5=— 506 
pQU, pur QR; 
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Centrifugal pump specific speed gi (7.22a) Page 
(in terms of head h): = SEE 506 
Centrifugal pump specific speed N(rpm)[Q(gpm)]"/ (7.22b) Page 
(in terms of head H): Sea [H( fF /4 507 
Centrifugal turbine specific speed w (Pr — pypl/2 (10.13a) Page 
(in terms of head /): Ns= 1B (=) ~ pi/2psi4 507 
Centrifugal turbine specific speed N(rpm) [P(hp)}/ (10.13b) Page 
(in terms of head H): Seu [H( ft) /4 507 
Axial-flow Vorbomachine ideal Tpatt=Rn (Vi, — Vi,)ri (10.20) Page 
performance: 513 
W,, = U(V,, = V;,) m (10.21) 
W, _U 
=-"=—(V, -V,) (10.22) 
mg § 
Propeller thrust: R _ : (10.38a) Page 
Fre=qN (Cy, uy Cp sin ¢) eae 567 
T—4 2 
Riub sin ? 
Propeller torque: R ; (10.38b) Page 
+ 
T=qN (C, sin e i cos ¢) eile 567 
Rnub sin ? 
Propeller speed of advance V (10.39) Page 
coefficient: J=D 568 
Propeller thrust, torque, power, F T (10.40) Page 
and efficiency coefficients: Cr oD a Sr= oes 569 
Pp _ FV 
Cp pn? D> j o P input 
Cavitation number: P-P (10.41) Page 
Ca=7—— 571 
Loa 
rig 
Actuator disk efficiency: p ; (10.45) Page 
n= KEF 4a(1 — a) 574 
Tip-speed ratio Ries (10.46) Page 
X=, 574 
VAWT efficiency: 3 Page 
2 4X 
i Cool Ae 4 a) (10.50) | 579 
DO 
L/D 7 1 3 
14 + 
Coo (= Icke) 
1S Naet disk"IL/D (10.51) 
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Energy equation for compressible W= (Ao, — ho, mn (10.52b) Page 

flow turbomachine: 582 

Performance parameters for Po, _AT)_, [m/To, N (10.54c) Page 

compressible flow turbomachine: 7; fs , 584 
Po, To, Po, To, 


Case Study 


The Little Engine That Could! 


Silicon gas-turbine engines suitable for powering laptops or cell 
phones; a 6-mm-diameter turbine assembly. (Courtesy of Dr. Alan 
Epstein, M.I.T.) 


Alan Epstein, a professor of aeronautics and astro- 
nautics at the Massachusetts Institute of Technology, 
and his team have done a lot of research on tiny gas- 
turbine engines made of silicon. They are about the 
size of a quarter (as shown in the figure) and can be 


easily mass produced. Unlike conventional large tur- 
bines that are assembled from many components, 
these turbines are built basically from a solid piece of 
silicon. Professor Epstein discovered that the basic 
concepts of turbine theory (discussed in this chapter) 
apply even to his microturbines; the fluid mechanics 
turns out to be the same as that for larger engines, as 
long as the passages made for gas flow are larger than 
about 1 ym in diameter (smaller than this and non- 
continuum molecular kinetics is needed). 

The rotor and its airfoils are carved out of a single 
wafer, as shown in the figure. Additional “plumbing” 
and bearings are etched onto the wafers that are to 
sandwich the rotor. Combustion occurs just outside the 
rotor, at the same wafer level, spinning it by pushing on 
its airfoils from the outside. At more than a million rpm, 
these turbines make no audible noise (it’s there, but not 
even your dog can hear it)! Electricity will then be gen- 
erated using, for example, a tiny generator. The fuel 
source could be packaged with the engine or come as a 
replaceable cartridge like a cigarette lighter. In terms of 
power density, the little engine will easily beat batteries, 
with an output of somewhere between 50 and 100 watts! 


References 


1. Wilson, D. G., ““Turbomachinery—From Paddle Wheels to 
Turbojets,” Mechanical Engineering, 104, 10, October 1982, 
pp. 28—40. 

2. Logan, E. S., Jr., Turbomachinery: Basic Theory and 
Applications. New York: Dekker, 1981. 

3. Japikse, D. “Teaching Design in an Engineering Education 
Curriculum: A Design Track Syllabus,” TM-519, Concepts 
ETI Inc., White River Jct., WT 05001. 

4. Postelwait, J., “Turbomachinery Industry Set for Growth,” 
Power Engineering, http://pepei.pennnet.com/. 

5. Sabersky, R. H., A. J. Acosta, E.G. Hauptmann, and E. M. 
Gates, Fluid Flow: A First Course in Fluid Mechanics, 4th ed. 
Englewood Cliffs, NJ: Prentice-Hall, 1999. 


6. Daily, J. W., “Hydraulic Machinery,” in Rouse, H., ed., 
Engineering Hydraulics. New York: Wiley, 1950. 

7. Dixon, S. L., Fluid Mechanics and Thermodynamics 
of Turbomachinery, 5th ed. Amsterdam: Elsevier, 

2005. 

8. American Society of Mechanical Engineers, Performance 
Test Codes: Centrifugal Pumps, ASME PTC 8.2-1990. 

New York: ASME, 1990. 

9. American Institute of Chemical Engineers, Equipment 
Testing Procedure: Centrifugal Pumps (Newtonian Liquids). 
New York: AIChE, 1984. 

10. Peerless Pump,* Brochure B-4003, “System Analysis 
for Pumping Equipment Selection,” 1979. 


*Peerless Pump Company, a member of the Sterling Group, P.O. Box 7026, Indianapolis, IN 46206-7026, U.S.A. 


590 Chapter 10 Fluid Machinery 


11. Daugherty, R. L., J. B. Franzini, and E. J. Finnemore, 
Fluid Mechanics with Engineering Applications, 8th ed. New 
York: McGraw-Hill, 1985. 

12. Peerless Pump Company, RAPID, v 8.25.6, March 23, 
2007. 

13. Hodge, B. K., Analysis and Design of Energy Systems, 2nd 
ed. Englewood Cliffs, NJ: Prentice-Hall, 1990. 

14. Moody, L. F., “Hydraulic Machinery,” in Handbook of 
Applied Hydraulics, ed. by C. V. Davis. New York: McGraw- 
Hill, 1942. 

15. Hydraulic Institute, Hydraulic Institute Standards. New 
York: Hydraulic Institute, 1969. 

16. Dickinson, C., Pumping Manual, 8th ed. Surrey, England: 
Trade & Technical Press, Ltd., 1988. 

17. Hicks, T. G., and T. W. Edwards, Pump Application 
Engineering. New York: McGraw-Hill, 1971. 

18. Armintor, J. K., and D. P. Conners, “Pumping Applica- 
tions in the Petroleum and Chemical Industries,” [EEE 
Transactions on Industry Applications, [A-23, 1, January 1987. 
19. Jorgensen, R., ed., Fan Engineering, 8th ed. Buffalo, NY: 
Buffalo Forge, 1983. 

20. Air Movement and Control Association, Laboratory 
Methods of Testing Fans for Rating. AMCA Standard 
210-74, ASHRAE Standard 51-75. Atlanta, GA: 

ASHRAE, 1975. 

21. American Society of Mechanical Engineers, Power Test 
Code for Fans. New York: ASME, Power Test Codes, PTC 
11-1946. 

22. Berry, C. H., Flow and Fan: Principles of Moving Air 
through Ducts, 2nd ed. New York: Industrial Press, 1963. 

23. Wallis, R. A., Axial Flow Fans and Ducts. New York: 
Wiley, 1983. 

24. Osborne, W. C., Fans, 2nd ed. London: Pergamon Press, 
1977. 

25. American Society of Heating, Refrigeration, and Air 
Conditioning Engineers, Handbook of Fundamentals. Atlanta, 
GA: ASHRAE, 1980. 

26. Idelchik, I. E., Handbook of Hydraulic Resistance, 2nd ed. 
New York: Hemisphere, 1986. 

27. Lambeck, R. R., Hydraulic Pumps and Motors: Selection 
and Application for Hydraulic Power Control Systems. New 
York: Dekker, 1983. 

28. Warring, R. H., ed., Hydraulic Handbook, 8th ed. 
Houston: Gulf Publishing Co., 1983. 

29. Rouse, H., and S. Ince, History of Hydraulics. lowa City, 
TA: Iowa University Press, 1957. 

30. Russell, G. E., Hydraulics, 5th ed. New York: Henry Holt, 
1942. 

31. Gulliver, J. S., and R. E. A. Arndt, Hydropower Engi- 
neering Handbook. New York: McGraw-Hill, 1990. 

32. World Energy Council, “2007 Survey of Energy Resour- 
ces,” World Energy Council, 2007. 

33. Fritz, J. J., Small and Mini Hydropower Systems: Resource 
Assessment and Project Feasibility. New York: McGraw-Hill, 
1984. 

34. Gladwell, J. S., Small Hydro: Some Practical Planning and 
Design Considerations. Idaho Water Resources Institute. 
Moscow, ID: University of Idaho, April 1980. 


35. McGuigan, D., Small Scale Water Power. Dorchester: 
Prism Press, 1978. 

36. Olson, R. M., and S. J. Wright, Essentials of Engineering 
Fluid Mechanics, 5th ed. New York: Harper & Row, 1990. 
37. Quick, R. S., “Problems Encountered in the Design and 
Operation of Impulse Turbines,” Transactions of the ASME, 
62, 1940, pp. 15—27. 

38. Warnick, C. C., Hydropower Engineering. Englewood 
Cliffs, NJ: Prentice-Hall, 1984. 

39. Dodge, D. M., “Illustrated History of Wind Power 
Development,” http://www.telosnet.com/wind/index.html. 

40. Decher, R., Energy Conversion: Systems, Flow Physics, 
and Engineering. New York: Oxford University Press, 1994. 
41. Durand, W. F., ed., Aerodynamic Theory, 6 Volumes. New 
York: Dover, 1963. 

42. Putnam, P. C., Power from the Wind. New York: Van 
Nostrand, 1948. 

43. Calvert, N. G., Windpower Principles: Their Application 
on the Small Scale. London: Griffin, 1978. 

44. American Wind Energy Association, Annual Wind 
Industry Report, Year Ending 2008. Washington, DC: 
American Wind Energy Association, 2008. 

45. “Wind Power in America: Becalmed,” The Economist, 
392, 8642 (August 1, 2009). 

46. Eldridge, F. R., Wind Machines, 2nd ed. New York: Van 
Nostrand Reinhold, 1980. 

47. Avallone, E. A., T. Baumeister, III, and A. Sadegh, eds., 
Marks’ Standard Handbook for Mechanical Engineers, 11th 
ed. New York: McGraw-Hill, 2007. 

48. Migliore, P. G., “Comparison of NACA 6-Series and 
4-Digit Airfoils for Darrieus Wind Turbines,” Journal of 
Energy, 7, 4, Jui—Aug 1983, pp. 291—292. 

49. Anderson, J. D., Introduction to Flight, 4th ed. Boston: 
McGraw-Hill, 2000. 

50. Moran, M. J., and H. N. Shapiro, Fundamentals of Engi- 
neering Thermodynamics, 6th ed. Hoboken, NJ: Wiley, 2007. 
51. Vincent-Genod, J., Fundamentals of Pipeline Engineering. 
Houston: Gulf Publishing Co., 1984. 

52. Warner-Ishi Turbocharger brochure. (Warner-Ishi, P.O. 
Box 580, Shelbyville, IL 62565-0580, U.S.A.). 

53. White, F. M., Fluid Mechanics, 6th ed. New York: 
McGraw-Hill, 2007. 

54. Sovern, D. T., and G. J. Poole, “Column Separation in 
Pumped Pipelines,” in K. K. Kienow, ed., Pipeline Design and 
Installation, Proceedings of the International Conference on 
Pipeline Design and Installation, Las Vegas, Nevada, March 
25—27, 1990. New York: American Society of Civil Engineers, 
1990, pp. 230—243. 

55. U.S. Department of the Interior, “Selecting Hydraulic 
Reaction Turbines,” A Water Resources Technical Publica- 
tion, Engineering Monograph No. 20. Denver, CO: U.S. 
Department of the Interior, Bureau of Reclamation, 1976. 
56. Drella, M., “Aerodynamics of Human-Powered Flight,” in 
Annual Review of Fluid Mechanics, 22, pp. 93—110. Palo Alto, 
CA: Annual Reviews, 1990. 

57. Abbott, I. H., and A. E. von Doenhoff, Theory of Wing 
Sections, Including a Summary of Airfoil Data. New York: 
Dover, 1959. 


Problems 


Introduction and Classification of Fluid 
Machines; Turbomachinery Analysis 


10.1 Dimensions of a centrifugal pump impeller are 


Parameter Inlet, Section dd) Outlet, Section (2) 
Radius, r (mm) 175 500 
Blade width, b (mm) 50 30 
Blade angle, 6 (deg) 65 70 


The pump handles water and is driven at 750 rpm. Calculate 
the theoretical head and mechanical power input if the flow 
rate is 0.75 m*/s. 


10.2 The geometry of a centrifugal water pump is r; = 10 cm, 
r2 =20 cm, b} = b, =4 cm, 3, = 30°, 3, = 15°, and it runs at 
speed 1600 rpm. Estimate the discharge required for axial 
entry, the power generated in the water in watts, and the 
head produced. 


10.3 A centrifugal pump running at 3000 rpm pumps water at 
a rate of 0.6 m/min. The water enters axially and leaves the 
impeller at 5.4 m/s relative to the blades, which are radial at 
the exit. If the pump requires 5 kW and is 72 percent effi- 
cient, estimate the basic dimensions (impeller exit diameter 
and width), using the Euler turbomachine equation. 

10.4 Consider the centrifugal pump impeller dimensions 
given in Example 10.1. Estimate the ideal head rise and 
mechanical power input if the outlet blade angle is changed 
to 60°, 70°, 80°, or 85°. 


10.5 Dimensions of a centrifugal pump impeller are 


Parameter Inlet, Section C1) Outlet, Section Q) 
Radius, r (in.) 15 45 

Blade width, b (in.) 4.75 Bs) 

Blade angle, 3 (deg) 40 60 


The pump is driven at 575 rpm and the fluid is water. Cal- 
culate the theoretical head and mechanical power if the flow 
rate is 80,000 gpm. 


10.6 Dimensions of a centrifugal pump impeller are 


Parameter Inlet, Section Cd) Outlet, Section 2) 
Radius, r (in.) 3 Sh 715) 

Blade width, b (in.) 15) {L125} 
Blade angle, 3 (deg) 60 70 


The pump is driven at 1250 rpm while pumping water. Cal- 
culate the theoretical head and mechanical power input if the 
flow rate is 1500 gpm. 


10.7 For the impeller of Problem 10.6, determine the rota- 
tional speed for which the tangential component of the inlet 
velocity is zero if the volume flow rate is 4000 gpm. Calculate 
the theoretical head and mechanical power input. 


10.8 A centrifugal water pump, with 15 cm diameter impeller 
and axial inlet flow, is driven at 1750 rpm. The impeller vanes 
are backward-curved (3),=65°) and have axial width 
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by = 2m. For a volume flow rate of 225 m*/hr determine 
the theoretical head rise and power input to the pump. 


10.9 For the impeller of Problem 10.1, operating at 750 rpm, 
determine the volume flow rate for which the tangential 
component of the inlet velocity is zero. Calculate the theo- 
retical head and mechanical power input. 


10.10 Consider the geometry of the idealized centrifugal 
pump described in Problem 10.11. Draw inlet and outlet 
velocity diagrams assuming b = constant. Calculate the inlet 
blade angles required for “shockless” entry flow at the design 
flow rate. Evaluate the theoretical power input to the pump 
at the design flow rate. 


10.11 Consider a centrifugal water pump whose geometry 
and flow conditions are as follows: 


Impeller inlet radius, R; 2.5 cm 
Impeller outlet radius, Ro 18 cm 
Impeller outlet width, b2 1 cm 
Design speed, N 1800 rpm 
Design flow rate, 0 30 m*/min 
Backward-curved vanes Tee 


(outlet blade angle), 32 
Required flow rate range 50—150% of design 
Assume ideal pump behavior with 100 percent efficiency. 
Find the shutoff head. Calculate the absolute and relative 
discharge velocities, the total head, and the theoretical 
power required at the design flow rate. 


10.12 Consider the centrifugal pump impeller dimensions 
given in Example 10.1. Construct the velocity diagram for 
shockless flow at the impeller inlet, if b = constant. Calculate 
the effective flow angle with respect to the radial impeller 
blades for the case of no inlet swirl. Investigate the effects on 
flow angle of (a) variations in impeller width and (b) inlet 
swirl velocities. 


10.13 For the impeller of Problem 10.5, determine the inlet 
blade angle for which the tangential component of the inlet 
velocity is zero if the volume flow rate is 125,000 gpm. Cal- 
culate the theoretical head and mechanical power input. 


10.14 A centrifugal water pump designed to operate at 1300 
rpm has dimensions 


Parameter Inlet Outlet 
Radius, r (mm) 100 175 
Blade width, b (mm) 10 Is) 
Blade angle, 3 (deg) 40 


Draw the inlet velocity diagram for a volume flow rate of 
35 L/s. Determine the inlet blade angle for which the 
entering velocity has no tangential component. Draw the 
outlet velocity diagram. Determine the outlet absolute flow 
angle (measured relative to the normal direction). Evaluate 
the hydraulic power delivered by the pump, if its efficiency is 
75 percent. Determine the head developed by the pump. 
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4 10.15 A centrifugal pump runs at 1750 rpm while pumping 


water at a rate of 50 L/s. The water enters axially, and leaves 
tangential to the impeller blades. The impeller exit diameter 
and width are 300 mm and 10 mm, respectively. If the pump 
requires 45 kW, and is 75 percent efficient, estimate the exit 
angle of the impeller blades. 


10.16 A centrifugal water pump designed to operate at 1200 
rpm has dimensions 


Parameter Inlet Outlet 
Radius, r (mm) 90 150 
Blade width, b (mm) 10 ie) 
Blade angle, 6 (deg) 25 45 


Determine the flow rate at which the entering velocity has no 
tangential component. Draw the outlet velocity diagram, and 
determine the outlet absolute flow angle (measured relative 
to the normal direction) at this flow rate. Evaluate the 
hydraulic power delivered by the pump if its efficiency is 
70 percent. Determine the head developed by the pump. 


10.17 Repeat the analysis for determining the optimum 
speed for an impulse turbine of Example 10.13, using the 
Euler turbomachine equation. 


10.18 Kerosene is pumped by a centrifugal pump. When the 
flow rate is 350 gpm, the pump requires 18 hp input, and its 
efficiency is 82 percent. Calculate the pressure rise produced 
by the pump. Express this result as (a) feet of water and 
(b) feet of kerosene. 


10.19 A centrifugal pump designed to deliver water at 70 cfm 
has dimensions 


Parameter Inlet Outlet 
Radius, r (in.) 14 W 
Blade width, b (in.) 0.4 0.3 
Blade angle, 3 (°) 20 45 


Draw the inlet velocity diagram. Determine the design speed 
if the entering velocity has no tangential component. Draw 
the outlet velocity diagram. Determine the outlet absolute 
flow angle (measured relative to the normal direction). 
Evaluate the theoretical head developed by the pump. 
Estimate the minimum mechanical power delivered to the 


pump. 


Pumps, Fans, and Blowers 


J 10.20 In the water pump of Problem 10.8, the pump casing 


acts as a diffuser, which converts 60 percent of the absolute 
velocity head at the impeller outlet to static pressure rise. The 
head loss through the pump suction and discharge channels is 
0.75 times the radial component of velocity head leaving the 
impeller. Estimate the volume flow rate, head rise, power 
input, and pump efficiency at the maximum efficiency point. 
Assume the torque to overcome bearing, seal, and spin losses 
is 10 percent of the ideal torque at Q = 0.065 m*/s. 


a 10.21 The theoretical head delivered by a centrifugal pump 


at shutoff depends on the discharge radius and angular speed 
of the impeller. For preliminary design, it is useful to have a 
plot showing the theoretical shutoff characteristics and 
approximating the actual performance. Prepare a log-log 


plot of impeller radius versus theoretical head rise at shutoff 
with standard motor speeds as parameters. Assume the fluid 
is water and the actual head at the design flow rate is 
70 percent of the theoretical shutoff head. (Show these as 
dashed lines on the plot.) Explain how this plot might be 
used for preliminary design. 


10.22 Use data from Appendix D to choose points from the 
performance curves for a Peerless horizontal split case Type 
16A18B pump at 705 and 880 nominal rpm. Obtain and plot 
curve-fits of total head versus delivery for this pump, with an 
18.0-in.-diameter impeller. 


10.23 Use data from Appendix D to choose points from the 
performance curves for a Peerless horizontal split case Type 
4AE12 pump at 1750 and 3550 nominal rpm. Obtain and plot 
curve-fits for total head versus delivery at each speed for this 
pump, with a 12-in.-diameter impeller. 


10.24 Data from tests of a water suction pump operated at 
2000 rpm with a 12-in. diameter impeller are 


Flow rate, Q (cfm) 36 50 74 88 125 
Total head, H (ft) 190 195 176 162 120 
Power input, (hp) 25 30 35 40 46 


Plot the performance curves for this pump; include a curve of 
efficiency versus volume flow rate. Locate the best efficiency 
point and specify the pump rating at this point. 

10.25 A 9-in.-diameter centrifugal pump, running at 900 rpm 
with water at 68°F generates the following performance data: 


Flow rate, O (cfm) 0 200 400 600 800 1000 
Total head, H (ft) 23022 SOD SiO 2.) 
Power input, ? (hp) 3.13 3.50 4.06 447 488 5.09 


Plot the performance curves for this pump; include a curve of 
efficiency versus volume flow rate. Locate the best efficiency 
point. What is the specific speed for this pump? 


10.26 An axial-flow fan operates in seal-level air at 1350 rpm 
and has a blade tip diameter of 3 ft and a root diameter of 
2.5 ft. The inlet angles are ay = 55°, 3, = 30°, and at the exit 
3 = 60°. Estimate the flow volumetric flow rate, horsepower, 
and the outlet angle, ap. 


10.27 Write the turbine specific speed in terms of the flow 
coefficient and the head coefficient. 


10.28 Data measured during tests of a centrifugal pump 
driven at 3000 rpm are 


Inlet, Section Outlet, Section 


Parameter dd) Q) 


Gage pressure, p (psi) P25) 
Elevation above datum, z (ft) 6.5 35) 
Average speed of flow, V (ft/s) 6.5 15 


The flow rate is 65 gpm and the torque applied to the pump 
shaft is 4.75 Ibf-ft. The pump efficiency is 75 percent, and the 
electric motor efficiency is 85 percent. Find the electric 
power required, and the gage pressure at section (2). 


10.29 The kilogram force (kgf), defined as the force exerted 
by a kilogram mass in standard gravity, is commonly used in 


European practice. The metric horsepower (hpm) is defined 
as 1 hpbm=75 m-kgf/s. Develop a conversion relating metric 
horsepower to U.S. horsepower. Relate the specific speed for 
a hydraulic turbine—calculated in units of rpm, metric 
horsepower, and meters—to the specific speed calculated in 
USS. customary units. 


10.30 Write the pump specific speed in terms of the flow 
coefficient and the head coefficient. 


10.31 A small centrifugal pump, when tested at N=2875 rpm 
with water, delivered Q=0.016 m*/s and H=40 m at its best 
efficiency point (7=0.70). Determine the specific speed of the 
pump at this test condition. Sketch the impeller shape you 
expect. Compute the required power input to the pump. 


10.32 Typical performance curves for a centrifugal pump, 
tested with three different impeller diameters in a single 
casing, are shown. Specify the flow rate and head produced 
by the pump at its best efficiency point with a 12-in. diameter 
impeller. Scale these data to predict the performance of this 
pump when tested with 11 in. and 13 in. impellers. Comment 
on the accuracy of the scaling procedure. 
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10.33 A pump with D=500 mm delivers Q=0.725 m?/s of 
water at H=10 m at its best efficiency point. If the specific 
speed of the pump is 1.74, and the required input power is 90 
kW, determine the shutoff head, Ho, and best efficiency, 7. 
What type of pump is this? If the pump is now run at 900 
rpm, by scaling the performance curve, estimate the new flow 
rate, head, shutoff head, and required power. 


10.34 At its best efficiency point (7 = 0.87), a mixed-flow 
pump, with D=16 in., delivers Q = 2500 cfm of water at 
H=140 ft when operating at N= 1350 rpm. Calculate the 
specific speed of this pump. Estimate the required power 
input. Determine the curve-fit parameters of the pump per- 
formance curve based on the shutoff point and the best 
efficiency point. Scale the performance curve to estimate the 
flow, head, efficiency, and power input required to run 
the same pump at 820 rpm. 


10.35 A pumping system must be specified for a lift station 
at a wastewater treatment facility. The average flow rate is 
110 million liters per day and the required lift is 10 m. Non- 
clogging impellers must be used; about 65 percent efficiency 
is expected. For convenient installation, electric motors of 
37.5 kW or less are desired. Determine the number of motor/ 
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pump units needed and recommend an appropriate operat- 
ing speed. 

10.36 A centrifugal water pump operates at 1750 rpm; the 
impeller has backward-curved vanes with 6,=60° and 
by =1.25 cm. At a flow rate of 0.025 m°/s, the radial outlet 
velocity is V,,,=3.5 m/s. Estimate the head this pump could 
deliver at 1150 rpm. 


10.37 A set of eight 30-kW motor-pump units is used to 
deliver water through an elevation of 30 m. The efficiency of 
the pumps is specified to be 65 percent. Estimate the delivery 
(liters per day) and select an appropriate operating speed. 


10.38 Appendix D contains area bound curves for pump 
model selection and performance curves for individual 
pump models. Use these data to verify the similarity rules 
for a Peerless Type 4AE12 pump, with impeller diameter 
D=11.0 in., operated at 1750 and 3550 nominal rpm. 


10.39 Appendix D contains area bound curves for pump 
model selection and performance curves for individual 
pump models. Use these data and the similarity rules to predict 
and plot the curves of head H (ft) versus Q (gpm) of a Peerless 
Type 10AE12 pump, with impeller diameter D=12 in., for 
nominal speeds of 1000, 1200, 1400, and 1600 rpm. 


10.40 Consider the Peerless Type 16A18B horizontal split 
case centrifugal pump (Appendix D). Use these performance 
data to verify the similarity rules for (a) impeller diameter 
change and (b) operating speeds of 705 and 880 rpm (note 
the scale change between speeds). 


10.41 Use data from Appendix D to verify the similarity 
rules for the effect of changing the impeller diameter of a 
Peerless Type 4AE12 pump operated at 1750 and 3550 
nominal rpm. 


10.42 Performance curves for Peerless horizontal split case 
pumps are presented in Appendix D. Develop and plot a 
curve-fit for a Type 1OAE12 pump driven at 1150 nominal 
rpm using the procedure described in Example 10.6. 


10.43 Performance curves for Peerless horizontal split case 
pumps are presented in Appendix D. Develop and plot 
curve-fits for a Type 16A18B pump, with impeller diameter 
D=18.0in., driven at 705 and 880 nominal rpm. Verify 
the effects of pump speed on scaling pump curves using the 
procedure described in Example 10.6. 


10.44 Catalog data for a centrifugal water pump at design 
conditions are Q=250 gpm and Ap=18.6 psi at 1750 rpm. A 
laboratory flume requires 200 gpm at 32 ft of head. The only 
motor available develops 3 hp at 1750 rpm. Is this motor 
suitable for the laboratory flume? How might the pump/ 
motor match be improved? 


10.45 Problem 10.21 suggests that pump head at best effi- 
ciency is typically about 70 percent of shutoff head. Use pump 
data from Appendix D to evaluate this suggestion. A further 
suggestion in Section 10.4 is that the appropriate scaling for 
tests of a pump casing with different impeller diameters is 
Q « D*. Use pump data to evaluate this suggestion. 

10.46 White [53] suggests modeling the efficiency for a 
centrifugal pump using the curve-fit, 7=aQ —bQ°*, where 
a and b are constants. Describe a procedure to evaluate a 
and b from experimental data. Evaluate a and b using data 
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for the Peerless Type 10AE12 pump, with impeller diameter 
D=12.0 in., at 1760 rpm (Appendix D). Plot and illustrate 
the accuracy of the curve-fit by comparing measured and 
predicted efficiencies for this pump. 


10.47 A fan operates at Q=6.3 m°/s, H=0.15 m, and 
N=1440 rpm. A smaller, geometrically similar fan is 
planned in a facility that will deliver the same head at the 
same efficiency as the larger fan, but at a speed of 1800 rpm. 
Determine the volumetric flow rate of the smaller fan. 


10.48 A 1/3 scale model of a centrifugal water pump, when 
running at N,,=5100 rpm, produces a flow rate of Q,,=1m?>/s 
with a head of H,,=5.4 m. Assuming the model and prototype 
efficiencies are comparable, estimate the flow rate, head, and 
power requirement if the design speed is 125 rpm. 


10.49 Sometimes the variation of water viscosity with tem- 
perature can be used to achieve dynamic similarity. A model 
pump delivers 0.10 m*/s of water at 15°C against a head of 
27 m, when operating at 3600 rpm. Determine the water 
temperature that must be used to obtain dynamically similar 
operation at 1800 rpm. Estimate the volume flow rate and 
head produced by the pump at the lower-speed test condi- 
tion. Comment on the NPSH requirements for the two tests. 


10.50 A large deep fryer at a snack-food plant contains hot oil 
that is circulated through a heat exchanger by pumps. Solid 
particles and water droplets coming from the food product are 
observed in the flowing oil. What special factors must be con- 
sidered in specifying the operating conditions for the pumps? 


4 10.51 Data from tests of a pump operated at 1450 rpm, with a 


12.3-in. diameter impeller, are 


Flow rate, QO (cfm) 
Net positive suction head 
required, NPSR (ft) 


20 40 60 80 100 120 140 


LS: 0S OOS ES Sao) 


Develop and plot a curve-fit equation for NPSHR versus 
volume flow rate in the form NPSHR=a + bQ’, where a and 
b are constants. If the NPSHA =20 ft, estimate the maximum 
allowable flow rate of this pump. 


10.52 A four-stage boiler feed pump has suction and discharge 
lines of 10 cm and 7.5 cm inside diameter. At 3500 rpm, the 
pump is rated at 0.025 m*/s against a head of 125 m while 
handling water at 115°C. The inlet pressure gage, located 
50 cm below the impeller centerline, reads 150 kPa. The pump 
is to be factory certified by tests at the same flow rate, head rise, 
and speed, but using water at 27°C. Calculate the NPSHA at 
the pump inlet in the field installation. Evaluate the suction 
head that must be used in the factory test to duplicate field 
suction conditions. 


4 10.53 The net positive suction head required (VPSHR) by a 


pump may be expressed approximately as a parabolic func- 
tion of volume flow rate. The NPSHR for a particular pump 
operating at 1800 rpm is given as H,=H j= AQ”, where 
Ho) =10 ft of water and A =7.9 ft/cfs*. Assume the pipe 
system supplying the pump suction consists of a reservoir, 
whose surface is 22 ft above the pump centerline, a square 
entrance, 20 ft of 6-in. (nominal) cast-iron pipe, and a 90° 


elbow. Calculate the maximum volume flow rate at 70°F for 
which the suction head is sufficient to operate this pump 
without cavitation. 


10.54 A centrifugal pump, operating at N=2265 rpm, lifts 
water between two reservoirs connected by 300 ft of 6 in. and 
100 ft of 3 in. cast-iron pipe in series. The gravity lift is 25 ft. 
Estimate the head requirement, power needed, and hourly 
cost of electrical energy to pump water at 200 gpm to the 
higher reservoir. Assume that electricity costs 12 ¢/kWhr, 
and that the electric motor efficiency is 85 percent. 


10.55 For the pump and flow system of Problem 10.53, 
calculate the maximum flow rate for hot water at various 
temperatures and plot versus water temperature. (Be sure 
to consider the density variation as water temperature is 
varied.) 

10.56 A centrifugal pump is installed in a piping system with 
L=300m of D=40cm cast-iron pipe. The downstream 
reservoir surface is 15 m lower than the upstream reservoir. 
Determine and plot the system head curve. Find the volume 
flow rate (magnitude and direction) through the system when 
the pump is not operating. Estimate the friction loss, power 
requirement, and hourly energy cost to pump water at 1 m°/s 
through this system. 


10.57 Part of the water supply for the South Rim of Grand 
Canyon National Park is taken from the Colorado River [54]. A 
flow rate of 600 gpm, taken from the river at elevation 3734 ft, is 
pumped to a storage tank atop the South Rim at 7022 ft ele- 
vation. Part of the pipeline is above ground and part is in a hole 
directionally drilled at angles up to 70° from the vertical; the 
total pipe length is approximately 13,200 ft. Under steady flow 
operating conditions, the frictional head loss is 290 ft of water in 
addition to the static lift. Estimate the diameter of the com- 
mercial steel pipe in the system. Compute the pumping power 
requirement if the pump efficiency is 61 percent. 


10.58 A Peerless horizontal split-case type 4AE12 pump 
with 11.0-in.-diameter impeller, operating at 1750 rpm, lifts 
water between two reservoirs connected by 200 ft of 4 in. and 
200 ft of 3 in. cast-iron pipe in series. The gravity lift is 10 ft. 
Plot the system head curve and determine the pump oper- 
ating point. 


10.59 A pump transfers water from one reservoir to another 
through two cast-iron pipes in series. The first is 3000 ft of 
9 in. pipe and the second is 1000 ft of 6 in. pipe. A constant 
flow rate of 75 gpm is tapped off at the junction between the 
two pipes. Obtain and plot the system head versus flow rate 
curve. Find the delivery if the system is supplied by the pump 
of Example 10.6, operating at 1750 rpm. 


10.60 Performance data for a pump are 


HI (ft) 90 87 81 70 59 43 22 
Q (cfm) 0 50 100 150 200 250 300 


The pump is to be used to move water between two open 
reservoirs with an elevation increase of 24 ft. The connecting 
pipe system consists of 1750 ft of commercial steel pipe 
containing two 90° elbows and an open gate valve. Find the 


flow rate if we use (a) 8-in., (b) 10-in., and (c) 12-in. (nom- 
inal) pipe. 


_J 10.61 Performance data for a pump are 


HI (ft) 179 176 165 145 119 84 43 
QO(gpm) 0 500 1000 1500 2000 2500 3000 


Estimate the delivery when the pump is used to move water 
between two open reservoirs, through 1200 ft of 12 in. 
commercial steel pipe containing two 90° elbows and an 
open gate valve, if the elevation increase is 50 ft. Determine 
the gate valve loss coefficient needed to reduce the volume 
flow rate by half. 


| 10.62 Consider again the pump and piping system of 


Problem 10.61. Determine the volume flow rate and gate 
valve loss coefficient for the case of two identical pumps 
installed in series. 


_| 10.63 The resistance of a given pipe increases with age as 


deposits form, increasing the roughness and reducing the 
pipe diameter (see Fig. 8.14). Typical multipliers to be 
applied to the friction factor are given in [15]: 


Pipe Age Small Pipes, Large Pipes, 
(years) 4—10 in. 12—60 in. 
New 1.00 1.00 
10 2.20 1.60 
20 5.00 2.00 
30 12D 2.20 
40 8.75 2.40 
50 9.60 2.86 
60 10.0 3.70 
70 10.1 4.70 


Consider again the pump and piping system of Problem 
10.61. Estimate the percentage reductions in volume flow 
rate that occur after (a) 20 years and (b) 40 years of use, if 
the pump characteristics remain constant. Repeat the cal- 
culation if the pump head is reduced 10 percent after 
20 years of use and 25 percent after 40 years. 


| 10.64 Consider again the pump and piping system of 


Problem 10.61. Determine the volume flow rate and gate 
valve loss coefficient for the case of two identical pumps 
installed in parallel. 


a 10.65 Consider again the pump and piping system of Problem 


10.64. Estimate the percentage reductions in volume flow rate 
that occur after (a) 20 years and (b) 40 years of use, if the 
pump characteristics remain constant. Repeat the calculation 
if the pump head is reduced 10 percent after 20 years of use 
and 25 percent after 40 years. (Use the data of Problem 10.63 
for increase in pipe friction factor with age.) 


a 10.66 Consider again the pump and piping system of 


Problem 10.62. Estimate the percentage reductions in volume 
flow rate that occur after (a) 20 years and (b) 40 years of use, 
if the pump characteristics remain constant. Repeat the 
calculation if the pump head is reduced 10 percent after 
20 years of use and 25 percent after 40 years. (Use the data 
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of Problem 10.63 for increase in pipe friction factor 
with age.) 

10.67 The city of Englewood, Colorado, diverts water for 
municipal use from the South Platte River at elevation 1610 m 
[54]. The water is pumped to storage reservoirs at 1620-m 
elevation. The inside diameter of the steel water line is 68.5 
cm; its length is 1770 m. The facility is designed for an initial 
capacity (flow rate) of 3200 m*/hr, with an ultimate capacity of 
3900 m*/hr. Calculate and plot the system resistance curve. 
Ignore entrance losses. Specify an appropriate pumping sys- 
tem. Estimate the pumping power required for steady-state 
operation, at both the initial and ultimate flow rates. 


10.68 A pump in the system shown draws water from a sump 
and delivers it to an open tank through 400 m of new, 10-cm- 
diameter steel pipe. The vertical suction pipe is 2 m long and 
includes a foot valve with hinged disk and a 90° standard 
elbow. The discharge line includes two 90° standard elbows, 
an angle lift check valve, and a fully open gate valve. The 
design flow rate is 800 L/min. Find the head losses in the 
suction and discharge lines. Calculate the NPSHA. Select a 
pump suitable for this application. 


Angle lift check valve 


‘\ 400 m 


=  — 
“— Gate valve (fully open) 


BA IN 


80m 


Pa Discharge pressure gage 


10.7 m 


Elev 8.7 m 


Foot valve with hinged disk 
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10.69 Consider the flow system described in Problem 8.175. 
Select a pump appropriate for this application. Check the 
NPSHR versus the NPSHA for this system. 


10.70 Consider the flow system and data of Problem 10.68 
and the data for pipe aging given in Problem 10.63. Select 
pump(s) that will maintain the system flow at the desired rate 
for (a) 10 years and (b) 20 years. Compare the delivery 
produced by these pumps with the delivery by the pump 
sized for new pipes only. 


10.71 Consider the flow system shown in Problem 8.176. 
Select an appropriate pump for this application. Check the 
pump efficiency and power requirement compared with 
those in the problem statement. 

10.72 Consider the flow system shown in Problem 8.124. 
Assume the minimum NPSHR at the pump inlet is 15 ft of 
water. Select a pump appropriate for this application. Use 
the data for increase in friction factor with pipe age given in 


i. 


Cc 


Sudden enlargement 
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Problem 10.65 to determine and compare the system flow 
rate after 10 years of operation. 


10.73 Consider the pipe network of Problem 8.189. Select a 
pump suitable to deliver a total flow rate of 300 gpm through 
the pipe network. 


10.74 A fire nozzle is supplied through 300 ft of 3-in.- 
diameter canvas hose (with e=0.001 ft). Water from a 
hydrant is supplied at 50 psig to a booster pump on board 
the pumper truck. At design operating conditions, the pres- 
sure at the nozzle inlet is 100 psig, and the pressure drop 
along the hose is 33 psi per 100 ft of length. Calculate the 
design flow rate and the maximum nozzle exit speed. Select a 
pump appropriate for this application, determine its effi- 
ciency at this operating condition, and calculate the power 
required to drive the pump. 


A 10.75 A pumping system with two different static lifts is shown. 


Each reservoir is supplied by a line consisting of 1000 ft of 6-in. 
cast-iron pipe. Evaluate and plot the system head versus flow 
curve. Explain what happens when the pump head is less than 
the height of the upper reservoir. Calculate the flow rate 
delivered at a pump head of 85 ft. 


1000 ft of 6-in. pipe (cast iron) 
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4 10.76 Consider the flow system shown in Problem 8.90. 


Evaluate the NPSHA at the pump inlet. Select a pump 
appropriate for this application. Use the data on pipe aging 
from Problem 10.63 to estimate the reduction in flow rate 
after 10 years of operation. 


| 10.77 Consider the gasoline pipeline flow of Problem 8.142. 


Select pumps that, combined in parallel, supply the total flow 
requirement. Calculate the power required for 4 pumps in 
parallel. Also calculate the volume flow rates and power 
required when only 1, 2, or 3 of these pumps operates. 


J 10.78 Consider the chilled water circulation system of 


Problem 8.178. Select pumps that may be combined in par- 
allel to supply the total flow requirement. Calculate the 
power required for 3 pumps in parallel. Also calculate the 
volume flow rates and power required when only 1 or 2 of 
these pumps operates. 


A 10.79 Water for the sprinkler system at a lakeside summer 


home is to be drawn from the adjacent lake. The home is 
located on a bluff 33 m above the lake surface. The pump 
is located on level ground 3 m above the lake surface. The 
sprinkler system requires 40 L/min at 300 kPa (gage). 
The piping system is to be 2-cm-diameter galvanized iron. The 
inlet section (between the lake and pump inlet) includes a 
reentrant inlet, one standard 45° elbow, one standard 90° 
elbow, and 20 m of pipe. The discharge section (between the 
pump outlet and the sprinkler connection) includes two 


standard 45° elbows and 45 m of pipe. Evaluate the head loss 
on the suction side of the pump. Calculate the gage pressure at 
the pump inlet. Determine the hydraulic power requirement 
of the pump. If the pipe diameter were increased to 4 cm., 
would the power requirement of the pump increase, decrease, 
or stay the same? What difference would it make if the pump 
were located halfway up the hill? 


10.80 Consider the fire hose and nozzle of Problem 8.179. 
Specify an appropriate pump to supply four such hoses 
simultaneously. Calculate the power input to the pump. 


10.81 Manufacturer’s data for a submersible utility pump are 


Discharge height (ft) O23 O77 is By) ey GO 0 
Water flow rate (L/min) 77.2) 75 71 61 51 26 0 


The owner’s manual also states, “Note: These ratings are 
based on discharge into 25-mm pipe with friction loss 
neglected. Using 20-mm garden hose adaptor, performance 
will be reduced approximately 15 percent.” Plot a perfor- 
mance curve for the pump. Develop a curve-fit equation for 
the performance curve; show the curve-fit on the plot. Calcu- 
late and plot the pump delivery versus discharge height 
through a 15-m length of smooth 20-mm garden hose. Com- 
pare with the curve for delivery into 25-mm pipe. 


10.82 Consider the swimming pool filtration system of al 


Problem 8.190. Assume the pipe used is 20-mm PVC 
(smooth plastic). Specify the speed and impeller diameter 
and estimate the efficiency of a suitable pump. 


10.83 Water is pumped from a lake (at z=0) to a large 
storage tank located on a bluff above the lake. The pipe is 
3-in.-diameter galvanized iron. The inlet section (between 
the lake and the pump) includes one rounded inlet, one 
standard 90° elbow, and 50 ft of pipe. The discharge section 
(between the pump outlet and the discharge to the open 
tank) includes two standard 90° elbows, one gate valve, and 
150 ft of pipe. The pipe discharge (into the side of the tank) 
is at z= 70 ft. Calculate the system flow curve. Estimate the 
system operating point. Determine the power input to the 
pump if its efficiency at the operating point is 80 percent. 
Sketch the system curve when the water level in the upper 
tank reaches z = 90 ft. If the water level in the upper tank is 
at z = 75 ft and the valve is partially closed to reduce the flow 
rate to 0.1 ft/s, sketch the system curve for this operating 
condition. Would you expect the pump efficiency to be 
higher for the first or second operating condition? Why? 


10.84 Performance data for a centrifugal fan of 3-ft diam- 
eter, tested at 750 rpm, are 


Volume flow rate 106 = 141 176 4211 246 282 
Q (ft*/s) 
Static pressure rise, 0.075 0.073 0.064 0.050 0.033 0.016 


Ap (psi) 
Power output ¥ (hp) = 2.75 3.18 3.50 3.51 3.50 3.22 


Plot the performance data versus volume flow rate. Calculate 
static efficiency, and show the curve on the plot. Find the 
best efficiency point, and specify the fan rating at this point. 
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ee! 10.85 Using the fan of Problem 10.84, determine the mini- 


mum size square sheet-metal duct that will carry a flow of 
200 ft*/s over a distance of 50 ft. Estimate the increase in 
delivery if the fan speed is increased to 1000 rpm. 


ee: 10.86 The performance data of Problem 10.84 are for a 


36-in.-diameter fan wheel. The fan also is manufactured with 
42-, 48-, 54-, and 60-in. diameter wheels. Pick a standard fan 
to deliver 600 ft?/s against a 1-in. H,O static pressure rise. 
Determine the required fan speed and input power required. 


je! 10.87 Consider the fan and performance data of Problem 10.84. 


At Q=200 ft*/s, the dynamic pressure is equal to 0.25 in. 
of water. Evaluate the fan outlet area. Plot total pressure rise 
and input horsepower for this fan versus volume flow rate. 
Calculate the fan total efficiency, and show the curve on the plot. 
Find the best efficiency point, and specify the fan rating at this 
point. 


es 10.88 Performance characteristics of a Howden Buffalo 


axial flow fan are presented below. The fan is used to power 
a wind tunnel with 1-ft square test section. The tunnel con- 
sists of a smooth inlet contraction, two screens (each with 
loss coefficient K=0.12), the test section, and a diffuser 
where the cross section is expanded to 24 in. diameter at the 
fan inlet. Flow from the fan is discharged back to the room. 
Calculate and plot the system characteristic curve of pressure 
loss versus volume flow rate. Estimate the maximum air flow 
speed available in this wind tunnel test section. 


6 rT 


N= 1835 rpm 


Static pressure rise 


Horsepower 


Static pressure, Ap (in. HO) 
WwW 
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Volume flow rate, Q (1000 cfm) 
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10.89 Consider again the axial-flow fan and wind tunnel of 
Problem 10.88. Scale the performance of the fan as it varies 
with operating speed. Develop and plot a “calibration curve” 
showing test section flow speed (in m/s) versus fan speed 
(in rpm). 

10.90 Experimental test data for an aircraft engine fuel pump 
are presented below. This gear pump is required to supply jet 
fuel at 450 pounds per hour and 150 psig to the engine fuel 
controller. Tests were conducted at 10, 96, and 100 percent 
of the rated pump speed of 4536 rpm. At each constant speed, 
the back pressure on the pump was set, and the flow rate 
measured. On one graph, plot curves of pressure versus 
delivery at the three constant speeds. Estimate the pump 
displacement volume per revolution. Calculate the volu- 
metric efficiency at each test point and sketch contours of 
constant 7,. Evaluate the energy loss caused by valve throt- 
tling at 100 percent speed and full delivery to the engine. 


Power, % (hp) 
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Pump Back Fuel Pump Back Fuel Pump’ Back Fuel 
Speed Pressure Flow Speed Pressure Flow Speed Pressure Flow 
(rpm) = (psig) (pph*) (7pm) (psig) (pph) (rpm) (psig) (pph) 

200 1810 200 1730 200 89 
4536 300 1810 4355 300 1750 = 453 250 BB 
(100%) 400 1810 (96%) 400 1735 (10%) 300 58.5 

500 1790 500 1720 350 45 


900 1720 900 1635 400 30 


* Fuel flow rate measured in pounds per hour (pph). 


Hydraulic Turbines 


10.91 A hydraulic turbine is designed to produce 36,000 hp at 
95 rpm under 50 ft of head. Laboratory facilities are avail- 
able to provide 15 ft of head and to absorb 50 hp from the 
model turbine. Determine (a) the appropriate model test 
speed and scale ratio and (b) volume flow rate, assuming a 
model efficiency of 86 percent. 


10.92 Preliminary calculations for a hydroelectric power 
generation site show a net head of 2350 ft is available at a 
water flow rate of 75 ft*/s. Compare the geometry and effi- 
ciency of Pelton wheels designed to run at (a) 450 rpm and 
(b) 600 rpm. 

10.93 Conditions at the inlet to the nozzle of a Pelton wheel 
are p=700 psig and V=15 mph. The jet diameter is d=7.5 in. 
and the nozzle loss coefficient is Kyozte =0.04. The wheel dia- 
meter is D=8 ft. At this operating condition, 7=0.86. Calculate 
(a) the power output, (b) the normal operating speed, (c) the 
approximate runaway speed, (d) the torque at normal operat- 
ing speed, and (e) the approximate torque at zero speed. 


10.94 The reaction turbines at Niagara Falls are of the 
Francis type. The impeller outside diameter is 4.5 m. Each 
turbine produces 54 MW at 107 rpm, with 93.8 percent effi- 
ciency under 65 m of net head. Calculate the specific speed of 
these units. Evaluate the volume flow rate to each turbine. 
Estimate the penstock size if it is 400 m long and the net 
head is 83 percent of the gross head. 


10.95 Francis turbine Units 19, 20, and 21, installed at the 
Grand Coulee Dam on the Columbia River, are very large 
[55]. Each runner is 32.6 ft in diameter and contains 550 tons 
of cast steel. At rated conditions, each turbine develops 
820,000 hp at 72 rpm under 285 ft of head. Efficiency is 
nearly 95 percent at rated conditions. The turbines operate at 
heads from 220 to 355 ft. Calculate the specific speed at rated 
operating conditions. Estimate the maximum water flow rate 
through each turbine. 


10.96 Measured data for performance of the reaction tur- 
bines at Shasta Dam near Redding, California, are shown in 
Fig. 10.39. Each turbine is rated at 103,000 hp when oper- 
ating at 138.6 rpm under a net head of 380 ft. Evaluate the 
specific speed and compute the shaft torque developed by 
each turbine at rated operating conditions. Calculate and 
plot the water flow rate per turbine required to produce 
rated output power as a function of head. 

10.97 Figure 10.37 contains data for the efficiency of a large 


Pelton waterwheel installed in the Tiger Creek Power House 
of Pacific Gas & Electric Company near Jackson, California. 
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This unit is rated at 26.8 MW when operated at 225 rpm 
under a net head of 360 m of water. Assume reasonable flow 
angles and nozzle loss coefficient, and water at 15°C. 
Determine the rotor radius, and estimate the jet diameter 
and the mass flow rate of water. 


10.98 An impulse turbine is to develop 15 MW from a single 
wheel at a location where the net head is 350 m. Determine the 
appropriate speed, wheel diameter, and jet diameter for single- 
and multiple-jet operation. Compare with a double-overhung 
wheel installation. Estimate the required water consumption. 


| 10.99 An impulse turbine under a net head of 33 ft was 


tested at a variety of speeds. The flow rate and the brake 
force needed to set the impeller speed were recorded: 


Wheel Speed Flow rate Brake Force (Ibf) 
(rpm) (cfm) (R = 0.5 ft) 
0 7.74 2.63 
1000 7.74 2.40 
1500 7.74 2p?) 
1900 7.44 iLO 
2200 202, 1.45 
2350 5.64 0.87 
2600 4.62 0.34 
2700 4.08 0.09 


Calculate and plot the machine power output and efficiency 
as a function of water turbine speed. 


10.100 In U.S. customary units, the common definition of 
specific speed for a hydraulic turbine is given by Eq. 10.13b. 
Develop a conversion between this definition and a truly 
dimensionless one in SI units. Evaluate the specific speed of 
an impulse turbine, operating at 400 rpm under a net head of 
1190 ft with 86 percent efficiency, when supplied by a single 
6-in.-diameter jet. Use both U.S. customary and SI units. 
Estimate the wheel diameter. 


10.101 According to a spokesperson for Pacific Gas & 
Electric Company, the Tiger Creek plant, located east of 
Jackson, California, is one of 71 PG&E hydroelectric pow- 
erplants. The plant has 373 m of gross head, consumes 21 m°/s 
of water, is rated at 60 MW, and operates at 58 MW. The 
plant is claimed to produce 0.785 kW-hr/(m?-m) of water and 
336.4 X 10° kW-hr/yr of operation. Estimate the net head at 
the site, the turbine specific speed, and its efficiency. Com- 
ment on the internal consistency of these data. 


| 10.102 Design the piping system to supply a water turbine from 


a mountain reservoir. The reservoir surface is 320 m above the 
turbine site. The turbine efficiency is 83 percent, and it must 
produce 30 kW of mechanical power. Define the minimum 
standard-size pipe required to supply water to the turbine 
and the required volume flow rate of water. Discuss the effects 
of turbine efficiency, pipe roughness, and installing a diffuser at 
the turbine exit on the performance of the installation. 


| 10.103 A small hydraulic impulse turbine is supplied with 


water through a penstock with diameter D and length L; the jet 
diameter is d. The elevation difference between the reservoir 
surface and nozzle centerline is Z. The nozzle head loss coef- 
ficient is Kyozzte and the loss coefficient from the reservoir to 
the penstock entrance is Kentrance. Determine the water jet 
speed, the volume flow rate, and the hydraulic power of the 


jet, for the case where Z=300 ft, L=1000 ft, D=6 in., 
Kentrance =9-5, Knozzie=0.04, and d=2 in., if the pipe is made 
from commercial steel. Plot the jet power as a function of jet 
diameter to determine the optimum jet diameter and the 
resulting hydraulic power of the jet. Comment on the effects of 
varying the loss coefficients and pipe roughness. 


Propellers and Wind-Power Machines 


10.104 The propeller on a fanboat used in the Florida Ever- 
glades moves air at the rate of 50 kg/s. When at rest, the speed 
of the slipstream behind the propeller is 45 m/s at a location 
where the pressure is atmospheric. Calculate (a) the propeller 
diameter, (b) the thrust produced at rest, and (c) the thrust 
produced when the fanboat is moving ahead at 15 m/s if the 
mass flow rate through the propeller remains constant. 


10.105 A fanboat in the Florida Everglades is powered by a 
propeller, with D=1.5m, driven at maximum speed, 
N=1800 rpm, by a 125 kW engine. Estimate the maximum 
thrust produced by the propeller at (a) standstill and 
(b) V=12.5 m/s. 

10.106 A jet-propelled aircraft traveling at 225 m/s takes in 
50 kg/s of air. If the propulsive efficiency (defined as the ratio 
of the useful work output to the mechanical energy input to 
the fluid) of the aircraft is 45 percent, determine the speed at 
which the exhaust is discharged relative to the aircraft. 


10.107 Drag data for model and prototype guided missile 
frigates are presented in Figs. 7.2 and 7.3. Dimensions of the 
prototype vessel are given in Problem 9.89. Use these data, 
with the propeller performance characteristics of Fig. 10.44, 
to size a single propeller to power the full-scale vessel. Cal- 
culate the propeller size, operating speed, and power input, if 
the propeller operates at maximum efficiency when the 
vessel travels at its maximum speed, V=37.6 knots. 


10.108 The propulsive efficiency, 1, of a propeller is defined 
as the ratio of the useful work produced to the mechanical 
energy input to the fluid. Determine the propulsive efficiency 
of the moving fanboat of Problem 10.104. What would be the 
efficiency if the boat were not moving? 


10.109 The propeller for the Gossamer Condor human- 
powered aircraft has D=12 ft and rotates at N=107 rpm. 
Additional details on the aircraft are given in Problem 9.174. 
Estimate the dimensionless performance characteristics and 
efficiency of this propeller at cruise conditions. Assume the pilot 
expends 70 percent of maximum power at cruise. (See Reference 
[56] for more information on human-powered flight.) 


10.110 Equations for the thrust, power, and efficiency of 
propulsion devices were derived in Section 10.6. Show that 
these equations may be combined for the condition of con- 
stant thrust to obtain 


NS 1/2 
iy 

pV? nD? 
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Interpret this result physically. 


10.111 The National Aeronautics & Space Administration 
(NASA) and the U.S. Department of Energy (DOE) 


1+)1+ 


cosponsor a large demonstration wind turbine generator at 
Plum Brook, near Sandusky, Ohio [47]. The turbine has two 
blades, with a radius of 63 ft, and delivers maximum power 
when the wind speed is above V = 16 knots. It is designed to 
produce 135 hp with powertrain efficiency of 74 percent. The 
rotor is designed to operate at a constant speed of 45 rpm in 
winds over 5 knots by controlling system load and adjusting 
blade angles. For the maximum power condition, estimate 
the rotor tip speed and power coefficient. 


10.112 A typical American multiblade farm windmill has 
D=7 ft and is designed to produce maximum power in winds 
with V=15 mph. Estimate the rate of water delivery, as a 
function of the height to which the water is pumped, for this 
windmill. 


10.113 A model of an American multiblade farm windmill is 
to be built for display. The model, with D=1 m, is to develop 
full power at V=10 m/s wind speed. Calculate the angular 
speed of the model for optimum power generation. Estimate 
the power output. 


| 10.114 A large Darrieus vertical axis wind turbine was built 


by the U.S. Department of Energy near Sandia, New Mexico 
[48]. This machine is 18 m tall and has a 5-m radius; the area 
swept by the rotor is over 110 m”. If the rotor is constrained 
to rotate at 70 rpm, plot the power this wind turbine can 
produce in kilowatts for wind speeds between 5 and 50 knots. 


A 10.115 Lift and drag data for the NACA 23015 airfoil section 


are presented in Fig. 9.17. Consider a two-blade horizontal- 
axis propeller wind turbine with NACA 23015 blade section. 
Analyze the air flow relative to a blade element of the 
rotating wind turbine. Develop a numerical model for 
the blade element. Calculate the power coefficient developed 
by the blade element as a function of tip-speed ratio. Com- 
pare your result with the general trend of power output for 
high-speed two-bladed turbine rotors shown in Fig. 10.50. 


A 10.116 Aluminum extrusions, patterned after NACA sym- 


metric airfoil sections, frequently are used to form Darrieus 
wind turbine “blades.” Below are section lift and drag 
coefficient data [57] for a NACA 0012 section, tested at 
Re =6 X 10° with standard roughness (the section stalled for 
a > 12°): 


Angle of attack, 0 2 4 6 8 Ole 

a (deg) 

Lift coefficient, 0 0.23 045 0.68 082 0.94 1.02 
Cx (—-) 


Drag coefficient. 0.0098 0.0100 0.0119 0.0147 0.0194 — — 


Cp (—) 
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Analyze the air flow relative to a blade element of a Darrieus 
wind turbine rotating about its troposkien axis. Develop a 
numerical model for the blade element. Calculate the power 
coefficient developed by the blade element as a function of 
tip-speed ratio. Compare your result with the general trend 
of power output for Darrieus rotors shown in Fig. 10.50. 


Compressible-Flow Turbomachines 


10.117 A prototype air compressor with a compression ratio 
of 7 is designed to take 8.9 kg/s air at 1 atmosphere and 20°C. 
The design point speed, power requirement, and efficiency 
are 600 rpm, 5.6 MW, and 80 percent, respectively. A 1:5- 
scale model of the prototype is built to help determine 
operability for the prototype. If the model takes in air at 
identical conditions to the prototype design point, what will 
the mass flow and power requirement be for operation at 
80 percent efficiency? 


10.118 A compressor has been designed for entrance con- 
ditions of 14.7 psia and 70°F. To economize on the power 
required, it is being tested with a throttle in the entry duct to 
reduce the entry pressure. The characteristic curve for its 
normal design speed of 3200 rpm is being obtained on a day 
when the ambient temperature is 58°F. At what speed should 
the compressor be run? At the point on the characteristic 
curve at which the mass flow would normally be 125 Ibm/s, 
the entry pressure is 8.0 psia. Calculate the actual mass flow 
rate during the test. 


10.119 The turbine for a new jet engine was designed 
for entrance conditions of 160 psia and 1700°F, ingesting 
500 lbm/s at a speed of 500 rpm, and exit conditions of 
80 psia and 1350°F. If the altitude and fueling for the engine 
were changed such that the entrance conditions were now 
140 psia and 1600°F, calculate the new operating speed, 
mass flow rate, and exit conditions for similar operation, i.e., 
equal efficiency. 


10.120 We have seen many examples in Chapter 7 of 
replacing working fluids in order to more easily achieve 
similitude between models and prototypes. Describe the 
effects of testing an air compressor using helium as the 
working fluid on the dimensionless and dimensional parame- 
ters we have discussed for compressible flow machines. 


Flow tn Open 
Channels 


11.1 Basic Concepts and Definitions 

11.2 Energy Equation for Open-Channel Flows 
11.3 Localized Effect of Area Change (Frictionless Flow) 
11.4 The Hydraulic Jump 

11.5 Steady Uniform Flow 

11.6 Flow with Gradually Varying Depth 
11.7 Discharge Measurement Using Weirs 


11.8 Summary and Useful Equations 


Using a Reservoir as a Battery 

We are all familiar with electric batteries; 
we have them in our cars, our laptops, our 
cell phones, and our MP3 players, to mention just a 
few of their uses. Batteries are energy storage devices 
that allow us to generate energy at one time and place 
and store it for use at a different time and in another 
place. The figure shows a rather mundane-looking 
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dam (it’s the Ffestiniog Dam in north Wales), but it’s 
actually part of a pretty exciting development, the 
Ffestiniog Pumped Storage Scheme: it’s a battery! 
The idea of using reservoirs not only as a source of 
power but as a way to store power is not new; efforts 
were made in the 19th century. But it is becoming very 
important in optimizing power plant performance, as 
well as in storing renewable energy generated by wind, 
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The Ffestiniog dam. 


wave, and ocean current farms, some of which we have 
reviewed in previous Case Studies in Energy and the 
Environment. Power companies have always had 
the problem that energy demand tends to have severe 
peaks and troughs; in the afternoon and evening there 
is high demand; in the middle of the night, low 
demand. However, for best efficiency, plants should 
operate at a steady energy output; in addition, the 
power company needs to have on hand extra power 
generation capability just for those peaks. On the other 
hand, renewable energy needs to be harvested when 
it’s available—when the wind is blowing, when there 
are waves or decent currents flowing —and these times 
do not always correspond to the times when the 
energy is needed. With schemes like the one at Ffes- 
tiniog, at times of low electrical demand, excess gen- 
eration capacity from the power company is used to 
pump water into an upper reservoir; when there is high 
demand, water is released back into a lower reservoir 
through a turbine, generating electricity. Reversible 
turbine/generator assemblies act as pump and turbine 
(usually of a Francis turbine design; see Chapter 10). 


The system’s four water turbines can generate 360 MW 
of electricity within a minute of the need arising! 

Some facilities worldwide are purely pumped- 
storage plants, which simply shift water between two 
reservoirs, but combined pump-storage plants that 
also generate their own electricity like conventional 
hydroelectric plants are becoming more common. The 
process is reasonably efficient and is the only way that 
huge amounts of energy can be stored (electric bat- 
teries are all relatively low capacity). Taking into 
account losses in the turbine/generator system and 
from evaporation loss at the exposed water surface, as 
well as the possibility of losses due to hydraulic jumps 
(discussed in this chapter) occurring at outlets, about 
70 to 85 percent of the electrical energy used to pump 
the water into the elevated reservoir can be regained. 
In future years, increased effort will be placed on 
increasing the efficiency of these systems, and they 
will become much more common. The Ffestiniog sys- 
tem is for storing excess power plant energy, but in 
the future we may expect to see pumped-storage 
plants adjacent to a number of wind farms. 


In this chapter we introduce some of the basic concepts in the study of open-channel 
flows. The topic of open-channel flow is covered in much more detail in a number of 
specialized texts [1—8]. 

Many flows in engineering and in nature occur with a free surface. An example of 
a human-made channel is shown in Fig. 11.1. This is a view of the 190-mile-long 
Hayden-Rhodes Aqueduct, which is part of the Central Arizona Project (CAP). The 
CAP is a 336-mi (541 km) diversion canal in Arizona used to redirect water from 


Hayden-Rhodes Aqueduct, Central Arizona Project. 
[Courtesy of the U.S. Bureau of Reclamation (1985), photograph by Joe Madrigal Jr.] 
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the Colorado River into central and southern Arizona, and it is the largest and most 
expensive aqueduct system ever constructed in the United States. 

Because free surface flows differ in several important respects from the flows in 
closed conduits that we reviewed in Chapter 8, we treat them separately in this 
chapter. Familiar examples where the free surface is at atmospheric pressure include 
flows in rivers, aqueducts, and irrigation canals, flows in rooftop or street gutters, and 
drainage ditches. Human-made channels are given many different names, including 
canal, flume, or culvert. A canal usually is excavated below ground level and may be 
unlined or lined. Canals generally are long and of very mild slope; they are used to 
carry irrigation or storm water or for navigation. A flume usually is built above ground 
level to carry water across a depression. A culvert, which usually is designed to flow 
only part-full, is a short covered channel used to drain water under a highway or 
railroad embankment. 

In this chapter we shall develop, using control volume concepts from Chapter 4, 
some basic theory for describing the behavior and classification of flows in natural and 
human-made channels. We shall consider: 


Flows for which the local effects of area change predominate and frictional forces 
may be neglected. An example is flow over a bump or depression, over the short 
length of which friction is negligible. 


Flow with an abrupt change in depth. This occurs during a hydraulic jump (see 
Fig. 11.12 for examples of hydraulic jumps). 


Flow at what is called normal depth. For this, the flow cross section does not vary in 
the flow direction; the liquid surface is parallel to the channel bed. This is analogous 
to fully developed flow in a pipe. 


Gradually varied flow. An example is flow in a channel in which the bed slope 
varies. The major objective in the analysis of gradually varied flow is to predict the 
shape of the free surface. 


It is quite common to observe surface waves in flows with a free surface, the simplest 
example being when an object such as a pebble is thrown into the water. The prop- 
agation speed of a surface wave is analogous in many respects to the propagation of a 
sound wave in a compressible fluid medium (which we discuss in Chapter 12). We 
shall determine the factors that affect the speed of such surface waves. We will see 
that this is an important determinant in whether an open-channel flow is able to 
gradually adjust to changing conditions downstream or a hydraulic jump occurs. 

This chapter also includes a brief discussion of flow measurement techniques for 
use in open channels. 
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Before analyzing the different types of flows that may occur in an open channel, we 
will discuss some common concepts and state some simplifying assumptions. We are 
doing so explicitly, because there are some important differences between our 
previous studies of pipes and ducts in Chapter 8 and the study of open-channel 
flows. 

One significant difference between flows in pipes and ducts is 


e The driving force for open-channel flows is gravity. 


(Note that some flows in pipes and ducts are also gravity driven (for example, flow 
down a full drainpipe), but typically flow is driven by a pressure difference generated 
by a device such as a pump.) The gravity force in open-channel flow is opposed by 
friction force on the solid boundaries of the channel. 
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VIDEO 


A Turbulent Channel (Animation). 


VIDEO 


The Glen Canyon Dam: A Source of 
Turbulent Channel Flow. 


Simplifying Assumptions 


The flow in an open channel, especially in a natural one such as a river, is often very 
complex, three-dimensional, and unsteady. However, in most cases, we can obtain 
useful results by approximating such flows as being: 


e One-dimensional. 
e Steady. 


A third simplifying assumption is: 


e The flow at each section in an open-channel flow is approximated as a uniform 
velocity. 


Typical contours of actual streamwise velocity for a number of open-channel sections 
are shown in Fig. 11.2. These would seem to indicate that the third assumption is 
invalid, but in fact it is a reasonable approximation, as we shall now justify. Most flows 
of interest are large in physical scale, so the Reynolds numbers generally are large. 
Consequently, open-channel flow seldom is laminar; in this chapter we will assume 
turbulent flow. As we saw in earlier chapters, turbulence tends to smooth out the 
velocity gradient (see Fig. 8.11 for turbulent pipe flow and Fig. 9.7a for turbulent 
boundary layers). Hence although the profiles, as shown in Fig. 11.2, are not uniform, 
as a reasonable approximation we will assume uniform velocity at each section, with 
the kinetic energy coefficient, av, taken to be unity (the kinetic energy coefficient is 
discussed in Section 8.6). This is illustrated in Fig. 11.3a. 

Figure 11.2 shows that the measured maximum velocity occurs below the free 
surface, in spite of the fact that there is negligible shear stress due to air drag so 
one would expect the maximum velocity to occur at the free surface. Secondary flows 
are also responsible for distorting the axial velocity profile; examples of secondary 
flows are when a channel has a bend or curve or has an obstruction, such as a bridge 
pier. The high velocities that may be present in the vortices generated in such cases 
can seriously erode the bottom of a natural channel. 


Triangular channel 


Shallow ditch Narrrow 
rectangular 


section 


wee 


Circular channel 
Natural irregular channel 


Fig. 11.2 Typical contours of equal velocity in open-channel sections. (From Chow [1], used by 
permission.) 
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(a) Approximate velocity profile (b) Approximate pressure 

distribution (gage) 
Fig. 11.3. Approximations for velocity profile and pressure 
distribution. 


The next simplifying assumption we make is: 
e The pressure distribution is approximated as hydrostatic. 


This is illustrated in Fig. 11.3b and is a significant difference from the analysis of flows 
in pipes and ducts of Chapter 8; for these we found that the pressure was uniform at 
each axial location and varied in the streamwise direction. In open-channel flows, the 
free surface will be at atmospheric pressure (zero gage), so the pressure at the surface 
does not vary in the direction of flow. The major pressure variation occurs across each 
section; this will be exactly true if streamline curvature effects are negligible, which is 
often the case. 

Asin the case of turbulent flow in pipes, we must rely on empirical correlations to relate 
frictional effects to the average velocity of flow. The empirical correlation is included 
through a head loss term in the energy equation (Section 11.2). Additional complications 
in many practical cases include the presence of sediment or other particulate matter in the 
flow, as well as the erosion of earthen channels or structures by water action. 


Channel Geometry 


Channels may be constructed in a variety of cross-sectional shapes; in many cases 
regular geometric shapes are used. A channel with a constant slope and cross section 
is termed prismatic. Lined canals often are built with rectangular or trapezoidal sec- 
tions; smaller troughs or ditches sometimes are triangular. Culverts and tunnels 
generally are circular or elliptical in section. Natural channels are highly irregular and 
nonprismatic, but often they are approximated using trapezoid or paraboloid sections. 
Geometric properties of common open-channel shapes are summarized in Table 11.1. 
The depth of flow, y, is the perpendicular distance measured from the channel bed 
to the free surface. The flow area, A, is the cross section of the flow perpendicular to 
the flow direction. The wetted perimeter, P, is the length of the solid channel cross- 
section surface in contact with the liquid. The hydraulic radius, R;,, is defined as 


A 
= — GEA 
R= 5 (11.1) 
For flow in noncircular closed conduits (Section 8.7), the hydraulic diameter was 
defined as 
4A 


Thus, for a circular pipe, the hydraulic diameter, from Eq. 8.50, is equal to the pipe 
diameter. From Eq. 11.1, the hydraulic radius for a circular pipe would then be half 
the actual pipe radius, which is a bit confusing! The hydraulic radius, as defined by 
Eq. 11.1, is commonly used in the analysis of open-channel flows, so it will be used 
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Table 11.1 
Geometric Properties of Common Open-Channel Shapes 
Flow Wetted Hydraulic 
Shape Section Area,A  Perimeter,P Radius, Ry, 
. __2y y(b+ycota) 
Trapezoidal y(b+ycota) b4 Soa : Dy 
sina 
2 ; 
Triangular y2 cota : is DEON Or 
sina 2 
Rectangular by b+2y by 
b+2y 
Wide Flat by p y 
; 2 aD D sina 
1 ine 
Circular (a — sina) 8 5) 7 ( a 


throughout this chapter. One reason for this usage is that the hydraulic radius of a 
wide channel, as seen in Table 11.1, is equal to the actual depth. 
For nonrectangular channels, the hydraulic depth is defined as 


A 
= — iil.2 
Yh b, ( ) 


where b, is the width at the surface. Hence the hydraulic depth represents the average 
depth of the channel at any cross section. It gives the depth of an equivalent rectan- 
gular channel. 


Speed of Surface Waves and the Froude Number 


We will learn later in this chapter that the behavior of an open-channel flow as it 
encounters downstream changes (for example, a bump of the bed surface, a narrowing of 
the channel, or a change in slope) is strongly dependent on whether the flow is “slow” or 
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“fast.” A slow flow will have time to gradually adjust to changes downstream, whereas 
a fast flow will also sometimes gradually adjust but in some situations will do so 
“violently” (i.e., there will be a hydraulic jump; see Fig. 11.12a for an example). The 
question is what constitutes a slow or fast flow? These vague descriptions will be 
made more precise now. It turns out that the speed at which surface waves travel along 
the surface is key to defining more precisely the notions of slow and fast. 

To determine the speed (or celerity) of surface waves, consider an open channel 
with movable end wall, containing a liquid initially at rest. If the end wall is given a 
sudden motion, as in Fig. 11.4a, a wave forms and travels down the channel at some 
speed, c (we assume a rectangular channel of width, b, for simplicity). 

If we shift coordinates so that we are traveling with the wave speed, c, we obtain a 
steady control volume, as shown in Fig. 11.4b (where for now we assume c > AV). To 
obtain an expression for c, we will use the continuity and momentum equations for 
this control volume. We also have the following assumptions: 


1. Steady flow. 

. Incompressible flow. 

. Uniform velocity at each section. 

. Hydrostatic pressure distribution at each section. 


nA & WN 


. Frictionless flow. 


Assumption 1 is valid for the control volume in shifted coordinates. Assumption 2 is 
obviously valid for our liquid flow. Assumptions 3 and 4 are used for the entire 
chapter. Assumption 5 is valid in this case because we assume the area on which it 
acts, bAx, is relatively small (the sketch is not to scale), so the total friction force is 
negligible. 
For an incompressible flow with uniform velocity at each section, we can use the 
appropriate form of continuity from Chapter 4, 
Si gV A = 0 (4.13b) 
Applying Eq. 4.13b to the control volume, we obtain 
(c— AV){(y + Ay)b} —cyb = 0 (11.3) 
or 
cy — AVy + cAy — AVAy —cy = 0 
Solving for AV, 


A 
AV =c—— (11.4) 
y+ Ay 
Wave moving Control 
AV at speed c J volume —\__ Wave at rest 
2 er Ny , _e 
Fluid Fluid moving Fluid moving: 
moving at Fluid at at speed at speed ! 
speed AV rest y ytAy 1 (c-AY) c ' y 
. ' —— |} 
——>. : i 
iy y ! 
ie 3 
Ax | 
(a) Absolute coordinates (b) Coordinates at rest relative to wave 


Fig. 11.4 Motion of a surface wave. 
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For the momentum equation, again with the assumption of uniform velocity at each 
section, we can use the following form of the x component of momentum 


B= s+ Fa = 5 f up d¥ +S oqupV-A (4.18d) 
"V 


The unsteady term 0/0f disappears as the flow is steady, and the body force Fg, is zero 
for horizontal flow. So we obtain 


Fs = So upV +A (11.5) 


The surface force consists of pressure forces on the two ends, and friction force on the 
bottom surface (the air at the free surface contributes negligible friction in open- 
channel flows). By assumption 5 we neglect friction. The gage pressure at the two ends 
is hydrostatic, as illustrated in Fig. 11.4b. We recall from our study of hydrostatics that 
the hydrostatic force Fr on a submerged vertical surface of area A is given by the 
simple result 


Fr = pA (3.10b) 


where p, is the pressure at the centroid of the vertical surface. For the two vertical 
surfaces of the control volume, then, we have 


si s. 5 Rest Fe Rright (PA) tert _ (PcA) right 


-{(w2)o-a} {() 


_ pgb, | 2 pgb 5 
5 + Ay) a 


Using this result in Eq. 11.5 and evaluating the terms on the right, 


Fs 


24 


pgb 2 pgb 5 _ 7 A 
oe + Ay) 0 4 eat 


= —(c—AV)p{(c— AV) (y + Ay)b} — cpt — cyb} 


The two terms in braces are equal, from continuity as shown in Eq. 11.3, so the 
momentum equation simplifies to 


A 2 
or 


s(1 + a Nay = cAV 
2y 


Combining this with Eq. 11.4, we obtain 


and solving for c, 
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For waves of relatively small amplitude (Ay < y), we can simplify this expression to 


c= JR (11.6) 


Hence the speed of a surface disturbance depends on the local fluid depth. For 
example, it explains why waves “crash” as they approach the beach. Out to sea, the 
water depths below wave crests and troughs are approximately the same, and hence so 
are their speeds. As the water depth decreases on the approach to the beach, the 
depth of crests start to become significantly larger than trough depths, causing crests 
to speed up and overtake the troughs. 

Note that fluid properties do not enter into the speed: Viscosity is usually a minor 
factor, and it turns out that the disturbance or wave we have described is due to the 
interaction of gravitational and inertia forces, both of which are linear with density. 
Equation 11.6 was derived on the basis of one-dimensional motion (x direction); a 
more realistic model allowing two-dimensional fluid motion (x and y directions) shows 
that Eq. 11.6 applies for the limiting case of large wavelength waves (Problem 11.6 
explores this). Also, there are other types of surface waves, such as capillary waves 
driven by surface tension, for which Eq. 11.6 does not apply (Problems 11.7 and 11.8 
explore surface tension effects). 


ane 711 SPEED-OF FREE SURFACE WAVES 


‘You are enjoying a summer’s afternoon relaxing in a rowboat on a pond. You decide to find out how deep the water 
is by splashing your oar and timing how long it takes the wave you produce to reach the edge of the pond. (The pond 
is artificial; so it has approximately the same depth even to the shore.) From floats installed in the pond, you know 
you’re 20 ft from shore, and you measure the time for the wave to reach the edge to be 1.5 s. Estimate the pond 
depth. Does it matter if it’s a freshwater pond or if it’s filled with seawater? 


Given: Time for a wave to reach the edge of a pond. 
Find: Depth of the pond. 

Solution: Use the wave speed equation, Eq. 11.6. 
Governing equation: c = ,/gy 


p : : Ib Ib : : 
The time for a wave, speed c, to travel a distance L, is At = a soc = 7G Using this and Eq. 11.6, 
Ik 

Vay = oe 

where y is the depth, or 
L? 

aa gAr? 

Using the given data 
i ¥ i il 
y = 20°? x — © x = 5.52 fte Z 


22D itt SF S 
The pond depth is about 5} ft. 


610 


Chapter 17 Flow in Open Channels 


17.2 


The speed of surface disturbances given in Eq. 11.6 provides us with a more useful 
“litmus test” for categorizing the speed of a flow than the terms “slow” and “fast.” To 
illustrate this, consider a flow moving at speed V, which experiences a disturbance 
at some point downstream. (The disturbance could be caused by a bump in the channel 
floor or by a barrier, for example.) The disturbance will travel upstream at speed c 
relative to the fluid. If the fluid speed is slow, V<c, and the disturbance will travel 
upstream at absolute speed (c — V). However, if the fluid speed is fast, V>c, and the 
disturbance cannot travel upstream and instead is washed downstream at absolute speed 
(V —c). This leads to radically different responses of slow and fast flows to a downstream 
disturbance. Hence, recalling Eq. 11.6 for the speed c, open-channel flows may be 
classified on the basis of Froude number first introduced in Chapter 7: 


ee (idea) 


vay 


Instead of the rather loose terms “slow” and “fast,” we now have the following 
criteria: 


Fr <1 Flow is subcritical, tranquil, or streaming. Disturbances can travel upstream; 
downstream conditions can affect the flow upstream. The flow can gradually 
adjust to the disturbance. 


Fr=1 Flow is critical. 


Fr>1 Flow is supercritical, rapid, or shooting. No disturbance can travel upstream; 
downstream conditions cannot be felt upstream. The flow may “violently” 
respond to the disturbance because the flow has no chance to adjust to the 
disturbance before encountering it. 


Note that for nonrectangular channels we use the hydraulic depth yz, 


ae (11.8) 


V8Yh 
These regimes of flow behavior are qualitatively analogous to the subsonic, sonic, and 
supersonic regimes of gas flow that we will discuss in Chapter 12. (In that case we are 
also comparing a flow speed, V, to the speed of a wave, c, except that the wave is a 
sound wave rather than a surface wave.) 
We will discuss the ramifications of these various Froude number regimes later in 
this chapter. 


Energy Equation jor Open-Channel Flows 


In analyzing open-channel flows, we will use the continuity, momentum, and energy 
equations. Here we derive the appropriate form of the energy equation (we will use 
continuity and momentum when needed). As in the case of pipe flow, friction in open- 
channel flows results in a loss of mechanical energy; this can be characterized by a 
head loss. The temptation is to just use one of the forms of the energy equation for 
pipe flow we derived in Section 8.6, such as 


) 7) 
V V hy, 

m +ay—2 +2 x +a,-2+z] = _ Hi, (8.30) 
pg 2g pg 2g g 


The problem with this is that it was derived on the assumption of uniform pressure at 
each section, which is not the case in open-channel flow (we have a hydrostatic 
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pressure variation at each location); we do not have a uniform p, at section (1) and 
uniform p> at section ()! 

Instead we need to derive an energy equation for open-channel flows from first 
principles. We will closely follow the steps outlined in Section 8.6 for pipe flows but 
use different assumptions. You are urged to review Section 8.6 in order to be aware of 
the similarities and differences between pipe flows and open-channel flows. 

We will use the generic control volume shown in Fig. 11.5, with the following 
assumptions: 


Steady flow 

Incompressible flow 

Uniform velocity at a section 

Gradually varying depth so that pressure distribution is hydrostatic 
Small bed slope 

W. = Werear = Wother = 0 


Qt ae 


We make a few comments here. We have seen assumptions 1—4 already; they will always 
apply in this chapter. Assumption 5 simplifies the analysis so that depth, y, is taken to be 
vertical and speed, V, is taken to be horizontal, rather than normal and parallel to the 
bed, respectively. Assumption 6 states that there is no shaft work, no work due to fluid 
shearing at the boundaries, and no other work. There is no shear work at the boundaries 
because on each part of the control surface the tangential velocity is zero (on the channel 
walls) or the shear stress is zero (the open surface), so no work can be done. Note that 
there can still be mechanical energy dissipation within the fluid due to friction. 

We have chosen a generic control volume so that we can derive a generic energy 
equation for open-channel flows, that is, an equation that can be applied to a variety 
of flows such as ones with a variation in elevation, or a hydraulic jump, or a sluice gate, 
and so on, between sections (1) and @). Coordinate z indicates distances measured in 
the vertical direction; distances measured vertically from the channel bed are denoted 
by y. Note that y; and y, are the flow depths at sections (1) and Q), respectively, and z; 
and z> are the corresponding channel elevations. 

The energy equation for a control volume is 


0(6) 0(6) 0(6) 0(1) 


0 w/- Wife Wish = a/[ epd¥+ i (e + pu)pV-aA (4.56) 
) CV cs 


2 
e=u a Re 


@ Control 


ie -— volume 


Fig. 41.5 Control volume and coordinates for 
energy analysis of open-channel flow. 
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Recall that u is the thermal specific energy and v =1/p is the specific volume. After 
using assumptions 1 and 6, and rearranging, with m = [pV - dA, and dA =bdy where 
b(y) is the channel width, we obtain 


. 2 2 
O= / Ea us + gz | pVbdy — [upvoay+ | ae is + gz | pVbdy + [uovbay 
1\p 2 1 2\p 2 2 


2 2 
-| Bi Wee pVbdy + [ PV kgs pVbdy + m(uz — uy) 
ile 2 2\p 2 


or 


2 y2 ‘ 
{C + eS +82) vody— | (° + — + gz) pVbdy mM(Uz — uy) — Q = mh, 
1\P 2 2\P 2 
(11.9) 


This states that the loss in mechanical energies (“pressure,” kinetic and potential) 
through the control volume leads to a gain in the thermal energy and/or a loss of heat 
from the control volume. As in Section 8.6, these thermal effects are collected into the 
head loss term /y,. 

The surface integrals in Eq. 11.9 can be simplified. The speed, V, is constant at each 
section by assumption 3. The pressure, p, does vary across sections (1) and Q), as does 
the potential, z. However, by assumption 4, the pressure variation is hydrostatic. 
Hence, for section (1), using the notation of Fig. 11.5 


P = pg(yi—y) 
[so p=pgy, at the bed and p=0 (gage) at the free surface] and 


z=(z+y) 


Conveniently, we see that the pressure decreases linearly with y while z increases 
linearly with y, so the two terms together are constant, 


(2 +82) = g(yi —y) +a(zit+y) = gly + 21) 
p 1 


Using these results in the first integral in Eq. 11.9, 


y? Vy? V2 ; 
{C + > + gz) pVbdy = [G + g(y1 +21) )pVbdy = & + gyi + gas ri 
1 1 


We find a similar result for section @), so Eq. 11.9 becomes 

V3 Vi 

3 + 8¥2 +822) — | > tay tae) = My 
Finally, dividing by g (with H, = h;,,/g) leads to an energy equation for open-channel 
flow 


Lae eal enna (11.10) 
2g 2g 


This can be compared to the corresponding equation for pipe flow, Eq. 8.30, presented 
at the beginning of this section. (Note that we H, use rather than H/,; in pipe flow we 
can have major and minor losses, justifying 7 for total, but in open-channel flow we do 
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not make this distinction.) Equation 11.10 will prove useful to us for the remainder of 
the chapter and indicates that energy computations can be done simply from geometry 
(y and z) and velocity, V. 

The total head or energy head, H, at any location in an open-channel flow can be 
defined from Eq. 11.10 as 


g} 


V 
A= —+y4+ deli 
pers ( ) 


where y and z are the local flow depth and channel bed elevation, respectively (they no 
longer represent the coordinates shown in Fig. 11.5). This is a measure of the 
mechanical energy (kinetic and pressure/potential) of the flow. Using this in the 
energy equation, we obtain an alternative form 


<= (11.12) 


From this we see that the loss of total head depends on head loss due to friction. 


Specific Energy 


We can also define the specific energy (or specific head), denoted by the symbol E, 


Sea, (11.13) 


This is a measure of the mechanical energy (kinetic and pressure/potential) of the flow 
above and beyond that due to channel bed elevation; it essentially indicates the energy 
due to the flow’s speed and depth. Using Eq. 11.13 in Eq. 11.10, we obtain another form 
of the energy equation, 


I~ Ey 4 — ty = Hf (11.14) 


From this we see that the change in specific energy depends on friction and on channel 
elevation change. While the total head must decrease in the direction of flow (Eq. 
11.12), the specific head may decrease, increase, or remain constant, depending on the 
bed elevation, z. 

From continuity, V= Q/A, so the specific energy can be written 

OQ? 

E 2g A? +y (1145) 
For all channels A is a monotonically increasing function of flow depth (as Table 11.1 
indicates); increasing the depth must lead to a larger flow area. Hence, Eq. 11.15 
indicates that the specific energy is a combination of a hyperbolic-type decrease with 
depth and a linear increase with depth. This is illustrated in Fig. 11.6. We see that for 
a given flow rate, Q, there is a range of possible flow depths and energies, but one 
depth at which the specific energy is at a minimum. Instead of E versus y we typically 
plot y versus E so that the plot corresponds to the example flow section, as shown in 
Fig. 11.7. 

Recalling that the specific energy, E, indicates actual energy (kinetic plus potential/ 
pressure per unit mass flow rate) being carried by the flow, we see that a given flow, Q, 
can have a range of energies, E, and corresponding flow depths, y. Figure 11.7 also 
reveals some interesting flow phenomena. For a given flow, Q, and specific energy, E, 
there are two possible flow depths, y; these are called alternate depths. For example, 
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Fig. 11.6 Dependence of specific 
energy on flow depth for a given flow rate. 


Fig. 11.7 Specific energy curve for a given flow rate. 


we can have a flow at depth y, or depth y>. The first flow has large depth and is moving 
slowly, and the second flow is shallow but fast moving. The plot graphically indicates 
this: For the first flow, E; is made up of a large y; and small Vj /2g; for the second flow, 
E, is made up of a small y2 and large V3/2g. We will see later that we can switch from 
one flow to another. We can also see (as we will demonstrate in Example 11.2 for a 
rectangular channel) that for a given Q, there is always one flow for which the specific 
energy is minimum, EF = Emin; we will investigate this further after Example 11.2 and 
show that Emin = FEcit, where Eqit is the specific energy at critical conditions. 


ample //. NERGY CURVES FOR A RECTANGULAR CHANNEL 


For a rectangular channel of width b=10 m, construct a family of specific energy curves for Q=0, 2, 5, and 10 m°/s. 
What are the minimum specific energies for these curves? 


Given: Rectangular channel and range of flow rates. 
Find: Curves of specific energy. For each flow rate, find the minimum specific energy. 
Solution: Use the flow rate form of the specific energy equation (Eq. 11.15) for generating the curves. 


Governing equation: 


+y (11.15) 
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For the specific energy curves, express FE as a function of depth, y. 


@ @ (2) 
jo +y= +y= + 1 
2g?” Debye” \2gb?) 2°” () 


The table and corresponding graph were generated from this equation using Excel. 


Specific Energy, E (m) 
Yo) WS) =e Se ait 
0.100 0.10 0.92 5.20 20.49 
0.125 0.13 0.65 3.39 IS. 17/ 
0.150 0.15 0.51 2.42 9.21 
0.175 0.18 0.44 1.84 6.83 
0.200 0.20 0.40 1.47 530) 
0225 0.23 0.39 1123) 4.25 
0.250 0.25 0.38 1.07 Sil 
0.275 0.28 0.38 0.95 2.97 
0.30 0.30 0.39 0.87 DSi 
0.35 0.35 0.42 0.77 2.01 
0.40 0.40 0.45 0.72 1.67 
0.45 0.45 0.49 0.70 1.46 
0.50 0.50 (Or53) 0.70 i332 
0.55 0.55 0.58 0.72 eee, 
0.60 0.60 0.62 0.74 ileal, 
0.70 0.70 0.72 0.80 le 
0.80 0.80 0.81 0.88 LA 
0.90 0.90 0.91 0.96 ILS 
1.00 1.00 1.01 1EOS 1.20 
LS 125) 1.26 1.28 1.38 
1.50 1.50 1.50 ilsv 1.59 
2.00 2.00 2.00 2.01 2.05 
D250) 2.50 2.50 Dili 253 


To find the minimum energy for a given Q, we differentiate Eq. 1, 


dE (@ p) 7 
dy eel a 


for minimum specific energy is 


Hence, the depth yz 


min 


1 


QO? 3 
vem = (G5) 
Using this in Eq. 11.15: 


Pes Oe 7 Oo " Cay il OQ? gb] Oe 3 OQ? |* 
pe DeAe Di Bere 2gb2y2, eb? 2 | eb2|| O2 gb? 2 | gb? 


min 
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Hence for a rectangular channel, we obtain a simple result for the minimum |), 


: : : will s 
energy. Using Eq. 2 with the given data: depth of sie ‘i the ae ar ae 
ener a m e 
Q (m*/s) 2 5 10 = a the Critical Scot eee 
Cri; > Ves 
Emin (mm) 0.302 0.755 ILS lt The Excey nd 
WwW 


ao for this 


The depths corresponding to these flows are 0.201 m, 0.503 m, and 1.01 m, 
respectively. 


nergy is 
al 
Ver. SOO 


btaineg 


Critical Depth: Minimum Specific Energy 


Example 11.2 treated the case of a rectangular channel. We now consider channels of 
general cross section. For flow in such a channel we have the specific energy in terms 
of flow rate Q, 


OQ? 
E=—,+ 11.15 
agAe (11.15) 
For a given flow rate Q, to find the depth for minimum specific energy, we 
differentiate: 
dE Q? dA 
=0= - +1 11.16 
dy gA? dy ( ) 


To proceed further, it would seem we need A(y); some examples of A(y) are shown in 
Table 11.1. However, it turns out that for any given cross section we can write 


dA = b,dy ioe Beg) 


where, as we saw earlier, b, is the width at the surface. This is indicated in Fig. 11.8; 
the incremental increase in area dA due to incremental depth change dy occurs at the 
free surface, where b=b,. 

Using Eq. 11.17 in Eq. 11.16 we find 


Q’ dA -£ 
- +1= +1= 
Bat! zb+1=0 


Fig. 11.8 Dependence of flow area 
change dA on depth change dy. 
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so 
‘A3 
Q = & (11.18) 
b, 
for minimum specific energy. From continuity V= Q/A, so Eq. 11.18 leads to 
1/2 
_~2_ 1/4)". eA 
V a Ale b, (11.19) 
We have previously defined the hydraulic depth, 
A 
wat (11.2) 
Hence, using Eq. 11.2 in Eq. 11.19, we obtain 
V = 4/8y (11.20) 
But the Froude number is given by 
Fr = (11.8) 
VEYh 


Hence we see that, for minimum specific energy, Fr=1, which corresponds to critical 
flow. We obtain the important result that, for flow in any open channel, the specific 
energy is at its minimum at critical conditions. 

We collect Eqs. 11.18 and 11.20; for critical flow 


3} 
Q = a (11.21) 
Ve evn (11.22) 


for E = Emin. In these equations, A,, V., b, and y,, are the critical flow area, velocity, 
channel surface width, and hydraulic depth, respectively. Equation 11.21 can be used 
to find the critical depth, y,, for a given channel cross-section shape, at a given flow 
rate. The equation is deceptively difficult: A, and b, each depend on flow depth y, 
often in a nonlinear fashion; so it must usually be iteratively solved for y. Once y, is 
obtained, area, A,, and surface width, b,, can be computed, leading to y,, (using Eq. 
11.2). This in turn is used in Eq. 11.22 to find the flow speed V.. (or V.= Q/A, can be 
used). Finally, the minimum energy can be computed from Eq. 11.15. 

For the particular case of a rectangular channel, we have b,=b=constant and 
A= by, so Eq. 11.21 becomes 


_ 8A. _ gb*y: 


oh = b? 3 
Q é b gb’y. 


SO 


= Ss ne (11.23) 
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with 


“ as 


Vo = Jay = oa (11.24) 


For the rectangular channel, a particularly simple result for the minimum energy is 
obtained when Eq. 11.24 is used in Eq. 11.15, 


Ve Ye 
E = Emin = =£ +¥ = 2 +y, 
min 2¢ Ne 2g Ne 
or 
3 
lta ae (25) 


This is the same result we found in Example 11.2. The critical state is an important 
benchmark. It will be used in the next section to help determine what happens when a 
flow encounters an obstacle such as a bump. Also, near the minimum E£, as Fig. 11.7 
shows, the rate of change of y with E is nearly infinite. This means that for critical flow 
conditions, even small changes in £, due to channel irregularities or disturbances, can 
cause pronounced changes in fluid depth. Thus, surface waves, usually in an unstable 
manner, form when a flow is near critical conditions. Long runs of near-critical flow 
consequently are avoided in practice. 


ample //. EPTH FOR TRIANGULAR SECTION 


A steep-sided triangular section channel (a = 60°) has a flow rate of 300 m*/s. Find the 
critical depth for this flow rate. Verify that the Froude number is unity. 


Given: Flow in a triangular section channel. 


Find: Critical depth; verify that Fr=1. 


Solution: 
Use the critical flow equation, Eq. 11.21. 
Governing equations: Oo gAz ele 
bs. VEY 

The given data is: Q = 300m?/s_ =a = 60° 
From Table 11.1 we have the following: 

A=y cota 
and from basic geometry 

My 


tan a = 


so b, = 2y cota 


Using these in Eq. 11.21 


> _ BA? _ gly? cot a) 
b, 2y. cot a 


1 
= 5 gy? cot?a 


Q 


ie 
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Hence 


Using the given data 


1/5 
m\? 60 X 7 Se 
= |2x300?(—) x tan? x = [5.51 x 104m*]" 
Ve E 300? (=) tan?) 981 [5.51 x 10°m?] 


Finally 
= Oo Ye 


To verify that Fr=1, we need V and yy. 


From continuity 


O O m°* 1 1 
= = = x x =16) 
V. He Soresas 300 : ARC ASE 6.60 m/s 
oo ai kam 


and from the definition of hydraulic depth 


A. _ y2 cota 
se. = b = 


a: 
= => = 4.44 
» 2 Coe 2 me 


Hence 


h the 
m tangula 
eel Cc ion ch r channel, the 


2 Ee _ Fecal ds t, xDlicg ane analys; 
ip = === = =a c l io oe 


BY he 9.815 x 4.44 m 


We have verified that at critical depth the Froude number is unity. 


Localized Effect of Area Change (Frictionless Flow) 17.3 


We will next consider a simple flow case in which the channel bed is horizontal and for 
which the effects of channel cross section (area change) predominate: flow over a 
bump. Since this phenomenon is localized (it takes place over a short distance), the 
effects of friction (on either momentum or energy) may be reasonably neglected. 

The energy equation, Eq. 11.10, with the assumption of no losses due to friction 
then becomes 


2 V2 V2 
—l4y47, = #%4y42n = —+y4z= t 1122) 
os yt z4 3¢ yo + 29 2e y+z = cons ( 6) 


(Note that Eq. 11.26 could also have been obtained from by applying the Bernoulli 
equation between two points (1) and Q) on the surface, because all of the requirements 
of the Bernoulli equation are satisfied here.) Alternatively, using the definition of 
specific energy 
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FE, +z, = Ey +2 = E+z = const 


We see that the specific energy of a frictionless flow will change only if there is a 
change in the elevation of the channel bed. 


Flow over a Bump 


Consider frictionless flow in a horizontal rectangular channel of constant width, b, 
with a bump in the channel bed, as illustrated in Fig. 11.9. (We choose a rectangular 
channel for simplicity, but the results we obtain will apply generally.) The bump 
height above the horizontal bed of the channel is z=h(x); the water depth, y(x), is 
measured from the local channel bottom surface. 

Note that we have indicated two possibilities for the free surface behavior: Perhaps 
the flow gradually rises over the bump; perhaps it gradually dips over the bump. 
(There are other possibilities too!) One thing we can be sure of, however, is that if it 
rises, it will not have the same contour as the bump. (Can you explain why?) Applying 
the energy equation (Eq. 11.26) for frictionless flow between an upstream point (1) 
and any point along the region of the bump, 


Vv} y2 
+y, =F, = —+yth=E+ = 
2g yy = Ej 2g y+h = E+h(x) = const (11.27) 


Equation 11.27 indicates that the specific energy must decrease through the bump, 
then increase back to its original value (of EF, = E>), 


E(x) = E, — h(x) (11.28) 
From continuity 
QO = bViy, = bVy 


Using this in Eq 11.27 


+y, = +yth= t TAL29 
2gb2y; 2gby2 y ne ( ) 


We can obtain an expression for the variation of the free surface depth by differ- 
entiating Eq. 11.29: 


Free 


surface gars Fike 


y2~ 91 


Fig. 11.9 Flow over a bump in a horizontal channel. 
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Solving for the slope of the free surface, we obtain 


dy _ dh/dx_ ~——__— dh/dx 
"Gs ] leo 
gb*y* gy 
Finally, 
dy 1 dh 


dx Fr—1d hem) 


Equation 11.30 leads to the interesting conclusion that the response to a bump very 
much depends on the local Froude number, Fr. 


Fr <1 Flow is subcritical, tranquil, or streaming. When Fr <1, (Fr’ — 1) <1 and the 
slope dy/dx of the free surface has the opposite sign to the slope dh/dx of 
the bump: When the bump elevation increases, the flow dips; when the bump 
elevation decreases, the flow depth increases. This is the solid free surface 
shown in Fig. 11.9. 


F,.=1 Flow is critical. When Fr = 1, (Fr — 1) = 0. Eq. 11.30 predicts an infinite water 
surface slope, unless dh/dx equals zero at this instant. Since the free surface 
slope cannot be infinite, then dh/dx must be zero when Fr= 1; put another way, 
if we have Fr=1 (we don’t have to have Fr=1 in a flow), it can only be at a 
location where dh/dx =0 (at the crest of the bump, or where the channel is flat). 
If critical flow is attained, then downstream of the critical flow location the flow 
may be subcritical or supercritical, depending on downstream conditions. If 
critical flow does not occur where dh/dx=0, then flow downstream from this 
location will be the same type as the flow upstream from the location. 


F,.>1 Flow is supercritical, rapid, or shooting. When Fr>1, (Fr — 1)>1 and the 
slope dy/dx of the free surface has the same sign as the slope dh/dx of the bump: 
when the bump elevation increases, so does the flow depth; when the 
bump elevation decreases, so does the flow depth. This is the dashed free 
surface shown in Fig. 11.9. 


The general trends for Fr<1 and Fr>1, for either an increasing or decreasing bed 
elevation, are illustrated in Fig. 11.10. The important point about critical flow (Fr=1) 
is that, if it does occur, it can do so only where the bed elevation is constant. 

An additional visual aid is provided by the specific energy graph of Fig. 11.11. 
This shows the specific energy curve for a given flow rate, Q. For a subcritical flow 
that is at state a before it encounters a bump, as the flow moves up the bump 
toward the bump peak, the specific energy must decrease (Eq. 11.28). Hence we 
move along the curve to point b. If point b corresponds to the bump peak, then 
we move back along the curve to a (note that this frictionless flow is reversible!) as 
the flow descends the bump. Alternatively, if the bump continues to increase 
beyond point b, we continue to move along the curve to the minimum energy 
point, point e where E= Emin= Ei. AS we have discussed, for frictionless flow to 
exist, point e can only be where dh/dx=0 (the bump peak). For this case, some- 
thing interesting happens as the flow descends down the bump: We can return 
along the curve to point a, or we can move along the curve to point d. This means 
that the surface of a subcritical flow that encounters a bump will dip and then either 
return to its original depth or (if the bump is high enough for the flow to reach 
critical conditions) may continue to accelerate and become shallower until it 
reaches the supercritical state corresponding to the original specific energy (point 
d). Which trend occurs depends on downstream conditions; for example, if there is 
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Fig. 11.10 Effects of bed elevation changes. 


Fig. 11.11 Specific energy curve for flow over 
a bump. 


some type of flow restriction, the flow downstream of the bump will return to its 
original subcritical state. Note that as we mentioned earlier, when a flow is at the 
critical state the surface behavior tends to display dramatic variations in behavior. 
Finally, Fig. 11.11 indicates that a supercritical flow (point d) that encounters a 
bump would increase in depth over the bump (to point c at the bump peak), and then 
return to its supercritical flow at point d. We also see that if the bump is high enough 
a supercritical flow could slow down to critical (point e) and then either return to 
supercritical (point d) or become subcritical (point a). Which of these possibilities 
actually occurs obviously depends on the bump shape, but also on upstream and 
downstream conditions (the last possibility is somewhat unlikely to occur in prac- 
tice). The alert reader may ask, “What happens if the bump is so big that the specific 
energy wants to decrease below the minimum shown at point e?” The answer is that 
the flow will no longer conform to Eq. 11.26; the flow will no longer be frictionless, 
because a hydraulic jump will occur, consuming a significant amount of mechanical 
energy (see Section 11.4). 
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eae 14 FEOW-IN_A RECTANGULAR CHANNEL WITH A BUMP OR A NARROWING 


A rectangular channel 2 m wide has a flow of 2.4 m*/s at a depth of 1.0 m. Determine whether critical depth occurs at 
(a) a section where a bump of height /=0.20 m is installed across the channel bed, (b) a side wall constriction (with 
no bumps) reducing the channel width to 1.7 m, and (c) both the bump and side wall constrictions combined. Neglect 
head losses of the bump and constriction caused by friction, expansion, and contraction. 


Given: Rectangular channel with a bump, a side wall constriction, or both. 
Find: Whether critical flow occurs. 


Solution: Compare the specific energy to the minimum specific energy for the given flow rate in each case to 
establish whether critical depth occurs. 


o Ol 

Governing equations: = + aS) = | MEDS 

9 eq B= 2aty (its) »=|S) cas) 

3 
lSity = ae (@ale25)) E=£&,—-h (11.28) 
(a) Bump of height 4 =0.20 m: 
The initial specific energy, F, is 
2 2 
E, =y,+ =y,+ 
ileioea ail IgA? Vil 2eb2y 


m\ 1 s2 if 1 
= 11.0 mm 4 2.42 eo x x 
" ( s ) 2 On Lae © ae 


E, = 1.073 m 


Then the specific energy at the peak of the bump, Fyump, is obtained from Eq. 11.28 


Epump = E, —h = 1.073 m—0.20 m S 
Deve) =U 


We must compare this to the minimum specific energy for the flow rate Q. First, the critical depth is 


1/3 
v= = 2.4 ey oe! 
: gb ; S 981m 22 m2 


Ye = 0.528 m 


(Note that we have y; > y,, so we have a subcritical flow.) 
Then the minimum specific energy is 


Emin = =) = 0.791 m (2) 


Comparing Eqs. 1 and 2 we see that with the bump we 
do not attain critical conditions. ~ 


(b) A side wall constriction (with no bump) reducing the channel width to 1.7 m: 


In this case the specific energy remains constant throughout (h=0), even at the constriction; so 
constriction = Ey —h = E, = 1.073m (3) 


However, at the constriction, we have a new value for b, (Oconstriction = 1-7 m), and so a new critical depth 
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1/3 2 
On ; 2 m? s? il 
y Cconstriction ee 2 = 2.4 x x 2 2 
Boeongneaen Ss 9.81m 1.7 m 


= 0.588 m 


y Cconstriction 


Then the minimum specific energy at the constriction is 


oe =) 362m (4) 


iM constriction = 5y Cconstriction 

Comparing Eqs. 3 and 4 we see that with the constriction 

we do not attain critical conditions. < 
We might enquire as to what constriction would cause critical flow. To find this, solve 


- _ 3 _ 3/71" 
E = 1073m = Emin = 5Ye |S 


for the critical channel width b,. 


Hence 
. 3 
Qe _ |2 Boe 
gb? gi 
he = 
—— oe. 
978 min 
1/2 
27 m? s 1 
=({>S] x2. x x 
(3) 24( =) etm 1073 * m3? 
b. = 1.27m 


To make the given flow attain critical conditions, the constriction should be 1.27 m; anything wider, and critical 
conditions are not reached. 


(c) For a bump of h=0.20 m and the constriction to b=1.7 m: 


We have already seen in case (a) that the bump (/ = 0.20 m) was insufficient by itself to create critical conditions. From 
case (b) we saw that at the constriction the minimum specific energy is Emin = 0.882 m rather than E,yj, = 0.791 m in the 
main flow. When we have both factors present, we can compare the specific energy at the bump and constriction, 


Eyump + constriction az Exump = Eh — 0:873'm! (5) 


and the minimum specific energy for the flow at the bump and constriction, 


En 


MN constriction D yy Cconstriction 


= 0.882m (6) 


From Eqs. 5 and 6 we see that with both factors the specific energy is 
actually /ess than the minimum. The fact that we must have a specific energy 
that is less than the minimum allowable means something has to give! What 
happens is that the flow assumptions become invalid; the flow may no 
longer be uniform or one-dimensional, or there may be a significant energy 
loss, for example due to a hydraulic jump occurring. (We will discuss 
hydraulic jumps in the next section.) 


Hence the bump and constriction together are sufficient to make the flow 
reach critical state. < 
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The Hydraulic Jump 11.4 


We have shown that open-channel flow may be subcritical (Fr <1) or supercritical 
(Fr>1). For subcritical flow, disturbances caused by a change in bed slope or flow 
cross section may move upstream and downstream; the result is a smooth adjustment 
of the flow, as we have seen in the previous section. When flow at a section is 
supercritical, and downstream conditions will require a change to subcritical flow, the 
need for this change cannot be communicated upstream; the flow speed exceeds 
the speed of surface waves, which are the mechanism for transmitting changes. Thus a 
gradual change with a smooth transition through the critical point is not possible. The 
transition from supercritical to subcritical flow occurs abruptly through a hydraulic 
jump. Hydraulic jumps can occur in canals downstream of regulating sluices, at the 
foot of spillways (see Fig. 11.12a), where a steep channel slope suddenly becomes 
flat—and even in the home kitchen (see Fig. 11.12b)! The specific energy curve and 
general shape of a jump are shown in Fig. 11.13. We will see in this section that the 
jump always goes from a supercritical depth (y; <y,) to a subcritical depth (y2> y-) 
and that there will be a drop AE in the specific energy. Unlike the changes due to 
phenomena such as a bump, the abrupt change in depth involves a significant loss of 
mechanical energy through turbulent mixing. 

The control volume for a hydraulic jump is sketched in Fig. 11.14. 

We shall analyze the jump phenomenon by applying the basic equations to the 
control volume shown in the sketch. Experiments show that the jump occurs over a 
relatively short distance—at most, approximately six times the larger depth (y2) [9]. In 
view of this short length, it is reasonable to assume that friction force Fy acting on the 
control volume is negligible compared to pressure forces. Note that we are therefore 
ignoring viscous effects for momentum considerations, but not for energy considera- 
tions (as we just mentioned, there is considerable turbulence in the jump). Although 
hydraulic jumps can occur on inclined surfaces, for simplicity we assume a horizontal 
bed, and rectangular channel of width 5; the results we obtain will apply generally to 
hydraulic jumps. 

Hence we have the following assumptions: 


1. Steady flow 


2. Incompressible flow 


3. Uniform velocity at each section 
VIDEO 


A Laminar Hydraulic Jump. 


(a) The Burdekin dam in Australia (b) The Kitchen Sink 
(James Kilfiger) 


Fig. 141.12 Examples of a hydraulic jump. 
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Fig. 11.13 Specific energy curve for flow through a hydraulic jump. 


Control 
volume 


Flow — ean ue S 
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Fig. 11.14 Schematic of hydraulic jump, showing 
control volume used for analysis. 


4. Hydrostatic pressure distribution at each section 


5. Frictionless flow (for the momentum equation) 


These assumptions are familiar from previous discussions in this chapter. For an 
incompressible flow with uniform velocity at each section, we can use the appropriate 
form of continuity from Chapter 4, 


VigV A = 0 (4.13b) 
Applying Eq. 4.13b to the control volume we obtain 
— Vi by, + Vaby2 = 0 
or 
Viyr = Vayo (11.31) 


This is the continuity equation for the hydraulic jump. For the momentum equation, 
again with the assumption of uniform velocity at each section, we can use the fol- 
lowing form for the x component of momentum 


F, = Fy + Fz = ° jue dv + So upV-A (4.18d) 


The unsteady term 0/0t disappears as the flow is steady, and the body force Fg is zero 
for horizontal flow. So we obtain 


Fs, =) upV-A (11.32) 
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The surface force consists of pressure forces on the two ends and friction force on the 
wetted surface. By assumption 5 we neglect friction. The gage pressure at the two ends 
is hydrostatic, as illustrated in Fig. 11.3b. We recall from our study of hydrostatics that 
the hydrostatic force, Fr, on a submerged vertical surface of area, A, is given by the 
simple result 


Fr = pA (3.10b) 


where p, is the pressure at the centroid of the vertical surface. For the two vertical 
surfaces of the control volume, then, we have 


Fs = Fr, — Fr, = (pA), — (PeA)2 = {(e8y1)¥1b} — {(ogy2)y2b} 


pgb 
= 2 (v4 7 y3) 


Using this result in Eq. 11.32, and evaluating the terms on the right, 


b sh 
i= S (vi —¥2) = So gteV -A = Vip{—Viyib} + Vop{Vay2b} 


Rearranging and simplifying 
Vivi , Yi _ Vin 
g§ 2 g§ 2 


This is the momentum equation for the hydraulic jump. We have already derived the 
energy equation for open-channel flows, 


(11.33) 


V2 y2 
g 2g 


For our horizontal hydraulic jump, z; = Z2, so 


2 2 
E = a t v= — +y. + Hy = E,+ H, (11.34) 
§ § 


This is the energy equation for the hydraulic jump; the loss of mechanical energy is 
AE = FE, = E, = A, 


The continuity, momentum, and energy equations (Eqs. 11.31, 11.33, and 11.34, 
respectively) constitute a complete set for analyzing a hydraulic jump. 


Depth Increase Across a Hydraulic Jump 


To find the downstream or, as it is called, the sequent depth in terms of conditions 
upstream from the hydraulic jump, we begin by eliminating V> from the momentum 
equation. From continuity, V2= Vj y1/y2 (Eq. 11.31), so Eq. 11.33 can be written 


Viy1 re yi _ Vin (2) 4. 
g 2 g \y2 2 


Rearranging 


ye y = 2Viy, (1 *) = 2Viy1 (2) 
= oe g Yo g Yo 
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Fig. 41.145 Depth ratio and head loss for a hydraulic jump. (Data from Peterka[g9].) 


Dividing both sides by the common factor (y2 — y,), we obtain 


2ViN1 
yty = 
aria 8y2 
Next, multiplying by y, and dividing by y7 gives 
2 2 
2 
(#2) ~ (#2) = M1 — ore (11.35) 

y1 y1 8Y1 


Solving for y2/y, using the quadratic formula (ignoring the physically meaningless 


negative root), we obtain 
WD) 1 2 
a . 
v1 5 I Il see hig i (11.36) 


Hence, the ratio of downstream to upstream depths across a hydraulic jump is only a 
function of the upstream Froude number. Equation 11.36 has been experimentally well 
verified, as can be seen in Fig. 11.15a. Depths y, and yz are referred to as conjugate depths. 
From Eq. 11.35, we see that an increase in depth (y2 > y,) requires an upstream Froude 
number greater than one (Fr; > 1). We have not yet established that we must have Fr, > 1, 
just that it must be for an increase in depth (theoretically we could have Fr; <1 and 
y2 < y,); we will now consider the head loss to demonstrate that we must have Fr, > 1. 


Head Loss Across a Hydraulic Jump 


Hydraulic jumps often are used to dissipate energy below spillways as a means of 
preventing erosion of artificial or natural channel bottom or sides. It is therefore of 
interest to be able to determine the head loss due to a hydraulic jump. 

From the energy equation for the jump, Eq. 11.34, we can solve for the head loss 


V2 v2 
H=&,-Fo= + 24 
i 1 2 2g v1 (= 2) 


From continuity, V2=V1y1/y2, so 
_V 


A, 
! 2g 
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Se): 


Solving Eq. 11.35 for Fr, in terms of y2/y, and substituting into Eq.11.37, we obtain 
(after quite a bit of algebraic manipulation) 


3 
m = a (11.38a) 


Jil 


or 


My Fr} 
YM 2 


Equation 11.38a is our proof that y2/y, > 1; the left side is always positive (turbulence 
must lead to a loss of mechanical energy); so the cubed term must lead to a positive 
result. Then, from either Eq. 11.35 or Eq.11.36, we see that we must have Fr, >1. 
An alternative form of this result is obtained after some minor rearranging, 


a= ae 11.38b 
= “On aa 


which again shows that y.> y, for real flows (H;>0). Next, the specific energy, EF), 
can be written as 


Vv? Vv? (Fr? +2) 
E,= a +y = +1) = : 

1 2g yvi= a | y1 5) 
Nondimensionalizing H, using F), 


y2 : 
Hh _1 Po 


Ey 2” p49) 
y1 


The depth ratio in terms of Fr; is given by Eq. 11.36. Hence H;/E,, can be written 
purely as a function of the upstream Froude number. The result, after some manip- 


ulation, is 
Be [\/1 + 8F -3) hee 
Fr 8|,/1 +8 -1 [FR +2] 


We see that the head loss, as a fraction of the original specific energy across a 
hydraulic jump, is only a function of the upstream Froude number. Equation 11.39 is 
experimentally well verified, as can be seen in Fig. 11.155; the figure also shows that 
more than 70 percent of the mechanical energy of the entering stream is dissipated in 
jumps with Fr, > 9. Inspection of Eq. 11.39 also shows that if Fr, =1, then H,=0, and 
that negative values are predicted for Fr; <1. Since H; must be positive in any real 
flow, this reconfirms that a hydraulic jump can occur only in supercritical flow. Flow 
downstream from a jump always is subcritical. 


aaa 71.5 HYDRAULIC JUMP IN A RECTANGULAR CHANNEL FLOW 


A hydraulic jump occurs in a rectangular channel 3 m wide. The water depth before the jump is 0.6 m, and after the 
jump is 1.6 m. Compute (a) the flow rate in the channel (b) the critical depth (c) the head loss in the jump. 
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Given: Rectangular channel with hydraulic jump in which flow depth changes from 0.6 m to 1.6 m. 


Find: Flow rate, critical depth, and head loss in the jump. 


Solution: Use the equation that relates depths y, and y2 in terms of the Froude number (Eq. 11.36); then use the 
Froude number (Eq. 11.7) to obtain the flow rate; use Eq. 11.23 to obtain the critical depth; and finally compute 


the head loss from Eq. 11.38b. 


Governing equations: 

a = s|-1+ y+ er] (11.36) 
Fr = “= (11.7) 

1/3 

OF 

Ne = IS (23) 

= 3 
H, = a (11.38b) 


(a) From Eq. 11.36 


Dp; 
(14222) =i 
5 Vil 
Ui \ 8 
1.6m\ 
SS pig aes |e 
(1 Dx ) 1 
“\ : 
Fr, = 2.21 


As expected, Fr; >1 (supercritical flow). We can now use the definition of Froude number for open-channel 
flow to find V,; 


Fr, = Be 
VSY1 
Hence 
81 
VARA ely — x 0.6m = 5.36m/s 


From this we can obtain the flow rate, QO. 


5.36 
Q = by,V, = 3.0mx 0.6m x = 
Q=9.65m7/s .« Q 
e critical depth can be obtained from Kg. 11.23. 
[o)) “Wim itical depth be obtained f leg, I w3) 
: 1/3 
=e 
Ne Ss 
6 2 1/3 
>m S 1 
= F x x 
€ - O8ilim ~ Br =) 
Ye 


ye =1.002m « 
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Note that as illustrated in Fig. 11.13, yj)<y.< yp. 
(c) The head loss can be found from Eq. 11.38b. 
H = Ly2 ms yi) 
4yiyo 
_ 1[1.6m-0.6m)° 
4 16mxX0.6m 


= 0.260m « A, 


As a verification of this result, we use the energy equation directly, 


V2 V2 
Hy Ee (>: 5) (>. 52) 


2) Oo} 
Hi = (06m+536% eae ) 


with V2 = Q/(by2) =2.01 m/s, 


2 9.81m 
2 2 
= 2m 1 s 
(1.6m+2.01 2 x 5 x a 
A, = 0.258m 


Steady Uniform Flow 11.5 


After studying local effects such as bumps and hydraulic jumps, and defining some 
fundamental quantities such as the specific energy and critical velocity, we are ready 
to analyze flows in long stretches. Steady uniform flow is something that is to be 
expected to occur for channels of constant slope and cross section; Figs. 11.1 and 11.2 
show examples of this kind of flow. Such flows are very common and important, and 
have been extensively studied. 

The simplest such flow is fully developed flow; it is analogous to fully developed 
flow in pipes. A fully developed flow is one for which the channel is prismatic, that is, a 
channel with constant slope and cross section that flows at constant depth. This depth, 
Yn, 18 termed the normal depth and the flow is termed a uniform flow. Hence the 
expression uniform flow in this chapter has a different meaning than in earlier 
chapters. In earlier chapters it meant that the velocity was uniform at a section of the 
flow; in this chapter we use it to mean that, but in addition specifically that the flow is 
the same at all sections. Hence for the flow shown in Fig. 11.16, we have A; =A2=A 
(cross-section areas), Q; = Q2= Q (flow rates), V; = V2= V (average velocity, V= Q/A), 
and y;=y2= y, (flow depth). 

As before (Section 11.2), we use the following assumptions: 


. Steady flow 

. Incompressible flow 

. Uniform velocity at a section 

. Gradually varying depth so that pressure distribution is hydrostatic 
. Bed slope is small 

W, = Wenear = Wother = 0 


An WN eB 
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LO= Dy 


Fig. 11.16 Control volume for uniform channel 
flow. 


Note that assumption 5 means that we can approximate the flow depth y to be vertical 
and flow speed horizontal. (Strictly speaking they should be normal and parallel to the 
channel bottom, respectively.) 

The continuity equation is obvious for this case. 


O = V,A, = V2A, = VA 


For the momentum equation, again with the assumption of uniform velocity at each 
section, we can use the following form for the x component of momentum 


F, = Fy + Fz = 5. tod + 7 gupV-A (4.18) 


The unsteady term 0/Ot disappears as the flow is steady, and the control surface 
summation is zero because V;=V>; hence the right hand side is zero as there is no 
change of momentum for the control volume. The body force Fz. = Wsin@ where W 
is the weight of fluid in the control volume; 0 is the bed slope, as shown in Fig. 11.16. 
The surface force consists of the hydrostatic force on the two end surfaces at (1) and @) 
and the friction force Fy on the wetted surface of the control volume; however, 
because we have the same pressure distributions at (@® and @Q), the net x component of 
pressure force is zero. Using all these results in Eq. 4.18d we obtain 


—ky+Wsind = 0 
or 
Fy = Wsiné (11.40) 


We see that for flow at normal depth, the component of the gravity force driving the 
flow is just balanced by the friction force acting on the channel walls. This is in 
contrast to flow in a pipe or duct, for which (with the exception of pure gravity driven 
flow) we usually have a balance between an applied pressure gradient and the friction. 
The friction force may be expressed as the product of an average wall shear stress, 7,,, 
and the channel wetted surface area, PL (where L is the channel length), on which the 
stress acts 


Fe = Tt yPL (11.41) 
The component of gravity force can be written as 


Wsin 0 = pgALsin 6 = pgAL@ = pgALS, (11.42) 
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where S, is the channel bed slope. Using Eqs. 11.41 and 11.42 in Eq. 11.40, 
TwPL = pgALS, 
or 


_ pgASp 


Tw P = pgRrSp (11.43) 


where we have used the hydraulic radius, R;, = A/P as defined in Eq. 11.1. In Chapter 9 
we have previously introduced a skin friction coefficient, 


C= 


Tw 


2pV? 


(9.22) 
Using this in Eq. 11.43 


1 
5 GeV" = pgR,Sp 


so, solving for V 


V= vas (11.44) 


The Manning Equation for Uniform Flow 


Equation 11.44 gives the flow velocity V as a function of channel geometry, specifically 
the hydraulic radius, R, and slope, S,, but also the skin friction coefficient, C;. This 
latter term is difficult to obtain experimentally or theoretically; it depends on a number 
of factors such as bed roughness and fluid properties, but also on the velocity itself (via 
the flow Reynolds number). Instead of this we define a new quantity, 


_ (2g 
CVG 


V = CVR,Sp (11.45) 


Equation 11.45 is the well-known Chezy equation, and C is referred to as the Chezy 
coefficient. Experimental values of C were obtained by Manning [10]. He suggested 
that 


so that Eq. 11.44 becomes 


C= =e (11.46) 


where n is a roughness coefficient having different values for different types of 
boundary roughness. Some representative values of n are listed in Table 11.2. Values 
of n for natural channels have also been published by the U.S. Geological Survey [13]. 
Substituting C from Eq. 11.46 into Eq. 11.45 results in the Manning equation for the 
velocity for flow at normal depth 


1 
Ve RSs (11.47a) 
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Table 112 


which is valid for SI units. Manning’s equation in SI units can also be expressed as 


1 


2 1/2 
o= AR, Ss, (11.48a) 


For V in ft/s and R,, in feet (English Engineering units), Eq. 11.47a can be rewritten as 


1.4 
ae ae RASH? (11.47b) 
and Eq. 11.48a can be written as 
o= ee (11.48b) 


where A is in square feet. Note that a number of these equations, as well as many that 
follow, are “engineering” equations; that is, the user needs to be aware of the required 
units of each term in the equation. In Table 11.1 we have previously listed data on A 
and R,, for various channel geometries. 

The relationship among variables in Eqs. 11.48 can be viewed in a number of ways. 
For example, it shows that the volume flow rate through a prismatic channel of given 
slope and roughness is a function of both channel size and channel shape. This is 
illustrated in Examples 11.6 and 11.7. 


A Selection of Manning’s Roughness Coefficients 


Manning’s n 


Depth Ranges 


Lining Category Lining Type 0—0.5 ft (O—15 cm) 0.5—2.0 ft (15—60 cm) >2.0ft (>60 cm) 
Rigid Concrete 0.015 0.013 0.013 
Grouted riprap 0.040 0.030 0.028 
Stone masonry 0.042 0.032 0.030 
Soil cement 0.025 0.022 0.020 
Asphalt 0.018 0.016 0.016 
Unlined Bare soil 0.023 0.020 0.020 
Rock cut 0.045 0.035 0.025 
Temporary Woven paper net 0.016 0.015 0.015 
Jute net 0.028 0.022 0.019 
Fiberglass roving 0.028 0.021 0.019 
Straw with net 0.065 0.033 0.025 
Curled wood mat 0.066 0.035 0.028 
Synthetic mat 0.036 0.025 0.021 
Gravel riprap 1 in (2.5 cm) Ds 0.044 0.033 0.030 
2 in (5 cm) Dso 0.066 0.041 0.034 
Rock riprap 6 in (15 cm) Dso 0.104 0.069 0.035 
12 in (30 cm) Dsp — 0.078 0.040 


Source: Linsley et al. [11] and Chen and Cotton [12]. 
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ae 11.6 FEOW-RATE IN A RECTANGULAR CHANNEL 


An 8-ft-wide rectangular channel with a bed slope of 0.0004 ft/ft has a depth of flow of 2 ft. Assuming steady uniform 
flow, determine the discharge in the channel. The Manning roughness coefficient is n =0.015. 


Given: Geometry of rectangular channel and flow depth. 
Find: Flow rate Q. 


Solution: Use the appropriate form of Manning’s equation. For a problem in English Engineering units, this is 
Eq. 11.48b. 


Governing equations: 


1.49 b 
o- Page ye 5” 


(Table 11.1) 


Using this equation with the given data 


Ca Ak Sy 


2/3 1/2 
1.49 8 ft X 2ft ft 
= = (Sit x Bit) < | $$ => x H — 
0.015 en ) , iit +b 2D <2 ° ~ 


O = 38.5ft3/s « a) 


eae 117 FEOW-VERSUS AREA THROUGH TWO CHANNEL SHAPES 


Open channels, of square and semicircular shapes, are being considered for carrying flow on a slope of S, =0.001; the 
channel walls are to be poured concrete with n=0.015. Evaluate the flow rate delivered by the channels for max- 
imum dimensions between 0.5 and 2.0 m. Compare the channels on the basis of volume flow rate for given cross- 
sectional area. 


Given: Square and semicircular channels; $,=0.001 and n=0.015. Sizes between 
0.5 and 2.0 m across. 


Find: Flow rate as a function of size. Compare channels on the basis of volume 
flow rate, Q, versus cross-sectional area, A. 


Solution: Use the appropriate form of Manning’s equation. For a problem in SI 
units, this is Eq. 11.48a. 


Governing equation: 


1 


Oe (AR, Sy (11.48a) 


Assumption: Flow at normal depth. 
For the square channel, 


P=3> am A= g@ kK = 
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Using this in Eq. 11.48a 


1 1 ge 1 
AR Sh (3) Si? = 


= _ 1/2 8/3 
7 313, 50 b 


Q 


For b=1 m, 
1 


Q = eo = Oil mf < 


Tabulating for a range of sizes yields 


-At-R ttre 


Semicircular | 


— — Square 


b (m) 0.5 1.0 15 2.0 
A (m’) 0.25 1.00 2.25 4.00 
Q (m*/s) 0.160 1.01 2.99 6.44 
For the semicircular channel, 
2 & 
P= ™D and A= mD° £ 
: > 
a _D?2 _ D i 1.0 
8 7D 4 = 
E 
Using this in Eq. 11.48a s 
? 2/3 
12 ae Lee 1/2 
= —AR;,S,” = —-|—] S 
g Fea iat n8& \4 P 
= at 1/2 8/3 
= —— §,"D 
49/3(2)\n ? 
leone /D) = 1 tant, 


(0.001)'/?(1)*/3 = 0.329m3/s « 


1.0 
Cross-sectional area, A (m2) 


2 FFao015) 


Tabulating for a range of sizes yields 


D (m) 0.5 1.0 1.5 2.0 
A (m?) 0.0982 0.393 0.884 1.57 
Q (m*Js) 0.0517 0.329 0.969 2.09 


For both channels, volume flow rate varies as 


Q~L’? or Q~A*? 


since A ~ L*. The plot of flow rate versus cross-sectional area shows that 


the semicircular channel is more “efficient.” 


Performance of the two channels may be compared at any specified 
area. At A =1 m*, Q/A =1.01 m/s for the square channel. For the 
semicircularchannel with A = 1 m’, then D = 1.60 m, and O = 1.15 m’*/s; 
so Q/A = 1.15 m/s. Thus the semicircular channel carries approximately 


14 percent more flow per unit area than the square channel. 
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We have demonstrated that Eqs. 11.48 mean that, for normal flow, the flow rate 
depends on the channel size and shape. For a specified flow rate through a prismatic 
channel of given slope and roughness, Eqs. 11.48 also show that the depth of uniform 
flow is a function of both channel size and shape, as well as the slope. There is only 
one depth for uniform flow at a given flow rate; it may be greater than, less than, or 
equal to the critical depth. This is illustrated in Examples 11.8 and 11.9. 


ee 1.3 NORMAL_DEPTH IN A RECTANGULAR CHANNEL 


Determine the normal depth (for uniform flow) if the channel described in Example 11.6 has a flow rate of 100 cfs. 


Given: Geometric data on rectangular channel of Example 11.6. 
Find: Normal depth for a flow rate Q = 100 ft*/s. 


Solution: Use the appropriate form of Manning’s equation. For a problem in English Engineering units, 
this is Eq. 11.48b. 
Governing equations: 

1.49 


ele _ yn 
a ay 


(Table 11.1) 


Combining these equations 


1.49 1.49 by 
Ds we = (om) ( S| ee 


Hence, after rearranging 


3 
Qn DS 
Feary ee ee. 


Substituting Q = 100 ft*/s, n=0.015, b=8 ft, and S, =0.0004 and simplifying 
(remembering this is an “engineering” equation, in which we insert values 
without units), 


3.89(8 + 2y,)° = y> 


This nonlinear equation can be solved for y, using a numerical method 
such as the Newton-Raphson method (or better yet using your calculator’s 
solving feature or Excel’s Goal Seek or Solver!). We find 


ee Sera ee Yn 


Note that there are five roots, but four of them are complex—mathematica rrect 
but physically meaningless. 
ae 11.7 DETERMINATION OF FLUME SIZE 


An above-ground flume, built from timber, is to convey water from a mountain lake to a small hydroelectric plant. 
The flume is to deliver water at O=2 m’/s; the slope is S$, = 0.002 and n=0.013. Evaluate the required flume size for 
(a) a rectangular section with y/b=0.5 and (b) an equilateral triangular section. 


Given: Flume to be built from timber, with S, =0.002, n=0.013, and O =2.00 m’/s. 
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Find: Required flume size for: 
(a) Rectangular section with y/b=0.5. 
(b) Equilateral triangular section. 


Solution: Assume flume is long, so flow is uniform; it is at normal depth. Then Eq. 11.48a applies. 
Governing equation: 
1 


n 


C= AR Ss: (11.48a) 


The choice of channel shape fixes the relationship between R;, and A; so Eq. 11.48a may be solved for normal depth, 
yn, thus determining the channel size required. 


(a) Rectangular section 
P =2y, +b; y,/b = 0.5 so b = 2y, 
P = 2y, + 2yn = 4¥n A = Yb = Yu(2Yn) = 2yn 


Using this in Eq. 11.48a, 
1 


n 


1 


2/3 ol /2 1/2 2(0.5)" 1/2 
NEE, = (SENS = 


Q 


Solving for y, 


Ome 0.013(2.00) |” 
n 3 : 
= = = 0.748m 
d sacte| anne 


The required dimensions for the rectangular channel are 


Y, = 0.748 m A= 2am 


b = 1.50m p=300m « Flume size 
(b) Equilateral triangle section 
2Yn Ya5 Vi 
P=25= A eS en 
cos 30° 2 2 cos 30° ; 
Eee: ‘ ; 
Se aah 
Using this in Eq. 11.48a, 
lea — |! ie Va! lj? 1 8/3 ol /2 
aR = n ( ) = / 
a n\Zeos30°) 4) 8 2.cos 30°(4)"7n Yas 


Solving for y,, 


Beene ate 0(4)2/3 8 
= pas (4) ne) 7 pa (4) ae) os 


Gee (0.002)'/ 
The required dimensions for the triangular channel are 


y, = 1.42 m A = SLi nae 
lo, = Io! im p = 3.23 mi e Flume size 
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Note that for the triangular channel 


ee ts 
V= a 2.0 : ome a 1.72 m/s 
and 
fis so-so 
V8Yn \/ gA/b, 
Fr= 1.72= x ! = 0.653 


1/72 
m 9 1 
soll == 3 IL, <= 
9.815 1.16m° x ral 


Hence this normal flow is subcritical (as is the flow in the rectangular 
channel). 

Comparing results, we see that the rectangular flume would be cheaper to build; its perimeter is about 8.5 percent 
less than that of the triangular flume. 


Energy Equation for Uniform Flow 


To complete our discussion of normal flows, we consider the energy equation. The 
energy equation was already derived in Section 11.2. 


Vi V3 
— +y +7 = — +y.+2.+H, (11.10) 
2g 2g 
In this case we obtain, with V;=V2=V, and y;=y2= yy, 
Z = 22+ Ay 
or 
Ah = 7% — 2 = LS, (11.49) 


where 5S; is the slope of the bed and L is the distance between points (1) and @). Hence 
we see that for flow at normal depth, the head loss due to friction is equal to the change 
in elevation of the bed. The specific energy, E, is the same at all sections, 


v2 V2 
3 +y, = E, = — +y = const 
g 2g 


E=E, = 


For completeness we also compute the energy grade line EGL and hydraulic grade 
line HGL. From Section 6.5 


2, 
oe eae ee oe (6.16b) 
pg 28 
and 
ee 
HGL = —+ Ztotal (6.16c) 
pg 


Note that we have used Z;jotai= Z + y in Eqs. 6.16b and 6.16c (in Chapter 6, z is the total 
elevation of the free surface). Hence at any point on the free surface (recall that we 
are using gage pressures), 
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HGL line 


Fig. 11.17 Energy grade line, hydraulic grade line, and 
specific energy for uniform flow. 


and 


Hence, using Eqs. 11.50 and 11.51 in Eqs. 11.10, between points (1) and @) we obtain 


EGL, — EGL,2 = H, = 21-22 
and (because V; = V2) 
AGL, — HGL, = A, = 24 22 


For normal flow, the energy grade line, the hydraulic grade line, and the channel bed are 
all parallel. The trends for the energy grade line, hydraulic grade line, and specific 
energy, are shown in Fig. 11.17. 


Optimum Channel Cross Section 


For given slope and roughness, the optimum channel cross section is that for which we 
need the smallest channel for a given flow rate; this is when Q/A is maximized. From 
Eq. 11.48a (using the SI version, although the results we obtain will apply generally) 


O _ li yeap 

an — Ry, si (11.52) 
Thus the optimum cross section has maximum hydraulic radius, R,. Since R;, = A/P, Ry, 
is maximum when the wetted perimeter is minimum. Solving Eq. 11.52 for A (with 
R,=A/P) then yields 


3/5 


A= fe Pls (11.53) 


S 


From Eq. 11.53, the flow area will be a minimum when the wetted perimeter is a 
minimum. 
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Table 11.3 
Properties of Optimum Open-Channel Sections (SI Units) 

Optimum Normal Cross-Sectional 
Shape Section Geometry Depth, y,, Area, A 


V 
dnd 3/8 3/4 
a= 
Trapezoidal a 2 0.968 = 5 1.622 we 
: b= 773 Yn Sp” Sp 


r 13/8 r 3/4 
Rectangular Vn b = 2y 0.917 Qn 1.682 On 
in 52 52 
L°o | Lb 
VY 
r 73/8 r 3/4 
é s Qn Qn 
Triangular NZ a = 45 1.297 5? Lobe 2 
a L%o | |p 
ava 


Wide Flat TR one 1.00 | 


3/8 3/4 
— Qn Qn 
ircul D=2y 1.00 | =~ 1.583 
Circular Ye Yn 5,2 si? 
D 


Wetted perimeter, P, is a function of channel shape. For any given prismatic 
channel shape (rectangular, trapezoidal, triangular, circular, etc.), the channel cross 
section can be optimized. Optimum cross sections for common channel shapes are 
given without proof in Table 11.3. 

Once the optimum cross section for a given channel shape has been determined, 
expressions for normal depth, y,, and area, A, as functions of flow rate can be 
obtained from Eq. 11.48. These expressions are included in Table 11.3. 


Flow with Gradually Varying Depth 11.6 


Most human-made channels are designed to have uniform flow (for example, see 
Fig. 11.1). However, this is not true in some situations. A channel can have nonuniform 
flow, that is, a flow for which the depth and hence speed, and so on vary along the channel 
for a number of reasons. Examples include when an open-channel flow encounters a 
change in bed slope, geometry, or roughness, or is adjusting itself back to normal depth 
after experiencing an upstream change (such as a sluice gate). We have already studied 
rapid, localized changes, such as that occurring in a hydraulic jump, but here we assume 
flow depth changes gradually. Flow with gradually varying depth is analyzed by applying 
the energy equation to a differential control volume; the result is a differential equation 
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that relates changes in depth to distance along the flow. The resulting equation may be 
solved analytically or, more typically numerically, if we approximate the head loss at 
each section as being the same as that for flow at normal depth, using the velocity and 
hydraulic radius of the section. Water depth and channel bed height are assumed to 
change slowly. As in the case of flow at normal depth, velocity is assumed uniform, and 
the pressure distribution is assumed hydrostatic at each section. 

The energy equation (Eq. 11.10) for open-channel flow was applied to a finite 
control volume in Section 11.2, 


Leyt+z= 3 +y+a+H, (11.10) 


2g 
We apply this equation to the differential control volume, of length dx, shown in 
Fig. 11.18. Note that the energy grade line, hydraulic grade line, and channel bottom all 
have different slopes, unlike for the uniform flow of the previous section! 
The energy equation becomes 


2g 


Vv? ye Vv? 
+y+z=—+ +y+dy+z+dz+dH, 
2g Vz 2g a( -) ytdy+z+dz+dH, 


or after simplifying and rearranging 


y 
a() dy — dz = dH, (11.54) 


This is not surprising. The differential loss of mechanical energy equals the differential 
head loss. From channel geometry 


dz =— S,dx (11.55) 


We also have the approximation that the head loss in this differential nonuniform flow 
can be approximated by the head loss that uniform flow would have at the same 
flow rate, Q, at the section. Hence the differential head loss is approximated by 


dH, = Sdx (11.56) 


where S is the slope of the EGL (see Fig. 11.18). Using Eqs. 11.55 and 11.56 in Eq. 
11.54, dividing by dx, and rearranging, we obtain 


2 2 
Ve gle 
28 28 
@ 
ytdy 
zt+dz 


Fig. 11.48 Control volume for energy analysis of gradually varying flow. 
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d (V? dy 
+ = i 
ae (=) S, — 8 (11.57) 


To eliminate the velocity derivative, we differentiate the continuity equation, Q= 
VA =const, to obtain 


dQ dV dA 
=> ~ 
dx ie: dx ¥ dx 
or 
dV _ VdA _ Vb, dy 
dx A dx A dx oi) 


where we have used dA =b,dy (Eq. 11.17), where b, is the channel width at the free 
surface. Using Eq. 11.58 in Eq. 11.57, after rearranging 


2 2 
ea dy VND VDD gs (11.59) 


dx \ 2g dx gdx dx gA dx dx 


Next, we recognize that 


where y, is the hydraulic depth (Eq. 11.2). Using this in Eq. 11.59, we finally obtain 
our desired form of the energy equation for gradually varying flow 


dy Sp = 
= = —__~ itil, 

ge = lA Ee) 
This equation indicates how the depth y of the flow varies. Whether the flow becomes 
deeper (dy/dx > 0) or shallower (dy/dx <0) depends on the sign of the right-hand side. 
For example, consider a channel that has a horizontal section (S$, =0): 


dy_ _ SS 
dx 1 — Fr 


Because of friction the EGL always decreases, so S > 0. If the incoming flow is sub- 
critical (Fr<1), the flow depth will gradually decrease (dy/dx <0); if the incoming 
flow is supercritical (Fr > 1), the flow depth will gradually increase (dy/dx > 0). Note 
also that for critical flow (Fr=1), the equation leads to a singularity, and gradually 
flow is no longer sustainable—something dramatic will happen (guess what). 


Calculation of Surface Profiles 


Equation 11.60 can be used to solve for the free surface shape y(x); the equation looks 
simple enough, but it is usually difficult to solve analytically and so is solved 
numerically. It is difficult to solve because the bed slope, S;,, the local Froude number, 
Fr, and S, the EGL slope equivalent to uniform flow at rate Q, will in general all vary 
with location, x. For S, we use the results obtained in Section 11.5, specifically 


1 


n 


O= ARS? (11.48a) 


or for English Engineering units 


644 — Chapter 17 Flow in Open Channels 


ample 77 


1.49, 9/3 
Q = ——AR;s'? 


(11.48b) 


Note that we have used S rather than S), in Eq. 11.48 as we are using the equation to 


obtain an equivalent value of S for a uniform flow at rate Q! Solving for S, 


n2 QO? 
~ ARIS 


or for English Engineering units 
n2 QO? 
~ 7 492 42R3 
1.49°-A2R/ 


We can also express the Froude number as a function of Q, 


ee 
V8Yn AB 
Using Eqs. 11.61a (or 11.61b) and 11.62 in Eq. 11.60 
2¢Q2 
Sp . = 
dy S&-S | A?R, 
dx 1-Fr _ @ 
A’ gyn 
or for English Engineering units 
2Q2 
Sp es 
dy _ 1.49°A?R, 
dx _ 2 
A°’8Yn 


(11.61a) 


(11.61b) 


(11.62) 


(11.63) 


(11.63b) 


For a given channel (slope, S,, and roughness coefficient, n, both of which may vary 
with x) and flow rate Q, the area A, hydraulic radius R;,,, and hydraulic depth y,, are all 
functions of depth y (see Section 11.1). Hence Eqs. 11.63 are usually best solved using 
a suitable numerical integration scheme. Example 11.10 shows such a calculation for 


the simplest case, that of a rectangular channel. 


ION OF FREE SURFACE PROFILE 


Water flows in a 5-m-wide rectangular channel made from unfinished concrete with n = 0.015. The channel contains a 
long reach on which S, is constant at S, = 0.020. At one section, flow is at depth y, = 1.5 m, with speed V; = 4.0 m/s. 
Calculate and plot the free surface profile for the first 100 m of the channel, and find the final depth. 


Given: Water flow in a rectangular channel. 


Find: Plot of free surface profile; depth at 100 m. 


Solution: Use the appropriate form of the equation for flow depth, Eq. 11.63a. 


Governing equation: 


Ge 
Sh = ro) 
dy = Sp =p) = ACR, 
ge l= JAF (OP 


(11.63a) 
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We use Euler’s method (see Section 5.5) to convert the differential equation to a difference equation. 
In this approach, the differential is converted to a difference, 


dy Ay 

= il 

(paw Aw (1) 
where Ax and Ay are small but finite changes 


in x and y, respectively. Combining Eqs. 
11.63a and 1, and rearranging, 


g 1.0 
2-2 at 
Sp an 3 08 
Ay = Ax A 5 
Gi 5 
= == = 0.6 
A*8Yn 


0.4 


Finally, we let Ay = y;41 — y;, where y; and 
yj+1 are the depths at point i and a point (i+1) 
distance Ax further downstream, 


_ n;Q? . 40 60 
b; A2Rt Distance along channel, x (m) 
7 Ry, 
Mies = Spa ee aoe (2) 
Ain, 


Equation 2 computes the depth, y;,1, given data at point 7. In the current application, S, and n are constant, but A, 
R,, and y, will, of course, vary with x because they are functions of y. For a rectangular channel we have the 
following: 


A, Py, 
by; 
= 
ie b+ 2y; 
A; Ak by; 
Yh; b, in b, Ji 


The calculations are conveniently performed and results plotted using Excel. Note that partial results are shown 
in the table, and that for the first meter, over which there is a rapid change in depth, the step size is Ax = 0.05. 


i x (m) y (m) A (m’) R;, (m) Yn (m) 
1 0.00 1.500 7.500 0.938 1.500 
2; 0.05 1.491 7.454 0.934 1.491 
3 0.10 1.483 TAIT 0.931 1.483 
+ 0.15 1.477 7.385 0.928 1.477 
5 0.20 1.471 T-339 0.926 1.471 
118 98 0.916 4.580 0.670 0.916 
119 99 0.915 4.576 0.670 0.915 
120 100 0.914 4.571 0.669 0.914 


The depth at location x = 100 m is seen to be 0.914 m. 


y(100m) = 0.914m~ y(100 m) 
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Note (following the solution procedure of Example 11.8) that the normal /J/- accurac 
depth for this flow is y,=0.858 m; the flow depth is asymptotically Obviously 
approaching this value. In general, this is one of several possibilities, | oe/o) = 
depending on the values of the initial depth and the channel properties (slope 
and roughness). A flow may approach normal depth, become deeper and 
deeper, or eventually become shallower and experience a hydraulic jump. 
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17.7 Discharge Measurement Using Weirs 


A weir is a device (or overflow structure) that is placed normal to the direction of flow. 
The weir essentially backs up water so that, in flowing over the weir, the water goes 
through critical depth. Weirs have been used for the measurement of water flow in 
open channels for many years. Weirs can generally be classified as sharp-crested weirs 
and broad-crested weirs. Weirs are discussed in detail in Bos [14], Brater [15], and 
Replogle [16]. 

A sharp-crested weir is basically a thin plate mounted perpendicular to the flow 
with the top of the plate having a beveled, sharp edge, which makes the nappe spring 
clear from the plate (see Fig. 11.19). 

The rate of flow is determined by measuring the head, typically in a stilling well 
(see Fig. 11.20) at a distance upstream from the crest. The head H is measured using a 
gage. 


Suppressed Rectangular Weir 
These sharp-crested weirs are as wide as the channel and the width of the nappe is the 


same length as the crest. Referring to Fig. 11.20, consider an elemental area dA = bdh 
and assume the velocity is V = \/2gh; then the elemental flow is 


dQ = bdhy/2gh = by/2gh'/dh 


Dy Drawdown 


Fig. 141.19 Flow over sharp-crested weir. 
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Fig. 11.20 Rectangular sharp-crested weir without end contraction. 


The discharge is expressed by integrating this over the area above the top of the weir 
crest: 


HH A 
2 
O= ie = V2ab [ah = 3 V2gbH? (11.64) 
0 0 


Friction effects have been neglected in the derivation of Eq. 11.64. The drawdown 
effect shown in Fig. 11.19 and the crest contraction indicate that the streamlines are 
not parallel or normal to the area in the plane. To account for these effects, a coef- 
ficient of discharge Cz is used, so that 


C= 5 VigbHt*” 


where C, is approximately 0.62. This is the basic equation for a suppressed rectangular 
weir, which can be expressed more generally as 


O = C,bH?? (11.65) 


where the C,, is the weir coefficient, C, = 3 1\/ 2g. For English Engineering units, 
Cy & 3.33, and for SI units, Cy, ~ 1.84. 

If the velocity of approach, V,, where H is measured is appreciable, then the 
integration limits are 


H+V?2/2g 


ir vai pyar 
= = + 4a = ae ‘ 
Q = \/2gb / h’'“dh = C,b (1 5) (52) (11.66) 
Vi/28 
When (V2/2g)°? ~ 0 Eq. 11.66 can be simplified to 
yr 3? 
O=C,b (H+ 2) (11.67) 


Contracted Rectangular Weirs 


A contracted horizontal weir is another sharp-crested weir with a crest that is shorter 
than the width of the channel and one or two beveled end sections so that water 
contracts both horizontally and vertically. This forces the nappe width to be less than 
b. The effective crest length is 


b=b—-01nH 
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where n=1 if the weir is placed against one side wall of the channel so that the 
contraction on one side is suppressed and 1 =2 if the weir is positioned so that it is not 
placed against a side wall. 


Triangular Weir 


Triangular or V-notch weirs are sharp-crested weirs that are used for relatively 
small flows but that have the advantage that they can also function for reasonably 
large flows as well. Referring to Fig. 11.21, the rate of discharge through an elemental 
area, dA, is 


dO = Cy/2ghdA 


where dA =2xdh, and x=(H — h)tan(6/2); so dA =2(H — h)tan(@/2)dh. Then 


dQ = Civ/2gh acer —h)tan (5) an| 
and 


(H —h)h'/?dh 


0 = Cay% tan(5) 


8 0 
= Gi( 7) v8 tan( 5) 2” 
OQ = C,H? 


The value of C,, for a value of 9= 90° (the most common) is C,,= 1.38 for SI units and 
C,, =2.50 for English Engineering units. 


Broad-Crested Weir 


Broad-crested weirs (Fig. 11.22) are essentially critical-depth weirs in that if the weirs 
are high enough, critical depth occurs on the crest of the weir. For critical flow con- 
ditions y. = (O?/gb?)'/? (Eq. 11.23) and E=3y,/2 (Eq. 11.25) for rectangular 
channels: 


Fig. 11.21 Triangular sharp-crested weir. 


17.7 Discharge Measurement Using Weirs 649 


Fig. 11.22 Broad-crested weir. 


3 3/2 
0 = by/ext = by/ (58) = (5) JgE? 


or, assuming the approach velocity is negligible: 


QO = C,bHS” 


Figure 11.23 illustrates a broad-crested weir installation in a concrete-lined canal. 
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Fig. 11.23 Broad-crested weir in concrete-lined canal (from Bos et al. [14]. 


650 = Chapter 17 Flow in Open Channels 


ample /7. E FROM A RECTANGULAR SHARP-CRESTED SUPPRESSED WEIR 


A rectangular, sharp-crested suppressed weir 3 m long is 1 m high. Determine the discharge when the head 
is 150 mm. 


Given: Geometry and head of a rectangular sharp-crested suppressed weir. 
Find: Discharge (flow rate), Q. 
Solution: Use the appropriate weir discharge equation. 


Governing equation: 
OC bH (11.65) 


In Eq. 11.65 we use C,, ~ 1.84, and the given data, b=3 m and H=150 mm = 0.15 m, so 
O=184%3m < (0:15m)" 
O = 027 lan fee 


Note that Eq. 11.65 is an “engineering” equation; so we do not expect 
the units to cancel. 


118 Summary and Useful Equations 


In this chapter, we: 


v Derived an expression for the speed of surface waves and developed the notion of the specific energy of a flow, and derived the 
Froude number for determining whether a flow is subcritical, critical, or supercritical. 

v Investigated rapidly varied flows, especially the hydraulic jump. 

v Investigated steady uniform flow in a channel, and used energy and momentum concepts to derive Chezy’s and Manning’s 
equations. 

v Investigated some basic concepts of gradually varied flows. 


We also learned how to use many of the important concepts mentioned above in analyzing a range of real-world 
open-channel flow problems. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Hydraulic radius: R= A (11.1) Page 605 
= 

Hydraulic depth: = (11.2) Page 606 
Yh b, 

Speed of surface wave: c = gy (11.6) Page 609 

Froude number: Fr = V (11.7) Page 610 

Vey 
Energy equation for open-channel flow: v2 vz (11.10) Page 612 
ll ‘ ge TN tM = 9) tyet ete . 
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Total head: 2 11.11 Page 613 
H= - +ytz ( ) ° 
Specific energy: - Vy? n (11.13) Page 613 
3, 5s 
2g 
Critical flow: >» _ gA3 (11.21) Page 617 
Sa 5, 
Critical velocity: Ve = VS28Yn, (11.22) Page 617 
Critical depth (rectangular channel): Q? 1/3 (11.23) Page 617 
aa Fa 
Critical velocity (rectangular channel): gO 1/3 (11.24) Page 618 
Vo = V8Ye = ee 
Minimum specific energy (rectangular E.. = 3 (11.25) Page 618 
channel): min ~ 5c 
H lic j jugate depths: 1 11. Page 628 
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Case Study 


The Three Gorges Dam 


A model of the Three Gorges Dam. 


This chapter provided an introduction to free surface 
flows, such as that at the exit from a dam. The Three 
Gorges Dam on the Yangtze River in China is the 
largest hydroelectric dam in the world. The generating 
capacity will eventually be 22,500 MW. The dam is 
more than 2 km wide and 185 m tall, and its reservoir 
will eventually stretch over 600 km upstream. The 
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Problems 


Basic Concepts and Definitions 


| 11.1 Verify the equation given in Table 11.1 for the hydraulic 


radius of a trapezoidal channel. Plot the ratio R/y for b=2 m 
with side slope angles of 30° and 60° for 0.5 m<y<3 m. 


| 11.2 Verify the equation given in Table 11.1 for the hydraulic 


radius of a circular channel. Evaluate and plot the ratio R/D, 
for liquid depths between 0 and D. 


11.3. A wave from a passing boat in a lake is observed to 
travel at 10 mph. Determine the approximate water depth at 
this location. 


11.4 A pebble is dropped into a stream of water that flows in 
a rectangular channel at 2 m depth. In one second, a ripple 
caused by the stone is carried 7 m downstream. What is the 
speed of the flowing water? 


11.5 A pebble is dropped into a stream of water of uniform 
depth. A wave is observed to travel upstream 5 ft in 1 s, and 
13 ft downstream in the same time. Determine the flow speed 
and depth. 


11.6 Solution of the complete differential equations for wave 
motion without surface tension shows that wave speed is 


given by 
gr 2ny 
2 tanh {| —=— 
mn ( ®) 


where \ is the wave wavelength and y is the liquid depth. 
Show that when \/y < 1, wave speed becomes proportional 
to /. In the limit as Ny > «0, Vy = ./gy. Determine the 
value of \/y for which V,, > 0.99,/gy. 


11.7 Capillary waves (ripples) are small amplitude and 
wavelength waves, commonly seen, for example, when an 
insect or small particle hits the water surface. They are waves 
generated due to the interaction of the inertia force of the 
fluid p and the fluid surface tension o. The wave speed is 


c=2n, hae 
PS 


Find the speed of capillary waves in water and mercury. 


_J 11.8 Solution of the complete differential equations for wave 


motion in quiescent liquid, including the effects of surface 
tension, shows that wave speed is given by 


gr 210 2ny 
= ,/(2° + ——) tanh( == 
(E+) mG 
where A is the wave wavelength, y is the liquid depth, and o 
is the surface tension. Plot wave speed versus wavelength for 


the range 1 mm < \<100 mm for (a) water and (b) mercury. 
Assume y=7 mm for both liquids. 


| 11.9 Surface waves are caused by a sharp object that just 


touches the free surface of a stream of flowing water, forming 
the wave pattern shown. The stream depth is 150 mm. 
Determine the flow speed and Froude number. Note that the 
wave travels at speed c (Eq. 11.6) normal to the wave front, 
as shown in the velocity diagram. 
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Flow speed V 
— 


P11.9 


11.10 The Froude number characterizes flow with a free sur- 
face. Plot on a log-log scale the speed versus depth for 
0.1 m/s<V<3 m/s and 0.001 <y <1 m; plot the line Fr=1, 
and indicate regions that correspond to tranquil and rapid flow. 


11.11 A submerged body traveling horizontally beneath a 
liquid surface at a Froude number (based on body length) 
about 0.5 produces a strong surface wave pattern if sub- 
merged less than half its length. (The wave pattern of a sur- 
face ship also is pronounced at this Froude number.) On a log- 
log plot of speed versus body (or ship) length for 1 m/s < 
V <30 m/s and 1 m<x<300 m, plot the line Fr = 0.5. 


11.12 Water flows in a rectangular channel at a depth of 
750 mm. If the flow speed is (a) 1 m/s and (b) 4 m/s, compute 
the corresponding Froude numbers. 


11.13 A long rectangular channel 10 ft wide is observed to 
have a wavy surface at a depth of about 6 ft. Estimate the 
rate of discharge. 


Energy Equation for Open-Channel Flows 


11.14 A partially open sluice gate in a 5-m-wide rectangular 
channel carries water at 10 m*/s. The upstream depth is 
2.5 m. Find the downstream depth and Froude number. 


11.15 For a rectangular channel of width b = 20 ft, construct a 
family of specific energy curves for Q =0, 25, 75, 125, and 
200 ft*/s. What are the minimum specific energies for these 
curves? 


11.16 Find the critical depth for flow at 3 m*/s in a rectan- 
gular channel of width 2.5 m. 


11.17 A trapezoidal channel with a bottom width of 20 ft, side 
slopes of 1 to 2, channel bottom slope of 0.0016, and a 
Manning’s n of 0.025 carries a discharge of 400 cfs. Compute 
the critical depth and velocity of this channel. 


11.18 A rectangular channel carries a discharge of 10 ft*/s 
per foot of width. Determine the minimum specific energy 
possible for this flow. Compute the corresponding flow depth 
and speed. 


11.19 Flow in the channel of Problem 11.18 (Emin = 2.19 ft) is 
to be at twice the minimum specific energy. Compute the 
alternate depths for this E. 


11.20 For a channel of nonrectangular cross section, critical 
depth occurs at minimum specific energy. Obtain a general 
equation for critical depth in a trapezoidal section in terms of 
Q, g, b, and @. It will be implicit in y,! 


as 
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4 11.21 Water flows at 400 ft*/s in a trapezoidal channel with 


bottom width of 10 ft. The sides are sloped at 3:1. Find the 
critical depth for this channel. 


Localized Effects of Area Change (Frictionless Flow) 


11.22 Consider the Venturi flume shown. The bed is hor- 
izontal, and flow may be considered frictionless. The 
upstream depth is 1 ft, and the downstream depth is 0.75 ft. 
The upstream breadth is 2 ft, and the breadth of the throat is 
1 ft. Estimate the flow rate through the flume. 


— «+=, =2 tt by = 1 ft 


Plan view 


— ~~ y,=1 ft 


Vv 
yaaa 
K 


Elevation view 


P11.22 


je! 11.23 A rectangular channel 10 ft wide carries 100 cfs on a 


horizontal bed at 1.0 ft depth. A smooth bump across the 
channel rises 4 in. above the channel bottom. Find the ele- 
vation of the liquid free surface above the bump. 


eat 


P11.23 


{4 in. 


f 


—J 11.24 A rectangular channel 10 ft wide carries a discharge of 


20 ft?/s at 1.0 ft depth. A smooth bump 0.25 ft high is placed 
on the floor of the channel. Estimate the local change in flow 
depth caused by the bump. 


—J 11.25 At a section of a 10-ft-wide rectangular channel, the 


depth is 0.3 ft for a discharge of 20 ft*/s. A smooth bump 0.1 
ft high is placed on the floor of the channel. Determine the 
local change in flow depth caused by the bump. 


| 11.26 Water, at 3 ft/s and 2 ft depth, approaches a smooth 


rise in a wide channel. Estimate the stream depth after the 
0.5 ft rise. 


tos ft 


P11.26 


11.27 Water issues from a sluice gate at 1.25 m depth. The 
discharge per unit width is 10 m*/s/m. Estimate the water 
level far upstream where the flow speed is negligible. Cal- 
culate the maximum rate of flow per unit width that could be 
delivered through the sluice gate. 


11.28 A horizontal rectangular channel 3 ft wide contains a 
sluice gate. Upstream of the gate the depth is 6 ft; the depth 
downstream is 0.9 ft. Estimate the volume flow rate in the 
channel. 


11.29 Flow through a sluice gate is shown. Estimate the 
water depth and velocity after the gate (well before the 
hydraulic jump). 


1 S15 i 
— 
V, = 0.2 m/s 


P11.29, P11.39 


11.30 Rework Example 11.4 for a 350-mm-high bump and 
a side wall constriction that reduces the channel width to 
1.5 m. 


The Hydraulic Jump 


11.31 Find the rate at which energy is being consumed (kW) 
by the hydraulic jump of Example 11.5. Is this sufficient to 
produce a significant temperature rise in the water? 


11.32 A hydraulic jump occurs in a rectangular channel 4.0 m 
wide. The water depth before the jump is 0.4 m and 1.7 m 
after the jump. Compute the flow rate in the channel, the 
critical depth, and the head loss in the jump. 


11.33 A wide channel carries 10 m°/s per foot of width at a 
depth of 1 m at the toe of a hydraulic jump. Determine the 
depth of the jump and the head loss across it. 


11.34 A hydraulic jump occurs in a wide horizontal channel. 
The discharge is 2 m*/s per meter of width. The upstream 
depth is 750 mm. Determine the depth of the jump. 


11.35 A hydraulic jump occurs in a rectangular channel. The 
flow rate is 200 ft*/s, and the depth before the jump is 1.2 ft. 
Determine the depth behind the jump and the head loss, if 
the channel is 10 ft wide. 


11.36 The hydraulic jump may be used as a crude flow meter. 
Suppose that in a horizontal rectangular channel 5 ft wide 
the observed depths before and after a hydraulic jump are 
0.66 and 3.0 ft. Find the rate of flow and the head loss. 


11.37 A hydraulic jump occurs on a horizontal apron down- 
stream from a wide spillway, at a location where depth is 0.9 
m and speed is 25 m/s. Estimate the depth and speed 
downstream from the jump. Compare the specific energy 
downstream of the jump to that upstream. 


11.38 A hydraulic jump occurs in a rectangular channel. The 
flow rate is 50 m°/s, and the depth before the jump is 2 m. 
Determine the depth after the jump and the head loss, if the 
channel is 1 m wide. 


11.39 Estimate the depth of water before and after the jump for 
the hydraulic jump downstream of the sluice gate of Fig. P11.29. 


11.40 A positive surge wave, or moving hydraulic jump, can 
be produced in the laboratory by suddenly opening a sluice 
gate. Consider a surge of depth y2 advancing into a quiescent 
channel of depth y,. Obtain an expression for surge speed in 
terms of y; and y2 


Quiescent fluid 


P11.40 


11.41 A tidal bore (an abrupt translating wave or moving 
hydraulic jump) often forms when the tide flows into the 
wide estuary of a river. In one case, a bore is observed to 
have a height of 12 ft above the undisturbed level of the river 
that is 8 ft deep. The bore travels upstream at Vpore = 18 
mph. Determine the approximate speed V, of the current of 
the undisturbed river. 


Voore 
—— 


y1 


|= 


P11.41 


Uniform Flow 


11.42 A 2-m-wide rectangular channel with a bed slope of 
0.0005 has a depth of flow of 1.5 m. Manning’s roughness 
coefficient is 0.015. Determine the steady uniform discharge 
in the channel. 


11.43 Determine the uniform flow depth in a rectangular 
channel 2.5 m wide with a discharge of 3 m*/s. The slope is 
0.0004 and Manning’s roughness factor is 0.015. 


11.44 Determine the uniform flow depth in a trapezoidal 
channel with a bottom width of 8 ft and side slopes of 
1 vertical to 2 horizontal. The discharge is 100 ft*/s. Man- 
ning’s roughness factor is 0.015 and the channel bottom slope 
is 0.0004. 


11.45 Determine the uniform flow depth in a trapezoidal 
channel with a bottom width of 2.5 m and side slopes of 
1 vertical to 2 horizontal with a discharge of 3 m°/s. The slope 
is 0.0004 and Manning’s roughness factor is 0.015. 


11.46 A rectangular flume built of concrete, with 1 ft per 
1000 ft slope, is 6 ft wide. Water flows at a normal depth of 3 
ft. Compute the discharge. 


11.47 A rectangular flume built of timber is 3 ft wide. The 
flume is to handle a flow of 90 ft*/s at a normal depth of 6 ft. 
Determine the slope required. 


11.48 A channel with square cross section is to carry 20 m*/s 
of water at normal depth on a slope of 0.003. Compare the 
dimensions of the channel required for (a) concrete and (b) 
soil cement. 


11.49 Water flows in a trapezoidal channel at a normal depth 
of 1.2 m. The bottom width is 2.4 m and the sides slope at 1:1 
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(45°). The flow rate is 7.1 m/s. The channel is excavated 
from bare soil. Find the bed slope. 


11.50 A triangular channel with side angles of 45° is to carry 
10 m°/s at a slope of 0.001. The channel is concrete. Find the 
required dimensions. 


11.51 A semicircular trough of corrugated steel, with diam- 
eter D =1 1m, carries water at depth y = 0.25 m. The slope is 
0.01. Find the discharge. 


11.52 Find the discharge at which the channel of Problem 
11.51 flows full. 


11.53 The flume of Problem 11.46 is fitted with a new plastic 
film liner (7 = 0.010). Find the new depth of flow if the dis- 
charge remains constant at 85.5 ft*/s. 


11.54 Discharge through the channel of Problem 11.49 is 
increased to 10 m*/s. Find the corresponding normal depth if 
the bed slope is 0.00193. 


11.55 The channel of Problem 11.49 has 0.00193 bed slope. 
Find the normal depth for the given discharge after a new 
plastic liner (7 = 0.010) is installed. 


11.56 Consider again the semicircular channel of Problem 
11.51. Find the normal depth that corresponds to a discharge 
of 0.5 m*/s. 


11.57 Consider a symmetric open channel of triangular cross 
section. Show that for a given flow area, the wetted perim- 
eter is minimized when the sides meet at a right angle. 


11.58 Compute the normal depth and velocity of the channel 
of Problem 11.17. 


11.59 Determine the cross section of the greatest hydraulic 
efficiency for a trapezoidal channel with side slope of 1 
vertical to 2 horizontal if the design discharge is 250 m’/s. 
The channel slope is 0.001 and Manning’s roughness factor is 
0.020. 


11.60 For a trapezoidal shaped channel (n = 0.014 and slope 
Sp, = 0.0002 with a 20-ft bottom width and side slopes of 1 
vertical to 1.5 horizontal), determine the normal depth for a 
discharge of 1000 cfs. 


11.61 Show that the best hydraulic trapezoidal section is one- 
half of a hexagon. 


11.62 Compute the critical depth for the channel in Problem 
11.41. 


11.63 Consider a 2.45-m-wide rectangular channel with a bed 
slope of 0.0004 and a Manning’s roughness factor of 0.015. 
A weir is placed in the channel, and the depth upstream of 
the weir is 1.52 m for a discharge of 5.66 m°/s. Determine 
whether a hydraulic jump forms upstream of the weir. 


11.64 An above-ground rectangular flume is to be con- 
structed of timber. For a drop of 10 ft/mile, what will be the 
depth and width for the most economical flume if it is to 
discharge 40 cfs? 


11.65 Consider flow in a rectangular channel. Show that, for 
flow at critical depth and optimum aspect ratio (b = 2y), the 
volume flow rate and bed slope are given by the expressions: 


2 


and S, = 24.7 


= 5/2 


PoP 


PP 
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11.66 A trapezoidal canal lined with brick has side slopes of 
2:1 and bottom width of 10 ft. It carries 600 ft*/s at critical 
speed. Determine the critical slope (the slope at which the 
depth is critical). 

11.67 A wide flat unfinished concrete channel discharges 
water at 20 ft*/s per foot of width. Find the critical slope (the 
slope at which depth is critical). 

11.68 An optimum rectangular storm sewer channel made of 
unfinished concrete is to be designed to carry a maximum 
flow rate of 100 ft*/s, at which the flow is at critical condition. 
Determine the channel width and slope. 


Discharge Measurement 


11.69 The crest of a broad-crested weir is 1 ft below the level 
of an upstream reservoir, where the water depth is 8 ft. For 
C,, © 3.4, what is the maximum flow rate per unit width that 
could pass over the weir? 


11.70 A rectangular, sharp-crested weir with end contrac- 
tion is 1.6 m long. How high should it be placed in a 


channel to maintain an upstream depth of 2.5 m for 0.5 m°/s 
flow rate? 


11.71 For a sharp-crested suppressed weir (C,, ~ 3.33) of 
length B=8.0 ft, P=2.0 ft, and H=1.0 ft, determine the 
discharge over the weir. Neglect the velocity of approach 
head. 

11.72 A rectangular sharp-crested weir with end contractions 
is 1.5 m long. How high should the weir crest be placed in a 
channel to maintain an upstream depth of 2.5 m for 0.5 m°/s 
flow rate? 

11.73 Determine the head on a 60° V-notch weir for a dis- 
charge of 150 L/s. Take Cg ~ 0.58. 

11.74 The head on a 90° V-notch weir is 1.5 ft. Determine the 
discharge. 

11.75 Determine the weir coefficient of a 90° V-notch weir 
for a head of 180 mm for a flow rate of 20 L/s. 


12.1 Review of Thermodynamics 

12.2 Propagation of Sound Waves 

12.3 Reference State: Local Isentropic Stagnation Properties 
12.4 Critical Conditions 


12.5 Summary and Useful Equations 


Most of the devices we have looked at in 
previous Case Studies in Energy and the Environment 
have been concerned with large-scale power production. 
However, a lot of work is being done on residential-scale 
devices. Scott Weinbrandt is the CEO of a company 
called Helix Wind. His background is in computer tech- 
nology, and he has lived through the computer industry, 
moving from large central mainframes to distributed 
personal computers. Scott says he’s seeing the same 
trend emerging in wind energy. His company is targeting 
urban residential (and commercial) customers with the 
company’s range of small-scale helical-shaped turbines; 


one of the models is shown in the photograph. As can 
be seen, they are quite beautiful machines—excellent 
examples of how engineering at its best can create 
attractive, as well as functional, machines. Helix Wind 
is finding that some customers are even buying them 
just for the product’s aesthetic value! The turbines 
are an elegant form of a Savonius turbine and so are 
generally considered less efficient at generating 
electricity than the common horizontal-axis propeller- 
driven turbines. (Figure P9.97 in the problem set for 
Chapter 9 shows a crude version of a Savonius tur- 
bine; such turbines are drag-based, as opposed to 
the lift-based propeller turbines.) An advantage of the 
helix design is that the helix shape generates a 
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Helix $322 Turbine. (Picture courtesy of Helix 
Wind.) 


secondary upward flow that improves the overall 
aerodynamics, hence improving efficiency. 

Helix Wind says a key benefit of the helical design is 
its ability to operate even in lower wind speeds, 
although high wind speeds will not present any diffi- 
culties. Recently an S322 model in California con- 
tinued to operate in wind speeds in excess of 60 mph, 
whereas a nearby conventional wind farm had many 
damaged turbine blades. 

The Helix turbines, being vertical-axis wind turbines 
(VAWTs), have a number of advantages: They are easy 
to maintain because most of the moving parts are 
located near the ground; no yaw device is needed to 
orient the device into the wind; they usually have a 
lower tip-speed ratio and so are less likely to break in 


high winds (see Fig. 10.50); they don’t have to shut 
down in high wind speeds. On the other hand, a 
possible disadvantage of VAWTs is that they tend to 
be a little less efficient than horizontal-axis wind tur- 
bines. (See Fig. 10.50 for a comparison of Savonius 
turbine and conventional turbine efficiencies.) The 
Helix design has resulted in greatly increased effi- 
ciency, overcoming this disadvantage, and Helix Wind 
turbines are now only 6—7 percent less efficient than 
the most efficient HAWTs. 

The low-speed 2 kW Helix Wind turbine (which is 
only about 9 ft x 4 ft) starts generating power at less 
than 10 mph and continues to do so up to about 
40 mph; it continues to spin with no damage to the 
system in winds as high as 80 mph, although no 
additional electricity is generated above the maximum 
output at 40 mph. Helix Wind turbines are safe for 
wildlife because they spin at much lower speeds than 
horizontal turbines and appear as a Solid mass rather 
than a blurry blade that a bird cannot see. At about 
5 dB, the turbines are nearly silent because they 
operate with tip speeds close to the wind velocity 
(similar to the wind blowing around any stationary 
object such as a tree or house). Conventional wind 
turbines spin at up to 10 times the wind speed, which 
causes the whistling sound that can be heard around 
them. The turbine spins no matter what direction the 
wind comes from (including vertically if it’s mounted 
on the side of a large building) and generates power 
even in turbulence-prone urban environments. 

Helix Wind is confident that there will be a huge 
market for these residential and small commercial- 
scale turbines, including at such existing locations as 
cell phone towers, cruise ships, billboards, oil and gas 
pumping systems, and agricultural water pumping. 
The company says its wind turbines also are ideal for 
use in developing countries, for example, for pumping 
potable water and providing electricity. 


In Chapter 2 we briefly discussed the two most important questions we must ask 
before analyzing a fluid flow: whether or not the flow is viscous, and whether or not 
the flow is compressible. We subsequently considered incompressible, inviscid flows 
(Chapter 6) and incompressible, viscous flows (Chapters 8 and 9). We are now ready 
to study flows that experience compressibility effects. Because this is an introductory 
text, our focus will be mainly on one-dimensional compressible, inviscid flows, 
although we will also review some important compressible, viscous flow phenomena. 
After our consideration of one-dimensional flows, we will introduce some basic 
concepts of two-dimensional steady compressible flows. 

We first need to establish what we mean by a “compressible” flow. This is a flow in 
which there are significant or noticeable changes in fluid density. Just as inviscid fluids 
do not actually exist, so incompressible fluids do not actually exist. For example, in 
this text we have treated water as an incompressible fluid, although in fact the density 
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of seawater increases by 1 percent for each mile or so of depth. Hence, whether or not 
a given flow can be treated as incompressible is a judgment call: Liquid flows will 
almost always be considered incompressible (exceptions include phenomena such as 
the “water hammer” effect in pipes), but gas flows could easily be either incompres- 
sible or compressible. We will learn in this chapter (in Example 12.5) that for Mach 
numbers MM less than about 0.3, the change in gas density due to the flow will be less 
than 3 percent; this change is small enough in most engineering applications for the 
following rule: A gas flow can be considered incompressible when M < 0.3. 

The consequences of compressibility are not limited simply to density changes. 
Density changes mean that we can have significant compression or expansion work on 
a gas, so the thermodynamic state of the fluid will change, meaning that in general 
all properties—temperature, internal energy, entropy, and so on—can change. In 
particular, density changes create a mechanism (just as viscosity did) for exchange of 
energy between “mechanical” energies (kinetic, potential, and “pressure”) and the 
thermal internal energy. For this reason, we begin with a review of the thermo- 
dynamics needed to study compressible flow. 
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The pressure, density, and temperature of a substance may be related by an equation 
of state. Although many substances are complex in behavior, experience shows that 
most gases of engineering interest, at moderate pressure and temperature, are well 
represented by the ideal gas equation of state, 


p= pRT (12.1) 


where R is a unique constant for each gas;' R is given by 


_R 
Mn 


where R, is the universal gas constant, R, = 8314 N-m/(kgmole-K) = 1544 
ft-Ibf/(Ibmole-°R) and M,,, is the molecular mass of the gas. Although the ideal gas 
equation is derived using a model that has the unrealistic assumptions that the 
gas molecules (a) take up zero volume (i.e., they are point masses) and (b) do not 
interact with one another, many real gases conform to Eq. 12.1, especially if the pres- 
sure is “low” enough and/or temperature “high” enough (see, e.g., [1—3]). For example, 
at room temperature, as long as the pressure is less than about 30 atm, Eq. 12.1 models 
the air density to better than 1 percent accuracy; similarly, Eq. 12.1 is accurate for air at 
1 atm for temperatures that are greater than about —130°C (140 K). 

The ideal gas has other features that are useful. In general, the internal energy of a 
simple substance may be expressed as a function of any two independent properties, 
e.g., u = u(v, T), where v = 1/p is the specific volume. Then 


Ou Ou 
du (Fz). dT 4 (5). du 


The specific heat at constant volume is defined as c, = (Ou/OT),, so that 


R 


du=c, ar+ (2) dv 
Ov) + 


‘For air, R = 287 N-m/(kg-K) = 53.3 ft-Ibf/(Ibm? R). 
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In particular, for an ideal gas it can be shown (see, e.g., Chapter 11 of [1]) that the 
internal energy, u, is a function of temperature only, so (Ou/Ov)7 = 0, and 


du =c, dT (12.2) 


for an ideal gas. This means that internal energy and temperature changes may be 
related if c, is known. Furthermore, since u = u(T), then from Eq. 12.2, c, = cy (T). 

The enthalpy of any substance is defined as h = u + p/p. For an ideal gas, p = pRT, 
and so h = u + RT. Since u = u(T) for an ideal gas, h also must be a function of 
temperature alone. 

We can obtain a relation between / and T by recalling once again that for a simple 
substance any property can be expressed as a function of any two other independent 
properties [1], e.g., 4 = h(v, T) as we did for u, or h = h(p, T). We choose the latter in 
order to develop a useful relation, 

an= (Sh) ar+ (3) ap 
OL) 5 Op) + 


Since the specific heat at constant pressure is defined as c, = (Oh/0T),, 
dh =c, dT + (=) dp 
(i 


We have shown that for an ideal gas h is a function of T only. Consequently, 
(Oh/Op)r = 0 and 


dh =c, dT (12.3) 


Since / is a function of T alone, Eq. 12.3 requires that c, be a function of T only for an 
ideal gas. 

Although specific heats for an ideal gas are functions of temperature, their dif- 
ference is a constant for each gas. To see this, from 


h=ut+RT 
we can write 
dh = du + RdT 
Combining this with Eq. 12.2 and Eq. 12.3, we can write 
dh =c dT = du+ RdT =c, dT + RdT 
Then 
»—G=R (12.4) 


It may seem a bit odd that we have functions of temperature on the left of Eq. 12.4 but 
a constant on the right; it turns out that the specific heats of an ideal gas change with 
temperature at the same rate, so their difference is constant. 
The ratio of specific heats is defined as 
k= oe 


oF 


(12.5) 


Using the definition of k, we can solve Eq. 12.4 for either c, or c, in terms of k 
and R. Thus, 


a (12.6a) 
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and 
_ R 
k-1 


Although the specific heats of an ideal gas may vary with temperature, for moderate 
temperature ranges they vary only slightly, and can be treated as constant, so 


Cy 


(12.6b) 


u2 T> 
Uy — Uy = | du = i: c, dT =c,(T) — T;) (12.7a) 
uy T; 


hy T 
hy —h, = | dh= / G ar=Glin— T;) (12.7b) 
1 1 


Data for M,,,, Cp, Cy, R, and k for common gases are given in Table A.6 of Appendix A. 

We will find the property entropy to be extremely useful in analyzing compressible 
flows. State diagrams, particularly the temperature-entropy (7s) diagram, are valu- 
able aids in the physical interpretation of analytical results. Since we shall make 
extensive use of 7s diagrams in solving compressible flow problems, let us review 
briefly some useful relationships involving the property entropy [1—3]. 

Entropy is defined by the equation 


_ [ 6Q _ (62 
ass [ = or as= (2) (12.8) 


where the subscript signifies reversible. 
The inequality of Clausius, deduced from the second law, states that 


$= <0 


As a consequence of the second law, we can write 


as=° or TdS=6é6Q (12.9a) 


For reversible processes, the equality holds, and 


Tds= re (reversible process) (12.9b) 


The inequality holds for irreversible processes, and 


6 
Tds> ne (irreversible process) (12.9c) 
For an adiabatic process, 6Q/m = 0. Thus 


ds =0 (reversible adiabatic process) (12.9d) 


and 


ds > 0 (irreversible adiabatic process) (12.9e) 


Thus a process that is reversible and adiabatic is also isentropic; the entropy remains 
constant during the process. Inequality 12.9e shows that entropy must increase for an 
adiabatic process that is irreversible. 

Equations 12.9 show that any two of the restrictions—reversible, adiabatic, or 
isentropic—imply the third. For example, a process that is isentropic and reversible 
must also be adiabatic. 
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A useful relationship among properties (p, v, 7, s, u) can be obtained by con- 
sidering the first and second laws together. The result is the Gibbs, or T ds, equation 


T ds=du+pdv (12.10a) 


This is a differential relationship among properties, valid for any process between any 
two equilibrium states. Although it is derived from the first and second laws, it is, in 
itself, a statement of neither. 

An alternative form of Eq. 12.10a can be obtained by substituting 


du = d(h— pv) =dh— pdvu—vdp 


to obtain 


T ds=dh—v dp (12.10b) 


For an ideal gas, entropy change can be evaluated from the T ds equations as 


du dT du 

ds = + —dv= +R 
a pe ae v 
_dh vu, _— aT dp 
ds T TP oF R . 


For constant specific heats, these equations can be integrated to yield 


T: U 
59-581 =, nz +R n= (12.11a) 

T P2 
=c, | Rl 12.11b 
82-5, =G In T, es ( ) 

and also 

8-5, =¢,n +¢,n 2 (12.11c) 

Pi U1 


(Equation 12.11c can be obtained from either Eq. 12.11a or 12.11b using Eq. 12.4 and 
the ideal gas equation, Eq. 12.1, written in the form pu = RT, to eliminate T.) 
Example 12.1 shows use of the above governing equations (the T'ds equations) to 
evaluate property changes during a process. 
For an ideal gas with constant specific heats, we can use Eqs. 12.11 to obtain 
relations valid for an isentropic process. From Eq. 12.11a 


v2 


r 
Sy —5,=0=c,ln i +Rin 


Then, using Eqs. 12.4 and 12.5, 
T. RK 
(2\(2) =0 or Tvk-'=T,vt- 1 =Tv*-4=constant 
T Uy 


where states 1 and 2 are arbitrary states of the isentropic process. Using v = 1/p, 


Tir = = constant (12.12a) 


pk-} 


We can apply a similar process to Eqs. 12.11b and 12.11c, respectively, and obtain the 
following useful relations: 


Tp'~** = constant (12.12b) 
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k_P 
pu _— a 
pk 


= constant (12.12c) 
Equations 12.12 are for an ideal gas undergoing an isentropic process. 

Qualitative information that is useful in drawing state diagrams also can be 
obtained from the T ds equations. To complete our review of the thermodynamic 
fundamentals, we evaluate the slopes of lines of constant pressure and of constant 
volume on the 7s diagram in Example 12.2. 


ae 12.1 PROPERTY CHANGES IN COMPRESSIBLE DUCT FLOW 


Air flows through a long duct of constant area at 0.15 kg/s. A short section of the duct is cooled by liquid nitrogen 
that surrounds the duct. The rate of heat loss in this section is 15.0 kJ/s from the air. The absolute pressure, tem- 
perature, and velocity entering the cooled section are 188 kPa, 440 K, and 210 m/s, respectively. At the outlet, the 
absolute pressure and temperature are 213 kPa and 351 K. Compute the duct cross-sectional area and the changes in 
enthalpy, internal energy, and entropy for this flow. 


Given: Air flows steadily through a short section of constant-area duct that is cooled by liquid nitrogen. 


T; =440K T, =351 K 
P = 188 kPa (abs) P2 = 213 kPa (abs) 
V, =210 m/s 


Find: (a) Duct area. (b) Ah. (c) Au. (d) As. 


Solution: The duct area may be found from the continuity equation. 


= 0(1) 
Governing equation: 9 i ahd i A (4.12) 
cv cv 


Assumptions: (1) Steady flow. 
(2) Uniform flow at each section. 
(3) Ideal gas with constant specific heats. 


Then 
(—p1ViA1) + (p2V2A2) =0 
or 
M=pViA = pyV2A 
since A = A; = A> =constant. Using the ideal gas relation, p = pRT, we find 
kg-K 1 


Pi 5 N 3 
= Pl _198x1 x x =149k 
A O72 2s7Nm 440K =) om 
From continuity, 
; k 3 : 
Pie ges il ae é 


avis 149kg~ 210m 


664 Chapter 12 \ntroduction to Compressible Flow 


For an ideal gas, the change in enthalpy is 


T, 
Ah=h,—-h, = C0) GE T;) (12.7b) 
T) 
Ah= 100 (351 — 440)K = —89.0kJ/kg « i 


Also, the change in internal energy is 


Ty 
Au =U, — Wy = | c dT =c,(T) — T;) (12.7a) 
T, 


k 
Mi OTT EK x (351 — 440) K = —63.8kJ/kg « = 


The entropy change may be obtained from Eq. 12.11b, 


if P2 
As = 5) —5, =G 1 =JRIl 
S = S89 = 8] D n in oe 


kJ 351 kJ ibe calr 
=1. x1 2 pe eri | ee 
ge (=) OTEK Ee x a 


As =— 0.262 kI/(kg-K) « As 


We see that entropy may decrease for a nonadiabatic process in which the gas is cooled. 


eee 


ample -PROPERTY LINES ON A Ts DIAGRAM 


For an ideal gas, find the equations for lines of (a) constant volume and (b) constant pressure in the Ts plane. 


Find: Equations for lines of (a) constant volume and 
(b) constant pressure in the 7s plane for an ideal gas. 


Solution: 


(a) We are interested in the relation between T and s with the volume v held constant. This suggests use 
of Eq. 12.11a, 


=0 
aoa aain Ze +Rin 2 (12.8) 
de 1 


We relabel this equation so that state 1 is now reference state 0, and state 2 is an arbitrary state, 


ir 

S—so=qin— or T= Tye’ 0% (1) 

To 
Hence, we conclude that constant volume lines in the Ts plane are exponential. 

(b) We are interested in the relation between T and s with the pressure p held constant. This suggests use of 
Eq. 12.11b, and using a similar approach to case (a), we find 
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T = Tye’ (2) 


Hence, we conclude that constant pressure lines in the 7s plane are also exponential. 
What about the slope of these curves? Because c, > c, for all gases, we can see that the exponential, and 
therefore the slope, of the constant pressure curve, Eq. 2, is smaller than that for the constant volume curve, Eq. 1. 
This is shown in the sketch below: 
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Propagation of Sound Waves 12.2 
Speed of Sound 


A beginner to compressible flow studies might wonder what on earth sound has to do 
with the speeds present in a flow. We will see in this chapter and the next that the VIDEO 

speed of sound, c, is an important marker in fluid mechanics: Flows with speeds less 

than the speed of sound are called subsonic; flows with speeds greater than the speed sound Waves (Animation). 
of sound are called supersonic; and we will learn that the behaviors of subsonic and 

supersonic flows are completely different. We have previously (in Chapter 2, and in 

Chapter 7 with Eq. 7.16) defined the Mach number M of a flow, and it is so important 

for our studies that we redefine it here, 


V 
= (218)) 
where V is the speed (of the fluid, or in some cases of the aircraft), so that M < 1 and 
M > 1 correspond to subsonic and supersonic flow, respectively. In addition, we 
mentioned in Section 12.1 that we’ll demonstrate in Example 12.5 that for M < 0.3, 
we can generally assume incompressible flow. Hence, knowledge of the Mach number 
value is important in fluid mechanics. 

An answer to the question posed at the beginning of this section is that the speed of 
sound is important in fluid mechanics because this is the speed at which “signals” can 
travel through the medium. Consider, for example, an object such as an aircraft in 
motion—the air ultimately has to move out of its way. In Newton’s day, it was thought 
that this happened when the (invisible) air particles literally bounced off the front of 
the object, like so many balls bouncing off a wall; now we know that in most instances 
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the air starts moving out of the way well before encountering the object (this will not 
be true when we have supersonic flow!). How does the air “know” to move out of the 
way? It knows because as the object moves, it generates disturbances (infinitesimal 
pressure waves—sound waves) that emanate from the object in all directions. It is 
these waves that cumulatively “signal” the air and redirect it around the body as it 
approaches. These waves travel out at the speed of sound. 

[Sound is a pressure wave of very low pressure magnitude, for human hearing 
typically in the range of about 10 ° atm (the threshold of hearing) to about 10°? atm 
(you will feel pain!). Superimposed on the ambient atmospheric pressure, sound 
waves consist of extremely small pressure fluctuations. Because the range of human 
hearing covers about five or six orders of magnitude in pressure, typically we use a 
dimensionless logarithmic scale, the decibel level, to indicate sound intensity; 0 dB 
corresponds to the threshold of hearing, and if you listen to your MP3 player at full 
blast the sound will be at about 100 dB—about 10’° the intensity of the threshold of 
hearing! ] 

Let us derive a method for computing the speed of sound in any medium (solid, 
liquid, or gas). As we do so, bear in mind that we are obtaining the speed of a 
“signal”—a pressure wave—and that the speed of the medium in which the wave 
travels is a completely different thing. For example, if you watch a soccer player kick 
the ball (at the speed of light—the watching, that is), a fraction of a second later you 
will hear the thud of contact as the sound (a pressure wave) travels from the field up to 
you in the stands, but no air particles traveled between you and the player (all the air 
particles simply vibrated a bit). 

Consider propagation of a sound wave of infinitesimal strength into an undisturbed 
medium, as shown in Fig. 12.1a. We are interested in relating the speed of wave 
propagation, c, to fluid property changes across the wave. If pressure and density in 
the undisturbed medium ahead of the wave are denoted by p and p, passage of the 
wave will cause them to undergo infinitesimal changes to become p + dp and p + dp. 
Since the wave propagates into a stationary fluid, the velocity ahead of the wave, V,., is 
zero. The magnitude of the velocity behind the wave, V, + dV,, then will be simply 
dV,; in Fig. 12.1a, the direction of the motion behind the wave has been assumed to 
the left. 


p p+dp 

V,=0 3== a. 

Pp p +dp y 
c<— Q 


Stationary 
* observer 


(a) Propagating wave 


at alan eaienetad 
| 

p p+dp 

c—>| —=— c— av, 

p o Pt 4p 
R._ Observer 
ene on CV 


(b) Inertial control volume moving with wave, velocity c 


Fig. 12.1 Propagating sound wave showing control volume 
chosen for analysis. 


The same final result is obtained regardless of the direction initially assumed for motion behind the wave 
(see Problem 12.39). 
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The flow of Fig. 12.1a appears unsteady to a stationary observer, viewing the wave 
motion from a fixed point on the ground. However, the flow appears steady to an 
observer located on an inertial control volume moving with a segment of the wave, as 
shown in Fig. 12.1b. The velocity approaching the control volume is then c, and the 
velocity leaving is c — dV,. 

The basic equations may be applied to the differential control volume shown in 
Fig. 12.1b (we use V, for the x component of velocity to avoid confusion with internal 
energy, U). 


a. Continuity Equation 
= 0(1) 


Governing equation : Al ples [ pV -dA =0 (4.12) 
tov cs 


Assumptions: (1) Steady flow. 
(2) Uniform flow at each section. 


Then 
(— pcA) + {(p + dp)(c — dV,)A} =0 (12.14a) 
or 
Ae) 
- 1A + wf AVA dpc ~ dnd ‘A= 0 
or 
Cc 
dV, = —dp (12.14b) 
p 


b. Momentum Equation 


= 0(3) = 0(1) 
Governing equation : Fs. fh -#/ V, pd¥ +f V, pV -dA (4.18a) 
ty cv cs 


Assumption: (3) Fz, = 0 


The only surface forces acting in the x direction on the control volume of Fig. 12.1b 
are due to pressure (the infinitesimal upper and lower areas have zero friction because 
we assume the wave is one dimensional). 


Fs. =pA-(p+dp)A= —Adp 
Substituting into the governing equation gives 
— A dp = c(—pcA) + (c— dV) {(p + dp)(c — dVx) A} 
Using the continuity equation, (Eq. 12.14a), this reduces to 


A dp =c(—pcA) + (c — dV,)(pcA) = (—c + c — dV,)(pcA) 
—A dp = —pcA dV, 


or 


as (12.14c) 


668 


Chapter 12 \ntroduction to Compressible Flow 


Combining Eqs. 12.14b and 12.14c, we obtain 


pc 
from which 
dp =c’ dp 
or 
228 (12.15) 
dp 


We have derived an expression for the speed of sound in any medium in terms of 
thermodynamic quantities! Equation 12.15 indicates that the speed of sound depends 
on how the pressure and density of the medium are related. To obtain the speed of 
sound in a medium we could measure the time a sound wave takes to travel a pre- 
scribed distance, or instead we could apply a small pressure change dp to a sample, 
measure the corresponding density change dp, and evaluate c from Eq. 12.15. For 
example, an incompressible medium would have dp = 0 for any dp, soc > «©. We 
can anticipate that solids and liquids (whose densities are difficult to change) will 
have relatively high c values, and gases (whose densities are easy to change) will have 
relatively low c values. There is only one problem with Eq. 12.15: For a simple sub- 
stance, each property depends on any two independent properties [1]. For a sound 
wave, by definition we have an infinitesimal pressure change (i.e., it is reversible), and 
it occurs very quickly, so there is no time for any heat transfer to occur (i.e., it is 
adiabatic). Thus the sound wave propagates isentropically. Hence, if we express p as a 
function of density and entropy, p = p(p,s), then 


Op Op Op 
=({(* Ee pesca =({(* 
ap (i) a (3. i . (i) ? 


so Eq. 12.15 becomes 


and 


C=; Fe) (12.16) 


We can now apply Eq. 12.16 to solids, liquids, and gases. For solids and liquids data 
are usually available on the bulk modulus F,,, which is a measure of how a pressure 
change affects a relative density change, 


For these media 


c= \/E,/p (L277) 


For an ideal gas, the pressure and density in isentropic flow are related by 


P = constant (12.126) 
p 
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Taking logarithms and differentiating, we obtain 


GD g WP = 
P p 
Therefore, 
x) = 
Op), Pp 
But p/p = RT, so finally 
c= VkRT (12.18) 


for an ideal gas. The speed of sound in air has been measured precisely by numerous 
investigators [4]. The results agree closely with the theoretical prediction of Eq. 12.18. 
The important feature of sound propagation in an ideal gas, as shown by 
Eq. 12.18, is that the speed of sound is a function of temperature only. The variation in 
atmospheric temperature with altitude on a standard day was discussed in Chapter 3; 
the properties are summarized in Table A.3. The corresponding variation in c is 
computed as an exercise in Problem 12.40 and plotted as a function of altitude. 


ae 12.3 SPEED.OF SOUND IN STEEL, WATER, SEAWATER, AND AIR 


Find the speed of sound in (a) steel (EZ, ~ 200 GN/m’), (b) water (at 20°C), (c) seawater (at 20°C), and (d) air at sea 
level on a standard day. 


Find: Speed of sound in (a) steel (E, = 200 GN/m’), (b) water (at 20°C), 
(c) seawater (at 20°C), and (d) air at sea level on a standard day. 


Solution: 
(a) For steel, a solid, we use Eq. 12.17, with p obtained from Table A.1(b), 


c= VE,/p = \/ E./SGpp,0 


3 . 
c= poxi0t x d x po yee som és Csteel 


m 7.83 1000kg N-s? 


(b) For water we also use Eq. 12.17, with data obtained from Table A.2, 
ca i esennn 


3 . 
c= lanai By eee ea nae Counter 


m? 0.998 1000kg N:s? 


(c) For seawater we again use Eq. 12.17, with data obtained from Table A.2, 
Cis) ESGrnS 


N.1 1 m_ kg. 
c= 2.42) 10? = x x y Se = 1540 m/s « oe 


m2 1.025 1000kg  N.-s? 
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(d) For air we use Eq. 12.18, with the sea level temperature obtained from 


Table A.3, 
c=VkKRT 
e=, [MAS BST 


N. 
kg-K 


a oer 


kg-m 
N-s? 


= 340 m/s be Cair (288 K) 


Types of Flow—The Mach Cone 


Flows for which M < 1 are subsonic, while those with M > 1 are supersonic. Flow 
fields that have both subsonic and supersonic regions are termed transonic. (The 
transonic regime occurs for Mach numbers between about 0.9 and 1.2.) Although 
most flows within our experience are subsonic, there are important practical cases 
where M = 1 occurs in a flow field. Perhaps the most obvious are supersonic aircraft 
and transonic flows in aircraft compressors and fans. Yet another flow regime, hyper- 
sonic flow (M S& 5), is of interest in missile and reentry-vehicle design. (The proposed 
National Aerospace Plane would have cruised at Mach numbers approaching 20.) Some 
important qualitative differences between subsonic and supersonic flows can be 
deduced from the properties of a simple moving sound source. 

Consider a point source of sound that emits a pulse every At seconds. Each pulse 
expands outwards from its origination point at the speed of sound c, so at any instant 
t the pulse will be a sphere of radius ct centered at the pulse’s origination point. We 
want to investigate what happens if the point source itself is moving. There are four 
possibilities, as shown in Fig. 12.2: 


(a) V = 0. The point source is stationary. Figure 12.2a shows conditions after 3At 
seconds. The first pulse has expanded to a sphere of radius c(3A2), the second to a 
sphere of radius c(2A?), and the third to a sphere of radius c(At); a new pulse is 
about to be emitted. The pulses constitute a set of ever-expanding concentric 
spheres. 


(b) 0 < V <c. The point source moves to the left at subsonic speed. Figure 12.2b shows 
conditions after 3At seconds. The source is shown at times t = 0, At, 2At, and 3 At. 
The first pulse has expanded to a sphere of radius c(3At) centered where the source 
was originally, the second to a sphere of radius c(2At) centered where the source was 
at time At, and the third to a sphere of radius c(At) centered where the source was at 
time 2At, a new pulse is about to be emitted. The pulses again constitute a set of 
ever-expanding spheres, except now they are not concentric. The pulses are all 
expanding at constant speed c. We make two important notes: First, we can see 
that an observer who is ahead of the source (or whom the source is approaching) 
will hear the pulses at a higher frequency rate than will an observer who is behind 
the source (this is the Doppler effect that occurs when a vehicle approaches and 
passes); second, an observer ahead of the source hears the source before the source 
itself reaches the observer. 


(c) V = c. The point source moves to the left at sonic speed. Figure 12.2c shows con- 
ditions after 3At seconds. The source is shown at times ¢ = 0 (point 1), At (point 2), 
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Fig. 12.2 Propagation of sound waves from a moving source: The Mach cone. 


2At (point 3), and 3At (point 4). The first pulse has expanded to sphere 1 of radius c 
(3A?) centered at point 1, the second to sphere 2 of radius c(2A‘) centered at point 2, 
and the third to sphere 3 of radius c(Af) centered around the source at point 3. We 
can see once more that the pulses constitute a set of ever-expanding spheres, except 
now they are tangent to one another on the left! The pulses are all expanding at 
constant speed c, but the source is also moving at speed c, with the result that the 
source and all its pulses are traveling together to the left. We again make two 
important notes: First, we can see that an observer who is ahead of the source will 
not hear the pulses before the source reaches her; second, in theory, over time an 
unlimited number of pulses will accumulate at the front of the source, leading to a 
sound wave of unlimited amplitude (a source of concern to engineers trying to break 
the “sound barrier,” which many people thought could not be broken—Chuck 
Yeager in a Bell X-1 was the first to do so in 1947). 


(d) V >c. The point source moves to the left at supersonic speed. Figure 12.2d shows 
conditions after 3A? seconds. By now it is clear how the spherical waves develop. 
We can see once more that the pulses constitute a set of ever-expanding spheres, 
except now the source is moving so fast it moves ahead of each sphere that it 
generates! For supersonic motion, the spheres generate what is called a Mach 
cone tangent to each sphere. The region inside the cone is called the zone of 
action and that outside the cone the zone of silence, for obvious reasons, as shown 
in Fig. 12.2e. From geometry, we see from Fig. 12.2d that 
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VIDEO 


Shock Waves over a Supersonic Airplane. 


Fig. 12.3. An F/A-18 Hornet as it breaks the sound barrier. 
(Ensign John Gay, USS Constellation, U.S. Navy.) 


VIDEO 


or 
Shock Waves due to a Projectile. 


a=sin / (a) (12.19) 


Figure 12.3 shows an image of an F/A-18 Hornet just as it accelerates to supersonic 
speed. The visible vapor pattern is due to the sudden increase in pressure as a shock 
wave washes over the aircraft (we will see in the next chapter that a shock wave leads 
to a sudden and large pressure increase). The (invisible) Mach cone emanates from 
the nose of the aircraft and passes through the periphery of the vapor disk. 


ample E OF A BULLET 


In tests of a protective material, we wish to photograph a bullet 
as it impacts a jacket made of the material. A camera is set up a Bullet trajectory 
perpendicular distance h = 5 m from the bullet trajectory. We 
wish to determine the perpendicular distance d from the target 
plane at which the camera must be placed such that the sound 
of the bullet will trigger the camera at the impact time. Note: 
The bullet speed is measured to be 550 m/s; the delay time of 
the camera is 0.005 s. 


Find: Location of camera for capturing impact image. 


Solution: 

The correct value of d is that for which the bullet hits the target 0.005 s before the Mach wave reaches the camera. 
We must first find the Mach number of the bullet; then we can find the Mach angle; finally, we can use basic 
trigonometry to find d. 


Assuming sea level conditions, from Table A.3 we have T = 288 K. Hence Eq. 12.18 yields 


fiom X 288 K x aan 
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Then we can find the Mach number, 
V_ 550m/s _ 
c  340m/s 


EGZ 


From Eq. 12.19 we can next find the Mach angle, 


1 il 
Beet a ) 
qa>=sin (a) = sin (ra) = 38.2 


The distance x traveled by the bullet while the Mach wave reaches the camera is then 


h 5m 


= = = 6.35 
- tan(a) _ tan(38.2°) ae 


Finally, we must add to this the time traveled by the bullet while the camera is operating, which is 0.005 s x 550 m/s, 


d=0.005sX = 496.35 m= 2.75 m+ 6.35. 


d=910m .~ d 


(ence 


Reference State: Local Isentropic 12.3 
Stagnation Properties 


In our study of compressible flow, we will discover that, in general, all properties (p, T, 
p, u, h, s, V) may be changing as the flow proceeds. We need to obtain reference 
conditions that we can use to relate conditions in a flow from point to point. For any 
flow, a reference condition is obtained when the fluid is (in reality or conceptually) 
brought to rest (V = 0). We will call this the stagnation condition, and the property 
values (po, To, Po, Uo, Ao, So) at this state the stagnation properties. This process—of 
bringing the fluid to rest—is not as straightforward as it seems. For example, do we do 
so while there is friction, or while the fluid is being heated or cooled, or “violently,” or 
in some other way? The simplest process to use is an isentropic process, in which 
there is no friction, no heat transfer, and no “violent” events. Hence, the properties 
we obtain will be the local isentropic stagnation properties. Why “local”? Because the 
actual flow can be any kind of flow, e.g., with friction, so it may or may not itself 
be isentropic. Hence, each point in the flow will have its own, or local, isentropic 
stagnation properties. This is illustrated in Fig. 12.4, showing a flow from some state 
() to some new state @). The local isentropic stagnation properties for each state, 
obtained by isentropically bringing the fluid to rest, are also shown. Hence, so, = s; and 
So, = 82. The actual flow may or may not be isentropic. If it is isentropic, s;=s2=5o, = So,, 
so the stagnation states are identical; if it is not isentropic, then so, 4 so,. We will see 
that changes in local isentropic stagnation properties will provide useful information 
about the flow. 

We can obtain information on the reference isentropic stagnation state for 
incompressible flows by recalling the Bernoulli equation from Chapter 6 

2 
4: — + gz =constant (6.8) 

p 2 
valid for a steady, incompressible, frictionless flow along a streamline. Equation 6.8 
is valid for an incompressible isentropic process because it is reversible (frictionless 
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Fig. 12.4 Local isentropic stagnation properties. 


and steady) and adiabatic (we did not include heat transfer considerations in its 
derivation). As we saw in Section 6.3, the Bernoulli equation leads to 
{ i 2 
Po=p+ 5pV (6.11) 


(The gravity term drops out because we assume the reference state is at the same 
elevation as the actual state, and in any event in external flows it is usually much smaller 
than the other terms.) In Example 12.6 we compare isentropic stagnation conditions 
obtained assuming incompressibility (Eq. 6.11), and allowing for compressibility. 

For compressible flows, we will focus on ideal gas behavior. 


Local Isentropic Stagnation Properties for the Flow of an Ideal Gas 


For a compressible flow we can derive the isentropic stagnation relations by applying 
the mass conservation (or continuity) and momentum equations to a differential 
control volume, and then integrating. For the process shown schematically in Fig. 12.4, 
we can depict the process from state () to the corresponding stagnation state by 
imagining the control volume shown in Fig. 12.5. Consider first the continuity equation. 


a. Continuity Equation 


= 0(1) 
Governing equation : ra) pd¥ +f pV-dA =0 (4.12) 
tlcv cs 


Assumptions: (1) Steady flow. 
(2) Uniform flow at each section. 


Then 


(—pV,A) + {(p + dp) (Vx at; dV,)(A =i dA)} =0 


or 
pV,A =(p+dp)(V; + dV,)(A + dA) (12.20a) 
b. Momentum Equation 


= 0(3) = 0(1) 
Governing equation: Fs + Fp. -2/ V, pd¥ + | V, pV -dA (4.18a) 
cv cs 
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CV 6S 


p ae p+dp v=0 
vy , V, + dV, P=Po 
A A+dA T=Tp 
P p+dp 
wg T+dT 


Fig. 12.5 Compressible flow in an infinitesimal stream tube. 


Assumptions: (3) Fz =0. 
(4) Frictionless flow. 
The surface forces acting on the infinitesimal control volume are 
Fs =dR, + pA —(p+dp)(A+dA) 


The force dR, is applied along the stream tube boundary, as shown in Fig. 12.5, where the 
average pressure is p + dp/2, and the area component in the x direction is dA. There is no 
friction. Thus, 


Fy = (o+ Pea +pA—(p+dp)(A + dA) 


or 


Substituting this result into the momentum equation gives 
— dp A=V,{ — pV,A} + (Vi + dVx){(p + dp)(V; + dV,)(A + dA) } 
which may be simplified using Eq. 12.20a to obtain 
— dp A=(—-V, + V, + dV;)(pVxA) 


Finally, 
2 
dp = —pV,dV,, = —p a(3) 
or 
2 
a + (3) =0 (12.20b) 
p 2 


Equation 12.20b is a relation among properties during the deceleration process. (Note 
that for incompressible flow, it immediately leads to Eq. 6.11.) In developing this 
relation, we have specified a frictionless deceleration process. Before we can integrate 
between the initial and final (stagnation) states, we must specify the relation that 
exists between pressure, p, and density, p, along the process path. 

Since the deceleration process is isentropic, then p and p for an ideal gas are related 
by the expression 


cae 


; = constant (12,12¢) 


z 
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Our task now is to integrate Eq. 12.20b subject to this relation. Along the stagnation 
streamline there is only a single component of velocity; V, is the magnitude of the 
velocity. Hence we can drop the subscript in Eq. 12.20b. 

From p/p* = constant = C, we can write 


p=Ce and p=p'*c-%* 
Then, from Eq. 12.20b, 


Z d, 
(4 ) = P _-kClk gy 
p 


We can integrate this equation between the initial state and the corresponding stag- 


nation state 
0 2 
V Po : 
ai a( 5) =o p dp 
Vv p 


to obtain 
Vy? Ai k Po k = i: 
YO _ oll (k-1yk]*° _ Al/k (k-Vj/k _ (k-1)k 
ides eal I . ard P 
k-1)k 
ve = cum _k pik tik poy I 
2 k-1 7) 


Since CK = p"*/p, 


V2 e (k — 1)/k 
= P|/{ Po 1 
2 k-1p|\p 
Since we seek an expression for stagnation pressure, we can rewrite this equation as 


(k= 1)/k _ 2 
(*) 145 lpV 
p k p2 


and 


= 29 kik = 1) 
Po _ c xed a 
Pp k 2p 


For an ideal gas, p = pRT, and hence 


kk -1) 
b= 
Po p 4: | (12.21a) 
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Equation 12.21a enables us to calculate the local isentropic stagnation pressure at any 
point in a flow field of an ideal gas, provided that we know the static pressure and 
Mach number at that point. 

We can readily obtain expressions for other isentropic stagnation properties by 
applying the relation 


P ~ constant 
ok 


between end states of the process. Thus 


k 1k 
maa) me 8-(3 
P p p P 
For an ideal gas, then, 


To _ Po P _ Po (":) us em 

T Pp P\P P 
Using Eq. 12.21a, we can summarize the equations for determining local isentropic 
stagnation properties of an ideal gas as 


= i(k -1) 
Po f s ad (12.21a) 
Pp 
2 =1+ ae (12.21b) 
_ W(k-1) 
wo f ra ue] (12.21c) 
p 


From Eqs. 12.21, the ratio of each local isentropic stagnation property to the corre- 
sponding static property at any point in a flow field for an ideal gas can be found if the 
local Mach number is known. We will usually use Eqs. 12.21 in lieu of the continuity 
and momentum equations for relating the properties at a state to that state’s stagnation 
properties, but it is important to remember that we derived Eqs. 12.21 using these 
equations and the isentropic relation for an ideal gas. Appendix E.1 lists flow functions 
for property ratios To/T, po/p, and po/p, in terms of M for isentropic flow of an ideal 
gas. A table of values, as well as a plot of these property ratios is presented for air (k = 
1.4) for a limited range of Mach numbers. The associated Excel workbook, Isentropic 
Relations, available on the Web site, can be used to print a larger table of values for air 
and other ideal gases. The calculation procedure is illustrated in Example 12.5. 

The Mach number range for validity of the assumption of incompressible flow is 
investigated in Example 12.6. 


ae 72.5 EOGAL-ISENTROPIC STAGNATION CONDITIONS IN CHANNEL FLOW 


Air flows steadily through the duct shown from 350 kPa (abs), 60°C, and 183 m/s at 
the inlet state to M = 1.3 at the outlet, where local isentropic stagnation conditions 
are known to be 385 kPa (abs) and 350 K. Compute the local isentropic stagnation ee 
pressure and temperature at the inlet and the static pressure and temperature at the 


duct outlet. Locate the inlet and outlet static state points on a 7s diagram, and 


or " Inlet Outlet 
indicate the stagnation processes. 
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Given: Steady flow of air through a duct as shown in the sketch. 


Pp, = 350 kPa (abs) Poo = 385 kPa (abs) 
T, = 60°C To, = 350 K 
V, = 183 mis M, =1.3 
® @ 
Find: (a) po,- 

(b) oe 

(c) po. 

(d) T>. 


(e) State points () and @) on a Ts diagram; indicate the stagnation processes. 


Solution: To evaluate local isentropic stagnation conditions at section (1), we must calculate the Mach number, 
M, = V;/c,. For an ideal gas, c= VkRT. Then 


N-m kg-m re 
= S437 + * = 
cy KRT, = |1.4 X 287 eK (273 + 60) K Nw 366 m/s 
and 
_VY, _ 183 _ 
Local isentropic stagnation properties can be evaluated from Eqs. 12.21. Thus 
k(k-1) 
ig Al 
Po, =P1 p + aa = 350 kPa [1 + 0.2(0.5)"}3° =415kPa(abs) « Po 
i= il 
Ti 0, p ~ =a = 333 K[1 + 0.2(0.5)*}=350K To, 
At section @), Eqs. 12.21 can be applied again. Thus from Eq. 12.21a, 
385 kP 
p= a eas =139KkPa(abs) we 
k-1_,)#*-) (1 +0.2(1.3)7]* 
il ap = NG 
2 
From Eq. 12.21b, 
To, 350K T> 


T>= = 262 K e 


k-1_, 2 


To locate states (D and @) in relation to one another, and sketch the stagnation processes on the Ts diagram, we 
need to find the change in entropy s2 — s,;. At each state we have p and T, so it is convenient to use Eq. 12.11b, 


T- 
52 81 = G In Rin 


kg-K 333 
59 — 5, = 0.0252 kJ/(kg-K) 


Hence in this flow we have an increase in entropy. Perhaps there is irreversibility (e.g., friction), or heat is being 
added, or both. (We will see in Chapter 13 that the fact that 7p, = 7p, for this particular flow means that actually we 
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have an adiabatic flow.) We also found that T, < T, and that p2 < p;. We can now sketch the Ts diagram (and recall 
we saw in Example 12.2 that isobars (lines of constant pressure) in Ts space are exponential), 


lem itty 
st 
local 'Sentropic Serer : 
4S. 12.21) to rel ai 


a flow, 


State ® 


S€ Of the 
Properties 
nt points jin 


ion 
ate differe 


Cae 12.6 MAGH-NUMBER LIMIT FOR INCOMPRESSIBLE FLOW 


We have derived equations for po/p for both compressible and “incompressible” flows. By writing both equations in 
terms of Mach number, compare their behavior. Find the Mach number below which the two equations agree within 
engineering accuracy. 


Given: The incompressible and compressible forms of the equations for stagnation pressure, po. 


1 
Incompressible Po=pt 5 pV? (6.11) 
kk -1) 
Compressible 7 = p + eal (12.21a) 


Find: (a) Behavior of both equations as a function of Mach number. 
(b) Mach number below which calculated values of po/p agree within engineering accuracy. 


Solution: First, let us write Eq. 6.11 in terms of Mach number. Using the ideal gas equation of state and c* = kRT, 


po _, , pV? v2 kV? kv? 
==/+5=]=)+ =1+ =1+ 
2) : 2p Z 2RT t 2kRT : 2c? 
Thus, 
Po k 2 
etl ee 
- 1 7M (1) 


for “incompressible” flow. 
Equation 12.21a may be expanded using the binomial theorem, 

n(n— 1) 
2! 


(1+x)"=1+nx+ x sell 
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For Eq. 12.21a, x = [(k — 1)/2]M’, and n = k/(k — 1). Thus the series converges for [(k — 1)/2]M? < 1, and for 


compressible flow, 
2 
k k il |= il 
= is st yp 2 
3 
k k i eal _ 
(2) 

k 
2 


M? + ee 
8 


os 


=1+ 


Po k p) Te (2 k) 4 
a= {4S ah = ab tose 
il ref M M 


In the limit, as M — 0, the term in brackets in Eq. 2 approaches 1.0. Thus, for flow at low Mach number, the 
incompressible and compressible equations give the same result. The variation of po/p with Mach number is shown 
below. As Mach number is increased, the compressible equation gives a larger ratio, po/p. 


QQ 


Compressible 
Eq. 12.2la 4 


(=) 
Ss 
on 
2 
= 
a\e 

a 
£)8 
=o 
c 
6/2 
B=aRS) 
Ol 
cape 
ate) 
& 
n 


Incompressible 7] 
Eq. 6.11 


0.2 0.4 0.6 
Mach number, M 


Equations 1 and 2 may be compared quantitatively most simply by writing 


= SM (‘‘incompressible’’) 
Pp 
=e = = 5M 1+ iM + eee Mi+.. | (compressible) 


The term in brackets is approximately equal to 1.02 at M = 0.3, and to 1.04 at M = 0.4. Thus, for calculations of 
engineering accuracy, flow may be considered incompressible if M < 0.3. The two agree within 5 percent for M = 0.45. 


eee 
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Critical Conditions 12.4 


Stagnation conditions are extremely useful as reference conditions for thermodynamic 

properties; this is not true for velocity, since by definition V = 0 at stagnation. A useful 

reference value for velocity is the critical speed—the speed V we attain when a flow is 

either accelerated or decelerated (actually or conceptually) isentropically until we 

reach M = 1. Even if there is no point in a given flow field where the Mach number is 

equal to unity, such a hypothetical condition still is useful as a reference condition. 
Using asterisks to denote conditions at M = 1, then by definition 


V* = c* 


At critical conditions, Eqs. 12.21 for isentropic stagnation properties become 


k[(k — 1) 

2 ie op Al 

ae | 5 | (12.22a) 

jig ees 

— = —_— ED) 
I/(k — 1) 

ity — bear il 

ae a (12.22c) 


The critical speed may be written in terms of either critical temperature, T*, or 
isentropic stagnation temperature, Tp. 
For an ideal gas, c* = VkRT*, and thus V* = VkRT™*. Since, from Eq. 12.22b, 


alae rei 
we have 
2k 
* = pk = 
Vt¥=c eines (12.23) 


We shall use both stagnation conditions and critical conditions as reference con- 
ditions in the next chapter when we consider a variety of compressible flows. 


12.5 Sammary and Useful Equations 


In this chapter, we: 


v Reviewed the basic equations used in thermodynamics, including isentropic relations. 

v Introduced some compressible flow terminology, such as definitions of the Mach number and subsonic, supersonic, transonic, 
and hypersonic flows. 

v Learned about several phenomena having to do with sound, including that the speed of sound in an ideal gas is a function of 
temperature only (c = VKRT), and that the Mach cone and Mach angle determine when a supersonic vehicle is heard on the 
ground. 

v Learned that there are two useful reference states for a compressible flow: the isentropic stagnation condition, and the isentropic 
critical condition. 
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Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! 


Useful Equations 


Definition of Mach number M: = a (12.13) | Page 665 
~ C 
Speed of sound c: ap (12.16) | Page 668 
AS pi 
ah 
Speed of sound c (solids and liquids): c=,/E,/p (12.17) | Page 668 
Speed of sound c (ideal gas): = /ERT (12.18) | Page 669 
Mach cone angle a: 4 ( 1 ) (12.19) | Page 672 
a=sin “(57 
Isentropic pressure ratio (ideal gas, constant specific Bp k-1 K(k~1) | (12.21a) | Page 677 
= 2 
heats): = f + > M | 
P 
Isentropic temperature ratio (ideal gas, constant ie k=1 (12.21b) | Page 677 
: = 2 
specific heats): : an st > M 
Isentropic density ratio (ideal gas, constant specific heats): Do k-1_, YWk-1) | (12.21c) | Page 677 
PU =}, 4 —__ 
p 7 | 
Critical pressure ratio (ideal gas, constant specific heats): Po K+ ERD (12.22a) | Page 681 
nf 
Critical temperature ratio (ideal gas, constant To kt+1 (12.22a) | Page 681 
specific heats): Te 92 
Critical density ratio (ideal gas, constant specific heats): py _ [k+1 Ik -1) (12.22c) | Page 681 
em | 2 
Critical velocity V* (ideal gas, constant specific heats): Ik (12.23) | Page 681 
V*=c* =4/—_ RT) 
k+1 
Case Study 
Reducing the Sonic Boom Most of us are familiar with the fact that supersonic 


aircraft generally have very sharp noses and wing 
leading edges, compared to subsonic aircraft (we will 
learn some reasons why supersonic aircraft are so 
shaped in the next chapter); compare, for example, 
the decommissioned supersonic Concorde to the 
subsonic Boeing 747 jumbo jet. We are also familiar 
with the notion of a sonic boom, a large window- 
rattling boom created when the remains of a super- 
sonic jet’s oblique shock wave wash over the ground. 
The sonic boom is an important reason that the Con- 
corde was not allowed to fly supersonically over land, 
The SSBD aircraft trailing NASA’s F-15B. (Courtesy of NASA.) limiting its use and being one factor in the aircraft’s 
limited commercial success. 


The Defense Advanced Research Projects Agency 
(DARPA) and NASA have now shown that modifying an 
aircraft’s shape can also change the shape of its sonic 
boom, thereby reducing the loudness developed. Their 
Shaped Sonic Boom Demonstration (SSBD) program 
found that by designing the aircraft to a specific shape, 
the pressure waves created by the aircraft can be kept 
from merging into a shock wave (see the discussion of 
the Mach cone in Section 12.2); when these weaker 
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Problems 


Review of Thermodynamics 


12.1 An air flow in a duct passes through a thick filter. What 
happens to the pressure, temperature, and density of the air 
as it does so? Hint: This is a throttling process. 


12.2 Air is expanded in a steady flow process through a tur- 
bine. Initial conditions are 1300°C and 2.0 MPa (abs). Final 
conditions are 500°C and atmospheric pressure. Show this 
process on a Ts diagram. Evaluate the changes in internal 
energy, enthalpy, and specific entropy for this process. 


12.3 A vendor claims that an adiabatic air compressor takes 
in air at atmosphere pressure and 50°F and delivers the air at 
150 psig and 200°F. Is this possible? Justify your answer by 
calculation. Sketch the process on a Ts diagram. 


12.4 A turbine manufacturer claims that an adiabatic gas 
turbine can take flow at 10 atmospheres and 2200°F and 
exhaust to atmospheric pressure at a temperature of 850°F. 
Sketch the process on a Ts diagram, and prove whether the 
manufacturer’s claims are possible. Assume that the gas has 
the same properties as air. 


12.5 Air initially at 50 psia and 660°R expands to atmospheric 
pressure. The process by which this expansion occurs is 
defined by the expression p¥'* = constant. Calculate the final 
temperature and the change in entropy through this process. 


12.6 What is the lowest possible delivery temperature gen- 
erated by an adiabatic air compressor, starting with standard 
atmosphere conditions and delivering the air at 500 kPa 
(gage)? Sketch the process on a Ts diagram. 


12.7 Air expands without heat transfer through a turbine 
from a pressure of 10 bars and a temperature of 1400 K to a 
pressure of 1 bar. If the turbine has an efficiency of 80 per- 
cent, determine the exit temperature, and the changes in 
enthalpy and entropy across the turbine. If the turbine is 
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waves reach the ground, the loudness of the sonic boom 
is greatly reduced. For the demonstration, Northrop 
Grumman modified an F-5E fighter aircraft by installing 
a specially shaped “nose glove”; compare the nose of 
the SSBD (the lower aircraft in the figure) to the tradi- 
tional supersonic nose of a supersonic F-15B. 

Itis possible that this new nose shape could eventually 
allow reintroduction of supersonic transports, even for 
the key routes across the continental United States. 


3. Moran, M. J., and H. N. Shapiro, Fundamentals of 
Engineering Thermodynamics, 6th ed. New York: Wiley, 2007. 
4. Wong, G. S. K.,“Speed of Sound in Standard Air,” 

J. Acoustical Society of America, 79, 5, May 1986, pp. 1359—1366. 


generating 1 MW of power, what is the mass flow rate of air 
through the turbine? 


12.8 A test chamber is separated into two equal chambers by 
a rubber diaphragm. One contains air at 20°C and 200 kPa 
(absolute), and the other has a vacuum. If the diaphragm is 
punctured, find the pressure and temperature of the air after 
it expands to fill the chamber. Hint: This is a rapid, violent 
event, so is irreversible but adiabatic. 


12.9 An automobile supercharger is a device that pressurizes 
the air that is used by the engine for combustion to increase the 
engine power (how does it differ from a turbocharger?). A 
supercharger takes in air at 70°F and atmospheric pressure 
and boosts it to 200 psig, at an intake rate of 0.5 ft?/s. What 
are the pressure, temperature, and volume flow rate at the exit? 
(The relatively high exit temperature is the reason an inter- 
cooler is also used.) Assuming a 70 percent efficiency, what 
is the power drawn by the supercharger? Hint: The efficiency 
is defined as the ratio of the isentropic power to actual power. 


12.10 Five kilograms of air is cooled in a closed tank from 250 
to 50°C. The initial pressure is 3 MPa. Compute the changes 
in entropy, internal energy, and enthalpy. Show the process 
state points on a Ts diagram. 


12.11 Air is contained in a piston-cylinder device. The tem- 
perature of the air is 100°C. Using the fact that for a reversible 
process the heat transfer g = { Tds, compare the amount of 
heat (J/kg) required to raise the temperature of the air to 
1200°C at (a) constant pressure and (b) constant volume. 
Verify your results using the first law of thermodynamics. Plot 
the processes on a Ts diagram. 


12.12 The four-stroke Otto cycle of a typical automobile 
engine is sometimes modeled as an ideal air-standard closed 
system. In this simplified system the combustion process is 
modeled as a heating process, and the exhaust-intake process 
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as a cooling process of the working fluid (air). The cycle con- 
sists of: isentropic compression from state (1) (p; = 100 kPa 
(abs), T,;=20°C, ¥, =500cc) to state @) (¥2 = ¥;/8.5); 
isometric (constant volume) heat addition to state 

(T3 =2750°C); isentropic expansion to state @) (V4 = ¥;); and 
isometric cooling back to state (1). Plot the p¥ and Ts dia- 
grams for this cycle, and find the efficiency, defined as the net 
work (the cycle area in p¥ space) divided by the heat added. 


4 12.13 The four-stroke cycle of a typical diesel engine is 


sometimes modeled as an ideal air-standard closed system. 
In this simplified system the combustion process is modeled 
as a heating process, and the exhaust-intake process as a 
cooling process of the working fluid (air). The cycle consists 
of: isentropic compression from state (1) (p; = 100 kPa (abs), 
T, = 20°C, ¥, =500 cc) to state @ (¥2 = ¥;/12.5); isometric 
(constant volume) heat addition to state G) (T3 = 3000°C); 
isobaric heat addition to state @ (V4 = 1.75¥3); isentropic 
expansion to state (5); and isometric cooling back to state (1). 
Plot the p¥ and 7s diagrams for this cycle, and find the 
efficiency, defined as the net work (the cycle area in p¥ 
space) divided by the heat added. 


12.14 A 1-m’ tank contains air at 0.1 MPa (abs) and 20°C. 
The tank is pressurized to 2 MPa. Assuming that the tank is 
filled adiabatically and reversibly, calculate the final tem- 
perature of the air in the tank. Now assuming that the tank is 
filled isothermally, how much heat is lost by the air in the 
tank during filling? Which process (adiabatic or isothermal) 
results in a greater mass of air in the tank? 


12.15 A tank of volume ¥ = 10 m? contains compressed air at 
15°C. The gage pressure in the tank is 4.50 MPa. Evaluate 
the work required to fill the tank by compressing air from 
standard atmosphere conditions for (a) isothermal com- 
pression and (b) isentropic compression followed by cooling 
at constant pressure. What is the peak temperature of the 
isentropic compression process? Calculate the energy 
removed during cooling for process (b). Assume ideal gas 
behavior and reversible processes. Label state points on a Ts 
diagram and a p¥ diagram for each process. 


12.16 Air enters a turbine in steady flow at 0.5 kg/s with 
negligible velocity. Inlet conditions are 1300°C and 2.0 MPa 
(abs). The air is expanded through the turbine to atmospheric 
pressure. If the actual temperature and velocity at the turbine 
exit are 500°C and 200 m/s, determine the power produced by 
the turbine. Label state points on a 7s diagram for this process. 


12.17 Natural gas, with the thermodynamic properties of 
methane, flows in an underground pipeline of 0.6 m 
diameter. The gage pressure at the inlet to a compressor 
station is 0.5 MPa; outlet pressure is 8.0 MPa (gage). The gas 
temperature and speed at inlet are 13°C and 32 m/s, 
respectively. The compressor efficiency is 7 = 0.85. Calculate 
the mass flow rate of natural gas through the pipeline. Label 
state points on a 7s diagram for compressor inlet and outlet. 
Evaluate the gas temperature and speed at the compressor 
outlet and the power required to drive the compressor. 


A 12.18 Over time the efficiency of the compressor of Problem 


12.17 drops. At what efficiency will the power required to 
attain 8.0 MPa (gage) exceed 30 MW? Plot the required 
power and the gas exit temperature as functions of efficiency. 
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12.19 Improper maintenance on the turbine of Problem 12.7 
has resulted in a gradual decrease in its efficiency over time. 
Assuming that the efficiency drops by 1 percent per year, 
how long would it take for the power output of the turbine to 
drop to 950 kW, assuming that entrance conditions, flow rate, 
and exhaust pressure were all kept constant? 


12.20 In an isothermal process, 0.1 cubic feet of standard air 
per minute (SCFM) is pumped into a balloon. Tension in 
the rubber skin of the balloon is given by o=kA, where 
k = 200 lbf/ft?, and A is the surface area of the balloon in ft. 
Compute the time required to increase the balloon radius 
from 5 to 7 in. 


12.21 For the balloon process of Problem 12.20 we could 
define a “volumetric ratio” as the ratio of the volume of 
standard air supplied to the volume increase of the balloon, 
per unit time. Plot this ratio over time as the balloon radius is 
increased from 5 to 7 in. 


Propagation of Sound Waves 


12.22 A sound pulse level above about 20 Pa can cause 
permanent hearing damage. Assuming such a sound wave 
travels through air at 20°C and 100 kPa, estimate the density, 
temperature, and velocity change immediately after the 
sound wave passes. 


12.23 Calculate the speed of sound at 20°C for (a) hydrogen, 
(b) helium, (c) methane, (d) nitrogen, and (e) carbon dioxide. 


12.24 The bulk modulus E,, of a material indicates how hard 
it is to compress the material; a large EF, indicates the 
material requires a large pressure to compress. Is air “stiffer” 
when suddenly or slowly compressed? To answer this, find 
expressions in terms of instantaneous pressure p for the bulk 
modulus of air (kPa) when it is (a) rapidly compressed and 
(b) slowly compressed. Hint: Rapid compression is approxi- 
mately isentropic (it is adiabatic because it is too quick for 
heat transfer to occur), and slow compression is isothermal 
(there is plenty of time for the air to equilibrate to ambient 
temperature). 


12.25 You have designed a device for determining the bulk 
modulus, £,, of a material. It works by measuring the time 
delay between sending a sound wave into a sample of 
the material and receiving the wave after it travels through 
the sample and bounces back. As a test, you use a 1-m rod of 
steel (E,, ~ 200 GN/m’). What time delay should your device 
indicate? You now test a 1-m rod (1 cm diameter) of an 
unknown material and find a time delay of 0.5 ms. The mass of 
the rod is measured to be 0.25 kg. What is this material’s bulk 
modulus? 


12.26 Dolphins often hunt by listening for sounds made by 
their prey. They “hear” with the lower jaw, which conducts 
the sound vibrations to the middle ear via a fat-filled cavity 
in the lower jaw bone. If the prey is half a mile away, how 
long after a sound is made does a dolphin hear it? Assume 
the seawater is at 68°F. 


12.27 A submarine sends a sonar signal to detect the enemy. 
The reflected wave returns after 3.25 s. Estimate the 
separation between the submarines. (As an approximation, 
assume the seawater is at 20°C.) 


12.28 An airplane flies at 550 km/hr at 1500 m altitude on 
a standard day. The plane climbs to 15,000 m and flies at 
1200 km/h. Calculate the Mach number of flight in both cases. 


12.29 Next-generation missiles will use scramjet engines to 
travel at Mach numbers as high as 7. If a scramjet-powered 
missile travels at Mach 7 at an altitude of 85,000 ft, how long 
will it take for the missile to travel 600 nautical miles? Assume 
standard atmospheric conditions. (Note: This is the range for 
the Tomahawk missile, which uses a conventional propulsion 
system, but it takes 90 min to cover that same distance.) 


12.30 Actual performance characteristics of the Lockheed 
SR-71 “Blackbird” reconnaissance aircraft never were 
released. However, it was thought to cruise at M=3.3 at 
85,000 ft altitude. Evaluate the speed of sound and flight 
speed for these conditions. Compare to the muzzle speed of a 
30-06 rifle bullet (700 m/s). 


12.31 The Boeing 727 aircraft of Example 9.8 cruises at 520 
mph at 33,000 ft altitude on a standard day. Calculate the 
cruise Mach number of the aircraft. If the maximum allow- 
able operating Mach number for the aircraft is 0.9, what is 
the corresponding flight speed? 


| 12.32 Investigate the effect of altitude on Mach number by 


plotting the Mach number of a 500 mph airplane as it flies at 
altitudes ranging from sea level to 10 km. 


12.33 You are watching a July 4th fireworks display from a 
distance of one mile. How long after you see an explosion do 
you hear it? You also watch New Year’s fireworks (same 
place and distance). How long after you see an explosion do 
you hear it? Assume it’s 75°F in July and 5°F in January. 


12.34 The X-15 North American rocket plane held the 
record for the fastest manned flight. In 1967, the X-15 flew at 
a speed of 7270 km/h at an altitude of 58.4 km. At what Mach 
number did the X-15 fly? 


12.35 You need to estimate the speed of a hypersonic air- 
craft traveling at Mach 7 and 120,000 ft. Not having a table of 
atmospheric tables handy, you remember that through the 
stratosphere (approximately 36,000 ft to 72,000 ft) the tem- 
perature of air is nearly constant at 390°R, and you assume 
this temperature for your calculation. Later, you obtain 
the appropriate data and recalculate the speed. What was the 
percentage error? What would the percentage error have 
been if you used the air temperature at sea level? 


12.36 The grandstand at the Kennedy Space Center is 
located 3.5 mi away from the Space Shuttle Launch Pad. 
On a day when the air temperature is 80°F, how long does it 
take the sound from a blastoff to reach the spectators? If the 
launch was early on a winter morning, the temperature may 
be as low as 50°F. How long would the sound take to reach 
the spectators under those conditions? 


12.37 While working on a pier on a mountain lake, you 
notice that the sounds of your hammering are echoing from 
the mountains in the distance. If the temperature is 25°C 
and the echoes reach you 3 seconds after the hammer strike, 
how far away are the mountains? 


4 12.38 Use data for specific volume to calculate and plot the 


speed of sound in saturated liquid water over the tempera- 
ture range from 0 to 200°C. 
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12.39 Re-derive the equation for sonic speed (Eq. 12.18) 
assuming that the direction of fluid motion behind the sound 
wave is dV, to the right. Show that the result is identical to 
that given by Eq. 12.18. 


12.40 Compute the speed of sound at sea level in standard 
air. By scanning data from Table A.3 into your PC (or using 
Fig. 3.3), evaluate the speed of sound and plot for altitudes to 
90 km. 

12.41 The temperature varies linearly from sea level to 
approximately 11 km altitude in the standard atmosphere. 
Evaluate the lapse rate—the rate of decrease of temperature 
with altitude—in the standard atmosphere. Derive an expres- 
sion for the rate of change of sonic speed with altitude in an 
ideal gas under standard atmospheric conditions. Evaluate and 
plot from sea level to 10 km altitude. 


12.42 Air at 77°F flows at M = 1.9. Determine the air speed 
and the Mach angle. 


12.43 Consider the hypersonic aircraft of Problem 12.35. 
How long would it take for an observer to hear the aircraft 
after it flies over the observer? In that elapsed time, how far 
did the aircraft travel? 

12.44 A projectile is fired into a gas (ratio of specific heats 
k =1.625) in which the pressure is 450 kPa (abs) and the 
density is 4.5 kg/m*. It is observed experimentally that 
a Mach cone emanates from the projectile with 25° total 
angle. What is the speed of the projectile with respect to the 
gas? 

12.45 A photograph of a bullet shows a Mach angle of 32°. 
Determine the speed of the bullet for standard air. 


12.46 The National Transonic Facility (NTF) is a high-speed 
wind tunnel designed to operate with air at cryogenic tem- 
peratures to reduce viscosity, thus raising the unit Reynolds 
number (Re/x) and reducing pumping power requirements. 
Operation is envisioned at temperatures of —270°F and 
below. A schlieren photograph taken in the NTF shows 
a Mach angle of 57° where T= —270°F and p=1.3 psia. 
Evaluate the local Mach number and flow speed. Calculate 
the unit Reynolds number for the flow. 


12.47 An F-4 aircraft makes a high-speed pass over an air- 
field on a day when T= 35°C. The aircraft flies at M= 1.4 
and 200 m altitude. Calculate the speed of the aircraft. How 
long after it passes directly over point A on the ground does 
its Mach cone pass over point A? 


12.48 While jogging on the beach (it’s a warm summer day, 
about 25°C) a high-speed jet flies overhead. You guesstimate 
that it’s at an altitude of about 3000 m, and count off about 
7.5 s before you hear it. Estimate the speed and Mach 
number of the jet. 


12.49 An aircraft passes overhead at 3 km altitude. The 
aircraft flies at M = 1.5; assume air temperature is constant at 
20°C. Find the air speed of the aircraft. A headwind blows 
at 30 m/s. How long after the aircraft passes directly over- 
head does its sound reach a point on the ground? 


12.50 A supersonic aircraft flies at 3 km altitude at a speed of 
1000 m/s on a standard day. How long after passing directly 
above a ground observer is the sound of the aircraft heard by 
the ground observer? 
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12.51 For the conditions of Problem 12.50, find the location 
at which the sound wave that first reaches the ground 
observer was emitted. 


12.52 The Concorde supersonic transport cruised at M = 2.2 
at 17 km altitude on a standard day. How long after the air- 
craft passed directly above a ground observer was the sound 
of the aircraft heard? 


12.53 The airflow around an automobile is assumed to be 
incompressible. Investigate the validity of this assumption 
for an automobile traveling at 60 mph. (Relative to the 
automobile the minimum air velocity is zero, and the max- 
imum is approximately 120 mph.) 


12.54 Opponents of supersonic transport aircraft claim that 
sound waves can be refracted in the upper atmosphere and 
that, as a result, sonic booms can be heard several hundred 
miles away from the ground track of the aircraft. Explain the 
phenomenon of sound wave refraction. 


Reference State: Local Isentropic 
Stagnation Properties 


12.55 Plot the percentage discrepancy between the density at 
the stagnation point and the density at a location where the 
Mach number is M, of a compressible flow, for Mach num- 
bers ranging from 0.05 to 0.95. Find the Mach numbers at 
which the discrepancy is 1 percent, 5 percent, and 10 percent. 


12.56 Find the stagnation temperature at the nose of the 
missile described in Problem 12.29. 


12.57 Find the stagnation temperature at the nose of the 
aircraft described in Problem 12.34. 


12.58 Find the ratio of static to total pressure for a car 
moving at 55 mph and for a Formula One race car traveling 
at 220 mph at sea level. Do you expect the flow over either 
car to experience compressibility effects? 


12.59 Find the dynamic and stagnation pressures for the 
missile described in Problem 12.29. 


12.60 Find the dynamic and stagnation pressures for the 
aircraft described in Problem 12.34. 


12.61 An aircraft flies at 250 m/s in air at 28 kPa and —50°C. 
Find the stagnation pressure at the nose of the aircraft. 


12.62 Compute the air density in the undisturbed air, and at 
the stagnation point, of Problem 12.61. What is the percen- 
tage increase in density? Can we approximate this as an 
incompressible flow? 

12.63 For an aircraft traveling at M=2 at an elevation of 
12 km, find the dynamic and stagnation pressures. 

12.64 A body moves through standard air at 200 m/s. What is 
the stagnation pressure on the body? Assume (a) compres- 
sible flow and (b) incompressible flow. 

12.65 Consider flow of standard air at 600 m/s. What is the 
local isentropic stagnation pressure? The stagnation enthalpy? 
The stagnation temperature? 

12.66 A DC-10 aircraft cruises at 12 km altitude on a stan- 
dard day. A pitot-static tube on the nose of the aircraft 
measures stagnation and static pressures of 29.6 kPa and 19.4 
kPa. Calculate (a) the flight Mach number of the aircraft, 


(b) the speed of the aircraft, and (c) the stagnation tem- 
perature that would be sensed by a probe on the aircraft. 


12.67 An aircraft cruises at M = 0.65 at 10 km altitude on a 
standard day. The aircraft speed is deduced from measure- 
ment of the difference between the stagnation and static 
pressures. What is the value of this difference? Compute the 
air speed from this actual difference assuming (a) compres- 
sibility and (b) incompressibility. Is the discrepancy in air- 
speed computations significant in this case? 

12.68 The Anglo-French Concorde supersonic transport 
cruised at M = 2.2 at 20 km altitude. Evaluate the speed of 
sound, aircraft flight speed, and Mach angle. What was the 
maximum air temperature at stagnation points on the air- 
craft structure? 


12.69 Modern high-speed aircraft use “air data computers” 
to compute air speed from measurement of the difference 
between the stagnation and static pressures. Plot, as a func- 
tion of actual Mach number M, for M =0.1 to M =0.9, the 
percentage error in computing the Mach number assuming 
incompressibility (i.e., using the Bernoulli equation), from 
this pressure difference. Plot the percentage error in speed, 
as a function of speed, of an aircraft cruising at 12 km alti- 
tude, for a range of speeds corresponding to the actual Mach 
number ranging from M=0.1 to M=0.9. 


12.70 A supersonic wind tunnel test section is designed to 
have M=2.5 at 15°C and 35kPa (abs). The fluid is air. 
Determine the required inlet stagnation conditions, Ty) and 
Po- Calculate the required mass flow rate for a test section 
area of 0.175 m’. 


12.71 Air flows steadily through a length (1) denotes inlet 
and (2) denotes exit) of insulated constant-area duct. Prop- 
erties change along the duct as a result of friction. 

(a) Beginning with the control volume form of the first law 
of thermodynamics, show that the equation can be 
reduced to 


constant 


(b) Denoting the constant by fp (the stagnation enthalpy), 
show that for adiabatic flow of an ideal gas with friction 


(c) For this flow does 7p, = To,? po, =Ppo,? Explain these 
results. 


12.72 A new design for a supersonic transport is tested in a 
wind tunnel at M=1.8. Air is the working fluid. The stag- 
nation temperature and pressure for the wind tunnel are 200 
psia and 500°F, respectively. The model wing area is 100 in’. 
The measured lift and drag are 12,000 Ibf and 1600 Ibf, 
respectively. Find the lift and drag coefficients. 


12.73 For aircraft flying at supersonic speeds, lift and drag 
coefficients are functions of Mach number only. A super- 
sonic transport with wingspan of 75 m is to fly at 780 m/s at 
20 km altitude on a standard day. Performance of the aircraft 
is to be measured from tests of a model with 0.9 m wingspan 
in a supersonic wind tunnel. The wind tunnel is to be sup- 
plied from a large reservoir of compressed air, which can be 


heated if desired. The static temperature of air in the test 
section is to be 10°C to avoid freezing of moisture. At what 
air speed should the wind tunnel tests be run to duplicate the 
Mach number of the prototype? What must be the stagnation 
temperature in the reservoir? What pressure is required in 
the reservoir if the test section pressure is to be 10 kPa (abs)? 


12.74 Actual performance characteristics of the Lockheed 
SR-71 “Blackbird” reconnaissance aircraft were classified. 
However, it was thought to cruise at M = 3.3 at 26 km altitude. 
Calculate the aircraft flight speed for these conditions. 
Determine the local isentropic stagnation pressure. Because 
the aircraft speed is supersonic, a normal shock occurs in front 
of a total-head tube. The stagnation pressure decreases by 
74.7 percent across the shock. Evaluate the stagnation pres- 
sure sensed by a probe on the aircraft. What is the maximum 
air temperature at stagnation points on the aircraft structure? 


12.75 The NASA X-43A Hyper-X experimental vehicle 
traveled at M = 9.68 at an altitude of 110,000 ft. Calculate the 
flight speed for these conditions. Determine the local stag- 
nation pressure. Because the aircraft speed is supersonic, a 
normal shock wave occurs in front of a total-head tube. 
However, the shock wave results in a stagnation pressure 
decrease of 99.6 percent. Evaluate the stagnation pressure 
sensed by a probe on the aircraft. What is the maximum air 
temperature at stagnation points on the aircraft structure? 


12.76 Air flows in an insulated duct. At point (D the con- 
ditions are M,=0.1, T; =20°C, and p,;=1.0 MPa (abs). 
Downstream, at point @), because of friction the conditions 
are M, =0.7, T2 = —5.62°C, and pz = 136.5 kPa (abs). (Four 
significant figures are given to minimize roundoff errors.) 
Compare the stagnation temperatures at points @ and @), 
and explain the result. Compute the stagnation pressures at 
points (1) and @). Can you explain how it can be that the 
velocity increases for this frictional flow? Should this process 
be isentropic or not? Justify your answer by computing the 
change in entropy between points (1) and ©). Plot static and 
stagnation state points on a 7s diagram. 


12.77 Air is cooled as it flows without friction at a rate of 
0.05 kg/s in a duct. At point (1) the conditions are M, = 0.5, 
T, = 500°C, and p; = 500 kPa (abs). Downstream, at point @, 
the conditions are Mz =0.2, Tz = —18.57°C, and pz = 639.2 
kPa (abs). (Four significant figures are given to minimize 
roundoff errors.) Compare the stagnation temperatures at 
points (1) and @), and explain the result. Compute the rate of 
cooling. Compute the stagnation pressures at points (1) and 
@). Should this process be isentropic or not? Justify your 
answer by computing the change in entropy between points (1) 
and (2). Plot static and stagnation state points ona Ts diagram. 


12.78 Consider steady, adiabatic flow of air through a long 
straight pipe with A = 0.05 m?. At the inlet (section (D) the 
air is at 200 kPa (abs), 60°C, and 146 m/s. Downstream at 
section (2), the air is at 95.6 kPa (abs) and 280 m/s. Deter- 
mine po,, Po,» Zo,, To,, and the entropy change for the flow. 
Show static and stagnation state points on a Ts diagram. 

12.79 Air flows steadily through a constant-area duct. At 
section , the air is at 400 kPa (abs), 325 K, and 150 m/s. As 
a result of heat transfer and friction, the air at section @ 
downstream is at 275 kPa (abs), 450K. Calculate the heat 
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transfer per kilogram of air between sections (1) and (2), and 
the stagnation pressure at section (2). 


12.80 The combustion process in a ramjet engine is modeled 
as simple heat addition to air in a frictionless duct. Consider 
such a combustor, with air flowing at a rate of 0.1 lbm/s. 
At point @ the conditions are M, 0.2, T; =600°F, and 
Pi =7 psia. Downstream, at point @), the conditions are 
M2 =0.9, T> = 1890°F, and p, = 4.1 psia. Compare the stag- 
nation temperatures at points (1) and @), and explain the 
result. Compute the rate of heat addition to the flow. Com- 
pute the stagnation pressures at points (1) and @). Should 
this process be isentropic or not? Justify your answer by 
computing the change in entropy between points (1) and (). 
Plot static and stagnation state points on a 7s diagram. 


12.81 Let us revisit the ramjet combustor in Problem 12.80. 
To more accurately model the flow, we now include the 
effects of friction in the duct. Once the effects of friction 
have been included, we find that the conditions at state @) 
are now M, = 0.9, T> = 1660°F, and p2 = 1.6 psia. Recalculate 
the heat transfer per pound of air between sections (1) and 
©), and the stagnation pressure at section @). 


12.82 Air passes through a normal shock in a supersonic 
wind tunnel. Upstream conditions are M; = 1.8, T; = 270 K, 
and p,;=10.0 kPa (abs). Downstream conditions are 
M2 = 0.6165, T> = 413.6 K, and p2 = 36.13 kPa (abs). (Four 
significant figures are given to minimize roundoff errors.) 
Evaluate local isentropic stagnation conditions (a) upstream 
from, and (b) downstream from, the normal shock. Calculate 
the change in specific entropy across the shock. Plot static 
and stagnation state points on a Ts diagram. 


12.83 Air enters a turbine at M, =0.4, 7, =1250°C, and 
P1=625 kPa (abs). Conditions leaving the turbine are 
M,=0.8, Tz; = 650°C, and p2 = 20 kPa (abs). Evaluate local 
isentropic stagnation conditions (a) at the turbine inlet and 
(b) at the turbine outlet. Calculate the change in specific 
entropy across the turbine. Plot static and stagnation state 
points on a Ts diagram. 


12.84 A Boeing 747 cruises at M =0.87 at an altitude of 
13 km on a standard day. A window in the cockpit is located 
where the external flow Mach number is 0.2 relative to the 
plane surface. The cabin is pressurized to an equivalent altitude 
of 2500 m in a standard atmosphere. Estimate the pressure 
difference across the window. Be sure to specify the direction 
of the net pressure force. 


Critical Conditions 


12.85 If a window of the cockpit in Problem 12.84 develops a 
tiny leak the air will start to rush out at critical speed. Find 
the mass flow rate if the leak area is 1 mm’. 


12.86 Space debris impact is a real concern for spacecraft. If 
a piece of space debris were to create a hole of 0.001 in.” area 
in the hull of the International Space Station (ISS), at what 
rate would air leak from the ISS? Assume that the atmo- 
sphere in the International Space Station (ISS) is air at a 
pressure of 14.7 psia and a temperature of 65°F. 


12.87 A COs, cartridge is used to propel a toy rocket. Gas in 
the cartridge is pressurized to 45 MPa (gage) and is at 25°C. 
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Calculate the critical conditions (temperature, pressure, and 
flow speed) that correspond to these stagnation conditions. 


12.88 The gas storage reservoir for a high-speed wind tunnel 
contains helium at 3600°R and 725 psig. Calculate the critical 
conditions (temperature, pressure, and flow speed) that cor- 
respond to these stagnation conditions. 


12.89 Stagnation conditions in a solid propellant rocket 
motor are Ty=3000 K and po=45 MPa (gage). Critical 
conditions occur in the throat of the rocket nozzle where the 
Mach number is equal to one. Evaluate the temperature, 
pressure, and flow speed at the throat. Assume ideal gas 
behavior with R = 323 J/(kg-K) and k = 1.2. 


12.90 The hot gas stream at the turbine inlet of a JT9-D jet 
engine is at 1500°C, 140 kPa (abs), and M = 0.32. Calculate 


the critical conditions (temperature, pressure, and flow 
speed) that correspond to these conditions. Assume the fluid 
properties of pure air. 


12.91 Certain high-speed wind tunnels use combustion air 
heaters to generate the extreme pressures and temperatures 
required to accurately simulate flow at high Mach numbers. 
In one set of tests, a combustion air heater supplied stag- 
nation conditions of 1.7 MPa and 1010 K. Calculate the 
critical pressure and temperature corresponding to these 
stagnation conditions. 

12.92 The ramjet combustor exhaust from Problem 12.81 is 
accelerated through a nozzle to critical conditions. Calculate 
the temperature, pressure, and flow velocity at the nozzle 
exit. Assume fluid properties of pure air. 


13.1 Basic Equations for One-Dimensional Compressible Flow 

13.2 Isentropic Flow of an Ideal Gas: Area Variation 

13.3 Normal Shocks 

13.4 Supersonic Channel Flow with Shocks 

13.5 Flow in a Constant-Area Duct with Friction 

13.6 Frictionless Flow in a Constant-Area Duct with Heat Exchange 
13.7 Oblique Shocks and Expansion Waves 


13.8 Summary and Useful Equations 


Wind turbine farms are now a common sight 
in many parts of the world. One of the earliest wind 
farms in the United States, the Altamont Pass Wind 
Farm in central California, has almost 5000 relatively 
small wind turbines of various types, making it at one 
time the largest farm in the world in terms of capacity. 
Altamont Pass is still the largest single concentration of 
wind turbines in the world, with a capacity of 576 MW, 
producing about 125 MW on average and 1.1 TWh 
annually. Even though the turbines are quite large, 
technology has improved since they were installed in 


the 1970s, and they are being gradually replaced with 
much larger and more cost-effective units. The smaller 
turbines are dangerous to various birds such as golden 
eagles (about 70 of these are killed each year). The 
new, larger units turn more slowly and, being so much 
larger and higher, are less hazardous to the local 
wildlife. 

As we saw in the last Case Study in Energy and the 
Environment, a number of companies are developing 
small-scale alternatives to such wind farms. One such 
company is Windspire Energy in Nevada. Its wind tur- 
bines, as shown in the photograph, are low-cost, low- 
noise, attractive-looking wind power generators for use 
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Windspire Turbines. (Picture Courtesy of Windspire Energy.) 


with residential, business, and commercial buildings. 
Each Windspire can generate about 1.2 kW of electricity; 
for comparison, a typical home solar array can generate 
up to 3 kW in full, direct sunlight. Manufactured in 
Michigan, the Windspire wind turbines are 30 ft tall and 
4 ft wide, propeller-free, vertical-axis wind turbine 
(VAWTs, discussed in Chapter 10). The Windspire tur- 
bines, in contrast to the Helix VAWT in Chapter 12, are 
lift devices; that is, the vertical blades are essentially 


airfoils generating lift (See Chapter 9) and hence torque. 
Windspires are currently powering over 500 homes, 
small businesses, schools, museums, parks, vineyards, 
and commercial buildings. 

Recently Adobe Systems Inc., makers of the com- 
monly used Adobe Acrobat, installed 20 Windspire 
wind turbines at its San Jose, California, campus. This 
is in keeping with Adobe’s leadership in green build- 
ing efforts; the headquarters is the first commercial 
office building to receive the Leadership in Energy and 
Environmental Design (LEED-EB) Platinum certification 
for its headquarters. The new Windspires are located 
on Adobe’s sixth-floor patio, which doubles as a 
rooftop garden and recreational area; the patio is 
located between three office towers, which create a 
wind tunnel effect from steady winds off the Pacific 
Ocean. Adobe selected the Windspire for its powerful, 
sleek, quiet, and aesthetically pleasing design. The 
tall, slender, delicate-looking cylinders look nothing 
like the giant turbine blades turning above the Alta- 
mont Pass, but they generate power all the same! 

Sales of small turbines—those with a capacity of 
100 kW or less—rose 78 percent in 2008; so the 
market is rapidly growing. Unlike the Windspire, most 
of the small turbines sold in the United States are 
horizontal-axis turbines (HAWTs). Windspire Energy 
believes that its VAWT Windspire has a number of 
advantages over HAWTs, including its much smaller 
footprint, lower noise level, and aesthetic appeal. 


In Chapter 12 we reviewed some basic concepts of compressible flow. The main focus 
of this chapter is to discuss one-dimensional compressible flow in more detail. The first 
question we can ask is “What would cause the fluid properties to vary in a one- 
dimensional compressible flow?” The answer is that various phenomena can cause 
changes: 


e Flow with varying area (causing the velocity to change, and hence other property 
changes). 

e Normal shock (a “violent” adiabatic process that causes the entropy to increase, and 
hence other property changes). 


e Flow in a channel with friction (causing the entropy to increase, and hence other 
property changes). 

e Flow in a channel with heating or cooling (causing a change in fluid energy, and 
hence other property changes). 


For simplicity, we will study each of these phenomena separately (bearing in mind 
that a real flow is likely to experience several of them simultaneously). After com- 
pleting our treatment of one-dimensional flow, we will introduce some basic concepts 
of two-dimensional flows: oblique shocks and expansion waves. 
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Basic Equations jor One-Dimensional 13.7 
Compressible Flow 


Our first task is to develop general equations for a one-dimensional flow that express 
the basic laws from Chapter 4: mass conservation (continuity), momentum, the first 
law of thermodynamics, the second law of thermodynamics, and an equation of state. 
To do so, we will use the fixed control volume shown in Fig. 13.1. We initially assume 
that the flow is affected by all of the phenomena mentioned above (i.e., area change, 
friction, and heat transfer—even the normal shock will be described by this approach). 
Then, for each individual phenomenon we will simplify the equations to obtain useful 
results. 

As shown in Fig. 13.1, the properties at sections (1) and @) are labeled with corre- 
sponding subscripts. R, is the x component of surface force from friction and pressure 
on the sides of the channel. There will also be surface forces from pressures at surfaces 
@ and Q). Note that the x component of body force is zero, so it is not shown. Q is the 
heat transfer. 


a. Continuity Equation 


Basic equation: 


= 0(1) 
a pave | waa as (4.12) 
t Jov cs 


Assumptions: (1) Steady flow. 
(2) One-dimensional flow. 


Then 
(—p1V1A1) + (p2V2A2) = 0 
or 


P\ViAi = pxV2A2 = pVA = m = constant (13.1a) 


Fig. 13.1 Control volume for analysis of a 
general one-dimensional flow. 
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b. Momentum Equation 


Basic equation: 


= 0(3) = 011) 
roth = a) ved | V, pV-dA (4.18a) 
j ti} ov cs 


Assumption: (3) Fz = 0 


The surface force is caused by pressure forces at surfaces (1) and Q), and by the friction 
and distributed pressure force, R,, along the channel walls. Substituting gives 


R, + pA, — p2A2 = Vi(—p,V1A1) + V2(p2V2A2) 


Using continuity, we obtain 


R, + p1A1 — poA2 = mV,—mV, (13.1b) 


c. First Law of Thermodynamics 


Basic equation: 


O~ yh Whe ~ phan -£/ epa¥ + [ (e+pv)pV-dA (4.56) 
Ot Jov cs 


where 


Assumptions: (4) W, =e. 


(5) Wehear = Wother = 0. 
(6) Effects of gravity are negligible. 


(Note that even if we have friction, there is no friction work at the walls because with 
friction the velocity at the walls must be zero from the no-slip condition.) Under these 
assumptions, the first law reduces to 


Vi V5 
Q= («1 + pyvy + +) (—p, Vi Aq) + (u + pyv2 + 2) (oVoA.) 


(Remember that uv here represents the specific volume.) This can be simplified by 
using h = u+ pv, and continuity (Eq. 13.1a), 


onl) (oe 


We can write the heat transfer on a per unit mass rather than per unit time basis: 


6Q 1 


dm m 
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SO 


2. 
SS ip ok Se (13.1c) 


Equation 13.1c expresses the fact that heat transfer changes the total energy (the sum 
of thermal energy h, and kinetic energy V7/2) of the flowing fluid. This combination, 
h+ V?/2, occurs often in compressible flow, and is called the stagnation enthalpy, ho. 
This is the enthalpy obtained if a flow is brought adiabatically to rest. 

Hence, Eq. 13.1c can also be written 


6Q 


dim ~ 02M 


We see that heat transfer causes the stagnation enthalpy, and hence, stagnation 
temperature, Tp, to change. 


d. Second Law of Thermodynamics 


Basic equation: 


= 0(1) 
9 pagel 242 
YT spavs [ spv-ad =f 7 @ dA (4.58) 


or 


and, again using continuity, 


He -ef + (<a (13.1d) 


e. Equation of State 


Equations of state are relations among intensive thermodynamic properties. These 
relations may be available as tabulated data or charts, or as algebraic equations. In 
general, regardless of the format of the data, as we discussed in Chapter 12 (see 
References [1—3] of that chapter), for a simple substance any property can be 
expressed as a function of any two other independent properties. For example, we 
could write h = h(s, p), or p = p(s, p), and so on. 

We will primarily be concerned with ideal gases with constant specific heats, and for 
these we can write Eqs. 12.1 and 12.7b (renumbered for convenient use in this chapter), 


Dp = pRT (13.1e) 
and 


Ah = hy hy = GAT = G 


(a= 1) (13.1) 


For ideal gases with constant specific heats, the change in entropy, As = sz — sy, for 
any process can be computed from any of Eqs. 12.11. For example, Eq. 12.11b 
(renumbered for convenient use in this chapter) is 
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13.2 


Pe Rin 22 (13.12) 


As = 83-5, = c, In 
ce aie Pi 


We now have a basic set of equations for analyzing one-dimensional compressible 
flows of an ideal gas with constant specific heats: 


P1ViA1 = p,V2A2. = pVA = m = constant (13.1a) 
R, + prAi — prAr = mV, —mV, (13.1b) 
6Q Va V3 
ae ae (13.1c) 
; 1G 
mn (sz — 1) =) T (S) dA (13.1d) 
[— felisde (13.1e) 
Ah =h,-h, = GAT = g(T,-—T) (13.1f) 
ID P2 
AS = y= Ss; = @! =JRil 1a 
S = 8. —S1 oT, ai (13.1g) 


Note that Eq. 13.1le applies only if we have an ideal gas; Equations 13.1f and 13.1g 
apply only if we have an ideal gas with constant specific heats. Our task is now to 
simplify this set of equations for each of the phenomena that can affect the flow: 

e Flow with varying area. 

e Normal shock. 

e Flow in a channel with friction. 


e Flow in a channel with heating or cooling. 


Isentropic Flow of an Ideal Gas: Avea Variation 


The first phenomenon is one in which the flow is changed only by area variation— 
there is no heat transfer (6Q/dm = 0) or friction (so that R,, the x component of 
surface force, results only from pressure on the sides of the channel), and there are no 
shocks. The absence of heat transfer, friction, and shocks (which are “violent” and 
therefore inherently irreversible) means the flow will be reversible and adiabatic, so 


Eq. 13.1d becomes 
2f 110\,, 
m(s2 — S1) [. F (Sas 0 


As = s.—-s8, =0 


or 


so such a flow is isentropic. This means that Eq. 13.1g leads to the result we saw in 
Chapter 12, 


Tip = Toph" = Ty */* = constant (12.12b) 
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or its equivalent (which can be obtained by using the ideal gas equation of state in 
Eq. 12.12b to eliminate temperature), 
Pi _ P2 P 


- - = = constant (12.12c) 
pep 


Hence, the basic set of equations (Eqs. 13.1) becomes: 


P1ViA1 = pPy9V2A2. = pVA = m = constant (13.2a) 
R, + piAi — prxAr = mV2—mV, (13.2b) 
2 y2 
ho, = hy =F a = hy + = = ho, = ho (13.2c) 
S2= SL HS (13.2d) 
p= pr (13.2e) 
Ah = hy hy _ GAT = G(T T,) (13.2f) 
PA P2 P 
= = = constant (13.2g) 
a a 


Note that Eqs. 13.2c, 13.2d, and 13.2f provide insight into how this process appears on 
an hs diagram and on a Ts diagram. From Eq. 13.2c, the total energy, or stagnation 
enthalpy No, of the fluid is constant; the enthalpy and kinetic energy may vary along 
the flow, but their sum is constant. This means that if the fluid accelerates, its tem- 
perature must decrease, and vice versa. Equation 13.2d indicates that the entropy 
remains constant. These results are shown for a typical process in Fig. 13.2. 

Equation 13.2f indicates that the temperature and enthalpy are linearly related; 
hence, processes plotted on a 7s diagram will look very similar to that shown in 
Fig. 13.2 except for the vertical scale. 

Equations 13.2 could be used to analyze isentropic flow in a channel of varying 
area. For example, if we know conditions at section (1) (i.e., pi, p1, T1, 51, 41, Vi, and 
A;) we could use these equations to find conditions at some new section @) where the 
area is Az: We would have seven equations and seven unknowns (p2, (2, T2, 82, h2, V2, 
and, if desired, the net pressure force on the walls R,). We stress could, because in 
practice this procedure is unwieldy—we have a set of seven nonlinear coupled alge- 
braic equations to solve (however, we will see, for example in Example 13.1, that 
Excel can be used to solve this set of equations). Instead we will usually use some of 
these equations as convenient but also take advantage of the results we obtained for 
isentropic flows in Chapter 12, and develop property relations in terms of the local 
Mach number, the stagnation conditions, and critical conditions. 


p = const 
h 
ho Reference 
state Kinetic 
energy of | Kinetic 
hy State @ state@ | energy of | Total 
state @ energy 
Thermal Io of all 
energy of states 
fa State @) state @) } Thermal 
> energy of 
J state 


Ss 


Fig. 13.2 Isentropic flow in the hs plane. 
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Before proceeding with this approach, we can gain insight into the isentropic 
process by reviewing the results we obtained in Chapter 12 when we analyzed a dif- 
ferential control volume (Fig. 12.5). The momentum equation for this was 


wae’ a(>) =0 (12.20b) 


(Note that we could also have obtained this equation using our set of equations, Eqs. 
13.1. If we applied Eqs. 13.1 to a differential control volume, we could replace p,, Vi, 
and A, with p, V, and A, and p2, Vz, and Az with p + dp, V + dV, and A + dA. Then 
Eq. 13.1a and 13.1b simplify to the above equation.) Then 


dp =—pV dV 
Dividing by pV”, we obtain 
dp av 
= =-— 133 


A convenient differential form of the continuity equation can be obtained from Eq. 
13.2a, in the form 


pAV = constant 
Differentiating and dividing by pAV yields 


dp dA dV 
ae =0 13.4 


Solving Eq. 13.4 for dA/A gives 


Substituting from Eq. 13.3 gives 


dA dp dp 
A pV? _p 


or 


dA | a 


A pV? dp/dp 
Now recall that for an isentropic process, dp/dp = Op/Op), = c’, so 
dA dp y? dp 2 
= = 1-M 
A pV? | 4 pv? | | 
or 
dp dA 1 
= 135 
pV? A [1—M?] a 
Substituting from Eq. 13.3 into Eq. 13.5, we obtain 
d dA 1 
a (13.6) 


V A [l—-M 
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Note that for an isentropic flow there can be no friction. Equations 13.5 and 13.6 
confirm that for this case, from a momentum point of view we expect an increase in 
pressure to cause a decrease in speed, and vice versa. Although we cannot use them 
for computations (we have not so far determined how M varies with A), Eqs. 13.5 and 
13.6 give us very interesting insights into how the pressure and velocity change as we 
change the area of the flow. Three possibilities are discussed below. 


Subsonic Flow, M <1 


For M <1, the factor 1/[1 — M7] in Eqs. 13.5 and 13.6 is positive, so that a positive dA 
leads to a positive dp and a negative dV. These mathematical results mean that in a 
divergent section (dA > 0) the flow must experience an increase in pressure (dp > 0) 
and the velocity must decrease (dV < 0). Hence a divergent channel is a subsonic 
diffuser (a diffuser is a device that decelerates a flow). 

On the other hand, a negative dA leads to a negative dp and a positive dV. These 
mathematical results mean that in a convergent section (dA < 0) the flow must 
experience a decrease in pressure (dp < 0) and the velocity must increase (dV > 0). 
Hence a convergent channel is a subsonic nozzle (a nozzle is a device that accel- 
erates a flow). 

These results are consistent with our everyday experience and are not surprising— 
for example, recall the venturi meter in Chapter 8, in which a reduction in area at the 
throat of the venturi led to a local increase in velocity, and because of the Bernoulli 
principle, to a pressure drop, and the divergent section led to pressure recovery and 
flow deceleration. (The Bernoulli principle assumes incompressible flow, which is the 
limiting case of subsonic flow.) 

The subsonic diffuser and nozzle are also shown in Fig. 13.3. 


Supersonic Flow, M>1 


For M > 1, the factor 1/[1 — M?] in Eqs. 13.5 and 13.6 is negative, so that a positive dA 
leads to a negative dp and a positive dV. These mathematical results mean that in a 
divergent section (dA > 0) the flow must experience a decrease in pressure (dp < 0) 
and the velocity must increase (dV > 0). Hence a divergent channel is a supersonic 
nozzle. 


Flow regime Nozzle Diffuser 
dp <0O dp>0O 
Subsonic Flow ————»> —— Flow 


M<1 _ an ee 


arcu Flow ———> ——> Flow 
M> 


Fig. 13.3. Nozzle and diffuser shapes as a function of initial Mach number. 
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On the other hand, a negative dA leads to a positive dp and a negative dV. These 
mathematical results mean that in a convergent section (dA < 0) the flow must 
experience an increase in pressure (dp > 0) and the velocity must decrease (dV < 0). 
Hence a convergent channel is a supersonic diffuser. 

These results are inconsistent with our everyday experience and are at first a bit 
surprising—they are the opposite of what we saw in the venturi meter! The results are 
consistent with the laws of physics; for example, an increase in pressure must lead to a 
flow deceleration because pressure forces are the only forces acting. 

The supersonic nozzle and diffuser are shown in Fig. 13.3. 

These somewhat counterintuitive results can be understood when we realize that 
we are used to assuming that p = constant, but we are now in a flow regime where the 
fluid density is a sensitive function of flow conditions. From Eq. 13.4, 


dV dA_ dp 
V A p 


For example, in a supersonic diverging flow (dA positive) the flow actually accelerates 
(dV also positive) because the density drops sharply (dp is negative and large, with the 
net result that the right side of the equation is positive). We can see examples of 
supersonic diverging nozzles in the space shuttle main engines, each of which has a 
nozzle about 10 ft long with an 8 ft exit diameter. The maximum thrust is obtained 
from the engines when the combustion gases exit at the highest possible speed, which 
the nozzles achieve. 


Sonic Flow, M = 1 


As we approach M = 1, from either a subsonic or supersonic state, the factor 
1/[1 — M?] in Eqs. 13.5 and 13.6 approaches infinity, implying that the pressure and 
velocity changes also approach infinity. This is obviously unrealistic, so we must look 
for some other way for the equations to make physical sense. The only way we can 
avoid these singularities in pressure and velocity is if we require that dA 0 as M1. 
Hence, for an isentropic flow, sonic conditions can only occur where the area is 
constant! We can be even more specific: We can imagine approaching M = 1 from 
either a subsonic or a supersonic state. A subsonic flow (M < 1) would need to be 
accelerated using a subsonic nozzle, which we have learned is a converging section; a 
supersonic flow (M > 1) would need to be decelerated using a supersonic diffuser, 
which is also a converging section. Hence, sonic conditions are limited not just to a 
location of constant area, but one that is a minimum area. The important result is that 
for isentropic flow the sonic condition M = 1 can only be attained at a throat, or section 
of minimum area. (This does not mean that a throat must have M = 1. After all, we 
may have a low speed flow or even no flow at all in the device!). 

We can see that to isentropically accelerate a fluid from rest to supersonic speed we 
would need to have a subsonic nozzle (converging section) followed by a supersonic 
nozzle (diverging section), with M = 1 at the throat. This device is called a converging- 
diverging nozzle (C-D nozzle). Of course, to create a supersonic flow we need more than 
just a C-D nozzle: We must also generate and maintain a pressure difference between 
the inlet and exit. We will discuss shortly C-D nozzles in some detail, and the pressures 
required to accomplish a change from subsonic to supersonic flow. 

We must be careful in our discussion of isentropic flow (especially deceleration), 
because real fluids can experience nonisentropic phenomena such as boundary-layer 
separation and shock waves. In practice, supersonic flow cannot be decelerated to 
exactly M = 1 at a throat because sonic flow near a throat is unstable in a rising 
(adverse) pressure gradient. (It turns out that disturbances that are always present in a 
real subsonic flow propagate upstream, disturbing the sonic flow at the throat, causing 
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shock waves to form and travel upstream, where they may be disgorged from the inlet 
of the supersonic diffuser.) 

The throat area of a real supersonic diffuser must be slightly larger than that 
required to reduce the flow to M = 1. Under the proper downstream conditions, a 
weak normal shock forms in the diverging channel just downstream from the throat. 
Flow leaving the shock is subsonic and decelerates in the diverging channel. Thus 
deceleration from supersonic to subsonic flow cannot occur isentropically in practice, 
since the weak normal shock causes an entropy increase. Normal shocks will be 
analyzed in Section 13.3. 

For accelerating flows (favorable pressure gradients), the idealization of isentropic 
flow is generally a realistic model of the actual flow behavior. For decelerating flows, 
the idealization of isentropic flow may not be realistic because of the adverse pressure 
gradients and the attendant possibility of flow separation, as discussed for incom- 
pressible boundary-layer flow in Chapter 9. 


Reference Stagnation and Critical Conditions for 
Isentropic Flow of an Ideal Gas 


As we mentioned at the beginning of this section, in principle we could use Eqs. 13.2 
to analyze one-dimensional isentropic flow of an ideal gas, but the computations 
would be somewhat tedious. Instead, because the flow is isentropic, we can use the 
results of Sections 12.3 (reference stagnation conditions) and 12.4 (reference critical 
conditions). The idea is illustrated in Fig. 13.4: Instead of using Eqs. 13.2 to compute, 
for example, properties at state @) from those at state (), we can use state () to 
determine two reference states (the stagnation state and the critical state), and then 
use these to obtain properties at state @). We need two reference states because the 
reference stagnation state does not provide area information (mathematically the 
stagnation area is infinite). 
We will use Eqs. 12.21 (renumbered for convenience), 


_ k/(k-1) 
Po 1+ Se] (13.7a) 
TG eat 4 
eda = : 
7 > M (13.7b) 
_ 1/(k-1) 
Po — c ae =] (13.7c) 


State © to 
stagnation state 
T Reference stagnation state to state @ 
To |} 
i 
I 
| State | 
Ty O a4 
State @ ! 
Ts ! t ' 
Tr | Reference critical state | 
State © to 
critical state 
to state@ 


Ss 


Fig. 13.4 Example of stagnation and critical reference 
states in the Ts plane. 
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We note that the stagnation conditions are constant throughout the isentropic flow. 
The critical conditions (when M = 1) were related to stagnation conditions in Section 


12.4, 


k+l 
= = SS (12.22a) 
+ 
a = ot (12.22b) 
1/(k-1) 
Po k+ | 
EN es 12.22c) 
p* | 2 
2k 


Although a particular flow may never attain sonic conditions (as in the example in 
Fig. 13.4), we will still find the critical conditions useful as reference conditions. 
Equations 13.7a, 13.7b, and 13.7c relate local properties (p, p, T, and V) to stagnation 
properties (po, Po, and Tp) via the Mach number M, and Eqs. 12.22 and 12.23 relate 
critical properties (p*, p*, T*, and V*) to stagnation properties (po, po, and To) 
respectively, but we have yet to obtain a relation between areas A and A*. To do this 
we start with continuity (Eq. 13.2a) in the form 


Then 


pAV = constant = p*A*V* 


A _ p*V* — p* c# — 1 p* [T* 
A* pV p Mc M p\/ T 


A. 1 pp | T/T 
A*  M py p\| T/To 


k-1 1/(k-1) = 1/2 
4A 4 ji + ae] 142 1 
A*” M (eae k+1 

Pr | 

ht (k+1)/2(k-1) 


1+ —— Mm 
cere 2 13.7d 
= lea (13.74) 
2 


Equations 13.7 form a set that is convenient for analyzing isentropic flow of an ideal 
gas with constant specific heats, which we usually use instead of the basic equations, 
Egs. 13.2. For convenience we list Eqs. 13.7 together: 


\ 
(13.7a) 


ae eye (13.7b) 
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Fig. 13.5 Variation of A/A* with Mach number 
for isentropic flow of an ideal gas with k = 1.4. 


= 1/(k-1) 
= - f ‘ a we] (13.7c) 
es (k+1) /2(k-1) 
ee lee aye 
A* M k+1 as) 
pi 


Equations 13.7 provide property relations in terms of the local Mach number, the 
stagnation conditions, and critical conditions; they are so useful that some calculators have 
some of them built in (for example, the HP 48G series [1]). It is a good idea to program 
them if your calculator does not already have them. There are even interactive Web sites 
that make them available (see, for example, [2]), and they are fairly easy to define in 
spreadsheets such as Excel. The reader is urged to download the Excel add-ins for these 
equations from the Web site; with the add-ins, functions are available for computing 
pressure, temperature, density or area ratios from M, and M from the ratios. While they 
are somewhat complicated algebraically, they have the advantage over the basic equa- 
tions, Eq. 13.2, that they are not coupled. Each property can be found directly from its 
stagnation value and the Mach number. Equation 13.7d shows the relation between Mach 
number M and area A. The critical area A* (defined whether or not a given flow ever 
attains sonic conditions) is used to normalize area A. For each Mach number M we obtain 
a unique area ratio, but as shown in Fig 13.5 each A/A* ratio (except 1) has two possible 
Mach numbers—one subsonic, the other supersonic. The shape shown in Fig. 13.5 looks 
like a converging-diverging section for accelerating from a subsonic to a supersonic flow 
(with, as necessary, M = 1 only at the throat), but in practice this is not the shape to which 
such a passage would be built. For example, the diverging section usually will have a much 
less severe angle of divergence to reduce the chance of flow separation (in Fig. 13.5 the 
Mach number increases linearly, but this is not necessary). 

Appendix E.1 lists flow functions for property ratios To/T, po/p, po/p, and A/A* in 
terms of M for isentropic flow of an ideal gas. A table of values, as well as a plot of 
these property ratios, is presented for air (k = 1.4) for a limited range of Mach 
numbers. The associated Excel workbook, Isentropic Relations, can be used to print a 
larger table of values for air and other ideal gases. 

Example 13.1 demonstrates use of some of the above equations. As shown in Fig. 13.4, 
we can use the equations to relate a property at one state to the stagnation value and then 
from the stagnation value to a second state, but note that we can accomplish this in one 
step—for example, p2 can be obtained from p, by writing p. = (p2/po)(Po/p1)p1, where 
the pressure ratios come from Eq. 13.7a evaluated at the two Mach numbers. 
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ample /5. C FLOW IN A CONVERGING CHANNEL 


Air flows isentropically in a channel. At section (1), the Mach number is 0.3, the area is 0.001m7”, and the absolute 
pressure and the temperature are 650 kPa and 62°C, respectively. At section @), the Mach number is 0.8. Sketch 
the channel shape, plot a Ts diagram for the process, and evaluate properties at section 2). Verify that the results 
agree with the basic equations, Eqs. 13.2. 


Given: Isentropic flow of air in a channel. At sections Q and (2), the following data are given: 
M, = 0.3, T, = 62°C, p; = 650 kPa (abs), A; = 0.001 m*, and M> = 0.8. 
Find: (a) The channel shape. 

(b) A Ts diagram for the process. 

(c) Properties at section (2). 

(d) Show that the results satisfy the basic equations. 


Flow 


Solution: 

To accelerate a subsonic flow requires a converging nozzle. The channel shape must be as shown. 
On the Ts plane, the process follows an s = constant line. Stagnation conditions remain fixed for isentropic flow. 
Consequently, the stagnation temperature at section (2) can be calculated (for air, k = 1.4) from Eq. 13.7b. 


k-1 
Tn iy, — 15 hs a] 
Po; = Pos 
= (62 + 273) K|1 + 0.2(0.3)"] 4 To, = To, 
Tg = je Coe: To,, To, 
For po,, from Eq. 13.7a, 
k/(k-1) 
k-1 
Po. = Po. = Pi p a a] = 650 kPa{1 + 0.2(0.3)7]*° 
Po, = 692 kPa (abs) < Po, 
For 7>, from Eq. 13.7b, 
k-1_, ‘ 
T, = To, / |1+ = — M3] =341K/ [1 + 0.2(0.8) 
1b; = SUIS qT, 
For p2, from Eq. 13.7a, 
k/k-1 
le= Il 3.5 
P2 = Po; / : aoe | = 692 kPa/ [1 - 0.2(0.8)"| 
Dy — 454k Par P2 


Note that we could have directly computed 7> from 7, because Tp = constant: 
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z m 2/2 2 f ie = nil /| + _ | - [1 +0.2(0.3)]/[1 +0.2(0.8)'| 


Hence, 


Similarly, for po, 


P2 _ P2 /PO — 9.886575 /0,982395 = 0.6982 
P1 Po’ P1 


Hence, 
P2 = 0.6982 p; = 0.6982(650 kPa) = 454 kPa 


The density 2 at section @) can be found from Eq. 13.7c using the same procedure we used for T> and p>, or we can 


use the ideal gas equation of state, Eq. 13.2e, 


= 524 ke/m =. 


P2 5N kg-K 1 
= 72 ~454x10°— x x 
2 TT m2 287N-m~ 302K 


and the velocity at section (@) is 


N-m kg-m 


= 279m/s « 


V2 = Mycy = Mp\/kRT> = 0.8 X uae 302K x 


The area A, can be computed from Eq. 13.7d, noting that A* is constant for this flow, 
4 (k+1)/2(k-1) 4 (k+1)/2(k-1) 


k (4 k Bo 
A AeA,” OM k+1 M, k+1 
2 2 


3 3 
2 2 
1 voz | / 1 eae] — 1.038 _ 95101 


Sos we 03 12 


Hence, 


Ao = 0510147 — 051010 001m-)— 5.10 x 10 me o 


Note that Az < A; as expected. 
Let us verify that these results satisfy the basic equations. 
We first need to obtain p; and V;: 


Se ee esi eS 


= * = 6.76 kg/m? 
PS Sr Nm SK po 


and 


Ee Seana 


N-m 
V, = Myc, = M,V/kRT, = 0.3 X yuaxasr ca X 335 K X ZN 


The mass conservation equation is 


P1ViA1 = p2V2A2 = pVA =m = constant 
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k 
mn = 6.16. x 110— X 0.001 m? = 5.2488 x 2 X 0.00051 m? = 0.744 kg/s (Check!) 


We cannot check the momentum equation (Eq. 13.2b) because we do not know the force R, produced by the walls of 
the device (we could use Eq. 13.2b to compute this if we wished). The energy equation is 
Ve Vee 


ho, =h,+~— =h+ 


2 2 ho, > ho (de2e) 


We will check this by replacing enthalpy with temperature using Eq. 13.2f, 
Ah = hy = Thin = Cat = G(To ian T;) (13.2f) 


so the energy equation becomes 
v3 v3 
Ci a GO 


Using c, for air from Table A.6, 


ve J (10) sme N's? | J 
E+ = 1004 = & 335K + x x = 
Ti+ a = 1004, og 335 ; ie] kem * Nam 7 242 Ki/kg 
v3 J (278)-¢ mee Ns) ed 
T, + = 1004—_ x 302K + x x = 
Es; mw kg-K _ 2, ( 2 kgm N-m eRe 
Ci, = 1004 x 341K = 342kJ/kg (Check!) 


The final equation we can check is the relation between pressure and density for 
an isentropic process (Eq. 13.2g), 


f= = £ = eoninnt Check! 
pL pp ; 
650 kP. 454kP kP 
a4 ~ k a ~ ai ~ 2 k — = 47 k “4 (Check!) 
: (6.76 5) 2 (5.24 5) (3) 
m m m: 


The basic equations are satisfied by our solution. 


Isentropic Flow in a Converging Nozzle 


Now that we have our computing equations (Eqs. 13.7) for analyzing isentropic flows, 
we are ready to see how we could obtain flow in a nozzle, starting from rest. We first 
look at the converging nozzle, and then the C-D nozzle. In either case, to produce a 
flow we must provide a pressure difference. For example, as illustrated in the con- 
verging nozzle shown in Fig. 13.6a, we can do this by providing the gas from a 
reservoir (or “plenum chamber”) at po and To, and using a vacuum pump/valve 
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m 
I 
} 
To vacuum | 
a I 
Flow pump | 
I 
} 
(b) 5 ! 

al a cae (ie de 
Valve 0) P*!Po 1.0 be 
-(i) 1.0 
j Pe 
a Regime | on 
(iii) 

(iv) P*lpo 
w) (oo 
Regime II 
I 

(a) : (c) OU —_L______ 
eee Throat A ae P'lpy ‘1.0 5e 


Fig. 13.6 Converging nozzle operating at various back pressures. 


combination to create a low pressure, the “back pressure,” p,. We are interested in 
what happens to the gas properties as the gas flows through the nozzle, and also in 
knowing how the mass flow rate increases as we progressively lower the back pressure. 
(We could also produce a flow by maintaining a constant back pressure, e.g., atmo- 
spheric, and increasing the pressure in the plenum chamber.) 

Let us call the pressure at the exit plane p,. We will see that this will often be equal 
to the applied back pressure, p,, but not always! The results we obtain as we pro- 
gressively open the valve from a closed position are shown in Figs. 13.6b and 13.6c. 
We consider each of the cases shown. 

When the valve is closed, there is no flow through the nozzle. The pressure is po 
throughout, as shown by condition (Z) in Fig. 13.6a. 

If the back pressure, p,, is now reduced to slightly less than po, there will be flow 
through the nozzle with a decrease in pressure in the direction of flow, as shown by 
condition (ii). Flow at the exit plane will be subsonic with the exit-plane pressure 
equal to the back pressure. 

What happens as we continue to decrease the back pressure? As expected, the flow 
rate will continue to increase, and the exit-plane pressure will continue to decrease, as 
shown by condition (iii) in Fig. 13.6a. [Note that conditions (ii) and (iii) can be 
described using the Bernoulli equation (Eq. 6.8), as long as the maximum Mach 
number, at the exit plane, does not exceed M = 0.3.] 

As we progressively lower the back pressure the flow rate increases, and hence, so 
do the velocity and Mach number at the exit plane. The question arises: “Is there a 
limit to the mass flow rate through the nozzle?” or, to put it another way, “Is there an 
upper limit on the exit Mach number?” The answer to these questions is “Yes!” To 
see this, recall that for isentropic flow Eq. 13.6 applies: 


dV dA 1 


7 a ae (13.6) 


From this we learned that the only place we can have sonic conditions (M = 1) is where the 
change in area dA is zero. We cannot have sonic conditions anywhere in the converging 
section. Logically we can see that the maximum exit Mach number is one. Because the flow 
started from rest (M = 0), if we had M > 1 at the exit, we would have had to pass through 
M = 1 somewhere in the converging section, which would be a violation of Eq. 13.6. 

Hence, the maximum flow rate occurs when we have sonic conditions at the exit 
plane, when M, = 1, and p. = pp» = p*, the critical pressure. This is shown as condition 
(iv) in Fig. 13.6a, and is called a “choked flow,” beyond which the flow rate cannot be 
increased. From Eq. 13.7a with M = 1 (or from Eq. 12.21a), 
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Pe 
Po 


ps 5 \ KR 
= = 133, 
choked Po is + 7 ( : 8) 


For air, k = 1.4, so p./po|chokea = 0.528. For example, if we wish to have sonic flow at 
the exit of a nozzle from a plenum chamber that is at atmospheric pressure, we would 
need to maintain a back pressure of about 7.76 psia, or about 6.94 psig vacuum. This 
does not sound difficult for a vacuum pump to generate, but actually takes a lot of 
power to maintain, because we will have a large mass flow rate through the pump. For 
the maximum, or choked, mass flow rate we have 


MM choked = poy 


Using the ideal gas equation of state, Eq. 13.2e, and the stagnation to critical pressure and 
temperature ratios, Eqs. 13.7a and 13.7b respectively, with M=1 (or Eqs. 12.21la 
and 12.21b, respectively), with A* = A,, it can be shown that this becomes 


jk 0) (k+1)/2(k-1) 
™ choked = AP roates :) (13.9a) 


Note that for a given gas (kK and R), the maximum flow rate in the converging nozzle 
depends only on the size of the exit area (A,) and the conditions in the reservoir (po, To). 
For air, for convenience we write an “engineering” form of Eq. 13.9a, 


iivenated = 0.04 AePo (13.9b) 


Vo 
with 771 chokeq In kg/s, A, in m7”, po in Pa, and Ty in K, and 


Tchoked = 10.0 AcPo (13.9c) 


oie 


with 71 ghokea in Ibm/s, A, in ft*, po in psia, and Ty in OR. 

Suppose we now insist on lowering the back pressure below this “benchmark” level 
of p*. Our next question is “What will happen to the flow in the nozzle?” The answer 
is “Nothing!” The flow remains choked: The mass flow rate does not increase, as 
shown in Fig. 13.65, and the pressure distribution in the nozzle remains unchanged, 
with p, = p* > pp, as shown in condition (v) in Figs. 13.6a and 13.6c. After exiting, the 
flow adjusts down to the applied back pressure, but does so in a nonisentropic, three- 
dimensional manner in a series of expansion waves and shocks, and for this part of the 
flow our one-dimensional, isentropic flow concepts no longer apply. We will return to 
this discussion in Section 13.4. 

This idea of choked flow seems a bit strange, but can be explained in at least two 
ways. First, we have already discussed that to increase the mass flow rate beyond 
choked would require M, >1, which is not possible. Second, once the flow reaches 
sonic conditions, it becomes “deaf” to downstream conditions: Any change (i.e., a 
reduction) in the applied back pressure propagates in the fluid at the speed of sound in 
all directions, as we discussed in Chapter 12, so it gets “washed” downstream by the 
fluid which is moving at the speed of sound at the nozzle exit. 

Flow through a converging nozzle may be divided into two regimes: 


1. In Regime I, 1 =p,/po =p*/po. Flow to the throat is isentropic and p, = pp». 


2. In Regime H, p,/po < p*/po. Flow to the throat is isentropic, and M, = 1. 
A nonisentropic expansion occurs in the flow leaving the nozzle and p, = p* > pp 
(entropy increases because this is adiabatic but irreversible). 
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Po 


To 


s = constant 


Nozzle exit plane 
hg 
~ * 
S Py <P 


Fig. 13.7. Schematic 7s diagram for 
choked flow through a converging nozzle. 


The flow processes corresponding to Regime II are shown on a Ts diagram in Fig. 13.7. 
Two problems involving converging nozzles are solved in Examples 13.2 and 13.3. 

Although isentropic flow is an idealization, it often is a very good approximation 
for the actual behavior of nozzles. Since a nozzle is a device that accelerates a flow, the 
internal pressure gradient is favorable. This tends to keep the wall boundary layers 
thin and to minimize the effects of friction. 


Ee 13.2 TSENTROPIC FLOW IN A CONVERGING NOZZLE 


A converging nozzle, with a throat area of 0.001 m’, is operated with air at a back pressure of 591 kPa (abs). The 
nozzle is fed from a large plenum chamber where the absolute stagnation pressure and temperature are 1.0 MPa and 
60°C. The exit Mach number and mass flow rate are to be determined. 


Given: Air flow through a converging nozzle at the conditions shown: Flow is isentropic. 


Find: (a) M.. 
(b) m. 


Po = 1.0 MPa (abs) P, = 991 kPa (abs) 


To = 333K 
Solution: 
The first step is to check for choking. The pressure ratio is 


ee SG; 


a or 0528 
Po 1.0 x 10 
so the flow is not choked. Thus p, = p-, and the flow is isentropic, as sketched on the 
Ts diagram. 
Since po = constant, M, may be found from the pressure ratio, 
= k/(k-1) 
Po _ c ee me 
Pe 2 


Solving for M,, since pe = py, we obtain 


fees 4 De (k-1)/k 
ere 
b 
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and 


1 0.286 1/2 
pe ee ee See | ea a. M, 
a A k=1 5.91 X 10° 14-1 eae 


The mass flow rate is 
tn = p,VeAe = peMecoAc 


We need 7, to find p, and c,. Since Ty = constant, 


ee ee aie 
T. 2 Z 
or 
+ 
T. = mm mee: aus = 287K 
1+ Ht ag 1+0.2(0.9) 
kg-m ee 
= VERT. = |1.4x287N™ x 087K x =340 m/s 
kg-K N-s? 
not cho le ed. 
and : Bice Workbook for thig 
Pe 5 a kg-K 1 3 Hee on 
a = RT. = 7110 x seowem * 387K = 7.18kg/m 
Finally, 
im = p.M,cA, = ces x 0.9 x 340 x 0.001 m2 
= 2.20kg/s « a 
ample 73. LOW IN A CONVERGING NOZZLE 


Air flows isentropically through a converging nozzle. At a section where the nozzle area is 0.013 ft*, the local 
pressure, temperature, and Mach number are 60 psia, 40°F, and 0.52, respectively. The back pressure is 30 psia. The 
Mach number at the throat, the mass flow rate, and the throat area are to be determined. 


Given: Air flow through a converging nozzle at the conditions shown: 


M, = 0.52 

r, = 40°F Pp, = 30 psia 
P1 = 60 psia 

Ay = O.013t 


Find: (a) M, (b) m. (c) A, 
Solution: 


First we check for choking, to determine if flow is isentropic down to p,. To check, we evaluate the stagnation 
conditions. 


k/(k-1) ae 
| = 60 psia [1 + 0.2(0.52)"|" = 72.0 psia 


leo 
po = pili + "a 
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The back pressure ratio is 


Pp 30.0 
22s = OI KOS, 
po 72.0 = 0.417 <0.528 
so the flow is choked! For choked flow, 
M, =1.0< M, 
The 7s diagram is 
The mass flow rate may be found from conditions at section (1), using m = pV; Aj. 
VV, = Mic, =I M,VkRT, 
1/2 
= ft-Ibf Ibm _ slug-ft 
= 0.52 |1.4 X 53.35 a * (460 + 40)" De earitrs © Ibf-s? 
V, = 570ft/s 
jal Ibf  lbm°?R 1 Mee ; 
= = x x x144— =0. 
(= RT, ~ in? * 53.3 tele * 500°R poner 
lbm e 
m = p,V\A, = 0. eee x 510 x0. Wet —2 40 Ibm/s « 
From Eq. 13.6, 
p= (k+1) /2(k-1) 
A* My, aca 0.52 12 oy Sed Eq. i. an 
; a) ee 
The Exce/ 
For choked flow, A, = A*. Thus, scene for this 
ee 5 - = oe ntropic fj 
: ; Ow 
ake calc 
e u 
A, = 9.98 X 10° ft? « A, acer) lation 


Isentropic Flow in a Converging-Diverging Nozzle 


Having considered isentropic flow in a converging nozzle, we turn now to isentropic 
flow in a converging-diverging (C-D) nozzle. As in the previous case, flow through the 
converging-diverging passage of Fig. 13.8 is induced by a vacuum pump downstream, 
and is controlled by the valve shown; upstream stagnation conditions are constant. 


710 


Chapter 13 Compressible Flow 


Pressure in the exit plane of the nozzle is p,; the nozzle discharges to back pressure py». 
As for the converging nozzle, we wish to see, among other things, how the flow rate 
varies with the driving force, the applied pressure difference (pp) — p,). Consider the 
effect of gradually reducing the back pressure. The results are illustrated graphically in 
Fig. 13.8. Let us consider each of the cases shown. 

With the valve initially closed, there is no flow through the nozzle; the pressure is 
constant at po. Opening the valve slightly (p, slightly less than po) produces pressure 
distribution curve (7). If the flow rate is low enough, the flow will be subsonic and 
essentially incompressible at all points on this curve. Under these conditions, the C-D 
nozzle will behave as a venturi, with flow accelerating in the converging portion until a 
point of maximum velocity and minimum pressure is reached at the throat, then 
decelerating in the diverging portion to the nozzle exit. (This behavior is described 
accurately by the Bernoulli equation, Eq. 6.8.) 

As the valve is opened farther and the flow rate is increased, a more sharply 
defined pressure minimum occurs, as shown by curve (ii). Although compressibility 
effects become important, the flow is still subsonic everywhere, and flow decelerates 
in the diverging section. (Clearly, this behavior is not described accurately by the 
Bernoulli equation.) Finally, as the valve is opened farther, curve (iii) results. At 
the section of minimum area the flow finally reaches M = 1, and the nozzle is 
choked—the flow rate is the maximum possible for the given nozzle and stagnation 
conditions. 

All flows with pressure distributions (2), (ii), and (iii) are isentropic; as we progress 
from (i) to (ii) to (iii) we are generating increasing mass flow rates. Finally, when 
curve (iii) is reached, critical conditions are present at the throat. For this flow rate, 
the flow is choked, and 


m = p*V*A* 


where A* = A,, just as it was for the converging nozzle, and for this maximum possible 
flow rate Eq. 13.9a applies (with A, replaced with the throat area A,), 


k (2. \(et1/2le-1) 
M choked = A:po raites (13.10a) 


Note that for a given gas (k and R), the maximum flow rate in the C-D nozzle depends 
only on the size of the throat area (A,) and the conditions in the reservoir (po, To). 


To vacuum 
pump 


Throat Exit plane x 


Fig. 13.8 Pressure distributions for isentropic flow in a converging-diverging 
nozzle. 
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For air, for convenience we write an “engineering” form of Eq. 13.10a, 


A:Po 
Vo 


Hienowed = 0.04 (13.10b) 


with 771 chokea in kg/s, A; in m”, Po in Pa, and To in K, and 


A:Po 
Vo 


Mchokea = 76.6 (13.10c) 


with 7 chokea in Ibm/s, A, in ft’, Po in psia, and To in °R. 

Any attempt to increase the flow rate by further lowering the back pressure will 
fail, for the two reasons we discussed earlier: once we attain sonic conditions, 
downstream changes can no longer be transmitted upstream; and we cannot exceed 
sonic conditions at the throat, because this would require passing through the sonic 
state somewhere in the converging section, which is not possible in isentropic flow. 
(Of course, we could increase the choked mass flow rate through a given C-D nozzle 
to any level desired by, for example, increasing the reservoir pressure.) 

With sonic conditions at the throat, we consider what can happen to the flow in the 
diverging section. We have previously discussed (see Fig. 13.3) that a diverging section 
will decelerate a subsonic flow (M < 1) but will accelerate a supersonic flow (M > 1)— 
very different behaviors! The question arises: “Does a sonic flow behave as a subsonic or 
as a supersonic flow as it enters a diverging section?” The answer to this question is that it 
can behave like either one, depending on the downstream pressure! We have already 
seen subsonic flow behavior [curve (iii)]: the applied back pressure leads to a gradual 
downstream pressure increase, decelerating the flow. We now consider accelerating the 
choked flow. 

To accelerate flow in the diverging section requires a pressure decrease. This con- 
dition is illustrated by curve (iv) in Fig. 13.8. The flow will accelerate isentropically in the 
nozzle provided the exit pressure is set at pj,. Thus, we see that with a throat Mach 
number of unity, there are two possible isentropic flow conditions in the converging- 
diverging nozzle. This is consistent with the results of Fig. 13.5, where we found two 
Mach numbers for each A/A* in isentropic flow. 

Lowering the back pressure below condition (iv), say to condition (v), has no effect 
on flow in the nozzle. The flow is isentropic from the plenum chamber to the nozzle 
exit [as in condition (iv)] and then it undergoes a three-dimensional irreversible 
expansion to the lower back pressure. A nozzle operating under these conditions is 
said to be underexpanded, since additional expansion takes place outside the nozzle. 

A converging-diverging nozzle generally is intended to produce supersonic flow at 
the exit plane. If the back pressure is set at p;,, flow will be isentropic through the 
nozzle, and supersonic at the nozzle exit. Nozzles operating at p, = pj, [corresponding 
to curve (iv) in Fig. 13.8] are said to operate at design conditions. 

Flow leaving a C-D nozzle is supersonic when the back pressure is at or below 
nozzle design pressure. The exit Mach number is fixed once the area ratio, A,/A*, is 
specified. All other exit plane properties (for isentropic flow) are uniquely related to 
stagnation properties by the fixed exit plane Mach number. 

The assumption of isentropic flow for a real nozzle at design conditions is a rea- 
sonable one. However, the one-dimensional flow model is inadequate for the design of 
relatively short nozzles to produce uniform supersonic exit flow. 

Rocket-propelled vehicles use C-D nozzles to accelerate the exhaust gases to the 
maximum possible speed to produce high thrust. A propulsion nozzle is subject to 
varying ambient conditions during flight through the atmosphere, so it is impossible to 
attain the maximum theoretical thrust over the complete operating range. Because 
only a single supersonic Mach number can be obtained for each area ratio, nozzles for 
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developing supersonic flow in wind tunnels often are built with interchangeable test 
sections, or with variable geometry. 

You probably have noticed that nothing has been said about the operation of 
converging-diverging nozzles with back pressure in the range p;;; > Pp > Piv. For such 
cases the flow cannot expand isentropically to p,. Under these conditions a shock 
(which may be treated as an irreversible discontinuity involving entropy increase) 
occurs somewhere within the flow. Following a discussion of normal shocks in Section 
13.3, we shall return to complete the discussion of converging-diverging nozzle flows 
in Section 13.4. 

Nozzles operating with pi; > Pp > Piv are said to be overexpanded because the 
pressure at some point in the nozzle is less than the back pressure. Obviously, an 
overexpanded nozzle could be made to operate at a new design condition by removing 
a portion of the diverging section. 

In Example 13.4, we consider isentropic flow in a C-D nozzle; in Example 13.5, we 
consider choked flow in a C-D nozzle. 


ampte /5. IC FLOW IN A CONVERGING-DIVERGING NOZZLE 


Air flows isentropically in a converging-diverging nozzle, with exit area of 0.001 m*. The nozzle is fed from a large 
plenum where the stagnation conditions are 350K and 1.0 MPa (abs). The exit pressure is 954 kPa (abs) and the 
Mach number at the throat is 0.68. Fluid properties and area at the nozzle throat and the exit Mach number are to be 
determined. 


Given: Isentropic flow of air in C-D nozzle as shown: 


Ty = 350K 

Po = 1.0 MPa (abs) 

Pp = 954 kPa (abs) 

iM 0.68 Ap — 0.001 m- 


Find: (a) Properties and area at nozzle throat. 


(b) M.. 

Solution: 

Stagnation temperature is constant for isentropic flow. Thus, since 
To i=l _ 
— =1+———M 
iP 2 

then 

Ti 350K 
T, = : = = 320K. ip 


= 2) 


Also, since po is constant for isentropic flow, then 


k/(k-1) 
k/(k-1) 
pop Z =P : 
t — PO) > 0 
k-1 
To Eto M? 
BS 
p= 1.0°< 10° Pa = 734 kPa (abs) « Pt 


1 + 0.2(0.68)” 
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so 
Pt 5N kg-K ll 3 2, 
= —, = 7.34X x x = ls < B 
> pie) Lae “onymian © S00 © ee 
and 
V, = Mq = M, VkKRT, 
1/2 
N-m kg-m V, 
= 0. 14 X 287—_ xX 320K X = 244 < u 
V, = 0.68 OTEK 320 No m/s 
From Eq. 13.7d we can obtain a value of A,/A* 
k—-1 47 erp) i 
Pe | ae eb Oa a, 
A* ™M, k+1 0.68 2 ; 


2 


but at this point A* is not known. 
Since M, < 1, flow at the exit must be subsonic. Therefore, p. = p,. Stagnation properties are constant, so 


k/(k-1) 
ze 


Solving for M, gives 


(k-1)/k 1/2 5 \0-286 1/2 
Do 2 1.0X 10 M. 
M, = 2|(£2 a{|-=])) 2 eee SS q(5) >. = 0262 e 
{| () | a | (z ms) °) 


The Ts diagram for this flow is 


Since A, and M, are known, we can compute A*. From Eq. 13.7d 
k _ il (k+1)/2(k-1) 


2 By 
A _ 1 [1+ y-™M. ee (025g eee 
A* M, eal 0.26 ie ; 
2 ae 
Thus, ~i The Excel Workbook f, 
; Xample is Or this 
La 0.001 m ay 
Ne = = = 43210) mo 
2.317 EMG 

and 


Ag 110A* —\(140)(4 32 <105° ar | 
= 4.80104 m?. fs 
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ample /5. IC FLOW IN A CONVERGING-DIVERGING NOZZLE: CHOKED FLOW 


The nozzle of Example 13.4 has a design back pressure of 87.5 kPa (abs) but is operated at a back pressure of 50.0 
kPa (abs). Assume flow within the nozzle is isentropic. Determine the exit Mach number and mass flow rate. 


Given: Air flow through C-D nozzle as shown: 


Ty = 350K 
Po = 1.0 MPa (abs) 
p-(design) = 87.5 kPa (abs) 
Pp = 50.0 kPa (abs) 
A, = 0.001 m2 
A, = 4.8 X 104m? (Example 13.4) 


Find: (a) M. 
(b) m. 
Solution: 


The operating back pressure is below the design pressure. Consequently, the nozzle is underexpanded, and the Ts 
diagram and pressure distribution will be as shown: 


Flow within the nozzle will be isentropic, but the irreversible expansion from p, to 
Pp will cause an entropy increase; p, = p.(design) = 87.5 kPa (abs). 

Since stagnation properties are constant for isentropic flow, the exit Mach 
number can be computed from the pressure ratio. Thus 


7 k/(k-1) 
Boe [1 eee me] 
Pe 2 
or 
(eBay 
5 Pe k=1 8.75 x 104 0.4 
Lay Me 


Because the flow is choked we can use Eq. 13.10b for the mass flow rate, 


Mchocked = 0.04 Apo (13.10b) 


wale 


(with 771 chokeq In kg/s, A; in m’, po in Pa, and Tp in K), so 


choked = 0.04 X 4.8 X 104 X 1 x 10°//350 
mM = Mchoked = 1.04kg/s_ « 


We have now completed our study of idealized one-dimensional isentropic flow in 
channels of varying area. In real channels, we will have friction and quite possibly heat 
transfer. We need to study the effects of these phenomena on a flow. Before this, 
in the next section, we study the effect of normal shocks (and see in Section 13.4 how 
these affect the C-D nozzle, in more detail than we did in this section). 


Normal Shocks 


We mentioned normal shocks in the previous section in the context of flow through a 
nozzle. In practice, these irreversible discontinuities can occur in any supersonic flow 
field, in either internal flow or external flow. Knowledge of property changes across 
shocks and of shock behavior is important in understanding the design of supersonic 
diffusers, e.g., for inlets on high performance aircraft, and supersonic wind tunnels. 
Accordingly, the purpose of this section is to analyze the normal shock process. 

Before applying the basic equations to normal shocks, it is important to form a 
clear physical picture of the shock itself. Although it is physically impossible to have 
discontinuities in fluid properties, the normal shock is nearly discontinuous. The 
thickness of a shock is about 0.2 zm (10° in.), or roughly 4 times the mean free path 
of the gas molecules [3]. Large changes in pressure, temperature, and other properties 
occur across this small distance. Fluid particle decelerations through the shock reach 
tens of millions of gs! These considerations justify treating the normal shock as an 
abrupt discontinuity; we are interested in changes occurring across the shock rather 
than in the details of its structure. 

Consider the short control volume surrounding a normal shock standing in a pas- 
sage of arbitrary shape shown in Fig. 13.9. As for isentropic flow with area variation 
(Section 13.2), our starting point in analyzing this normal shock is the set of basic 
equations (Eqs. 13.1), describing one-dimensional motion that may be affected by 
several phenomena: area change, friction, and heat transfer. These are 


P1ViA1 = pPoV2A2. = pVA = m = constant (13.1a) 
Ry + pA, PrA2 = mV, mV, (13.1b) 
6Q Vi V3 

— +h, + — = + <= , 

a hy ,) hy 5) (13 Ic) 
1 : 

m(s.—s,)= Le (‘) dA (13.1d) 
p = pRT (13.1e) 
Ah = hy hy = GAT = G(T T,) (13.1f) 
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Fig. 13.9 Control volume used for analysis 
of normal shock. 
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T P2 
As = $s) — 5; = c,In —Rin—= 13.1 
27S} PT, Pi ( g) 


We recall that Equation 13.1a is continuity, Eq. 13.1b is a momentum equation, 
Eq. 13.1¢ is an energy equation, Eq. 13.1d is the second law of thermodynamics, and 
Egs. 13.1e, 13.1f, and 13.1g are useful property relations for an ideal gas with constant 
specific heats. 

We must simplify these equations for flow through a normal shock. 


Basic Equations for a Normal Shock 


We can now simplify Eqs. 13.1 for flow of an ideal gas with constant specific heats 
through a normal shock. The most important simplifying feature is that the width 
of the control volume is infinitesimal (in reality about 0.2 zm as we indicated), so 
A,+A2*A, the force due to the walls R,+0 (because the control volume wall 
surface area is infinitesimal), and the heat exchange with the walls 6Q/dm ~ 0, for the 
same reason. Hence, for this flow our equations become 


P1V1 = PoV2 = 7 = constant (13.11a) 


pia —poA = mV,—-—mV, 


or, using Eq. 13.11a, 


Pit piVi = P2+ poVo (13.11) 
2 2, 
ho, = hy + “i = hy Sa a = ho, (13.11c) 
52 > Sy (13.11d) 
p = pRT (13.11e) 
Ah = hy hy = GAT _ G(T T;) (S118) 
5 P2 

As = =Gl Rl 13.11 

S=S.-s,; =q@ln T, is ( g) 


Equations 13.11 can be used to analyze flow through a normal shock. For example, if 
we know conditions before the shock, at section (1) (i.e., p1, 1, T1, 81, 41, and Vi), we 
can use these equations to find conditions after the shock, at section @). We have six 
equations (not including the constraint of Eq. 13.11d) and six unknowns (po, p2, T>, 52, 
hy, and V2). Hence, for given upstream conditions there is a single unique downstream 
state. In practice this procedure is unwieldy—we have a set of nonlinear coupled 
algebraic equations to solve. 

We can certainly use these equations for analyzing normal shocks, but we will 
usually find it more useful to develop normal shock functions based on M,, the 
upstream Mach number. Before doing this, let us consider the set of equations. We 
have stated in this chapter that changes in a one-dimensional flow can be caused 
by area variation, friction, or heat transfer, but in deriving Eqs. 13.11 we have 
eliminated all three causes! In this case, then, what is causing the flow to change? 
Perhaps there are no changes through a normal shock! Indeed, if we examine each of 
these equations we see that each one is satisfied—has a possible “solution”—if all 


properties at location @) are equal to the corresponding properties at location (D (e.g., 
P2 = Pi, Tr =T)) except for Eq. 13.11d, which expresses the second law of thermo- 
dynamics. Nature is telling us that in the absence of area change, friction, and heat 
transfer, flow properties will not change except in a very abrupt, irreversible manner, 
for which the entropy increases. In fact, all properties except Ty do change through the 
shock. We must find a solution in which all of Eqs. 13.11 are satisfied. (Incidentally, 
because all the equations except Eq. 13.11d are satisfied by p2 = p,, T2 = T,, and so on, 
numerical searching methods such as Excel‘s Solver have some difficulty in finding the 
correct solution!) 

Because they are a set of nonlinear coupled equations, it is difficult to use Eqs. 
13.11 to see exactly what happens through a normal shock. We will postpone 
formal proof of the results we are about to present until a subsequent subsection, 
where we recast the equations in terms of the incoming Mach number. This 
recasting is rather mathematical, so we present results of the analysis here for 
clarity. It turns out that a normal shock can occur only when the incoming flow is 
supersonic. Fluid flows will generally gradually adjust to downstream conditions 
(e.g., an obstacle in the flow) as the pressure field redirects the flow (e.g., around 
the object). However, if the flow is moving at such a speed that the pressure field 
cannot propagate upstream (when the flow speed, V, is greater than the local speed 
of sound, c, or in other words M>1), then the fluid has to “violently” adjust to the 
downstream conditions. The shock that a supersonic flow may encounter is like a 
hammer blow that each fluid particle experiences; the pressure suddenly increases 
through the shock (as mentioned, over a distance <2 jum), so that, at the instant a 
particle is passing through the shock, there is a very large negative pressure gra- 
dient. This pressure gradient causes a dramatic reduction in speed, V, and hence a 
rapid rise in temperature, 7, as kinetic energy is converted to internal thermal 
energy. We may wonder what happens to the density because both the temperature 
and pressure rise through the shock, leading to opposing changes in density; it turns 
out that the density, p, increases through the shock. Because the shock is adiabatic 
but highly irreversible, entropy, s, increases through the shock. Finally, we see that 
as speed, V, decreases and the speed of sound, c, increases (because temperature, 
T, increases) through the normal shock, the Mach number, M, decreases; in fact, 
we will see later that it always becomes subsonic. These results are shown graph- 
ically in Fig. 13.10 and in tabular form in Table 13.1. 
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Fig. 13.10 Schematic of normal-shock process on the Ts plane. 
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Table 13.1 

Summary of Property Changes Across a Normal Shock 

Property Effect Obtained from: 
Stagnation temperature To = Constant Energy equation 

Entropy st Second law 

Stagnation pressure Pott Ts diagram 

Temperature TT Ts diagram 

Velocity Vo Energy equation, and effect on T 
Density ptt Continuity equation, and effect on V 
Pressure Pt Momentum equation, and effect on V 
Mach number ML M = Vic, and effects on V and T 


Fanno and Rayleigh Interpretation of Normal Shock 


A normal shock is a phenomenon in which fluid properties experience large changes 
over a very short distance and time; we are very far from equilibrium conditions! It is 
not easy to see what is happening in such a dramatic process. However, we can gain 
some insight by considering two processes in which flow properties are gradually 
changing: during a process involving friction and during a heat transfer process. Hence 
Eqs. 13.11 can be understood to some degree by considering Fanno-line (friction) and 
Rayleigh-line (heat transfer) curves. You may wish to postpone reading this subsec- 
tion until these curves are discussed in much more detail in Sections 13.5 and 13.6, but 
the following discussion briefly and sufficiently describes them; they are shown 
schematically in Fig. 13.11. Both curves comply with our ubiquitous Eqs. 13.1. 

Ina Ts diagram, the Fanno line curve shows all possible states for a one-dimensional 
flow that is being changed only by friction (there is no area change and no heat transfer). 
The second law of thermodynamics requires that in this case entropy must increase, so 
that, as seen in Fig. 13.11, if the flow starts out subsonic, friction causes the flow 
to accelerate until it becomes sonic; a flow that starts out supersonic decelerates until it 
is sonic. We will see in Section 13.5 that the curve is generated from Eqs. 13.1. (It is 
counterintuitive that friction can accelerate a flow, but it can happen if the pressure 


Rayleigh line 


s 


Fig. 13.11 Intersection of Fanno line and Rayleigh 
line as a solution of the normal-shock equations. 


is falling sufficiently rapidly). We will wait until Section 13.5 to discuss what happens if 
friction continues after we reach sonic conditions! All such friction flows must move in 
the direction of increasing entropy. 

The Rayleigh line shows all possible states for a one-dimensional flow that is 
experiencing only heat transfer (no area changes or friction). Heat addition corre- 
sponds to an increase in both entropy and temperature (except for a small region near 
M=1), and both sub- and supersonic flows approach sonic conditions; a cooling 
process leads to reductions in temperature and entropy. We will see in Section 13.6 
that the curve is generated from Eqs. 13.1. 

The normal shock is obtained from a superposition of the two curves, as shown. 
States () and @) are the beginning and end states of a flow that (following the Fanno 
line) has only friction present (no area changes or heat transfer); they are also the 
beginning and end states of a flow that (following the Rayleigh curve) has only heat 
transfer (no area changes or friction). This raises the question of how we can have a flow 
with simultaneously only friction and only heat transfer! The answer is that we math- 
ematically can follow the Fanno line from (1) to Q), although not in reality. We could 
actually have a flow in which we had friction from state (1) to where M = 1, but from 
M = 1 to state @) we would have to have “negative friction” (recall that friction requires 
us to increase the entropy). Hence, from state () to state @), we have a fictitious process 
in which we have friction, then negative friction, ending in no net friction. A similar 
process applies to the Rayleigh line. To get from state (1) to state @), we would heat the 
flow and then cool it, with no net heat transfer. The conclusion we come to is that states 
(@ and @) represent a change in a flow for which there is no heat transfer, no friction, 
and no area change; moreover, it is “violent” because the flow changes from state (1) to 
state 2) without following a process curve; so entropy must increase. Note that Fig. 
13.11 shows some trends we have mentioned: The flow must go from super- to subsonic, 
and entropy and temperature must increase through a shock. 


Normal-Shock Flow Functions for One- 
Dimensional Flow of an Ideal Gas 


We have mentioned that the basic equations, Eqs. 13.11, can be used to analyze flows 
that experience a normal shock. As in isentropic flow, it is often more convenient to 
use Mach number-based equations, in this case based on the incoming Mach number, 
M,. This involves three steps: First, we obtain property ratios (e.g., T>/T, and p2/p,) in 
terms of M, and M), then we develop a relation between M, and Mb), and finally, we 
use this relation to obtain expressions for property ratios in terms of upstream Mach 
number, M,. 
The temperature ratio can be expressed as 


T2 _ Tz To, To, 
T; = To, To, Ti 


Since stagnation temperature is constant across the shock, we have 


(13.12) 


A velocity ratio may be obtained by using 


V2 -_ Moco _ M, VKRT> _ M> T> 
V, Mic, M, VKRT, M, Ti 
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or 
a ae 
V> _ My {E+ My 


Vv, M k-1 
: » [1+ My 


A ratio of densities may be obtained from the continuity equation 


PiVi = prV2 (13.11a) 
so that 
k-1 . 1/2 
py Ve Mt 
E (13.13) 
Py V2 M, 4-4 a we 
2 
Finally, we have the momentum equation, 
Pit aVi = prt prV3 (13.11b) 
Substituting » = p/RT, and factoring out pressures, gives 
2 2 
1+—1| = #2. 
tn] el Re] 
Since 
VY? Vy? 5 
ar ‘ert ™ 
then 
pill +kM{] = po[1+kM3] 
Finally, 
1+kMj 
een (13.14) 
Pi 1+ kM3 


To solve for M, in terms of M;, we must obtain another expression for one of the 
property ratios given by Eqs. 13.12 through 13.14. 
From the ideal gas equation of state, the temperature ratio may be written as 


Ty _ P2/p2R _ P2 py 
T; Pi/p,R Pi P2 


Substituting from Eqs. 13.13 and 13.14 yields 


eed al 
Te feel Me a es 


2 


(13.15) 


Equations 13.12 and 13.15 are two equations for 7>/T,. We can combine them and 
solve for M> in terms of M,. Combining and canceling gives 


1+ kM? 
1+ kM2 


Squaring, we obtain 
toa 
La Mi 
k-1 


eer M3 


_ M3 [1 +2kM?2 
M? |1 + 2kM3 


M4 
eM 


which may be solved explicitly for M3. Two solutions are obtained: 


M; = M} (13.16a) 
and 
ee =e 
M3 == k—-1 (13.16b) 
——_ M21 
k-1 1 


Obviously, the first of these is trivial. The second expresses the unique dependence of 
M> on M,. 

Now, having a relationship between M> and M;, we can solve for property ratios 
across a shock. Knowing M,, we obtain M, from Eq. 13.16b; the property ratios can be 
determined subsequently from Eqs. 13.12 through 13.14. 

Since the stagnation temperature remains constant, the stagnation temperature 
ratio across the shock is unity. The ratio of stagnation pressures is evaluated as 


k-1 k/(k-1) 
1+ —_- M2 
Po, _ Po, P2 Pi _ P2 2 (13.17) 
Po, P2 Pi Po, P1 1+ Mt 
Combining Eqs. 13.14 and 13.16b, we obtain (after considerable algebra) 
Po _ 1+kM; 2k 5 .&K-1 
= = 13.18 
Pi 1+kM2 k+10' k+1 ( ) 
Using Eqs. 13.16b and 13.18, we find that Eq. 13.17 becomes 
k/(kK-1) 
k+1 
yao 
" a . ‘Ma 
“ Wit (13.19) 
Po, 2k 1, k—-1jveu 
k+1!' k+l 


After substituting for M3 from Eq.13.16b into Eqs. 13.12 and 13.13, we summarize the 
set of Mach number-based equations (renumbered for convenience) for use with an 
ideal gas passing through a normal shock: 


(13.20a) 
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k/(k-1) 
k+1 
all 
Po 1+ i, 
2. 
Po Ts eel 1/(K-1) (13.20b) 
fee fee 
= (1 4 i) («ng = —) 
Ti 2 (13.20c) 
(ye 
D 1 
P. 2k k=l 
a Se er (13.20d) 
k+1 
Sh 
= : aes (13.20e) 
PY 2 1+ ai 


Equations 13.20 are useful for analyzing flow through a normal shock. Note that all 
changes through a normal shock depend only on M;, the incoming Mach number (as 
well as the fluid property, k, the ratio of specific heats). The equations are usually 
preferable to the original equations, Eq. 13.11, because they provide explicit, 
uncoupled expressions for property changes; Eqs. 13.11 are occasionally useful too. 
Note that Eq. 13.20d requires M,>1 for p2>p,, which agrees with our previous 
discussion. The ratio p/p; is known as the strength of the shock; the higher the 
incoming Mach number, the stronger (more violent) the shock. 

Equations 13.20, while quite complex algebraically, provide explicit property 
relations in terms of the incoming Mach number, M,. They are so useful that some 
calculators have some of them built in (e.g., the HP 48G series [1]); it is a good idea to 
program them if your calculator does not already have them. There are also inter- 
active Web sites that make them available (see, e.g., [2]), and they are fairly easy to 
define in spreadsheets such as Excel. The reader is urged to download the Excel add- 
ins for these equations from the Web site; with the add-ins, functions are available for 
computing M>, and the stagnation pressure, temperature, pressure, and density/ 
velocity ratios, from M,, and M, from these ratios. Appendix E.2 lists flow functions 
for Mz and property ratios po, /po,, T2/T1, p2/pi, and p2/p; (Vi/V2) in terms of M, for 
normal-shock flow of an ideal gas. A table of values, as well as a plot of these property 
ratios, is presented for air (k = 1.4) for a limited range of Mach numbers. The 
associated Excel workbook, Normal-Shock Relations, can be used to print a larger 
table of values for air and other ideal gases. 

A problem involving a normal shock is solved in Example 13.6. 


HOCK IN A DUCT 


A normal shock stands in a duct. The fluid is air, which may be considered an ideal gas. Properties upstream from the 
shock are T,; = 5°C, p; = 65.0 kPa (abs), and V; = 668 m/s. Determine properties downstream and s2 — s,;. Sketch 


the process on a Ts diagram. 
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Given: Normal shock in a duct as shown: 


T = Be. 
P, = 65.0kPa (abs) 
V, = 668 m/s j Flow is air 


Find: (a) Properties at section @). 
(b) ia) — ils 
(c) Ts diagram. 


Solution: 
First compute the remaining properties at section (1). For an ideal gas, 
P1 4N kg-K 1 3 
= —— =65%X 10 x x = 0.815k 
Bee ei m2 287N-m 278K ei 
1/2 
N-m kg-m 

c, = VkRT, = axon xX 278 K x Ng = 334 m/s 

Then 
V, 668 ee: , : : 
M, = aaa = 2.00, and (using isentropic stagnation relations, Eqs. 12.21b and 12.21a) 
1 


i, Sh (1 + Mi) = 278 K[1 + 0.2(2.0)"] = 500K 


[ail eee 2135 
iy = eh (1 + mi) = 65.0 kPa[1 + 0.2(2.0)]3°> = 509 kPa (abs) 


From the normal-shock flow functions, Eqs. 13.20, at M, = 2.0, 


M, M, Po, i) Po, T/T; P2/P1 V2IVy 


2.00 0.5774 0.7209 1.687 4.500 0.3750 


From these data 


T> = 1.6877, = (1.687)278 K = 469K < t, 
P2 = 4.500p; = (4.500)65.0 kPa = 293 kPa (abs) < ie 
V2 = 0.3750V; = (0.3750)668 m/s = 251 m/s « Va 
For an ideal gas, 
py = Re = 2.93 x 10° - x —— x — =218kg/m> « Pa 
Stagnation temperature is constant in adiabatic flow. Thus 
i, =, SSR iy 
Using the property ratios for a normal shock, we obtain 
P0, Po, 


= 509 kPa (0.7209) = 367kPa(abs) « 


Po, = Po, P 


il 
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For the change in entropy (Eq. 13.11g), 


T 
H— oy = gin z Rin 


Pi 
EU Sh, —, = Sa = Din SO 
=) 
iy kJ 
So, — $0, = 52 — 8 = Cp In te —Rin = = 0.287 = X In(0.7209) 
01 01 


Sy — 5; = 0.0939 kJ /(kg-K) . S258 


The 7s diagram is 


eca 
the normal sh 
'NS, available on 
USeful for these 


13.4 Supersonic Channel Flow with Shocks 


Supersonic flow is a necessary condition for a normal shock to occur. The possibility of 
a normal shock must be considered in any supersonic flow. Sometimes a shock must 
occur to match a downstream pressure condition; it is desirable to determine if a shock 
will occur and the shock location when it does occur. 

In Section 13.3 we showed that stagnation pressure decreases dramatically across a 
shock: The stronger the shock, the larger the decrease in stagnation pressure. It is 
necessary to control shock position to obtain acceptable performance from a super- 
sonic diffuser or supersonic wind tunnel. 

In this section isentropic flow in a converging-diverging nozzle (Section 13.2) is 
extended to include shocks. Additional topics (on the Web site) include operation of 
supersonic diffusers and supersonic wind tunnels, flows with friction, and flows with 
heat addition. 


Flow in a Converging-Diverging Nozzle 


Since we have considered normal shocks, we now can complete our discussion of flow 
in a converging-diverging nozzle operating under varying back pressures, begun in 
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Fig. 13.12 Pressure distributions for flow in a converging-diverging nozzle for 
different back pressures. 


Section 13.2. The pressure distribution through a nozzle for different back pressures is 
shown in Fig. 13.12. 

Four flow regimes are possible. In Regime I the flow is subsonic throughout. The 
flow rate increases with decreasing back pressure. At condition (iii), which forms 
the dividing line between Regimes I and II, flow at the throat is sonic, and M, = 1. 

As the back pressure is lowered below condition (iii), a normal shock appears 
downstream from the throat, as shown by condition (vi). There is a pressure rise 
across the shock. Since the flow is subsonic (M<1) after the shock, the flow 
decelerates, with an accompanying increase in pressure, through the diverging chan- 
nel. As the back pressure is lowered further, the shock moves downstream until it 
appears at the exit plane (condition vii). In Regime II, as in Regime I, the exit flow is 
subsonic, and consequently p, = pp. Since flow properties at the throat are constant 
for all conditions in Regime II, the flow rate in Regime II does not vary with back 
pressure. 

In Regime III, as exemplified by condition (viii), the back pressure is higher than 
the exit pressure, but not high enough to sustain a normal shock in the exit plane. The 
flow adjusts to the back pressure through a series of oblique compression shocks 
outside the nozzle; these oblique shocks cannot be treated by one-dimensional theory. 

As previously noted in Section 13.2, condition (iv) represents the design condition. 
In Regime IV the flow adjusts to the lower back pressure through a series of oblique 
expansion waves outside the nozzle; these oblique expansion waves cannot be treated 
by one-dimensional theory. 

The 7s diagram for converging-diverging nozzle flow with a normal shock is shown 
in Fig. 13.13; state () is located immediately upstream from the shock and state @) is 
immediately downstream. The entropy increase across the shock moves the subsonic 
downstream flow to a new isentropic line. The critical temperature is constant, so 
px is lower than p#. Since p* = p*/RT*, the critical density downstream also is 
reduced. To carry the same mass flow rate, the downstream flow must have a larger 
critical area. From continuity (and the equation of state), the critical area ratio is the 
inverse of the critical pressure ratio, i.e., across a shock, p*A* = constant. 

If the Mach number (or position) of the normal shock in the nozzle is known, 
the exit-plane pressure can be calculated directly. In the more realistic situation, 
the exit-plane pressure is specified, and the position and strength of the shock are 
unknown. The subsonic flow downstream must leave the nozzle at the back pressure, 
SO Pp = Pe- Then 
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Tp = constant 


T* = constant 


Fig. 13.13 Schematic Ts diagram for flow in a converging-diverging nozzle with a 
normal shock. 


Ph _ Pe _ Pe Po, _ Pe Ay _ Pe Ay Ae (13.21) 
Po, Po, Po, Po, Po, AS Po, Ae AZ 


Because we have isentropic flow from state @) (after the shock) to the exit plane, 
AX = AZ and po, = po,. Then from Eq. 13.21 we can write 


Pe _ Pe A; Ac _ Pe A; Ac 
Po, Po, 4e AS Po, Ae AF 


Rearranging, 


Pe Ae _ Pe Ae 


aan eas (13.22) 


In Eq. 13.22 the left side contains known quantities, and the right side is a function of 
the exit Mach number M, only. The pressure ratio is obtained from the stagnation 
pressure relation (Eq. 12.21a); the area ratio is obtained from the isentropic area 
relation (Eq. 13.7d). Finding M, from Eq. 13.43 usually requires iteration. (Problem 
13.103 uses Excel’s Solver feature to perform the iteration.) The magnitude and 
location of the normal shock can be found once M, is known by rearranging Eq. 13.43 
(remembering that po, = po,), 


Dias eit asi (13.23) 


In Eq. 13.44 the right side is known (the first area ratio is given and the second is a 
function of M, only), and the left side is a function of the Mach number before the 
shock, M,, only (Eq. 13.41b). Hence, M, can be found. The area at which this shock 
occurs can then be found from the isentropic area relation (Eq. 13.7d, with A* = A,) 
for isentropic flow between the throat and state (1). 


Supersonic Diffuser (on the Web) 
Supersonic Wind Tunnel Operation (on the Web) 


Supersonic Flow with Friction in a Constant-Area Channel 
(on the Web) 


Supersonic Flow with Heat Addition in a Constant-Area Channel 
(on the Web) 
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Flow in a Constant-Avea Duct with Friction 13.5 


Gas flow in constant-area ducts is commonly encountered in a variety of engineering 
applications. In this section we consider flows in which wall friction is responsible for 
changes in fluid properties. 

As for isentropic flow with area variation (Section 13.2) and the normal shock 
(Section 13.3), our starting point in analyzing flows with friction is the set of basic 
equations (Eqs. 13.1), describing one-dimensional motion that is affected by several 
phenomena: area change, friction, heat transfer, and normal shocks. These are 


Pi\ViAi = p,V2A2 = pVA = m = constant (13.1a) 
R, + pA, P2A2 = mV> mV, (13.1b) 
6Q i 
, L(G 
naan 2/5 (<a (13.1d) 
Dp = pRT (13.1e) 
Ah = hp hy — GAT = G(T T,) WEN be) 
= = T) P2 
As = 87-8, = GIn T, Rin ve (13.1g) 


Equation 13.1a is continuity, Eq. 13.1b is a momentum equation, Eq. 13.1c is an energy 
equation, Eq. 13.1d is the second law of thermodynamics, and Eqs. 13.1e, 13.1f, and 
13.1g are useful property relations for an ideal gas with constant specific heats. 

We must simplify these equations for flow in a constant-area duct with friction. We 
must think about what happens to the heat that friction generates. There are two 
obvious cases we can consider: In the first we assume that the flow is adiabatic, so any 
heat generated remains in the fluid; in the second we assume that the flow remains 
isothermal, so the fluid either gives off heat or absorbs heat as necessary. While some 
flows may be neither adiabatic nor isothermal, many real-world flows are. Flow in a 
relatively short duct will be approximately adiabatic; flow in a very long duct (e.g., an 
uninsulated natural gas pipeline) will be approximately isothermal (the pipeline will 
be at the ambient temperature). We consider first adiabatic flow. 


Basic Equations for Adiabatic Flow 


We can simplify Eqs. 13.1 for frictional adiabatic flow in a constant-area duct of an 
ideal gas with constant specific heats, as shown in Fig. 13.18. 

We now have A; = A> = A. In addition, for no heat transfer we have 6Q/dm = 0. 
Finally, the force R, is now due only to friction (no x component of surface force is 
caused by pressure on the parallel sides of the channel). Hence, for this flow our 
equations simplify to 


V1 = poV2 = pV=G 4 constant (13.24a) 


R, + pA poA = mV,—mV, (13.24b) 
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ane 
Ph lh | To 
| 
Flow ?2 |) Ns 5j 
! | 
P|! \| P2 
Vile Lee | Vo | 


Fig. 13.18 Control volume used for integral 
analysis of frictional adiabatic flow. 


ho, = hy 4 2 = hy) + Ya = ho, = hy (13.24c) 
52 > Sy (13.24d) 

p = pRT (13.24e) 

Ah = hy — hy = 6 AT = G(T —T) (13.24f) 
As = 9-5; = Gln 2 Rin = (13.24g) 


Equations 13.24 can be used to analyze frictional adiabatic flow in a channel of 
constant area. For example, if we know conditions at section (1) (i.e., p1, 01, T1, 81, /4, 
and V,), we can use these equations to find conditions at some new section () after the 
fluid has experienced a total friction force R,. It is the effect of friction that causes 
fluid properties to change along the duct. For a known friction force we have six 
equations (not including the constraint of Eq. 13.24d) and six unknowns (po, p2, T>, 52, 
hz, and V2). In practice this procedure is unwieldy—as for isentropic flow we have a 
set of nonlinear coupled algebraic equations to solve, and as for isentropic flow we will 
eventually develop alternative approaches. For now, let’s see what Eqs. 13.24 indicate 
will happen to the flow. 


Adiabatic Flow: The Fanno Line 


If we were to attempt the calculations described above, as the flow progresses down 
the duct (i.e., for increasing values of R,), we would develop a relationship between 
T and s shown qualitatively in Fig. 13.19 for two possibilities: a flow that was initially 
subsonic (starting at some point ()), and flow that was initially supersonic (starting at 
some point (2)). The locus of all possible downstream states is referred to as the Fanno 
line. Detailed calculations show some interesting features of Fanno-line flow. At the 
point of maximum entropy, the Mach number is unity. On the upper branch of 
the curve, the Mach number is always less than unity, and it increases monotonically 
as we proceed to the right along the curve. At every point on the lower portion of the 
curve, the Mach number is greater than unity; the Mach number decreases mono- 
tonically as we move to the right along the curve. 

For any initial state on a Fanno line, each point on the Fanno line represents a 
mathematically possible downstream state. In Fig. 13.19 we generated the curves by 
repeatedly solving Eqs. 13.24 for increasing values of the friction force, R,; the total 
friction force increases as we progress down the duct because we are including more 
and more surface area. Note the arrows in Fig. 13.19, indicating that, as required by 
Eq. 13.24d, the entropy must increase for this flow. In fact it is because we do have 
friction (an irreversibility) present in an adiabatic flow that this must happen. 
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Referring again to Fig. 13.19, we see that for an initially subsonic flow (state ()), the 
effect of friction is to increase the Mach number toward unity. For a flow that is 
initially supersonic (state (7), the effect of friction is to decrease the Mach number 
toward unity. 

In developing the simplified form of the first law for Fanno-line flow, Eq. 13.24c, we 
found that stagnation enthalpy remains constant. Consequently, when the fluid is an 
ideal gas with constant specific heats, stagnation temperature must also remain con- 
stant. What happens to stagnation pressure? Friction causes the local isentropic 
stagnation pressure to decrease for all Fanno-line flows, as shown in Fig. 13.20. Since 
entropy must increase in the direction of flow, the flow process must proceed to the 
right on the Ts diagram. In Fig. 13.20, a path from state (1) to state @) is shown on 
the subsonic portion of the curve. The corresponding local isentropic stagnation 
pressures, po, and po,, clearly show that po, <po,. An identical result is obtained for 
flow on the supersonic branch of the curve from state @) to state @). Again po, <po,- 
Thus po decreases for any Fanno-line flow. 

The effects of friction on flow properties in Fanno-line flow are summarized in 
Table 13.2. 


T T Po, = Poy Po2 = Po’ 


Tp = constant 


Ss 
Fig. 13.19 Schematic Ts diagram for 
frictional adiabatic (Fanno-line) flow in 
a constant-area duct. 


M>1 


Fig. 13.20 Schematic of Fanno-line 
flow on Ts plane, showing reduction in 
local isentropic stagnation pressure 
caused by friction. 


Table 13.2 
Summary of Effects of Friction on Properties in Fanno-Line Flow 
Subsonic Supersonic 
Property M<1 M>1 Obtained from: 
Stagnation To = Constant 7 ) = Constant Energy equation 
temperature 
Entropy sf} st T ds equation 
Stagnation Pod Pot To = constant; s {} 
pressure 
Temperature TL Tt Shape of Fanno line 
Velocity Vt Vi Energy equation, and trend of T 
Mach number Mt ML Trends of V, 7, and definition of M 
Density pt pt Continuity equation, and effect on V 
Pressure pl Pt Equation of state, and effects on p, T 
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In deducing the effect of friction on flow properties for Fanno-line flow, we used the 
shape of the Fanno line on the 7s diagram and the basic governing equations 
(Egs. 13.24). You should follow through the logic indicated in the right column of the 
table. Note that the effect of friction is to accelerate a subsonic flow! This seems a real 
puzzle—a violation of Newton’s second law—until we realize that the pressure is 
dropping quite rapidly, so the pressure gradient more than cancels the drag due to 
friction. We can also note that the density is decreasing in this flow (largely because of 
the pressure drop) mandating (from continuity) that the velocity must be increasing. 
All properties simultaneously affect one another (as expressed in the coupled set of 
equations, Eqs. 13.24), so it is not possible to conclude that the change in any one 
property is solely responsible for changes in any of the others. Note the parallel 
between normal shocks (Table 13.1) and supersonic flow with friction (Table 13.2). 
Both represent irreversible processes in supersonic flow, and all properties change in 
the same directions. 

We have noted that entropy must increase in the direction of flow: It is the effect of 
friction that causes the change in flow properties along the Fanno-line curve. From 
Fig. 13.20, we see that there is a maximum entropy point corresponding to M = 1 for 
each Fanno line. The maximum entropy point is reached by increasing the amount of 
friction (through addition of duct length), just enough to produce a Mach number 
of unity (choked flow) at the exit. If we insist on adding duct beyond this critical duct 
length, at which the flow is choked, one of two things happens: If the inlet flow is 
subsonic, the additional length forces the sonic condition to move down to the new 
exit, and the flow rate in the duct (and Mach number at each location) decreases; if the 
inlet flow is supersonic, the additional length causes a normal shock to appear 
somewhere in the duct, and the shock moves upstream as more duct is added (for 
more details see Section 13.4). 

To compute the critical duct length, we must analyze the flow in detail, accounting 
for friction. This analysis requires that we begin with a differential control volume, 
develop expressions in terms of Mach number, and integrate along the duct to the 
section where M = 1. This is our next task, and it will involve quite a bit of algebraic 
manipulation, so first we will demonstrate use of some of Eqs. 13.24 in Example 13.7. 


L ADIABATIC FLOW IN A CONSTANT-AREA CHANNEL 


Air flow is induced in an insulated tube of 7.16 mm diameter by a vacuum pump. The air is drawn from a room, 
where po = 101 kPa (abs) and Tp = 23°C, through a smoothly contoured converging nozzle. At section (1), where the 
nozzle joins the constant-area tube, the static pressure is 98.5 kPa (abs). At section @), located some distance 
downstream in the constant-area tube, the air temperature is 14°C. Determine the mass flow rate, the local isentropic 
stagnation pressure at section (2), and the friction force on the duct wall between sections (1) and @). 


Given: 
Find: 


Solution: 
The mass flow rate can be obtained from properties at section (1). For 


Air flow in insulated tube 


(b) Stagnation pressure at section (2). 
(c) Force on duct wall. Ty = 296 K 


Po = 101 kPa (abs) 


isentropic flow through the converging nozzle, local isentropic stagnation p, = 98.5 kPa (abs) > = 287 K 


properties remain constant. Thus, 


k/(k-1) 
Po, k = 1 2 
=[{1+ M 
Pi ( 2 ') 
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1/2 1/2 
my ae a = ie € x aa , oe ne 
: k-11/\ py 0.4 | \9.85 x 10+ , 


Te _ (273 +23)K 


and 


T, = = 294K 
1 2 
es 5 M2 1+ 0.2(0.190) 
For an ideal gas, 
P1 4N kg-K 1 4 
= SS > 0) 1% x x = Il. 
Clipe le oan 0K 
N-m kg-m ue 
Vi, = Mic, = M,VkKRT, = (0.190) | 1.4 x 287 —— x 294K x 
kg-K N-s? 
V, = 65.3 m/s 
The area, Aj, is 
D2 
A; =A= — - * (7.16 x 1073)? m2 = 4.03 X 1075 m? 
From continuity, 
k 
pS ile = ES ns eM CU ae 
m s 
m = 3.08X10%kg/s « io 
Flow is adiabatic, so Ty is constant, and 
To, = To, = 296K .« To, 
Then 
To ffeil is 
2 = 1+ WM 
ie DD 2 
Solving for M> gives 
Pals Me 2 (296 ne M. 
M, = £= il | = 0.396 < 2 
. a (z )] 0.4 \ 287 3 
_ _ re _ 6 N-m kg-m vie 
V2 = Myce, = My VKRT, = (0.396) pee lies X 287 K x NS 
V> = 134m/s . i 
From continuity, Eq. 13.24a, p,V; = p,V2, so 
Vi Ig, Od-3' 3 p 
= =1. x = 0. Z : 
Po =~ V, il 17-3 34 0.570 kg/m: 
and 
= ppRT, = 0.57082 x 297 N™ 287K = 47.0 kPa(abs) P2 
[2 = [PRRD a3 ke-K = 41. a(abs) « 
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The local isentropic stagnation pressure is 


k- rr) DOS 
Po, = Pr (1 + Mi) = 4.70 x 10* Paf1 + 0.2(0.396)"|* 


Po, = 52.4kPa(abs) « Po 


Poy Po2 


The friction force may be obtained using the momentum equation (Eq.13.24b), 
R,+piA-poA =mV2,—-—mV> (13.24b) 


which we apply to the control volume shown above (except we replace R, from Fig. 13.18 with —F; because we know 
the friction force Fy on the fluid acts in the negative x direction). 


=P =) AV Va) 


Z 


— Fr = (4.70 — 9.85) x ws x 4.03 x 107° m? + 3.08 x n= x (134 — 65.3) — x 
or 


Fy = 1.86N (to the left, as shown) 


This is the force exerted on the control volume by the duct wall. The force 
of the fluid on the duct is 


K, =—F = 1.86N {to the right) IK © Calculatig 


ns, 


Fanno-Line Flow Functions for One-Dimensional 
Flow of an Ideal Gas 


The primary independent variable in Fanno-line flow is the friction force, Fp 
Knowledge of the total friction force between any two points in a Fanno-line flow 
enables us to predict downstream conditions from known upstream conditions. The 
total friction force is the integral of the wall shear stress over the duct surface area. 
Since wall shear stress varies along the duct, we must develop a differential equation 
and then integrate to find property variations. To set up the differential equation, we 
use the differential control volume shown in Fig. 13.21. 

Comparing Fig. 13.21 to Fig. 13.19 we see that we can use the basic equations, Eqs. 
13.24, for flow in a duct with friction, if we replace 7, p1, 91, Vi, with T, p, p, V, and 
T>, P2, P2, V2, with T+ dT, p+dp, p+dp, V + dV, and also R, with —dF,. 
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TI 
I 
P\ 
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I 


—>] 


dx 


Fig. 13.21 Differential control volume used 
for analysis of Fanno-line flow. 


The continuity equation (Eq. 13.24a) becomes 


pV = (p+ dpV + dV) = 
Xe) 

pV =pV+pdV+dpV +dpdv 
which reduces to 


pdV+Vdp=0 (13.25a) 


since products of differentials are negligible. The momentum equation (Eq. 13.24b) 
becomes 


—dF; + pA—(p+dp)A = m(V+dV)-—mV 


which reduces to 


dF; 

- = —dp = pVdV (13.25b) 
after using continuity (#” = pAV). The first law of thermodynamics (Eq. 13.24c) 
becomes 

v? (V+dv)* 
h+— = (h+ dh) + ——— 

5) (h + dh) 5 
which reduces to 

y 
dh + a(5) = 0 (13.25c) 


since products of differentials are negligible. 

Equations 13.25 are differential equations that we can integrate to develop useful 
relations, but before doing so we need to see how we can relate the friction force Fy to 
other flow properties. First, we note that 


dF; = Ty dAy = TwP dx (13.26) 


where P is the wetted perimeter of the duct. To obtain an expression for 7,, in terms of 
flow variables at each cross section, we assume changes in flow variables with x are 
gradual and use correlations developed in Chapter 8 for fully developed, incom- 
pressible duct flow. For incompressible flow, the local wall shear stress can be written 
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in terms of flow properties and friction factor. From Eqs. 8.16, 8.32, and 8.34 we have, 
for incompressible flow, 


Rdp _ pRdh _ fpV? 
2 dx 2 dx 8 


Ty = (13:27) 
where f is the friction factor for pipe flow, given by Eq. 8.36 for laminar flow and 
Eq. 8.37 for turbulent flow, plotted in Fig. 8.13. (We assume that this correlation 
of experimental data also applies to compressible flow. This assumption, when 
checked against experimental data, shows surprisingly good agreement for subsonic 
flows; data for supersonic flow are sparse.) 

Ducts of other than circular shape can be included in our analysis by introducing 
the hydraulic diameter 


_ 4A 


Dy, P 


(8.50) 


(Recall the factor of 4 was included in Eq. 8.50 so that D;, would reduce to diameter D 
for circular ducts.) 
Combining Eqs. 8.50, 13.26, and 13.27, we obtain 


pV? 4A 


dFr = Tye dx => PSD, dx 
or 
_ fA pV? 


Substituting this result into the momentum equation (Eq. 13.25b), we obtain 


2 
- e dx —dp = pV dV 


or, after dividing by p, 


dp ff pV? ae pV dV 
Pp D;, 2p p 


Noting that p/p = RT = c*/k, and VdV = d(V7/2), we obtain 


2 2 
dp _ f kM" iy Kal 
Dp D, 2 ce \ 2 


and finally, 


dp _ ff kM* 5 kM? d(V’) 
Pp Dy, 2 2 VW 
To relate M and x, we must eliminate dp/p and d(V”)/V* from Eq. 13.29. From the 


definition of Mach number, M = V/c, so V? = M*c* = M*kRT, and after differ- 
entiating this equation and dividing by the original equation, 


(13.29) 


d(V?) _ aT , d(M?) 


es oe (13.30a) 
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From the continuity equation, Eq. 13.25a, dp/p = —dV/V and so 


dp __1 d(V’) 
p 2 V2 
From the ideal gas equation of state, p = pRT, 
d d dT 
a 
p p TT 


Combining these three equations, we obtain 


dp _1dT  1d(M?) 


_ 77 3 we (13.30b) 
Substituting Eqs. 13.30 into Eq. 13.29 gives 
1dT 1d(M*) ff kM ee kM? dT kM? d(M*) 
2T 2 M Dy, 2 2 T 2  M? 
This equation can be simplified to 
1+kM?\ dT f kM 1—kM?\ d(M’) 
= + ; 
(AS )F --4 et (GS (13.31) 


We have been successful in reducing the number of variables somewhat. However, 
to relate M and x, we must obtain an expression for d7/T in terms of M. Such an 
expression can be obtained most readily from the stagnation temperature equation 


© =1+ a mM (12.21b) 
Since stagnation temperature is constant for Fanno-line flow, 
k-1 
r(t a > we) = constant 


and after differentiating this equation and dividing by the original equation, 


R= 1 
are ; d(M2) 


: = 2: 
T (1+) M 


Substituting for dT/T into Eq. 13.31 yields 


=0 


M2 


(k—1) (1+ kM? 
2 2) a(M?) _ f kM? (ome) d(M?) 
= 2 2 
( A 7 I w) M D, 2 5 M 


Combining terms, we obtain 


(l-M*) dM’) _f a 
(13.32) 
(1+ Ft ue) kM4* Dy 


We have (finally!) obtained a differential equation that relates changes in M with x. 
Now we must integrate the equation to find M as a function of x. 

Integrating Eq. 13.32 between states @) and @) would produce a complicated 
function of both M, and M>. The function would have to be evaluated numerically for 
each new combination of M@, and M, encountered in a problem. Calculations can be 
simplified considerably using critical conditions (where, by definition, M = 1). All 
Fanno-line flows tend toward M = 1, so integration is between a section where the 
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Flow 


Hypothetical 
duct extension 


| L 
© 


Fig. 13.22 Coordinates and notation used for analysis of Fanno-line flow. 


max 


Mach number is M and the section where sonic conditions occur (the critical condi- 
tions). Mach number will reach unity when the maximum possible length of duct is 
used, as shown schematically in Fig. 13.22. 

The task is to perform the integration 


ee a 
2 


M kM* 


The left side may be integrated by parts. On the right side, the friction factor, f, may 
vary with x, since Reynolds number will vary along the duct. Note, however, that since 
pV is constant along the duct (from continuity), the variation in Reynolds number is 
caused solely by variations in fluid absolute viscosity. 

For a mean friction factor, f, defined over the duct length as 


= 1 Linax 
= dx 
! Emax 0 ! 
integration of Eq. 13.33 leads to 
1-M  k+1 (k +1) M? ore 
+ In = (13.34a) 
2 
kM 2k 2(1+ =a) Dy 


Equation 13.34a gives the maximum fL/D, corresponding to any initial Mach 
number. 

Since fLimax/Dy is a function of M, the duct length, L, required for the Mach 
number to change from M, to M; (as illustrated in Fig. 13.22) may be found from 


fh = (Gs) (Ge) 
D;, D, / m, D, / u, 
Critical conditions are appropriate reference conditions to use in developing 


property ratio flow functions in terms of local Mach number. Thus, for example, since 
To is constant, we can write 


T — T/T (>) 


T*  T*/Tp (+ Fae) 
2 


(13.34b) 


Similarly, 
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From continuity, V/V* = p*/p, so 


ors ie 
Vv pe | 2 


= = — (13.34c) 
are 14% 1 
2 
From the ideal gas equation of state, 
(‘ + ‘) ate 
Dp pT 1 2; 
= = (13.34d) 
* = 
Pp p*T* M 4 k-1 we 
2 
The ratio of local stagnation pressure to the reference stagnation pressure is given by 
Po _ Bo P P* 
Pi =P P*PS 
(* + ‘) ue 
| K/(K-1) 4 2 1 
ae (1 i Z we) M|_k=1 TD 
Po 1+ We k+1 
2 
or 
= 1+—.— M 13.34 
pe aller) 2 ae 


Equations 13.34 form a complete set for analyzing flow of an ideal gas in a duct with 
friction, which we usually use instead of (or in addition to) the basic equations, Eqs. 
13.24. For convenience we list them together: 


Equations 13.34, the Fanno-line relations, provide property relations in terms of the local 
Mach number and critical conditions. They are obviously quite algebraically complicated, 
but unlike Eqs. 13.24 are not coupled. It is a good idea to program them into your 
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calculator. They are also fairly easy to define in spreadsheets such as Excel. The reader 
is urged to download the Excel add-ins for these equations from the Web site; with the 
add-ins, functions are available for computing the friction factor, temperature, velocity, 
pressure, and stagnation pressure ratios from M, and M from these ratios. It is important 
to remember that, as demonstrated in Fig. 12.4, the properties at a state, in any 
flow process, may be related to that state’s isentropic stagnation properties through 
use of Eqs. 12.21. Appendix E.3 lists flow functions for property ratios po/po, 
T/T*, p/p*, p/p*, (V*/V), and f Lax / Dp, in terms of M for Fanno-line flow of an ideal 
gas. A table of values, as well as a plot of these property ratios, is presented for air (k = 
1.4) for a limited range of Mach numbers. The associated Excel workbook, Fanno-Line 
Relations, can be used to print a larger table of values for air and other ideal gases. 


ample /5. L ADIABATIC FLOW IN A CONSTANT-AREA CHANNEL: SOLUTION USING 
FANNO-LINE FUNCTIONS 


Air flow is induced in a smooth insulated tube of 7.16 mm diameter by a vacuum pump. Air is drawn from a room, where 
Po = 760 mm Hg (abs) and To = 23°C, through a smoothly contoured converging nozzle. At section (1), where the nozzle 
joins the constant-area tube, the static pressure is —18.9mm Hg (gage). At section @), located some distance down- 
stream in the constant-area tube, the static pressure is —412 mm Hg (gage). The duct walls are smooth; assume the 
average friction factor, f, is the value at section (1). Determine the length of duct required for choking from section (1), 
the Mach number at section Q), and the duct length, L12, between sections (1) and @). Sketch the process ona Ts diagram. 


Given: 
Air flow (with friction) in an insulated constant-area tube. 


Gage pressures: p; = —18.9mm Hg, and p> = —412 mm Hg. 


M3 =1.0 

: : Ty = 296 K 
Find: (a) Li3. (b) Mo. (c) Liz. (d) Sketch the Ts diagram. po = 760 mm Hg 
Solution: 


Flow in the constant-area tube is frictional and adiabatic, a 
Fanno-line flow. To find the friction factor, we need to know 
the flow conditions at section (1). If we assume flow in the nozzle 
is isentropic, local properties at the nozzle exit may be computed 


using isentropic relations. Thus 
a k/(k-1) 
eos (1 + Mi) 


Pi Z 


Solving for M,, we obtain 


Fe all oa | le CON aoa ere 
: k-1|\p, 0.4 | \760 — 18.9 


_ _ 296K 
= 2 
jack ; Lye 1+0.2(0.190) 


= 294K 


1/2 
kg-m 
N-s? 


N: 
4 = ie = Wage = Oey 14x 287 x 294 x 


VY, = 65.3 m/s 
Using the density of mercury at room temperature (23°C), 


Pies SPH SG Proll 
2 


kg-m 


= 9.81 x 13.5 x 1000X8 x (760 — 18.9) x 10° m x 
S m 


73.5 Flow in a Constant-Area Duct with Friction 739 


Pi = 98.1 kPa(abs) 


Pi 4N kg-K 1 
= — = 9 81x x x 
Ss Ge ae Sayan © NS 


= 1.16kg/m? 


At T = 294K (21°C), ps = 1.82 X 10° kg/(m-s) from Table A.10, Appendix A. Thus 
ee 
My 


m:s 
182 x 10> ke 


Re, = 1.168 x 65.3— X 0.00716 m x = 28x10) 


From Eq. 8.37 (turbulent flow), for smooth pipe, f = 0.0235. a 
From Appendix E.3 at M; = 0.190,p/p* = 5.745 (Eq. 13.34d), and fLmax/D, = 16.38 (Eq. 13.34a). Thus, 
assuming f = f;, 


== 1638 4 = A 00 mie 
se Oe ere 99m 


iss) Dj 0.00716 m Tins 
i 


Since p* is constant for all states on the same Fanno line, conditions at section @) can be determined from the 
pressure ratio, (p/p*)2. Thus 


Pp P2 P2 Pi P2(P 760 — 412 
= = = = 5.745 = 2.698 
iS), Pp" pip? pi (4) (= — 18.9 


where we used Eq. 13.34d to obtain the value of p/p* at section (1). For p/p* = 2.698 at section Q), Eq. 13.34d yields 
Mp> = 0.400 (after obtaining an initial guess value from the plot in Appendix E.3, and iterating). 


M) 


M> = 0.400 < 


The Ts diagram for this flow is 


At M2 = 0.400, fLmax/D, = 2.309 (Eq. 13.34a, Appendix E.3). Thus 


F v 
fla NOD 0.00716 m The co 
— — 7a eres || ee : SC ae, = N R 
De (lees ( D bh 2 0X pas 0.704 m laborio 


: a A 
Without u n be quite 


Si n ig 
Finally, 


Ly = Li = L43 = (4.99 = 0.704) m = 429m. 
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Isothermal Flow (on the Web) 


13.6 Frictionless Flow in a Constant-Area 


Duct with Heat Exchange 


To explore the effects of heat exchange on a compressible flow, we apply the basic 
equations to steady, one-dimensional, frictionless flow of an ideal gas with constant 
specific heats through the finite control volume shown in Fig. 13.23. 

You may well be exhausted by the process by now, but as in Section 13.2 (effects of 
area variation only), Section 13.3 (the normal shock), and Section 13.5 (effects 
of friction only), our starting point in analyzing frictionless flows with heat exchange is 
the set of basic equations (Eqs. 13.1), describing one-dimensional motion that is affected 
by several phenomena: area change, friction, heat transfer, and normal shocks. These are 


PVA, = p)V2A2 = pVA = m = constant (13.1a) 
R, t DA P2A2 = mV, mV, (13.1b) 
50 V3 v2 

—~+h+ +t =mh+2 

an hy 2 hy 5) (13 Ic) 
ae 

ee 2/5 (<a (13.1d) 
p = pRT (13.1e) 
Ah = hy hy _ GAT _ AGE T;) (13.1f) 
Ma 6=4 =e oR (13.1g) 


T; Pi 


We recall that Eq. 13.1a is continuity, Eq. 13.1b is a momentum equation, Eq. 13.1c is an 
energy equation, Eq. 13.1d is the second law of thermodynamics, and Eqs. 13.1e, 13.1f, 
and 13.1g are useful property relations for an ideal gas with constant specific heats. 


Basic Equations for Flow with Heat Exchange 


We simplify Eqs. 13.1 using the facts that A; = A, = A and that R, = 0. In addition we 
have the relation hy = h + V7/2. Equations 13.1 become for this flow 


P1V1 = PxoV2 = pVA=G - constant (13.43a) 


Flow 
— 


Se 


6Q 


dm 


Fig. 13.23 Control volume used for integral analysis 
of frictionless flow with heat exchange. 


73.6 Frictionless Flow in a Constant-Area Duct with Heat Exchange 741 


6 ¥ v2 
(i+ ”) (1 | 5) ee a 

, 1 /(¢ 
m(s.—81)= a T (4) dA (13.43d) 
p = pRT (13.43e) 
Ah = hy hy = GAT = G(T2 T,) (13.43f) 
As = = = G In 72 — Rin (13.43¢) 

i Pi 


Note that Eq. 13.43c indicates that the heat exchange changes the total (kinetic plus 
internal) energy of the flow. Equation 13.43d is not very useful here. The inequality or 
equality may apply, depending on the nature of the heat exchange, but in any event 
we should not conclude that in this flow the entropy necessarily increases. For 
example, for a gradual cooling it will decrease! 

Equations 13.43 can be used to analyze frictionless flow in a channel of constant 
area with heat exchange. For example, if we know conditions at section (1) (i.e., p41, 1, 
T1, 51,41, and V;) we can use these equations to find conditions at some new section @) 
after the fluid has experienced a total heat exchange 6Q/dm. For a given heat 
exchange, we have six equations (not including the constraint of Eq. 13.43d) and six 
unknowns (po, (2, T2, 52, h2, and V2). It is the effect of heat exchange that causes fluid 
properties to change along the duct. In practice, as we have seen for other flows, this 
procedure is unwieldy—we again have a set of nonlinear coupled algebraic equations 
to solve. We will use Eqs. 13.43 in Example 13.9. We will also develop some Mach 
number-based relations to supplement or replace the basic equations, and show how 
to use these in Example 13.10. 


The Rayleigh Line 


If we use Eqs. 13.43 to compute property values as a given flow proceeds with a 
prescribed heat exchange rate, we obtain a curve shown qualitatively in the Ts plane 
in Fig. 13.24. The locus of all possible downstream states is called the Rayleigh line. 
The calculations show some interesting features of Rayleigh-line flow. At the point of 
maximum temperature (point a of Fig. 13.24), the Mach number for an ideal gas is 
1/Vk. At the point of maximum entropy (point b of Fig. 13.24), M = 1. On the upper 
branch of the curve, Mach number is always less than unity, and it increases mono- 
tonically as we proceed to the right along the curve. At every point on the lower 
portion of the curve, Mach number is greater than unity, and it decreases mono- 
tonically as we move to the right along the curve. Regardless of the initial Mach 
number, with heat addition the flow state proceeds to the right, and with heat 
rejection the flow state proceeds to the left along the Rayleigh line. 

For any initial state in a Rayleigh-line flow, any other point on the Rayleigh line 
represents a mathematically possible downstream state. Although the Rayleigh 
line represents all mathematically possible states, are they all physically attainable 
downstream states? A moment’s reflection will indicate that they are. Since we are 
considering a flow with heat exchange, the second law (Eq. 13.43d) does not impose 
any restrictions on the sign of the entropy change. 
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Fig. 13.24 Schematic Ts diagram for 
frictionless flow in a constant-area duct with 
heat exchange (Rayleigh-line flow). 


The effects of heat exchange on properties in steady, frictionless, compressible flow 
of an ideal gas are summarized in Table 13.3; the basis of each indicated trend is 
discussed in the next few paragraphs. 

The direction of entropy change is always determined by the heat exchange; 
entropy increases with heating and decreases with cooling. Similarly, the first law, 
Eq. 13.43c, shows that heating increases the stagnation enthalpy and cooling decreases 
it; since Ahy = c, AT, the effect on stagnation temperature is the same. 

The effect of heating and cooling on temperature may be deduced from the shape 
of the Rayleigh line in Fig. 13.24. We see that except for the region 1//k <M <1 (for 
air, 1/V/k = 0.85), heating causes T to increase, and cooling causes T to decrease. 
However, we also see the unexpected result that for 1/V/k<M<1, heat addition 
causes the stream temperature to decrease, and heat rejection causes the stream 
temperature to increase! 

For subsonic flow, the Mach number increases monotonically with heating, until 
M = 1 is reached. For given inlet conditions, all possible downstream states lie on a 
single Rayleigh line. Therefore, the point M=1 determines the maximum possible 
heat addition without choking. If the flow is initially supersonic, heating will reduce 
the Mach number. Again, the maximum possible heat addition without choking is that 
which reduces the Mach number to M = 1.0. 

The effect of heat exchange on static pressure is obtained from the shapes of the 
Rayleigh line and of constant-pressure lines on the Ts plane (see Fig. 13.25). For M <1, 
pressure falls with heating, and for M > 1, pressure increases, as shown by the shapes of 
the constant-pressure lines. Once the pressure variation has been found, the effect on 
velocity may be found from the momentum equation, 


pPiA —poA = mV, = mV, (13.43b) 


or 


pt (3) V = constant 


Thus, since m/A is a positive constant, trends in p and V must be opposite. From the 
continuity equation, Eq. 13.43a, the trend in p is opposite to that in V. 
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Table 13.3 
Summary of Effects of Heat Exchange on Fluid Properties 
Heating Cooling 
Property M<1i1 M>1 M<i1 M>1 Obtained from: 
Entropy sq} sft sil sil T ds equation 
Stagnation temperature Toff Toft To To First law, and Ahg = GAT 
Temperature Tt (mu < +5) T? TL (u < +) TQ Shape of Rayleigh line 
TO(4<M<1) Tt (4 <m<1) 
Mach number Mt Mg Mi Mt Trend on Rayleigh line 
Pressure pu pt Pt pu Trend on Rayleigh line 
Velocity Vd Vo Vo Vd Momentum equation, and effect on p 
Density pi pt ptt pi Continuity equation, and effect on V 
Stagnation pressure Pott Pott Pott Pott Fig. 13.25 
T T 
Poa 
Poo 


Rayleigh line 


Ss SS _—MWl(@i—ié«¢ee<—<—<—<—=—=—=_sS 
(a) Subsonic flow (b) Supersonic flow 


Fig. 13.25 Reduction in stagnation pressure due to heat addition for two flow cases. 


Local isentropic stagnation pressure always decreases with heating. This is illus- 
trated schematically in Fig. 13.25. A reduction in stagnation pressure has obvious 
practical implications for heating processes, such as combustion chambers. Adding the 
same amount of energy per unit mass (same change in To) causes a larger change in po 
for supersonic flow; because heating occurs at a lower temperature in supersonic flow, 
the entropy increase is larger. 
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ample /5. ESS FLOW IN A CONSTANT-AREA DUCT WITH HEAT ADDITION 


Air flows with negligible friction through a duct of area A = 0.25 ft”. At section (, flow properties are T, = 600°R 
Pi = 20 psia, and V; = 360ft/s. At section @), p2 = 10 psia. The flow is heated between sections (1) and @). Determine 
the properties at section (@), the energy added, and the entropy change. Finally, plot the process on a Ts diagram. 


Given: Frictionless flow of air in duct shown: 
T, = 600°R 
Pi = 20psia_ pz = 10psia 
Vi — 360tt/s pA; — A, — A 05 tt 


Find: (a) Properties at section @). 
(b) 6Q/dm. 
(c) Sa = Silo 
(d) Ts diagram. 
Solution: 
The momentum equation (Eq. 13.43b) is 


Dia A= mVo— mV, (13.43b) 


or 


m 
Pi-P2= | (V2 — Vi) = p1Vi(V2 — V1) 


Solving for V> gives 
Pi FP2 


Ve 
pM 


+V, 


For an ideal gas, Eq. 13.43e, 


Pi Ibf shake Ibm°R i 3 
e See UV x = 0.0901 Ibm /ft 
RED in2 a 53.3 ft-Ibf  600°R Ula 


lbf He s lbm _ slug-ft 
= (2 = 10) 35 x 144" * x x xs 
a) i * 0.0901 Ibm * 360ft slug Ibf-s? 


+360! 
Ss 


V2 = 1790ft/s «< i 


From continuity, Eq. 13.43a, G = pyV, = p2V>2, so 


V, Ibm / 360 : 
= = 0090 |= = 0018 brit 2 Pe 
P2 —~ Pi V 9 fe (Fas) m/ 


Solving for T>, we obtain 


Ibf in ft* Ibm°R T. 
p= 22 S10, «144 BX x x =1490R .« 2 
2 a in ft? © 0.0181 Ibm © 53.3 ft-Ibf 


The local isentropic stagnation temperature is given by Eq. 12.21b, 


ra(1 + Mi) 


T 
0 D 


© = VERT = 1890it/s, Mp Ve Ree tony 
(6) 1890 


To, = 1490°R[1 + 0.2(0.947)"] = 1760°R « 2 
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and 


Pa) k/(k-1) 


_ (1760\*° 
(Dt, = 1 (z = 10psia eS) =17.9psia < Po, 


The heat addition is obtained from the energy equation (Eq. 13.43c), 


6 V2 Ve 

we = (i+ 2) (1, t 3) = ho, ho, (13.43c) 
or 

6Q 

Am 7 102 ~ to = (To, ~ To) 


We already obtained 7p,. For Tp, we have 


ie= 1 
To, = TH(1+ "me 
_ _ Vi _ 360 
Ce ERI = 100i seh, eI 0.3 
Ty, = 600°R[1 + 0.2(0.3)7] = 611°R 
SO 
JON Btu aaa 6Q/dm 
Fe, 7 0-240 Rap (1760 — 611)°R = 276 Btu/lbm « 
For the change in entropy (Eq 13.43g), 
T, P2 T, P2 
As = 89-8, = cG In Rin =c In c,)In 13.43 
2 Mi Te Pi GD Te ce ) Pi ( g) 
Then 
Btu 1490 Btu 10 
= 0.240 x I 0.240 — 0.71 Sl 
as Ibm?R | ( pe iomeRie we (3) 
5) — 8; = 0.266 Btu/(Ibm°R) < ae 


The process follows a Rayleigh line: 
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To complete our analysis, let us examine the change in po by comparing po, 
with Po: 


7 By k/(k—-1) 7 — /611\35 
ay = »() = 20.0 psia 600 


=213psia « 


Po, 


Comparing, we see that po, is less than po,. 


Rayleigh-Line Flow Functions for One-Dimensional 
Flow of an Ideal Gas 


Equations 13.43 are the basic equations for Rayleigh-line flow between two arbitrary 
states () and @) in the flow. To reduce labor in solving problems, it is convenient to 
derive flow functions for property ratios in terms of local Mach number as we did 
for Fanno-line flow. The reference state is again taken as the critical condition where 
M = 1; properties at the critical condition are denoted by (*). 

Dimensionless properties (such as p/p* and T/T*) may be obtained by writing the 
basic equations between a point in the flow where properties are M, T, p, etc., and 
the critical state (VM = 1, with properties denoted as T*, p*, etc.). 

The pressure ratio, p/p*, may be obtained from the momentum equation, 
Eq. 13.43b, 


pA-p*A =mV*-—mV 
or 
prey = peeve 


Substituting » = p/RT, and factoring out pressures yields 
y yr 
1+ =] = p*|1+ — 
Plt er] =P" er 
Noting that V/RT = k(V’/kRT) = kM’, we find 


pil +kM?] = p*{1+k] 


and finally, 
Pp 1+k 
a - Tre (13.44a) 
From the ideal gas equation of state, 
Lf _ pe 
ce Bp 


From the continuity equation, Eq. 13.43a, 


p* V Cc T 
p ve c T* 
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Then, substituting for p*/p, we obtain 


T Pp | T 
T* ee T* 


Squaring and substituting from Eq. 13.44a gives 


© (ea) = [u(At4)] a. 


From continuity, using Eq. 13.44b, 


pe Vo. ML +8) 
p>) OVE 1 +kM? ie 


The dimensionless stagnation temperature, Ty/T), can be determined from 


i. Tyee ot 


te TTT 


(1 + +) i( ‘ aR) (5 (13.44d) 


2 


2(k + 1)M2 (1 + 0) 


To _ 
ve (1+ kM2) 


Similarly, 


Po _ Po P p* 


Pi =P P* PS 


feu Clee HOD 7 14k 1 
- 2 1+kM2 ea 


po _ 1+k 2 k-1_,\]@/r? 
Tae (Ga) (1+ Mm (13.44e) 


For convenience we collect together the equations: 
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jie 1+k 2 Ratan \ | 
= + a ee : 
pe 1+kM [e on been a Cs) 


Equations 13.44, the Rayleigh-line relations, provide property ratios in terms of the 
local Mach number and critical conditions. They are obviously complicated, but can 
be programmed into your calculator. They are also fairly easy to define in spread- 
sheets such as Excel. The reader is urged to download the Excel add-ins for these 
equations from the Web site; with the add-ins, functions are available for computing 
the pressure, temperature, density, and stagnation temperature and pressure ratios 
from M, and M from these ratios. In Example 13.10 we will explore their use. 
Appendix E.4 lists flow functions for property ratios To/T%, po/pj, T/T*, p/p*, and p*/ 
p (V/V*), in terms of M for Rayleigh-line flow of an ideal gas. A table of values, as 
well as a plot of these property ratios, is presented for air (kK = 1.4) for a limited range 
of Mach numbers. The associated Excel workbook, Rayleigh-Line Relations, can be 
used to print a larger table of values for air and other ideal gases. 


ample /5. LESS FLOW IN A CONSTANT-AREA DUCT WITH HEAT ADDITION: 
SOLUTION RAYLEIGH-LINE FLOW FUNCTIONS 


Air flows with negligible friction in a constant-area duct. At section (1), properties are 7; = 60°C, p; = 135 kPa (abs), 
and V, = 732 m/s. Heat is added between section (1) and section @), where M> = 1.2. Determine the properties at 
section (2), the heat exchange per unit mass, and the entropy change, and sketch the process on a Ts diagram. 


Given: Frictionless flow of air as shown: 


T, = 333K M, = 1.2 
P, = 135kPa (abs) 
V, = 732 m/s 
Find: (a) Properties at section @). 
(b) 6Q/dm. 
(©) Go = Sac 
(d) Ts diagram. 
Solution: 
To obtain property ratios, we need both Mach numbers. 
1/2 
N-m kg-m 
c, = VERT, = 14x 287g 333K x eo = 366 m/s 
VV, m s 
= = 732— X = 2. 
an Cy y s 366m ae 


From the Rayleigh-line flow functions of Appendix E-4 we find the following: 


M T/T. —polpet Hy be pip™ Viv 


2.00 0.7934 1.503 0.5289 0.3636 1.455 
1.20 0.9787 1.019 0.9119 0.7958 1.146 
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Using these data and recognizing that critical properties are constant, we obtain 


Tiga aly Te SOOT ee ee : 7 - 
Ey hy i 052389 2 ey 2 Ta 2) 383s Kee 

* 
eo. = 219) py = 2.1997, — (2:19) 135 bea 


P1 Pi/p* 0.3636 a 
P2 = 296kPa (abs) < Po 


V, _ V2/V* _ 1.146 
Vi Vi/V* 1.455 


= 0.788; V> = 0.788V, = (0.788)732 m/s 


V, =S77m/s « ie 

P2 5N kg-K 1 3 p 

on 10 x = 1.80ke/m> . 2 
P2 ~ RT» m2 287N-m~ 573K ey 


The heat addition may be determined from the energy equation, Eq. 13.43c, 


6 
2 = hy, = hy, = GT = Lo, ) 
From the isentropic-stagnation functions (Eq. 12.21b) at M = 2.0, 
if T, T; 333 K 
— = — = 0.5556; To, = = = 599K 
Tin wee v= EES 9 SER 
and at M = 1.2, 
Wy _ _ FF _ dsBIK _ ies 
To © Th, 9 eh eo4: Us ie = ye f 
Substituting gives 
6Q kJ 56O/dm 
oe & (To, — To,) = Fak X (738 — 599) K = 139kJ/kg « Q/ 
For the change in entropy (Eq. 13.43g), 
= T, P2 
Sp Gt T, Rin a 
kJ 573 N-m 2.96 x 10° kJ 
= IU =——= XX oN x 
EU eee an (F) ao) pees (2 x 4 1000 N-m 
Sy —s, = 0.137kJ/(kg-K) a ae 


Finally, check the effect on po. From the isentropic-stagnation function (Eq. 12.21a), at M = 2.0, 


P_ Pi Pi 135 kPa 
Bos 2 aya = = = 1.06 MPa (ab 
1 Po ~ 0.4978 ~ 0.1278 a (abs) 
and at M = 1.2, 
P P2 P2 296 kPa jets 
— = —— — 04124; = = = 718kPa (abs) < 2 
Do 0 Po Ws or aap 4 eles) 


Thus, po, < po,, as expected for a heating process. 
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The process follows the supersonic branch of a Rayleigh line: 


“— Rayleigh line 


13.7 Oblique Shocks and Expansion Waves 


VIDEO 


Shock Waves over a Supersonic Airplane. 


So far we have considered one-dimensional compressible flows. With the under- 
standing we have developed, we are ready to introduce some basic concepts of two- 
dimensional flow: oblique shocks and expansion waves. 


Oblique Shocks 


In Section 12.2, we discussed the Mach cone, with Mach angle a, that is generated by 
an airplane flying at M > 1, as shown (in airplane coordinates) in Fig. 13.26a. The 
Mach cone is a weak pressure (sound) wave, so weak that, as shown in Fig. 13.26a, it 
barely disturbs the streamlines—it is the limiting case of an oblique shock. If we zoom 
in on the airplane, we see that at the nose of the airplane we have an oblique shock—a 
shock wave that is aligned, at some angle @<90°, to the flow. This oblique shock 
causes the streamlines to abruptly change direction (usually to follow the surface of 
the airplane or the airplane’s airfoil). Further away from the airplane we still have an 
oblique shock, but it becomes progressively weaker (3 decreases) and the streamlines 
experience smaller deflections until, far away from the airplane the oblique shock 
becomes a Mach cone (3 — aq) and the streamlines are essentially unaffected by the 
airplane. 

A supersonic airplane does not necessarily generate an oblique shock that is 
attached to its nose—we may instead have a detached normal shock ahead of the 
airplane! In fact, as illustrated in Fig. 13.27, as an airplane accelerates to its supersonic 
cruising speed the flow will progress from subsonic, through supersonic with a 
detached normal shock, to attached oblique shocks that become increasingly 
“pressed” against the airplane’s surface. 
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Mach cone 


Streamline 


Streamline 


(a) Mach cone (b) Oblique shock 
Fig. 13.26 Mach cone and oblique shock generated by airplane. 


— 


(a) Subsonic M < 1 ) Low supersonic (c) Increasing M 


Fig. 13.27 Airplane flow eee as speed increases. 


(a) Oblique shock (b) Oblique shock in shock coordinates 
Fig. 13.28 Oblique shock control volume. 


We can explain these flow phenomena using concepts we developed in our analysis 


of normal shocks. Consider the oblique shock shown in Fig. 13.28a. It is at some angle VIDEO 
8 with respect to the incoming supersonic flow, with velocity V, and causes the flow 
to deflect at some angle 6, with velocity V> after the shock. Shock Waves due to a Projectile. 


It is convenient to orient the xy coordinates orthogonal to the oblique shock, and 
decompose V; and V; into components normal and tangential to the shock, as shown 
in Fig. 13.285, with appropriate subscripts. The control volume is assumed to have 
arbitrary area A before and after the shock, and infinitesimal thickness across the 
shock (the upper and lower surfaces in Fig. 13.285). For this infinitesimal control 
volume, we can write the basic equations: continuity, momentum, and the first and 
second laws of thermodynamics. 

The continuity equation is 


= 0(1) 


2 /oav+ | pV- dA =0 (4.12) 
Ot CV CS 


Assumption: (1) Steady flow. 
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Then 
(—p, Vi, A) + (p2V2,A) =) 


(The tangential velocity components V;, and V>, flow through an infinitesimal area, so 
do not contribute to continuity.) Hence, 


PV, = Poo, (13.45a) 


Next we consider the momentum equation for motion normal and tangential to the 
shock. We get an interesting result if we look first at the tangential, y component, 


= 0(2) = 0(1) 


+A vl oar | V, pV dA (4.18b) 
: Ot cy / cs 


Assumption: (2) Negligible body forces. 
Then 


0 = Vi p1V1,A) + V2,(02V2,A) 


or, using Eq. 13.45a 
Vi, = V2, = V, 


Hence, we have proved that the oblique shock has no effect on the velocity component 
parallel to the shock (a result that is perhaps not surprising). The momentum equation 
for the normal, x direction is 


= 0(2) = 0(1) 


+A val your | V, pV dA (4.18a) 
Of lew es 


For our control volume we obtain 
PiA — prA = Vi,(—pV,A) + V2, (p2V2,A) 
or, again using Eq. 13.45a, 
Pit pi, = prt eV3, (13.45b) 
The first law of thermodynamics is 


O(4) = 0(5) = O(5) = 0(5) = 0(1) 


bf. Wf Wigl= 27f codes | (e + pu) pV- dA (4.56) 
CV cs 


where 


= 0(6) 
2 


e=ut 5+ zm 


Assumptions: (4) Adiabatic flow. 
(5) No work terms. 
(6) Negligible gravitational effect. 


For our control volume we obtain 


Vi V5 
0= («1 + pyvy + +) (—p,Vi,A) + (1 + p22 + 2) (P2V2,A) 
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(Remember that v here represents the specific volume.) This can be simplified by 
using h = u + pv, and continuity (Eq. 13.45a), 


v2 v2 
hy+ st =m+ 2 
so a 


But each velocity can be replaced by its Pythagorean sum, so 


2 2 2 2 
Vit Va, Va, + Vx 


hy + 
2 2 ‘) 


We have already learned that the tangential velocity is constant, V;, = V2, = V;, so 
the first law simplifies to 


v2 v2 
hy + — = hy+ is (13.45c) 


Finally, the second law of thermodynamics is 


= 0(1) = 0(4) 
a se os 1 2) 
£ d¥ + V-dA=| —{¥\dA 4.58 
a a I. “ [W 


The shock is irreversible, so Eq. 4.58 for our control volume is 
51(—p,Vi,A) + 52(p2V2,A) > 0 


and, again using continuity, 


$2 > Sy (13.45d) 


The continuity and momentum equations, and the first and second laws of thermo- 
dynamics, for an oblique shock, are given by Eqs. 13.45a through 13.45d, respectively. 
Examination of these equations shows that they are identical to the corresponding 
equations for a normal shock we derived is Section 13.3. Equations 13.11a through 
13.11d, except V; and V>, are replaced with normal velocity components V,, and V2, 
respectively! Hence, we can use all of the concepts and equations of Section 13.3 for 
normal shocks, as long as we replace the velocities with their normal components 
only. The normal velocity components are given by 


Vi, = Vi sin G (13.46a) 


and 
V2, = V2 sin(G — 6) (13.46b) 


The corresponding Mach numbers are 
Vv : 
Me = a = M, sin (13.47a) 
1 
and 


= “ = M) sin(G — 0) (13.47b) 
2 


M, 


n 


The oblique shock equations for an ideal gas with constant specific heats are obtained 
directly from Eqs. 13.20: 
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2 
a 
ho k= 
Ee 13.48a 
on Ea (i3-d82) 
k-1 
ie ee 
D 1, 
Po a : 5 h 
Po. | 2k 5 k= See 
aM. x = 
jeeos Ve kM? af el 
fr goes z (13.48c) 
T; (* - “) 
D 1, 
2) 2k e= Il 
= =F Mm = (13.48d) 
k+1_, 
a i = 4 ie (13.48e) 
Py ahs les MM 


Equations 13.48, along with Eqs. 13.46 and 13.47, can be used to analyze oblique 
shock problems. Appendix E.5 lists flow functions for Mand property ratios 
Po,/Po,> T2/T1, P2/Pi, and p,/p, (Vi/V2) in terms of M,, for oblique-shock flow of an 
ideal gas. A table of values of these property ratios is presented for air (k = 1.4) fora 
limited range of Mach numbers. The associated Excel workbook, Oblique-Shock 
Relations, can be used to print a larger table of values for air and other ideal gases. In 
essence, as demonstrated in Example 13.11, an oblique shock problem can be ana- 
lyzed as an equivalent normal shock problem. The reader is urged to download the 
normal shock Excel add-ins from the Web site; they apply to these equations as well 
as Eqs. 13.20 for a normal shock. 


ample /5. SON OF NORMAL AND OBLIQUE SHOCKS 


Air at —2°C and 100 kPa is traveling at a speed of 1650 m/s. Find the pressure, temperature, and speed after the air 
experiences a normal shock. Compare with the pressure, temperature, and speed (and find the deflection angle 0) if 
the air instead experiences an oblique shock at angle 3 = 30°. 


Given: Air flow with: 


Pi = 100kPa 
T; > =2°"C 
V, = 1650 m/s 


Find: Downstream pressure, temperature, and speed if it experiences (a) a normal shock and (b) an oblique shock 
at angle @ = 30°. Also find the deflection angle 0. 
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Solution: 
(a) Normal shock 


First compute the speed of sound, 


N-m kg-m 
cy = VkRT, = juaxoerm x 271K Xx an 330 m/s 


Then the upstream Mach number is 


VY, — 1650m/s _ 


es 330 m/s 


From the normal-shock flow functions, Eqs. 13.20, at M, = 5.0 


M, M, P2/pi T,JT, VAIV, 


5.0 0.4152 29.00 5.800 0.2000 


From these data 
T, 


Ty = 5.8007; = (5.800)271 K = 1572K = 1299°C . 
p2 = 29.00p; = (29.00)100kPa = 2.9MPa_ « P2 


V2 = 0.200V, = (0.200)1650 m/s = 330m/s_ « ws 
(b) Oblique shock 
First compute the normal and tangential components of velocity, 
V,, = Vi sin 8 = 1650 m/s X sin 30° = 825 m/s 
Vi, = Vi cos 8 = 1650 m/s X cos 30° = 1429 m/s 
Then the upstream normal Mach number is 
ve V,, — 825m/s _ 
ti Cy 330 m/s 
From the oblique-shock flow functions, Eqs. 13.48, at M,, = 2.5 
M, M2, p2/pi TIT; V21V4, 
Me) 0.5130 TMS) 2.138 0.300 
From these data 
Ty) = 2.1387, = (2.138)271 K = 579K = 306°C < ip 
P2 = 7125p; = (7.125)100kPa = 712.5kPa ~ P2 
V2, = 0.300V;, = (0.300)825 m/s = 247.5 m/s 
V2, = Vi, = 1429m/s « Vo 


The downstream velocity is given by the Pythagorean sum of the velocity components, 


Vo = 4/(V3. + V3) = 4/(247.5° + 1429°) m/s = 1450. m/s 


Note that 


N-m kg-m 
Oo =VkRin = yar ek Oo nN = 482m/s 
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so that the downstream Mach number is 


M2 = = = 23.01 


Although the downstream normal Mach number must be subsonic, the actual 
downstream Mach number could be subsonic or supersonic (as in this case). 
The deflection angle can be obtained from Eq. 13.46b 


V2, = V2 sin(G — @) 


or 


ie 
. 2 SI alwa 
ene en 247.5 or YS, M> ca 
= a il Dp =  __ 1 Supers 9 E n 
@—sin (i) 30° — sin (ia ase). Onic (as jn this 


= HP =O" = 202" « 


We can gain further insight into oblique shock behavior by combining some of our 
earlier equations to relate the deflection angle 0, the Mach number M,, and the shock 
angle 3. From the oblique shock geometry of Fig. 13.28), 


V,, _ Vj, tan 6 tan 3 


V>, V2, tan(G—8) _ tan(3—8) 


n 


We can also relate the two normal velocities from Eq. 13.48e, 


k+1_, 
av Me 
a = - 7 (13.48e) 
1+ Mi 


kel. 
Vi, tan 3 2 M;, 
V, tan(3-8) k=1 M? 


and 
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Finally, if we use M, = M,sin@ in this expression and further simplify, we obtain 
(after using a trigonometric identity and more algebra) 


_ 2cot G(Mj sin? 6 — 1) 
M3(k + cos 2) +2 


tan 0 (13.49) 


Equation 13.49 relates the deflection angle 6 to the incoming Mach number M, and 
the oblique shock angle (3. For a given Mach number, we can compute @ as a function 
of 3, as shown in Fig. 13.29 for air (k = 1.4). 

Appendix E.5 presents a table of values of deflection angle 6 as a function of Mach 
number M, and oblique shock angle @ for air (k=1.4) for a limited range of 
Mach numbers. The associated Excel workbook, Oblique-Shock Relations, can be 
used to print a larger table of values for air and other ideal gases. The reader is urged 
to download the oblique shock Excel add-in from the Web site; it can be used for 
solving Eq. 13.49 for the deflection angle 0, oblique shock (3, or M,. 

We should note that we used M, and shock angle 3 to compute 0, but in reality the 
causality is the reverse: it is the deflection 0 caused by an object such as the surface of 
an airplane wing that causes an oblique shock at angle 3. We can draw some inter- 
esting conclusions from Fig. 13.29: 


e For a given Mach number and deflection angle, there are generally two possible 
oblique shock angles—we could generate a weak shock (smaller (@ value, and hence, 
smaller normal Mach number, M,,) or a strong shock (larger ( value, and hence, 
larger normal Mach number). In most cases the weak shock appears (exceptions 
include situations where the downstream pressure is forced to take on a large value 
as caused by, for example, an obstruction). 


e For a given Mach number, there is a maximum deflection angle. For example, for 
air (k = 1.4), if M, = 3, the maximum deflection angle is Oy, ~ 34°. Any attempt to 
deflect the flow at an angle 6 > 0x would cause a detached normal shock to form 
instead of an oblique shock. 

e For zero deflection (0-0), the weak shock becomes a Mach wave and G>a = 
sin !(1/M)). 


Figure 13.29 can be used to explain the phenomena shown in Fig. 13.27. If an 
airplane (or airplane wing), causing deflection 0, accelerates from subsonic through 


50 
L 1.2 
—---14 
4o-| —-— 1.6 
Siataimiecs 1.8 Increasing Mach 
can Ls | ee number, M, 
Ss 2.5 
® 30/|—---3 i 
g 8 aN 
6 Weak shock : Strong shock *, \' 
[= _—— Y 
Ss ai i: \n 
20 er oe 
o 
a 
10 
0) 
¢) 30 60 90 


Shock angle, B (deg) 
Fig. 13.29 Oblique shock deflection angle. 
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supersonic speed, we can plot the airplane’s progress on Fig. 13.29 as a horizontal line 
from right to left, through lines of increasing Mach number. For example, for 0 = 10°, 
we obtain the following results: As M, increases from subsonic through about 1.4 there 
is no oblique shock solution—we instead either have no shock (subsonic flow) or a 
detached normal shock; at some Mach number the normal shock first attaches and 
becomes an oblique shock (Problem 13.187 shows that for 0 = 10°, the normal shock 
first attaches and becomes oblique at M, ~ 1.42, with G ~ 67°); as M, increases from 
1.6 through 1.8, 2.0, 2.5, etc., toward infinity, from Fig. 13.29, 6 = 51°, 44°, 39°, 32°, 
toward 12°, respectively—the oblique shock angle progressively decreases, as we saw 
in Fig. 13.27. 
A problem involving oblique shocks is solved in Example 13.12. 


ample /5. SHOCKS ON AN AIRFOIL 


An airplane travels at a speed of 600 m/s in air at 4°C and 100 kPa. The airplane’s airfoil has a sharp leading edge 
with included angle 6 = 6°, and an angle of attack a = 1°. Find the pressures on the upper and lower surfaces of the 
airfoil immediately after the leading edge. 


Given: Air flow over sharp leading edge with: 


Pp, = 100 kPa j= 6 
Ty = CS a=1° 
V, = 600 m/s 


Find: Pressure on upper and lower surfaces. 


Solution: 
For an angle of attack of 1° of an airfoil with leading edge angle 6°, the deflection 
angles are 6, = 2° and & = 4° as shown. 


(a) Upper surface 


First compute the speed of sound, 


k 
= J/kRT, = jusxaer 2 Sy = 334m/s 
Then the upstream Mach number is 
V, _ 600m/s 
M, = = = 1.80 
cy 334m/s 


For M, = 1.80 and @,, = 2°, we obtain ,, from 
2 cot (Mj sin?G,, — 1) 
M2 (k + cos 26,) +2 


This can be solved for (,, using manual iteration or interpolation, or by using, for example, Excel’s Goal Seek 
function, 


tan 6, = (13.49) 


B, = 35.5° 
Then we can find M, 


n(upper) ? 


Vie i sing a BU smi so.o° — 05 


The normal Mach number for the upper oblique shock is close to one—the shock is quite weak. 
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From the oblique-shock pressure ratio, Eqs. 13.48d, at M1, = 1.045, 
P2upper) _— 2k 2 k-1 2x14 2 (14-1) _ 
M = 1.045)° —- ———— = 1.11 
Pi k+1 ture k+1 (1.441) oe) (1.4+1) 
Hence, 
Po, — 1 lp) — (11) t00 kPa — Vi kPa Papper 
(b) Lower surface 
For M, = 1.80 and 6, = 4°, we obtain (@, from 
2 cot 3,(M? sin? 3, — 1) 
tan @ = 13.49 
aa M2(k + cos 2/;) +2 ( ) 
and find 
Gy = 37.4" 
Th find M 
en we can find M,.,,..,,..; This Exam 


ple illustrates the 


Mii = M1 sin = 1.80 X sin 37.4° = 1.093 
! taining ob| 
obli 


n(lower 


USe of 


The normal Mach number for the lower oblique shock is also close to one. que shock 


ection 


From the oblique-shock pressure ratio, Eq. 13.48d, at M,,,,.,... = 1.093, 
P2dower) = 2k 5} = k a il = 2 x 1.4 5} ~ (1.4 = 1) = 
Pi +1 stom ~ EFI (1.4 +1) oe (1.4+1) ne 
Hence, 
Pou, = 1-23 P1 = (1.23)100kPa = 123kPa P2acven 


Isentropic Expansion Waves 


Oblique shock waves occur when a flow is suddenly compressed as it is deflected. We 
can ask ourselves what happens if we gradually redirect a supersonic flow, for 
example, along a curved surface. The answer is that we may generate isentropic 
compression or expansion waves, as illustrated schematically in Figs. 13.30a and 
13.305, respectively. From Fig. 13.30a we see that a series of compression waves will 
eventually converge, and their cumulative effect will eventually generate an oblique 
shock not far from the curved surface. While compression waves do occur, they 
are not of great interest because the oblique shocks they lead to usually dominate the 
aerodynamics—at most the waves are a local phenomenon. On the other hand, as 
shown in Fig. 13.30b, expansion waves in series are divergent and so do not coalesce. 
Figure 13.30c shows expansion around a sharp-edged corner. 

We wish to analyze these isentropic waves to obtain a relation between the 
deflection angle and the Mach number. First we note that each wave is a Mach wave, 
so is at angle a = sin '(1/M), where M is the Mach number immediately before the 
wave. Compression waves are convergent because the wave angle a increases as 
the Mach number decreases. On the other hand, expansion waves are divergent 
because as the flow expands the Mach number increases, decreasing the Mach angle. 
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ee ae oe LP oe 
7 | — a a, < 
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(a) Isentropic compression waves (b) Isentropic expansion waves (c) lsentropic expansion at a corner 


Fig. 13.30 Isentropic compression and expansion waves. 


Consider an isentropic wave as shown in Fig. 13.31a. (It happens to be a com- 
pression wave, but the analysis that follows applies to both expansion and compres- 
sion waves.) The speed changes from V to V+ dV, with deflection d6. As with the 
oblique shock analysis for Fig. 13.28a, it is convenient to orient the xy coordinates 
orthogonal to the wave, as shown in Fig. 13.31. For this infinitesimal control volume, 
we can write the basic equations (continuity, momentum, and the first and second laws 
of thermodynamics). Comparing the isentropic wave control volume of Fig. 13.31 to 
the control volume for an oblique shock shown in Fig. 13.28, we see that the control 
volumes have similar features. However, an isentropic wave differs from an oblique 
shock wave in two important ways: 


e The wave angle is a = sin '(1/M), instead of angle 3 for the oblique shock. 


e The changes in velocity and in density, pressure, etc., and the deflection angle, are 
all infinitesimals. 


The second factor is the reason that the flow, which is adiabatic, is isentropic. 
With these two differences in mind we repeat the analysis that we performed for 
the oblique shock. The continuity equation is 
= 0(1) 
) 


pave | pV-dA =0 (4.12) 
Ot J cv cs 


Assumption: (1) Steady flow. 
Then 
{-pV sina A} + {(p + dp)(V + dV) sin(a — d0)A} = 0 
or 
pV sina = (p + dp)(V + dV) sin(a — dé) (13.50) 


Next we consider the momentum equation for motion normal and tangent to the 
wave. We look first at the tangential, y component 


= 0(2) = 0(1) 
Fs, + r= “al ve dV + [ V, pV-dA (4.18b) 
5 Ot a 3 ee g 


Assumption: (2) Negligible body forces. 
Then 


0 = Vcosa{—pV sina A} + (V + dV) cos(a — dé){(p + d0)(V + dV) sin(a — d6)A} 
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V+dv 


(a) Isentropic wave (b) Isentropic wave in wave coordinates 


Fig. 13.31 Isentropic wave control volume. 


or, using continuity (Eq. 13.50), 
V cosa = (V + dV) cos(a — dé) 


Expanding and simplifying [using the facts that, to first order, in the limit as 
dé 0, cos(d@) +1, and sin(d@) > d6], we obtain 


_ dV 
V tana 


do = 


But sina = 1/M, so tana = 1/VM? —1, and 


d 
dd =—VM?—-1 — (13.51) 
We skip the analysis of the normal, x component of momentum, and move on to the 
first law of thermodynamics, which is 


O(4) = O(5) = O(5) = 0(5) = O(1) 


EW Val Weyl 2f eo d+ | (e + pv) pV-dA (4.56) 
cs 


CV 


where 


= 0(6) 


2 


e=ur a 7 
Assumptions: (4) Adiabatic flow. 
(5) No work terms. 
(6) Negligible gravitational effect. 


For our control volume we obtain (using # = u + pv, where vu represents the specific 
volume) 


y 
0= {i + bE ev sina A} 


2 
_ V+av) 


+ {bah 5 


bu + dp)(V + dV)sin(a — d0)A} 


This can be simplified, using continuity (Eq. 13.50), to 


2 4 avy 
hea = ean Pe _ 
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Expanding and simplifying, in the limit to first order, we obtain 
dh =—Vdv 
If we confine ourselves to ideal gases, dh = c, dT, so 
Gar =-VaV (13.52) 


Equation 13.52 relates differential changes in temperature and velocity. We can 
obtain a relation between M and V using V = Mc = MVkRT. Differentiating (and 
dividing the left side by V and the right by MVKRT), 


dv _dM , 1 dT 
VM 2T 


Eliminating dT using Eq. 13.52, 


7 Gr} M 2V\6T 


dV dM 1VdV dM 1dV[V*\ dM 1dV[Mc* 
V M 2 GT M 2V 


2 
dV dM 1dV{M°kRT\ dM ahaa ay 1) 
V M 2YV oe a M 2V 
Hence, 
dV 2 dM 
= 13.33 
V 2+ M?(k-1) M ( ) 
Finally, combining Eqs. 13.51 and 13.53, 
2VM?—-1 dM 
dé = (13.54) 


2+M2(k—-1) M 


We will generally apply Eq. 13.54 to expansion waves, for which d@ is negative, so it is 
convenient to change variables, dw = —d0. Equation 13.54 relates the differential change 
in Mach number through an isentropic wave to the deflection angle. We can integrate 
this to obtain the deflection as a function of Mach number, to within a constant of 
integration. We could integrate Eq. 13.54 between the initial and final Mach numbers 
of a given flow, but it will be more convenient to integrate from a reference state, the 
critical speed (M = 1) to Mach number M, with w arbitrarily set to zero at M =1, 


[va ay 2VM2—-1 dM 
o Jp 2+MXk—-1) M 


leading to the Prandtl-Meyer supersonic expansion function, 


eae arly ar fet a ea ene z= 


We use Eq. 13.55 to relate the total deflection caused by isentropic expansion from M, 
to M>, 


Deflection = w2 —w, = w(M2) — w(M;) 
Appendix E.6 presents a table of values of the Prandtl-Meyer supersonic expansion 


function, w, as a function of Mach number M for air (k = 1.4) for a limited range of 
Mach numbers. The associated Excel workbook, Isentropic Expansion Wave 
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Relations, can be used to print a larger table of values for air and other ideal gases. The 
reader is urged to download the isentropic expansion wave relations Excel add-in from 
the Web site; it can be used for solving Eq. 13.55 for the Prandtl-Meyer expansion 
function w, or M. 


We have already indicated that the flow is isentropic. We can verify this by using 
the second law of thermodynamics, 


=O) = 0(4) 


fa) ee 1/o 
= paves | sp Vai= | = Qa (4.58) 
oi CS CS A 


The wave is reversible, so Eq. 4.58 for our control volume is 
s{—pV sina A} + (s+ ds){(p + dp)(V + dV)sin(a — d0)A} = 0 
and using continuity (Eq. 13.50), this reduces to 
ds = 0 


The flow is demonstrated to be isentropic. Hence, stagnation properties are constant 
and the local isentropic stagnation property equations (Section 12.3) will be useful 


here. 
n f * oo | ee (12.21) 
a Se i We (12.21b) 
A c a ee! we ae (12.21c) 
p 


Equation 13.55, together with Eqs. 12.21a through 12.21c, can be used for analyzing 
isentropic expansion or compression waves. (We never got around to deriving the 
normal component of momentum—the above analysis provides a complete set of 
equations.) A problem involving expansion waves is solved in Example 13.13. 


ee 13. B “EXPANSION WAVE ON AN AIRFOIL 


The airplane of Example 13.12 (speed of 600 m/s in air at 4°C and 100 kPa, with a sharp leading edge with included 


angle 6 = 6°) now has an angle of attack a = 6°. Find the pressures on the upper and lower surfaces of the airfoil 
immediately after the leading edge. 


Given: Air flow over sharp leading edge with: 


Pi =100kPa 6=6 
T; =4C a=6 
V, = 600m/s 


Find: Pressures on upper and lower surfaces. 


Solution: 
For an angle of attack of 6° of an airfoil with leading edge angle 6°, the 
deflection angles are 0,, = 3° and 0; = 9° as shown. 


764 Chapter 13 Compressible Flow 


(a) Upper surface—isentropic expansion 


First compute the speed of sound, 


N-m kg-m 
Cc) = VkRT, = uaa x 277K X aN 334 m/s 
Then the upstream Mach number is 
_ Vv; _ 600m/s _ 
Ma c,  334m/s roe 


ey) Sees WS ae =il Di 
w1 = png tan ( ray Mi ») tan “(4/ Mz - 1) (13.55) 


SO 


1.441 14-1 
oe ~ wn (1.807 ») tan 1(V 1.80? — 1) = 20.7° 


The Prandtl-Meyer function value on the upper surface, w,,, is then 
oo, = oy a7, = QF ar = 27 


For this Prandtl-Meyer function value, M), is obtained from Eq. 13.55: 


upper) 


cee k-1liyp pil 2 
vie j=l tan (Va (M4 _ 1) ee ( (M open an 1)) 


This can be solved using manual iteration or interpolation, or by using, for example, Excel’s Goal Seek function, 


My... = 1.90 


upper) 


Finally, we can find p,,,... from repeated use of Eq. 12.21a, 


upper 


Dorey 12) kee) | k/(k-1) 
5 ie as {[t - =a Mi 1 Sea PA 


Po Pi 
= {[1 + (0.2)1.807]*°/[1 + (0.2)1.907]*°} x 100 kPa 


so 


P2y er 
[Day cavey = 85.8 kPa = (upper) 


(b) Lower surface—oblique shock 
For M, = 1.80 and 6; = 9°, we obtain @; from 


2 cot 3;(M? sin’ G, — 1) 


tan 6 = 
an! “WB(k + cos 24) +2 


(13.49) 


and find 
3 = 42.8° 
Then we can find M, 


n(lower) ? 


M, = M, sin 3, = 1.80 X sin 42.8° = 1.223 


n(lower) 
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From the oblique-shock pressure ratio, Eq. 13.48d, at M; = 1,223, This ; 
ae Example illustrat, 
e 
P2iowe) _ 2K yp _k-1_ 2x14 (1.223)? — (A= ly S the use of 
Pi k+1 lmowen k+1  (144+1)°° (1.4+1) 
Hence, 
Pooowcs, = 1-58p1 = (1.58)100 kPa 
=158kPa < Ip 2 lower) 


Example 13.13 hints at the approach we can use to obtain lift and drag coefficients 
of a supersonic wing, illustrated in Example 13.14. 


Cane 73. 74 “tHFF-AND DRAG COEFFICIENTS OF A SUPERSONIC AIRFOIL 


The airplane of Example 13.13 has a symmetric diamond cross section (sharp leading and trailing edges of angle 
6 = 6°). For a speed of 600 m/s in air at 4°C and 100 kPa, find the pressure distribution on the upper and lower 
surfaces, and the lift and drag coefficients for an angle of attack of a = 6°. 


Given: Air flow over symmetric section shown with: 


Region 2,, 
pi = 100kPa 6=6° Region 3, 
T; =4°C a= 6° 
V, = 600 m/s 
Find: Pressure distribution, and lift and drag coefficients. Region 2, 


Solution: 
We first need to obtain the pressures on the four surfaces of the airfoil. We have already obtained in Example 13.13 
the data for Region 2,, and Region 2;: 


M2 oper) = 1.90 P 2 (upper) = 85.8kPa « Pon 
Vb, =O ST Poon 
(Note that M;,,,... = 1.489 is obtained from M;, = 1.223 in Example 13.13 by direct use of Eqs. 13.48a and 13.47b.) 


In addition, for Region 2,,, we found the Prandtl-Meyer function to be 23.7°. Hence, for Region 3,,, we can find the 

value of the Prandtl-Meyer function from the deflection angle. For 6° leading and trailing edges, the airfoil angles at 

the upper and lower surfaces are each 174°. Hence, at the upper and lower surfaces the deflections are each 6°. 
For Region 3,, 

= Ww +0 = 23.7 +6° = 29.7° 


ce ( (upper) 


upper) 
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For this Prandtl-Meyer function value, M3... is obtained from Eq. 13.55, 


t) 


ey aay k-1liy =i 2 = 
Doe = 7a (V5 I (™3. = :) Satan ( Mee 1) 


This can be solved using manual iteration or interpolation, or by using, for example, Excel’s Goal Seek function, 


Magny = 212 


upper) 


Finally, we can find p3,,. from repeated use of Eq. 12.21a, 


upper 
k/(k-1) k/(k-1) 
— P3iuppery PO _ kalo kee La 
Eras, ae pee 1[1 ar om M; US ae Naa Pi 
mas was 
= {fi + (0.2)1.807]°°/[1 + (0.2)2.127] \ x 100 kPa 


SO 


P3 upper 
Prue) = 00.9kPa (oper 


For Region 3,, we first need to find the Prandtl-Meyer function in the previous region, Region 2);. For 


M> oq ~ 1-489, we find from Eq. 13.55, 
Be eee ai 1 [ng 
C2 ees as k = il tan (Vt (Ca 7 ) ~ tan ( M5 omer) = 1) 
1441 14-1 
= tan! 1.489? — 1) ) — tan7! (1.489? — 1 
Vee (a ) an ) 
so 
(ee 11.58° 
Hence, for Region 3,, 
Oe = aR = SR? EE = WIG 


and M3,,,.. 18 obtained from Eq. 13.55, 


my a ees k-1l( pil 2 
3 cower) je= {I ne (Vi Aj] (3. - 1) en ( MS owes 7 1) 


Once again, this can be solved using manual iteration or interpolation, or by using, for example, Excel’s Goal Seek 
function, 


lower 


Mo iouen = 1-693 


(lower 


Finally, we can find p3,.,.,. from repeated use of Eq. 12.21a, 
k/(k-1) k/(k-1) 
— P3aower) Po, = k = 1 D k = 1 B) 
P3 tower) Po: P2aewen P2 ower { [1 ci oer Jo Sa ey Power) 
= {[1 + 0.2)1.4897|°°/[1 + (0.2)1.6932]°°} x 158 kPa 


Hence, 


Doe eae P3 cower) 
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(Note that we cannot use po, the stagnation pressure of the incoming flow for computing this pressure, because the 
flow experienced a shock before reaching the lower surface.) 

To compute the lift and drag coefficients, we need the lift and drag force. 

First we find the vertical and horizontal forces with respect to coordinates orthogonal to the airfoil. 

The vertical force (assuming the chord c and span s are in meters) is given by 


G 
iy —s 2 ies +p cit) a (Poe ep eel 


Fy = s(m) res + 117) — (85.8 + 60.9) }(kPa) = 64.2 sckN 


and the horizontal force by 
c ° 
Fu a oe tan 3 as ToD opee) = Ze TD aad) 


Fy = s(m) CO) tan 3°{ (85.8 + 158) — (60.9 + 117) }(kPa) = 1.73 sckN 
The lift and drag forces (per unit plan area) are then 
F, = Fy cos6° — Fy sin6° = 63.6sckN 
and 
Fp = Fy sin6° + Fy cos6@ = 8.42 sckN 
The lift and drag coefficients require the air density, 


Pp ;N. 1 keK. 1 
Ee ono x 
Org 2 A) ae og Nm OTTER 


The lift coefficient is then 


= 1.258kg/m? 


FE, 1 m3 
C= 7— = 2 eG Ne 
~pV~sc 
2 
2 
Pee ee G. 


and the drag coefficient is 


3 2 
rn ie iN 
See 1.258 kg (600)? m 
2 
kg-m _ Gr 
Xe — 00387 « 


(Note that instead of using }pV? in the denominator of the 
coefficients, we could have used }kp M.) The lift-drag ratio is 
approximately 7.6. 
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13.8 Summary and Useful Equations 


In this chapter, we: 


v Developed a set of governing equations (continuity, the momentum equation, the first and second laws of thermodynamics, and 
equations of state) for one-dimensional flow of a compressible fluid (in particular an ideal gas) as it may be affected by area 
change, friction, heat exchange, and normal shocks. 

v¥ Simplified these equations for isentropic flow affected only by area change, and developed isentropic relations for analyzing 
such flows. 

v Simplified the equations for flow through a normal shock, and developed normal-shock relations for analyzing such flows. 

v Simplified the equations for flow affected only by friction, and developed the Fanno-line relations for analyzing such flows. 

¥ Simplified the equations for flow affected only by heat exchange, and developed the Rayleigh-line relations for analyzing such 
flows. 

v Introduced some basic concepts of two-dimensional flow: oblique shocks and expansion waves. 


While investigating the above flows we developed insight into some interesting compressible flow phenomena, including: 


v Use of Ts plots in visualizing flow behavior. 

v Flow through, and necessary shape of, subsonic and supersonic nozzles and diffusers. 

v¥ The phenomenon of choked flow in converging nozzles and C-D nozzles, and the circumstances under which shock waves develop 
in C-D nozzles. 

v¥ *The phenomena of choked flow in flows with friction and flows with heat exchange. 

Y Computation of pressures and lift and drag coefficients for a supersonic airfoil. 


Note: Most of the Useful Equations in the table below have a number of constraints or limitations—be sure to refer 
to their page numbers for details! In particular, most of them assume an ideal gas, with constant specific heats. 


Useful Equations 


-di ional fl tions: 
Be ee eA OW Sava ous pViA1 = pV2Ar = pVA =m = constant | (13a) | Page 694 
R, + pi1A1 — poAr = mV. —mV, (13.1b) 
6O Ve V5 
1 t = + B 
an hy 9) hy 5) (13 1c) 
1/@ 
m(s. — =f F (‘) dA (13.1d) 
Dp = pRT (13.1e) 
Ah = hy hy = GAT = Gy (To T) (13.1f) 
T, P2 
As = s.—-S CG In Rin (13.1g) 
° : : T; Pi : 
Isentropic relations: Po _ 137 Pave 700 
[Note: These equations are a little cum- Dp f(M) (13-78) ape 
bersome for practical use by hand. They 
are listed (and tabulated and plotted for To _ 
— =f(M 13.7 
air) in Appendix E. You are urged to T F(M) ey) 
download the Excel add-ins from the po 
Web site for use in computing with these a f(M) (13.7c) 
equations. | 
A 
— f(M) (13.7d) Page 701 


*This topic applies to sections that may be omitted without loss of continuity in the text material. 


Pressure ratio for choked converging 
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nozzle, p,/pol : Pe p* os 
> Pe! P0!choked: = = 
Po|choked PO e + 7 “ee ee 
Mass flow rate for choked converging ae 
nozzle: k ( 2 . 
= 13.9a Page 706 
™ choked APO RT, (; =a :) (13.9a) 8 
Mass flow rate for choked converging ; A.Po 
nozzle (SI units): M choked = ee TS (13.9b) Page 706 
Mass flow rate for choked converging A-Po 
nozzle (English Engineering units): MM choked ~ gr (13.9¢) Page 706 
Mass flow rate for choked converging- rn 5 \ k+1)/2(0-1) 
diverging nozzle: Mehoked = ArPor] RT ( = :) (13.10a) | Page 710 
Mass flow rate for choked converging- A,Po 
diverging nozzle (SI units): M choked = 0.04 JT. (13.10b) | Page 711 
Mass flow rate for choked converging- A 
diverging nozzle (English Engineering Mechoked = 76.6 PO (13.10¢) Page 711 
units): VT 
Normal shock relations: 
[Note: These equations are too cum- Ma fMA) (15.208) Page les 
bersome for practical use by hand. They Po. _ 
are listed (and tabulated and plotted for Po, = f(M1) (13.20b) Page 722 
air) in Appendix E. You are urged to 
download the Excel add-ins from the T, 
Web site for use in computing with these Tj My) S206) 
equations. | 
P2 _ #(M)) (13.20d) 
P1 
V. 
Po — [1 = £(M,) (13.20e) 
Pi 2 
Useful relations for determining the A A 
normal shock location in converging- ee < (13.22) Page 726 
ae Po, Ar Pa Ac” 
iverging nozzle: 
Py 2 Be Be (13.23) 
Po, Ae Ae* 
Fanno-line relations (friction): FL 
[Note: These equations are too cum- a “= f(M) (13.34a) | Page 737 
bersome for practical use by hand. They 
are listed (and tabulated and plotted for T 
air) in Appendix E. You are urged to an f(M) (13.34b) 
download the Excel add-ins from the 
. . : : V * 
Web site for use in computing with these = i f(M) (13.34c) 
* 
equations. | 4 p 
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- = f(M) (13.344) 
P 
a = f(M) (13.34e) 
Isothermal flow relations (friction): Vv M 
[Note: These equations are too cum- Po _ fh 7. a (13.42a) Page 
bersome for practical use by hand. They Pro PA 2 2 W-26 
are listed (and tabulated and plotted for ie M, 
air) in Appendix E. You are urged to T= Gz) (13.42b) 
download the Excel add-ins from the % 
Web site for use in computing with these 
equations. | aie fh 7 (a) (13.42¢) 
Dy, M, 
Rayleigh-line relations (heat transfer): Pp 
[Note: These equations are too cum- p* = f(M) (13.44a) Page 747 
bersome for practical use by hand. They 
are listed (and tabulated and plotted for T 
air) in Appendix E. You are urged to Te f(M) (13.44b) 
download the Excel add-ins from the : 
Web site for use in computing with these Pees LZ = f(M) (13.44c) 
equations. | p ve 
Ti 
2 = f(M) (13.44d) 
1 
ma = f(M) (13.44e) | Page 748 
Geometric relations, oblique shock: Vv 
M,, = on = M, sin 6 (13.47a) | Page 753 
V. : 
Mp, = —* = Mysin (3-8) (13.47b) 
Oblique shock relations: _ 
[Note: These equations are too cum- Mo, FN.) CB Asa) Bagi 
bersome for practical use by hand. They Po, _ 
are listed (and tabulated and plotted for Po, f(Mi,) (13.48b) 
air) in Appendix E. You are urged to ' 
download the Excel add-ins from the Ty _ 
Web site for use in computing with these 7 F(Mi,) (13.48) 
equations. 
: P2 _ #(M,,) (13.48d) 
1 
Vv 
2 = Ts = f(M,,) (13.48e) 
Pi Va, 
Relation of 3, 0, and M, for oblique 2 cot 3(M2 sin? @ — 1) 

; tan @ = ! 13.49 Page 757 
ae an’ MB + cos 28) +2 icles 
Prandtl-Meyer expansion function, w: 

ig eet 8 (M2 —1) (13.55) | Page 762 
OV E=T k+1 . 


— tan 1(VM?2 —- 1) 
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Case Study 


The X-43A/Hyper-X Airplane 


The X-43A/Hyper-X at M=7 (CFD image showing pressure 
contours). (Courtesy of NASA.) 


Superman is faster than a speeding bullet. So how fast 
is that? It turns out that the highest speed of a bullet is 
about 1500 m/s, or about Mach 4.5 at sea level. Can 
humans keep up with Superman? If we’re in orbit we 
can (What is the Mach number of the Space Shuttle in 
orbit?—it’s a trick question!), because there’s no 
drag—once we get up to speed, we can stay there—but 
flying at hypersonic speeds (i.e., above about M = 5) in 
the atmosphere requires tremendous engine thrust 
and an engine that can function at all at such speeds. In 
2004, an air-breathing X-43A managed to fly at almost 
Mach 10, or about 7000 mph. The hypersonic scramjet 
engine in this airplane is actually integrated into the 
airframe, and the entire lower surface of the vehicle is 
shaped to make the engine work. The bulge on the 
underside in the figure is the engine. Unlike the tur- 
bojet engines used in many jet aircraft, which have fans 
and compressors as major components, the scramjet, 
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Problems 


Isentropic Flow—Area Variation 


_} Most of the problems in this chapter involve computation of 


isentropic, Fanno, Rayleigh, normal shock, oblique shock, or 
isentropic expansion wave effects. The Web site for the text has 
associated Excel workbooks for each of these phenomena, and 
these are recommended for use while solving the problems (the 
Web site also has Excel add-in functions, which the reader is 
urged to download and install). To avoid needless duplication, 
the computer symbol will only be used next to problems when 
Excel has an additional benefit (e.g., for graphing). 


13.1 Air is extracted from a large tank in which the tem- 
perature and pressure are 70°C and 101 kPa (abs), respec- 
tively, through a nozzle. At one location in the nozzle the 
static pressure is 25 kPa and the diameter is 15 cm. What is 
the mass flow rate? Assume isentropic flow. 


13.2 Steam flows steadily and isentropically through a nozzle. 
At an upstream section where the speed is negligible, the 
temperature and pressure are 900°F and 900 psia. At a section 
where the nozzle diameter is 0.188 in., the steam pressure is 
600 psia. Determine the speed and Mach number at this sec- 
tion and the mass flow rate of steam. Sketch the passage shape. 


13.3 Steam flows steadily and isentropically through a nozzle. 
At an upstream section where the speed is negligible, the 
temperature and pressure are 450°C and 6 MPa (abs). At a 
section where the nozzle diameter is 2 cm, the steam pres- 
sure is 2 MPa (abs). Determine the speed and Mach number 
at this section and the mass flow rate of steam. Sketch the 
passage shape. 


13.4 Nitrogen flows through a diverging section of duct with 
A, = 0.15 m’ and A> = 0.45 m”. If M; = 0.7 and p; = 450 kPa, 
find M> and po. 


13.5 Nitrogen flows through a diverging section of duct with 
A, =0.15 m? and A, =0.45 m’. If M; =1.7 and T, = 30°C, 
find M> and 7». 


13.6 At a section in a passage, the pressure is 150 kPa (abs), 
the temperature is 10°C, and the speed is 120 m/s. For 
isentropic flow of air, determine the Mach number at the 
point where the pressure is 50 kPa (abs). Sketch the passage 
shape. 


13.7 At a section in a passage, the pressure is 30 psia, the 
temperature is 100°F, and the speed is 1750 ft/s. At a section 
downstream the Mach number is 2.5. Determine the pressure 
at this downstream location for isentropic flow of air. Sketch 
the passage shape. 


13.8 Oxygen flows into an insulated duct with initial condi- 
tions of 200 kPa, 420 K, and 200 m/s. The area changes from 
A; =0.6 m? to A, =0.5 m’. Compute Mj, po,, and To,. Is this 
duct a nozzle or a diffuser? Calculate the exit conditions 
(pressure, temperature, and Mach number) provided that 
there are no losses. 

13.9 Air is flowing in an adiabatic system at 20 lbm/s. At one 
section, the pressure is 30 psia, the temperature is 1200°F, 
and the area is 8 in*. At a downstream section, M> = 1.2. 


Sketch the flow passage. Find the exit area provided the flow 
is reversible. 


13.10 Air flows isentropically through a converging-diverging 
nozzle from a large tank containing air at 250°C. At two 
locations where the area is 1 cm’, the static pressures are 200 
kPa and 50 kPa. Find the mass flow rate, the throat area, and 
the Mach numbers at the two locations. 


13.11 Air flows steadily and isentropically through a passage. 
At section , where the cross-sectional area is 0.02 m7, the air 
is at 40.0 kPa (abs), 60°C, and M = 2.0. At section @) down- 
stream, the speed is 519 m/s. Calculate the Mach number at 
section 2). Sketch the shape of the passage between sections 
@ and (). 

13.12 Air flows steadily and isentropically through a passage 
at 150 lbm/s. At the section where the diameter is D = 3 ft, 
M = 1.75, T = 32°F, and p = 25 psia. Determine the speed 
and cross-sectional area downstream where T = 225°F. 
Sketch the flow passage. 


13.13 Air, at an absolute pressure of 60.0 kPa and 27°C, enters a 
passage at 486 m/s, where A = 0.02 m?. At section @ down- 
stream, p = 78.8 kPa (abs). Assuming isentropic flow, calculate 
the Mach number at section (2). Sketch the flow passage. 


13.14 Air flows adiabatically through a duct. At the entrance, 
the static temperature and pressure are 310 K and 200 kPa, 
respectively. At the exit, the static and stagnation tempera- 
tures are 294 K and 316 K, respectively, and the static 
pressure is 125 kPa. Find (a) the Mach numbers of the flow at 
the entrance and exit and (b) the area ratio A>/Aj. 


13.15 Atmospheric air (101 kPa and 20°C) is drawn into a 
receiving pipe via a converging nozzle. The throat cross-sec- 
tion diameter is 1 cm. Plot the mass flow rate delivered for the 
receiving pipe pressure ranging from 100 kPa down to 5 kPa. 


13.16 For isentropic flow of air, at a section in a passage, A = 
0.25 m*, p = 15 kPa (abs), T = 10°C, and V = 590 m/s. Find 
the Mach number and the mass flow rate. At a section 
downstream the temperature is 137°C and the Mach number 
is 0.75. Determine the cross-sectional area and pressure at 
this downstream location. Sketch the passage shape. 


13.17 A passage is designed to expand air isentropically to 
atmospheric pressure from a large tank in which properties 
are held constant at 40°F and 45 psia. The desired flow rate is 
2.25 lbm/s. Assuming the passage is 20 ft long, and that the 
Mach number increases linearly with position in the passage, 
plot the cross-sectional area and pressure as functions of 
position. 

13.18 Repeat Problem 13.15 if the converging nozzle is 
replaced with a converging-diverging nozzle with an exit 
diameter of 2.5 cm (same throat area). 


13.19 Air flows isentropically through a converging nozzle 
into a receiver where the pressure is 250 kPa (abs). If 
the pressure is 350 kPa (abs) and the speed is 150 m/s at the 
nozzle location where the Mach number is 0.5, determine 
the pressure, speed, and Mach number at the nozzle throat. 


13.20 Air flows isentropically through a converging nozzle 
into a receiver in which the absolute pressure is 35 psia. The 
air enters the nozzle with negligible speed at a pressure of 60 
psia and a temperature of 200°F. Determine the mass flow 
rate through the nozzle for a throat diameter of 4 in. 


13.21 Air flows through a diverging duct. At the entrance to 
the duct, the Mach number is 1 and the area is 0.2 m*. At 
the exit to the duct, the area is 0.5 m*. What are the two 
possible exit Mach numbers for this duct? 


13.22 Air is flowing steadily through a series of three tanks. 
The first very large tank contains air at 650 kPa and 35°C. Air 
flows from it to a second tank through a converging nozzle 
with exit area 1 cm/. Finally the air flows from the second tank 
to a third very large tank through an identical nozzle. The flow 
rate through the two nozzles is the same, and the flow in them 
is isentropic. The pressure in the third tank is 65 kPa. Find the 
mass flow rate, and the pressure in the second tank. 


13.23 Air flowing isentropically through a converging nozzle 
discharges to the atmosphere. At the section where the 
absolute pressure is 250 kPa, the temperature is 20°C and the 
air speed is 200 m/s. Determine the nozzle throat pressure. 


13.24 Air flows from a large tank (p = 650 kPa (abs), 
T = 550°C) through a converging nozzle, with a throat area 
of 600 mm, and discharges to the atmosphere. Determine 
the mass rate of flow for isentropic flow through the nozzle. 


13.25 Air flowing isentropically through a converging nozzle 
discharges to the atmosphere. Ata section the area is A = 0.05 m?, 
T = 3.3°C, and V = 200 m/s. If the flow is just choked, find the 
pressure and the Mach number at this location. What is 
the throat area? What is the mass flow rate? 


13.26 A converging nozzle is connected to a large tank that 
contains compressed air at 15°C. The nozzle exit area is 0.001 m”. 
The exhaust is discharged to the atmosphere. To obtain a 
satisfactory shadow photograph of the flow pattern leaving the 
nozzle exit, the pressure in the exit plane must be greater than 
325 kPa (gage). What pressure is required in the tank? What 
mass flow rate of air must be supplied if the system is to run 
continuously? Show static and stagnation state points on a Ts 
diagram. 

13.27 Air, with po = 650 kPa (abs) and Tp = 350 K, flows 
isentropically through a converging nozzle. At the section in 
the nozzle where the area is 2.6 X 10° m2, the Mach number 
is 0.5. The nozzle discharges to a back pressure of 270 kPa 
(abs). Determine the exit area of the nozzle. 


13.28 Air flows through a converging duct. At the entrance, the 
static temperature is 450°R, the static pressure is 45 psia, 
the stagnation pressure is 51 psia, and the area is 4 ft*. At the 
exit, the area is3 ft”. Assuming isentropic flow through the duct, 
what are the exit temperature and the mass flow rate of air 
through the duct? 


13.29 Air at 0°C is contained in a large tank on the space 
shuttle. A converging section with exit area 1 X 10° m? is 
attached to the tank, through which the air exits to space at a 
rate of 2 kg/s. What are the pressure in the tank, and the 
pressure, temperature, and speed at the exit? 


13.30 A large tank supplies air to a converging nozzle that 
discharges to atmospheric pressure. Assume the flow is 
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reversible and adiabatic. For what range of tank pressures will 
the flow at the nozzle exit be sonic? If the tank pressure is 600 
kPa (abs) and the temperature is 600 K, determine the mass 
flow rate through the nozzle, if the exit area is 1.29 x 10°* m?. 


13.31 Nitrogen is stored in a large chamber at 450 K and 
150 kPa. The gas leaves the chamber through a converging- 
only nozzle with an outlet area of 30 cm’. The ambient room 
pressure is 100 kPa, and the flow through the nozzle is 
isentropic. What is the mass flow rate of the nitrogen? If the 
room pressure could be lowered, what is the maximum 
possible mass flow rate for the nitrogen? 


13.32 A large tank initially is evacuated to —10 kPa (gage). 
(Ambient conditions are 101 kPa at 20°C.) At ¢ = 0, an 
orifice of 5mm diameter is opened in the tank wall; the vena 
contracta area is 65 percent of the geometric area. Calculate 
the mass flow rate at which air initially enters the tank. Show 
the process on a Ts diagram. Make a schematic plot of mass 
flow rate as a function of time. Explain why the plot is 
nonlinear. 


13.33 A 50-cm-diameter spherical cavity initially is evac- 
uated. The cavity is to be filled with air for a combustion 
experiment. The pressure is to be 45 kPa (abs), measured 
after its temperature reaches 74. Assume the valve on the 
cavity is a converging nozzle with throat diameter of 1 mm, 
and the surrounding air is at standard conditions. For how 
long should the valve be opened to achieve the desired final 
pressure in the cavity? Calculate the entropy change for the 
air in the cavity. 


13.34 Air flows isentropically through a converging nozzle 
attached to a large tank, where the absolute pressure is 171 kPa 
and the temperature is 27°C. At the inlet section the Mach 
number is 0.2. The nozzle discharges to the atmosphere; the 
discharge area is 0.015 m*. Determine the magnitude and 
direction of the force that must be applied to hold the nozzle 
in place. 


13.35 Consider a “rocket cart” propelled by a jet supplied 
from a tank of compressed air on the cart. Initially, air in the 
tank is at 1.3 MPa (abs) and 20°C, and the mass of the cart 
and tank is My = 25 kg. The air exhausts through a con- 
verging nozzle with exit area A, = 30 mm. Rolling resis- 
tance of the cart is Fr = 6N; aerodynamic resistance is 
negligible. For the instant after air begins to flow through the 
nozzle: (a) compute the pressure in the nozzle exit plane, 
(b) evaluate the mass flow rate of air through the nozzle, and 
(c) calculate the acceleration of the tank and cart assembly. 

13.36 A stream of air flowing in a duct (A = 5 X 10 * m’) is 
at p = 300 kPa (abs), has M = 0.5, and flows at 
m = 0.25kg/s. Determine the local isentropic stagnation tem- 
perature. If the cross-sectional area of the passage were reduced 
downstream, determine the maximum percentage reduction of 
area allowable without reducing the flow rate (assume isentropic 
flow). Determine the speed and pressure at the minimum area 
location. 


13.37 Anair-jet-driven experimental rocket of 25 kg mass is to 
be launched from the space shuttle into space. The tempera- 
ture of the air in the rocket’s tank is 125°C. A converging 
section with exit area 25 mm/ is attached to the tank, through 
which the air exits to space at a rate of 0.05 kg/s. What is the 
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pressure in the tank, and the pressure, temperature, and air 
speed at the exit when the rocket is first released? What is the 
initial acceleration of the rocket? 


13.38 Air enters a converging-diverging nozzle at 2 MPa (abs) 
and 313 K. At the exit of the nozzle, the pressure is 200 kPa 
(abs). Assume adiabatic, frictionless flow through the nozzle. 
The throat area is 20 cm”. What is the area at the nozzle exit? 
What is the mass flow rate of the air? 


13.39 Hydrogen is expanded adiabatically, without friction 
from 100 psia, at 540°F, and at negligible velocity to 20 psia 
via a converging-diverging nozzle. What is the exit Mach 
number? 


13.40 A cylinder of gas used for welding contains helium at 20 
MPa (gage) and room temperature. The cylinder is knocked 
over, its valve is broken off, and gas escapes through a con- 
verging passage. The minimum flow diameter is 10 mm at the 
outlet section where the gas flow is uniform. Find (a) the mass 
flow rate at which gas leaves the cylinder and (b) the instan- 
taneous acceleration of the cylinder (assume the cylinder axis 
is horizontal and its mass is 65 kg). Show static and stagnation 
states and the process path on a Ts diagram. 


13.41 A converging nozzle is bolted to the side of a large tank. 
Air inside the tank is maintained at a constant 50 psia and 
100°F. The inlet area of the nozzle is 10 in.” and the exit area is 
1 in” The nozzle discharges to the atmosphere. For isentropic 
flow in the nozzle, determine the total force on the bolts, and 
indicate whether the bolts are in tension or compression. 


13.42 An insulated spherical air tank with diameter D = 2m 
is used in a blowdown installation. Initially the tank is 
charged to 2.75 MPa (abs) at 450 K. The mass flow rate of air 
from the tank is a function of time; during the first 30 s of 
blowdown 30 kg of air leaves the tank. Determine the air 
temperature in the tank after 30 s of blowdown. Estimate the 
nozzle throat area. 


13.43 An ideal gas, with k = 1.25, flows isentropically through 
the converging nozzle shown and discharges into a large duct 
where the pressure is p2 = 25 psia. The gas is not air and the 
gas constant, R, is unknown. Flow is steady and uniform at all 
cross sections. Find the exit area of the nozzle, A>, and the exit 
speed, V>. 


P = 35 psia 

p; = 0.1 Ibm/ft? 
V, = 500 ft/s 
Ay = ite 


P13.43 


| 13.44 A jet transport aircraft, with pressurized cabin, cruises 


at 11 km altitude. The cabin temperature and pressure 
initially are at 25°C and equivalent to 2.5 km altitude. The 
interior volume of the cabin is 25 m*. Air escapes through a 
small hole with effective flow area of 0.002 m*. Calculate 
the time required for the cabin pressure to decrease by 40 
percent. Plot the cabin pressure as a function of time. 


13.45 At some point upstream of the throat of a converging- 
diverging duct, air flows at a speed of SO ft/s, with pressure 


and temperature of 15 psia and 70°F, respectively. If the 
throat area is 1 ft’, and the discharge from the duct is 
supersonic, find the mass flow rate of air, assuming friction- 
less, adiabatic flow. 


13.46 A converging-diverging nozzle is attached to a very 
large tank of air in which the pressure is 150 kPa and 
the temperature is 35°C. The nozzle exhausts to the atmo- 
sphere where the pressure is 101 kPa. The exit diameter of the 
nozzle is 2.75 cm. What is the flow rate through the nozzle? 
Assume the flow is isentropic. 


13.47 A large insulated tank, pressurized to 620 kPa (gage), 
supplies air to a converging nozzle which discharges to 
atmosphere. The initial temperature in the tank is 127°C. 
When flow through the nozzle is initiated, what is the Mach 
number in the exit plane of the nozzle? What is the pressure in 
the exit plane when the flow is initiated? At what condition will 
the exit-plane Mach number change? How will the exit-plane 
pressure vary with time? How will flow rate through the nozzle 
vary with time? What would you estimate the air temperature in 
the tank to be when flow through the nozzle approaches zero? 


13.48 Air escapes from a high-pressure bicycle tire through a 
hole with diameter d = 0.254 mm. The initial pressure in the 
tire is p) = 620 kPa (gage). (Assume the temperature remains 
constant at 27°C.) The internal volume of the tire is approxi- 
mately 4.26 X10 4 m3, and is constant. Estimate the time 
needed for the pressure in the tire to drop to 310 kPa (gage). 
Compute the change in specific entropy of the air in the tire 
during this process. Plot the tire pressure as a function of time. 


13.49 At the design condition of the system of Problem 
13.46, the exit Mach number is M, = 2.0. Find the pressure in 
the tank of Problem 13.46 (keeping the temperature con- 
stant) for this condition. What is the flow rate? What is the 
throat area? 


13.50 When performing tests in a wind tunnel at conditions 
near Mach 1, the effects of model blockage become very 
important. Consider a wind tunnel with a test section of 1 ft 
cross section. If the test section conditions are M = 1.20 and 
T = 70°F, how much area blockage could be tolerated before 
the flow choked in the test section? If a model with 3 in.” 
projected frontal area were inserted in the tunnel, what 
would the air velocity be in the test section? 

13.51 A pitot static probe is placed in a converging-diverging 
duct through which air flows. The duct is fed by a reservoir 
kept at 20°C. If the probe reads a static pressure of 75 kPa 
and a stagnation pressure of 100 kPa at a location where the 
area is 0.00645 m?, what is the local velocity and the mass 
flow rate of air? 


13.52 Aconverging-diverging nozzle, witha throat area of 2 in.”, 
is connected to a large tank in which air is kept at a pressure of 80 
psia and a temperature of 60°F. If the nozzle is to operate at 
design conditions (flow is isentropic) and the ambient pressure 
outside the nozzle is 12.9 psia, calculate the exit area of the 
nozzle and the mass flow rate. 


13.53 A converging-diverging nozzle, designed to expand air 
to M = 3.0, has a 250 mm’ exit area. The nozzle is bolted to 
the side of a large tank and discharges to standard atmo- 
sphere. Air in the tank is pressurized to 4.5 MPa (gage) at 


750 K. Assume flow within the nozzle is isentropic. Evaluate 
the pressure in the nozzle exit plane. Calculate the mass flow 
rate of air through the nozzle. 


13.54 Methane is stored in a tank at 75 psia and 80°F. It 
discharges to another tank via a converging-only nozzle, with 
exit area 1 in.*. What is the initial mass flow rate of methane 
when the discharge tank is at a pressure of (a) 15 psia, and 
(b) 60 psia? 

13.55 Air, at a stagnation pressure of 7.20 MPa (abs) and a 
stagnation temperature of 1100 K, flows isentropically 
through a converging-diverging nozzle having a throat area 
of 0.01 m*. Determine the speed and the mass flow rate at the 
downstream section where the Mach number is 4.0. 


13.56 Air is to be expanded through a converging-diverging 
nozzle by a frictionless adiabatic process, from a pressure of 
1.10 MPa (abs) and a temperature of 115°C, to a pressure of 
141 kPa (abs). Determine the throat and exit areas for a well- 
designed shockless nozzle, if the mass flow rate is 2 kg/s. 


ie 13.57 Air flows isentropically through a converging-diverging 


nozzle attached to a large tank, in which the pressure is 251 
psia and the temperature is 500°R. The nozzle is operating at 
design conditions for which the nozzle exit pressure, p-, is 
equal to the surrounding atmospheric pressure, p,. The exit 
area of the nozzle is A, = 1.575 in.”. Calculate the flow rate 
through the nozzle. Plot the mass flow rate as the tempera- 
ture of the tank is progressively increased to 2000°R (all 
pressures remaining the same). Explain this result (e.g., 
compare the mass flow rates at 500°R and 2000°R). 


13.58 A small, solid fuel rocket motor is tested on a thrust 
stand. The chamber pressure and temperature are 4 MPa and 
3250 K. The propulsion nozzle is designed to expand the 
exhaust gases isentropically to a pressure of 75 kPa. The 
nozzle exit diameter is 25 cm. Treat the gas as ideal with 
k = 1.25and R = 300J/(kg-K). Determine the mass flow 
rate of propellant gas and the thrust force exerted against the 
test stand. 


13.59 Nitrogen, at a pressure and temperature of 371 kPa (abs) 
and 400 K, enters a nozzle with negligible speed. The exhaust jet 
is directed against a large flat plate that is perpendicular to the 
jet axis. The flow leaves the nozzle at atmospheric pressure. The 
exit area is 0.003 m’. Find the force required to hold the plate. 


13.60 A liquid rocket motor is fueled with hydrogen and 
oxygen. The chamber temperature and absolute pressure are 
3300 K and 6.90 MPa. The nozzle is designed to expand the 
exhaust gases isentropically to a design back pressure cor- 
responding to an altitude of 10 km on a standard day. The 
thrust produced by the motor is to be 100 kN at design 
conditions. Treat the exhaust gases as water vapor and 
assume ideal gas behavior. Determine the propellant mass 
flow rate needed to produce the desired thrust, the nozzle 
exit area, and the area ratio, A,/A;. 


13.61 A small rocket motor, fueled with hydrogen and oxy- 
gen, is tested on a thrust stand at a simulated altitude of 10 
km. The motor is operated at chamber stagnation conditions 
of 1500 K and 8.0 MPa (gage). The combustion product is 
water vapor, which may be treated as an ideal gas. Expansion 
occurs through a converging-diverging nozzle with design 
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Mach number of 3.5 and exit area of 700 mm”. Evaluate the 
pressure at the nozzle exit plane. Calculate the mass flow 
rate of exhaust gas. Determine the force exerted by the 
rocket motor on the thrust stand. 


13.62 A CO, cartridge is used to propel a small rocket cart. 
Compressed gas, stored at 35 MPa and 20°C, is expanded 
through a smoothly contoured converging nozzle with 0.5 
mm throat diameter. The back pressure is atmospheric. 
Calculate the pressure at the nozzle throat. Evaluate the 
mass flow rate of carbon dioxide through the nozzle. 
Determine the thrust available to propel the cart. How much 
would the thrust increase if a diverging section were added to 
the nozzle to expand the gas to atmospheric pressure? What 
is the exit area? Show stagnation states, static states, and the 
processes on a Ts diagram. 


13.63 A rocket motor is being tested at sea level where the 
pressure is 14.7 psia. The chamber pressure is 175 psia, 
the chamber temperature is 5400°R, and the nozzle has a 
throat area of 1 in*. The exhaust gas has a ratio of specific 
heats of k=1.25 and a gas constant R= 70.6 ft-lbf/lbm-°R. 
Assuming adiabatic, frictionless flow in the nozzle, deter- 
mine (a) the nozzle exit area and velocity and (b) the thrust 
generated. 


13.64 If the rocket motor of Problem 13.63 is modified by 
cutting off the diverging portion of the nozzle, what will be 
the exit pressure and thrust? 


13.65 Consider the converging-diverging option of Problem 
13.62. To what pressure would the compressed gas need to be 
raised (keeping the temperature at 20°C) to develop a thrust 
of 15N? (Assume isentropic flow.) 


Normal Shocks 


13.66 Testing of a demolition explosion is to be evaluated. 
Sensors indicate that the shock wave generated at the instant of 
explosion is 30 MPa (abs). If the explosion occurs in air at 20°C 
and 101 kPa, find the speed of the shock wave, and the tem- 
perature and speed of the air just after the shock passes. As an 
approximation assume k = 1.4. (Why is this an approximation?) 


13.67 A standing normal shock occurs in air which is flowing 
at a Mach number of 1.75. What are the pressure and tem- 
perature ratios across the shock? What is the increase in 
entropy across the shock? 


13.68 Air flows into a converging duct, and a normal shock 
stands at the exit of the duct. Downstream of the shock, the 
Mach number is 0.54. If p2/p; = 2, compute the Mach number 
at the entrance of the duct and the area ratio A,/A>. 


13.69 A normal shock occurs when a pitot-static tube is 
inserted into a supersonic wind tunnel. Pressures measured 
by the tube are po, = 10 psia and p2 = 8 psia. Before the 
shock, T, = 285°R and p, = 1.75 psia. Calculate the air speed 
in the wind tunnel. 


13.70 A large tank containing air at 125 psia and 175°F is 
attached to a converging-diverging nozzle that has a throat 
area of 1.5 in.” through which the air is exiting. A normal 
shock sits at a point in the nozzle where the area is 2.5 in. 
The nozzle exit area is 3.5 in.*. What are the Mach numbers 


776 Chapter 13 Compressible Flow 


just after the shock and at the exit? What are the stagnation 
and static pressures before and after the shock? 


13.71 A total-pressure probe is placed in a supersonic wind 
tunnel where T = 530°R and M = 2.0. A normal shock 
stands in front of the probe. Behind the shock, Mz = 0.577 
and p2 = 5.76 psia. Find (a) the downstream stagnation 
pressure and stagnation temperature and (b) all fluid prop- 
erties upstream from the shock. Show static and stagnation 
state points and the process path on a Ts diagram. 


13.72 Air flows steadily through a long, insulated constant-area 
pipe. At section , M, = 2.0, T; = 140°F, and p; = 35.9 psia. At 
section ©, downstream from a normal shock, V> = 1080 ft/s. 
Determine the density and Mach number at section). Make a 
qualitative sketch of the pressure distribution along the pipe. 


13.73 A wind tunnel nozzle is designed to operate at a Mach 
number of 5. To check the flow velocity, a pitot probe is 
placed at the nozzle exit. Since the probe tip is blunt, a 
normal shock stands off the tip of the probe. If the nozzle 
exit static pressure is 10 kPa, what absolute pressure should 
the pitot probe measure? If the stagnation temperature 
before the nozzle is 1450 K, what is the nozzle exit velocity? 


13.74 Air approaches a normal shock at V; = 900 m/s, p; = 50 
kPa, and 7; = 220 K. What are the velocity and pressure after 
the shock? What would the velocity and pressure be if the flow 
were decelerated isentropically to the same Mach number? 


13.75 Air with stagnation conditions of 150 psia and 400°F 
accelerates through a converging-diverging nozzle with throat 
area 3 in.”. A normal shock is located where the area is 6 in.’. 
What is the Mach number before and after the shock? What is 
the rate of entropy generation through the nozzle, if there 
is negligible friction between the flow and the nozzle walls? 


13.76 Air approaches a normal shock at M, = 2.5, with 
To, = 1250°R and p; = 20 psia. Determine the speed and 
temperature of the air leaving the shock and the entropy 
change across the shock. 


13.77 Air undergoes a normal shock. Upstream, T, = 35°C, p; 
= 229 kPa (abs), and V; = 704 m/s. Determine the temperature 
and stagnation pressure of the air stream leaving the shock. 


13.78 A normal shock stands in a constant-area duct. Air 
approaches the shock with To, = 550 K, po, = 650 kPa (abs), 
and M, = 2.5. Determine the static pressure downstream 
from the shock. Compare the downstream pressure with that 
reached by decelerating isentropically to the same subsonic 
Mach number. 


13.79 A normal shock occurs in air at a section where V; = 
2000 mph, 7; = —15°F, and p; = 5 psia. Determine the speed 
and Mach number downstream from the shock, and the 
change in stagnation pressure across the shock. 


13.80 Air approaches a normal shock with T; = —7.5°F, 
Pi = 14.7 psia, and V; = 1750 mph. Determine the speed 
immediately downstream from the shock and the pressure 
change across the shock. Calculate the corresponding pres- 
sure change for a frictionless, shockless deceleration between 
the same speeds. 


13.81 A supersonic aircraft cruises at M = 2.2 at 12 km 
altitude. A pitot tube is used to sense pressure for calculating 


air speed. A normal shock stands in front of the tube. 
Evaluate the local isentropic stagnation conditions in front of 
the shock. Estimate the stagnation pressure sensed by the 
pitot tube. Show static and stagnation state points and 
the process path on a Ts diagram. 


13.82 The Concorde supersonic transport flew at M = 2.2 at 
20 km altitude. Air is decelerated isentropically by the 
engine inlet system to a local Mach number of 1.3. The air 
passed through a normal shock and was decelerated further 
to M = 0.4 at the engine compressor section. Assume, as a 
first approximation, that this subsonic diffusion process was 
isentropic and use standard atmosphere data for freestream 
conditions. Determine the temperature, pressure, and stag- 
nation pressure of the air entering the engine compressor. 


13.83 Stagnation pressure and temperature probes are 
located on the nose of a supersonic aircraft. At 35,000 ft 
altitude a normal shock stands in front of the probes. The 
temperature probe indicates Ty = 420°F behind the shock. 
Calculate the Mach number and air speed of the plane. 
Find the static and stagnation pressures behind the shock. 
Show the process and the static and stagnation state points 
on a Ts diagram. 


13.84 The NASA X-43A Hyper-X experimental hypersonic 
vehicle flew at Mach 9.68 at an altitude of 110,000 ft. Stag- 
nation pressure and temperature probes were located on the 
nose of the aircraft. A normal shock wave stood in front of 
these probes. Estimate the stagnation pressure and tem- 
perature measured by the probes. 

13.85 Equations 13.20 are a useful set of equations for 
analyzing flow through a normal shock. Derive another 
useful equation, the Rankine-Hugoniot relation, 


P2 
oy (k—-1) 


Pi (k+1)-(k-1)@ 
Pi 


and use it to find the density ratio for air as p/p, > %. 


13.86 A supersonic aircraft cruises at M = 2.7 at 60,000 ft 
altitude. A normal shock stands in front of a pitot tube on the 
aircraft; the tube senses a stagnation pressure of 10.4 psia. 
Calculate the static pressure and temperature behind the 
shock. Evaluate the loss in stagnation pressure through 
the shock. Determine the change in specific entropy across the 
shock. Show static and stagnation states and the process path 
ona Ts diagram. 


13.87 An aircraft is in supersonic flight at 10 km altitude on a 
standard day. The true air speed of the plane is 659 m/s. 
Calculate the flight Mach number of the aircraft. A total- 
head tube attached to the plane is used to sense stagnation 
pressure which is converted to flight Mach number by an on- 
board computer. However, the computer programmer has 
ignored the normal shock that stands in front of the total- 
head tube and has assumed isentropic flow. Evaluate the 
pressure sensed by the total-head tube. Determine the 
erroneous air speed calculated by the computer program. 


13.88 A supersonic aircraft flies at M, = 2.7 at 20 km altitude 
on a standard day. Air enters the engine inlet system, where it 


is slowed isentropically to Mz = 1.3. A normal shock occurs 
at that location. The resulting subsonic flow is decelerated 
further to M, = 0.40. The subsonic diffusion is adiabatic but 
not isentropic; the final pressure is 104 kPa (abs). Evaluate 
(a) the stagnation temperature for the flow, (b) the pressure 
change across the shock, (c) the entropy change, s4 — s,, and 
(d) the final stagnation pressure. Sketch the process path on a 
Ts diagram, indicating all static and stagnation states. 


13.89 A blast wave propagates outward from an explosion. At 
large radii, curvature is small and the wave may be treated as a 
strong normal shock. (The pressure and temperature rise 
associated with the blast wave decrease as the wave travels 
outward.) At one instant, a blast wave front travels at M = 1.60 
with respect to undisturbed air at standard conditions. Find 
(a) the speed of the air behind the blast wave with respect to 
the wave and (b) the speed of the air behind the blast wave as 
seen by an observer on the ground. Draw a Ts diagram for the 
process as seen by an observer on the wave, indicating static 
and stagnation state points and property values. 


Supersonic Channel Flow with Shocks 


13.90 Consider a supersonic wind tunnel starting as shown. 
The nozzle throat area is 1.25 ft*, and the test section design 
Mach number is 2.50. As the tunnel starts, a normal shock 
stands in the divergence of the nozzle where the area is 
3.05 ft?. Upstream stagnation conditions are JT) = 1080°R 
and po = 115 psia. Find the minimum theoretically possible 
diffuser throat area at this instant. Calculate the entropy 
increase across the shock. 


S Diffuser 
section 


P13.90 
13.91 Air enters a wind tunnel with stagnation conditions of 
14.7 psia and 75°F. The test section has a cross-sectional area 
of 1 ft” and a Mach number of 2.3. Find (a) the throat area of 
the nozzle, (b) the mass flow rate, (c) the pressure and 
temperature in the test section, and (d) the minimum pos- 
sible throat area for the diffuser to ensure starting. 


13.92 Air flows through a converging-diverging nozzle with 
A./A, = 3.5. The upstream stagnation conditions are atmo- 
spheric; the back pressure is maintained by a vacuum pump. 
Determine the back pressure required to cause a normal 
shock to stand in the nozzle exit plane and the flow speed 
leaving the shock. 


13.93 A supersonic wind tunnel is to be operated at M = 2.2 
in the test section. Upstream from the test section, the nozzle 
throat area is 0.07 m*. Air is supplied at stagnation condi- 
tions of 500 K and 1.0 MPa (abs). At one flow condition, 
while the tunnel is being brought up to speed, a normal shock 
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stands at the nozzle exit plane. The flow is steady. For this 
starting condition, immediately downstream from the shock 
find (a) the Mach number, (b) the static pressure, (c) the 
stagnation pressure, and (d) the minimum area theoretically 
possible for the second throat downstream from the test 
section. On a Ts diagram show static and stagnation state 
points and the process path. 


13.94 A converging-diverging nozzle is attached to a large 
tank of air, in which Tp, = 300 K and po, = 250 kPa (abs). At 
the nozzle throat the pressure is 132 kPa (abs). In the diverging 
section, the pressure falls to 68.1 kPa before rising suddenly 
across a normal shock. At the nozzle exit the pressure is 180 
kPa. Find the Mach number immediately behind the shock. 
Determine the pressure immediately downstream from the 
shock. Calculate the entropy change across the shock. Sketch 
the Ts diagram for this flow, indicating static and stagnation 
state points for conditions at the nozzle throat, both sides of 
the shock, and the exit plane. 


13.95 A converging-diverging nozzle expands air from 250°F 
and 50.5 psia to 14.7 psia. The throat and exit plane areas are 
0.801 and 0.917 in.*, respectively. Calculate the exit Mach 
number. Evaluate the mass flow rate through the nozzle. 


13.96 A converging-diverging nozzle, with throat area A, = 
1.0 in.?, is attached to a large tank in which the pressure and 
temperature are maintained at 100 psia and 600°R. The nozzle 
exit area is 1.58 in.” Determine the exit Mach number at 
design conditions. Referring to Fig. 13.12, determine the back 
pressures corresponding to the boundaries of Regimes I, IJ, 
III, and IV. Sketch the corresponding plot for this nozzle. 


13.97 A converging-diverging nozzle is designed to produce a 
Mach number of 2.5 with air. What operating pressure ratios 
(Pb/Pr inter) Will cause this nozzle to operate with isentropic flow 
throughout and supersonic flow at the exit (the so-called “third 
critical point”), with isentropic flow throughout and subsonic 
flow at the exit (the “first critical point”), and with a normal 
shock at the nozzle exit (the “second critical point”)? 


13.98 Oxygen flows through a converging-diverging nozzle 
with a exit-to-throat area ratio of 3.0. The stagnation pres- 
sure at the inlet is 120 psia, and the back pressure is 50 psia. 
Compute the pressure ratios for the nozzle and demonstrate 
that a normal shock wave should be located within the 
diverging portion of the nozzle. Compute the area ratio at 
which the shock occurs, the pre- and post-shock Mach 
numbers, and the Mach number at the nozzle exit. 

13.99 A converging-diverging nozzle, with A,/A, = 4.0, is 
designed to expand air isentropically to atmospheric pres- 
sure. Determine the exit Mach number at design conditions 
and the required inlet stagnation pressure. Referring to Fig. 
13.20, determine the back pressures that correspond to the 
boundaries of Regimes I, I, HI, and IV. Sketch the plot of 
pressure ratio versus axial distance for this nozzle. 


13.100 A normal shock occurs in the diverging section of a 
converging-diverging nozzle where A = 25 cm* and M = 
2.75. Upstream, Ty = 550 K and po = 700 kPa (abs). The 
nozzle exit area is 40 cm*. Assume the flow is isentropic 
except across the shock. Determine the nozzle exit pressure, 
throat area, and mass flow rate. 
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13.101 Air flows adiabatically from a reservoir, where T = 
60°C and p = 600 kPa (abs), through a converging-diverging 
nozzle with A,/A; = 4.0. A normal shock occurs where 
M = 2.42. Assuming isentropic flow before and after the 
shock, determine the back pressure downstream from the 
nozzle. Sketch the pressure distribution. 


13.102 A converging-diverging nozzle is designed to expand 
air isentropically to atmospheric pressure from a large tank, 
where Ty = 150°C and po = 790 kPa (abs). A normal shock 
stands in the diverging section, where p = 160 kPa (abs) and 
A = 600 mm”. Determine the nozzle back pressure, exit area, 
and throat area. 


13.103 A converging-diverging nozzle, with design pressure 
ratio p./po = 0.128, is operated with a back pressure condi- 
tion such that p,/po = 0.830, causing a normal shock to stand 
in the diverging section. Determine the Mach number at 
which the shock occurs. 


13.104 Air flows through a converging-diverging nozzle, 
with A,/A, = 3.5. The upstream stagnation conditions are 
atmospheric; the back pressure is maintained by a vacuum 
system. Determine the range of back pressures for which a 
normal shock will occur within the nozzle and the corre- 
sponding mass flow rate, if A, = 500 mm”. 

13.105 A converging-diverging nozzle, with A,/A, = 1.633, is 
designed to operate with atmospheric pressure at the exit 
plane. Determine the range(s) of inlet stagnation pressures 
for which the nozzle will be free from normal shocks. 


13.106 Air flows through a converging-diverging nozzle with 
A./A,; = 1.87. Upstream, Tp, = 240°F and po, = 100 psia. 
The back pressure is maintained at 40 psia. Determine the 
Mach number and flow speed in the nozzle exit plane. 


13.107 A normal shock occurs in the diverging section of a 
converging-diverging nozzle where A = 4.0 in? and M = 
2.00. Upstream, Tp, = 1000°R and pp, = 100 psia. The noz- 
zle exit area is 6.0 in.” Assume that flow is isentropic except 
across the shock. Find the nozzle exit pressure. Show the 
processes on a Ts diagram, and indicate the static and stag- 
nation state points. 


13.108 Consider flow of air through a converging-diverging 
nozzle. Sketch the approximate behavior of the mass flow 
rate versus back pressure ratio, p;/po. Sketch the variation of 
pressure with distance along the nozzle, and the Ts diagram 
for the nozzle flow, when the back pressure is p*. 


13.109 Air enters a converging-diverging nozzle with an area 
ratio of 1.76. Entrance stagnation conditions are 150 psia and 
200°F. A normal shock stands at a location where the area is 
1.2 times the throat area. Determine the exit Mach number 
and static pressure. What is the design point exit pressure? 


13.110 A stationary normal shock stands in the diverging 
section of a converging-diverging nozzle. The Mach number 
ahead of the shock is 3.0. The nozzle area at the shock is 
500 mm*. The nozzle is fed from a large tank where the 
pressure is 1000 kPa (gage) and the temperature is 400 K. 
Find the Mach number, stagnation pressure, and static 
pressure after the shock. Calculate the nozzle throat area. 
Evaluate the entropy change across the shock. Finally, if the 


nozzle exit area is 600 mm”, estimate the exit Mach number. 
Would the actual exit Mach number be higher, lower, or the 
same as your estimate? Why? 


13.111 Air flows adiabatically from a reservoir, where 
To, = 60°C and po, = 600kPa (abs), through a converging- 
diverging nozzle. The design Mach number of the nozzle is 
2.94. A normal shock occurs at the location in the nozzle 
where M = 2.42. Assuming isentropic flow before and after 
the shock, determine the back pressure downstream from the 
nozzle. Sketch the pressure distribution. 


*43.112 Air flows through a converging-diverging nozzle with 


an area ratio of 2.5. Stagnation conditions at the inlet are 
1 MPa and 320 K. A constant-area, adiabatic duct with 
L/D =10 and f=0.03 is attached to the nozzle outlet. 
(a) Compute the back pressure that would place a normal 
shock at the nozzle exit. (b) What back pressure would place 
the normal shock at the duct exit? (c) What back pressure 
would result in shock-free flow? 


*43.113 Consider the setup of Problem 13.112, except that the 


constant-area duct is frictionless and no longer adiabatic. A 
normal shock stands at the duct exit, after which the tem- 
perature is 350 K. Calculate the Mach number after the 
shock wave, and the heat addition in the constant-area duct. 


*43.114 A normal shock stands in a section of insulated 


constant-area duct. The flow is frictional. At section , 
some distance upstream from the shock, T,; = 470°R. At 
section ), some distance downstream from the shock, Ty = 
750°R and M, = 1.0. Denote conditions immediately 
upstream and downstream from the shock by subscripts @ 
and (3), respectively. Sketch the pressure distribution along 
the duct, indicating clearly the locations of sections (1) 
through @). Sketch a Ts diagram for the flow. Determine the 
Mach number at section (1). 


*43.115 A supersonic wind tunnel must have two throats, with 


the second throat larger than the first. Explain why this must 
be so. 


*43.116 A normal shock stands in a section of insulated 


constant-area duct. The flow is frictional. At section ®, 
some distance upstream from the shock, T; = 668°R, 
Po, = 78.2 psia, and M, = 2.05. At section @, some distance 
downstream from the shock, M, = 1.00. Calculate the air 
speed, V>, immediately ahead of the shock, where T> = 
388°F. Evaluate the entropy change, 54 — 51. 


Flow with Friction 


13.117 Nitrogen is discharged from a 30-cm-diameter duct at 
Mp) = 0.85, T, = 300 K, and pz = 200 kPa. The temperature 
at the inlet of the duct is T; = 330 K. Compute the pressure at 
the inlet and the mass flow rate. 


13.118 Room air is drawn into an insulated duct of constant 
area through a smoothly contoured converging nozzle. 
Room conditions are T = 80°F andp = 14.7 psia. The duct 
diameter is D = 1 in. The pressure at the duct inlet (nozzle 
outlet) is p; = 13 psia. Find (a) the mass flow rate in the duct 
and (b) the range of exit pressures for which the duct exit 
flow is choked. 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


J 13.119 Air from a large reservoir at 25 psia and 250°F flows 


isentropically through a converging nozzle into an insulated 
pipe at 24 psia. The pipe flow experiences friction effects. 
Obtain a plot of the Ts diagram for this flow, until M = 1. 
Also plot the pressure and speed distributions from the 
entrance to the location at which M = 1. 


J 13.120 Repeat Problem 13.119 except the nozzle is now a 


converging-diverging nozzle delivering the air to the pipe at 
2.5 psia. 


13.121 A 5-m duct 35 cm in diameter contains oxygen flowing at 
the rate of 40 kg/s. The inlet conditions are p, = 200 kPa and 
T, = 450K. The exit pressure is p> = 160 kPa. Calculate the inlet 
and exit Mach number, and the exit stagnation pressure and 
temperature. Determine the friction factor, and estimate the 
absolute roughness of the duct material. 


13.122 Air flows steadily and adiabatically from a large tank 
through a converging nozzle connected to an insulated con- 
stant-area duct. The nozzle may be considered frictionless. 
Air in the tank is at p = 145 psiaand T = 250°F. The abso- 
lute pressure at the nozzle exit (duct inlet) is 125 psia. 
Determine the pressure at the end of the duct, if the tem- 
perature there is 150°F. Find the entropy increase. 


13.123 A Fanno-line flow apparatus in an undergraduate 
fluid mechanics laboratory consists of a smooth brass tube of 
7.16 mm inside diameter, fed by a converging nozzle. The lab 
temperature and uncorrected barometer reading are 23.5°C 
and 755.1 mm of mercury. The pressure at the exit from the 
converging nozzle (entrance to the constant-area duct) is 
—20.8 mm of mercury (gage). Compute the Mach number at 
the entrance to the constant-area tube. Calculate the mass 
flow rate in the tube. Evaluate the pressure at the location in 
the tube where the Mach number is 0.4. 


13.124 Measurements are made of compressible flow in a long 
smooth 7.16 mm i.d. tube. Air is drawn from the surroundings 
(20°C and 101 kPa) by a vacuum pump downstream. Pressure 
readings along the tube become steady when the downstream 
pressure is reduced to 626 mm Hg (vacuum) or below. For 
these conditions, determine (a) the maximum mass flow rate 
possible through the tube, (b) the stagnation pressure of the air 
leaving the tube, and (c) the entropy change of the air in the 
tube. Show static and stagnation state points and the process 
path on a Ts diagram. 


13.125 Air flows through a smooth well-insulated 4-in.- 
diameter pipe at 600 lbm/min. At one section the air is at 100 
psia and 80°F. Determine the minimum pressure and the 
maximum speed that can occur in the pipe. 


13.126 Nitrogen at stagnation conditions of 105 psia and 
100°F flows through an insulated converging-diverging noz- 
zle without friction. The nozzle, which has an exit-to-throat 
area ratio of 4, discharges supersonically into a constant area 
duct, which has a friction length fL/D = 0.355. Determine the 
temperature and pressure at the exit of the duct. 


13.127 A converging-diverging nozzle discharges air into an 
insulated pipe with area A = 1 in*. At the pipe inlet, 
p = 18.5psia, T = 100°F, and M = 2.0. For shockless flow 
to a Mach number of unity at the pipe exit, calculate the exit 
temperature, the net force of the fluid on the pipe, and the 
entropy change. 
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13.128 Air is drawn from the atmosphere (20°C and 101 kPa) 
through a converging nozzle into a long insulated 20-mm- 
diameter tube of constant area. Flow in the nozzle is isentropic. 
The pressure at the inlet to the constant-area tube is 
Pi = 99.4 kPa. Evaluate the mass flow rate through the tube. 
Calculate T* and p* for the isentropic process. Calculate T* and 
p* for flow leaving the constant-area tube. Show the corre- 
sponding static and stagnation state points on a Ts diagram. 


13.129 Air flows through a converging nozzle and then a 
length of insulated duct. The air is supplied from a tank 
where the temperature is constant at 59°F and the pressure is 
variable. The outlet end of the duct exhausts to atmosphere. 
When the exit flow is just choked, pressure measurements 
show the duct inlet pressure and Mach number are 53.2 psia 
and 0.30. Determine the pressure in the tank and the tem- 
perature, stagnation pressure, and mass flow rate of the 
outlet flow, if the tube diameter is 0.249 in. Show on a Ts 
diagram the effect of raising the tank pressure to 100 psia. 
Sketch the pressure distribution versus distance along the 
channel for this new flow condition. 


13.130 A constant-area duct is fed by a converging-only 
nozzle. The nozzle receives air from a large chamber at 
Pp: = 600 kPa and 7, = 550 K. The duct has a friction length 
of 5.3, and it is choked at the exit. What is the pressure at the 
end of the duct? If 80 percent of the duct is removed, and 
the conditions at station 1 and the friction factor remain 
constant, what is the new exit pressure and Mach number? 
Sketch both of these processes on a Ts diagram. 


13.131 We wish to build a supersonic wind tunnel using an 
insulated nozzle and constant-area duct assembly. Shock- 
free operation is desired, with M, = 2.1 at the test section 
inlet and M, = 1.1 at the test section outlet. Stagnation 
conditions are Ty = 295K and po = 101 kPa (abs). Calcu- 
late the outlet pressure and temperature and the entropy 
change through the test section. 


13.132 Consider adiabatic flow of air in a constant-area pipe 
with friction. At one section of the pipe, po = 100 psia, Ty = 
500°R, and M = 0.70. If the cross-sectional area is 1 ft? and 
the Mach number at the exit is M, = 1, find the friction force 
exerted on the fluid by the pipe. 


13.133 For the conditions of Problem 13.122, find the length, 
L, of commercial steel pipe of 2 in. diameter between sec- 
tions (1) and Q). 

13.134 Consider the laboratory Fanno-line flow channel of 
Problem 13.123. Assume laboratory conditions are 22.5°C 
and 760 mm of mercury (uncorrected). The manometer 
reading at a pressure tap at the end of the converging nozzle 
is —11.8 mm of mercury (gage). Calculate the Mach number 
at this location. Determine the duct length required to attain 
choked flow. Calculate the temperature and stagnation 
pressure at the choked state in the constant-area duct. 


13.135 A 2 ft X 2 ft duct is 40 ft long. Air enters at M, = 3.0 
and leaves at Mz = 1.7, with T>=500°R and pz = 110 psia. 
Find the static and stagnation conditions at the entrance. 
What is the friction factor for the duct? 

13.136 Air flows in a 3-in. (nominal) id. pipe that is 10 ft 
long. The air enters with a Mach number of 0.5 and a tem- 
perature of 70°F. What friction factor would cause the flow 
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to be sonic at the exit? If the exit pressure is 14.7 psia and the 
pipe is made of cast iron, estimate the inlet pressure. 


J 13.137 For the conditions of Problem 13.132, determine the 


duct length. Assume the duct is circular and made from 
commercial steel. Plot the variations of pressure and Mach 
number versus distance along the duct. 


_J 13.138 Using coordinates T/Ty and (s —s*)/c,, where s* is 


the entropy at M = 1, plot the Fanno line starting from the 
inlet conditions specified in Example 13.8. Proceed to M = 1. 


J 13.139 Consider the flow described in Example 13.8. Using 


the flow functions for Fanno-line flow of an ideal gas, plot 
static pressure, temperature, and Mach number versus L/D 
measured from the tube inlet; continue until the choked state 
is reached. 


J 13.140 Using coordinates T/T* and (s — sx)/c,, where s* is 


the entropy at M = 1, plot the Fanno line for air flow for 
0.1<M<3.0. 


A 13.141 Air flows through a 40 ft length of insulated constant- 


area duct with D = 2.12 ft. The relative roughness is 
e/D = 0.002. At the duct inlet, 7; = 100°F and p,; = 
17.0 psia. At a location downstream, p2 = 14.7 psia, and the 
flow is subsonic. Is sufficient information given to solve for 
M, and M,? Prove your answer graphically. Find the mass 
flow rate in the duct and 7). 


| 13.142 Air brought into a tube through a converging- 


diverging nozzle initially has stagnation temperature and 
pressure of 550 K and 1.35 MPa (abs). Flow in the nozzle is 
isentropic; flow in the tube is adiabatic. At the junction 
between the nozzle and tube the pressure is 15 kPa. The tube 
is 1.5 m long and 2.5 cm in diameter. If the outlet Mach 
number is unity, find the average friction factor over the tube 
length. Calculate the change in pressure between the tube 
inlet and discharge. 


J 13.143 For the conditions of Problem 13.127, determine the 


duct length. Assume the duct is circular and made from 
commercial steel. Plot the variations of pressure and Mach 
number versus distance along the duct. 


13.144 A smooth constant-area duct assembly (D = 
150 mm) is to be fed by a converging-diverging nozzle from a 
tank containing air at 295 K and 1.0 MPa (abs). Shock-free 
operation is desired. The Mach number at the duct inlet is to 
be 2.1 and the Mach number at the duct outlet is to be 1.4. 
The entire assembly will be insulated. Find (a) the pressure 
required at the duct outlet, (b) the duct length required, and 
(c) the change in specific entropy. Show the static and stag- 
nation state points and the process path on a Ts diagram. 


*13.145 Natural gas is to be pumped through 60 mi of 30-in.- 
diameter pipe with an average friction factor of 0.025. The 
temperature of the gas remains constant at 140°F, and 
the mass flow rate is 40 lbm/s. The downstream pressure 
of the gas is 150 kPa. Estimate the required entrance pressure, 
and the power needed to pump the gas through the pipe. 

*13.146 Air flows through a 1-in.-diameter, 10-ft-long tube. 
The friction factor of the tube is 0.03. If the entrance con- 
ditions are 15 psia and 530°R, calculate the mass flow rate for 
(a) incompressible flow (using the methods of Chapter 8), 


(b) adiabatic (Fanno) flow, and (c) isothermal flow. Assume 
for parts (b) and (c) that the exit pressure is 14.7 psia. 


*43.147 A 15-m umbilical line for an astronaut on a space 
walk is held at a constant temperature of 20°C. Oxygen is 
supplied to the astronaut at a rate of 10 L/min, through a 
1-cm tube in the umbilical line with an average friction factor 
of 0.01. If the oxygen pressure at the downstream end is 
30 kPa, what does the upstream pressure need to be? How 
much power is needed to feed the oxygen to the astronaut? 


*43.148 Air enters a 15-cm-diameter pipe at 15°C, 1.5 MPa, 
and 60 m/s. The average friction factor is 0.013. Flow is 
isothermal. Calculate the local Mach number and the dis- 
tance from the entrance of the channel, at the point where 
the pressure reaches 500 kPa. 


*43.149 In long, constant-area pipelines, as used for natural 
gas, temperature is constant. Assume gas leaves a pumping 
station at 350 kPa and 20°C at M = 0.10. At the section along 
the pipe where the pressure has dropped to 150 kPa, calcu- 
late the Mach number of the flow. Is heat added to or 
removed from the gas over the length between the pressure 
taps? Justify your answer: Sketch the process on a Ts dia- 
gram. Indicate (qualitatively) T,, To,, and po,. 


*43.150 A clean steel pipe is 950 ft long and 5.25 in. inside 
diameter. Air at 80°F, 120 psia, and 80 ft/s enters the pipe. 
Calculate and compare the pressure drops through the pipe for 
(a) incompressible, (b) isothermal, and (c) adiabatic flows. 


*43.151 Air enters a horizontal channel of constant area at 
200°F, 600 psia, and 350 ft/s. Determine the limiting pressure 
for isothermal flow. Compare with the limiting pressure for 
frictional adiabatic flow. 


Flow with Heat Exchange 


*43.152 Natural gas (molecular mass M,, = 18 and k = 1.3) is 
to be pumped through a 36 in. id. pipe connecting two 
compressor stations 40 miles apart. At the upstream station 
the pressure is not to exceed 90 psig, and at the downstream 
station it is to be at least 10 psig. Calculate the maximum 
allowable rate of flow (ft*/day at 70°F and 1 atm) assuming 
sufficient heat exchange through the pipe to maintain the gas 
at 70°F. 


13.153 Air from a large reservoir at 25 psia and 250°F flows 
isentropically through a converging nozzle into a frictionless 
pipe at 24 psia. The flow is heated as it flows along the pipe. 
Obtain a plot of the Ts diagram for this flow, until M = 1. 
Also plot the pressure and speed distributions from the 
entrance to the location at which M = 1. 


13.154 Air enters a constant-area duct with M, =3.0 and 
T,; = 250 K. Heat transfer decreases the outlet Mach number 
to Mz, =1.60. Compute the exit static and stagnation tem- 
peratures, and find the magnitude and direction of the heat 
transfer. 


13.155 Repeat Problem 13.153 except the nozzle is now a 
converging-diverging nozzle delivering the air to the pipe at 
2.5 psia. 

13.156 Consider frictionless flow of air in a constant-area 
duct. At section , M, = 0.50, py = 1.10 MPa (abs), and 


*These problems require material from sections that may be omitted without loss of continuity in the text material. 


To, = 333K. Through the effect of heat exchange, the Mach 
number at section (2) is Mz = 0.90 and the stagnation tem- 
perature is 7), = 478 K. Determine the amount of heat 
exchange per unit mass to or from the fluid between sections 
(® and Q) and the pressure difference, p, — po. 


13.157 Air flows without friction through a short duct of con- 
stant area. At the duct entrance, M, = 0.30, T; = 50°C, and 
p, = 2.16kg/m*. As a result of heating, the Mach number 
and pressure at the tube outlet are Mz = 0.60 and p2 = 150 kPa. 
Determine the heat addition per unit mass and the entropy 
change for the process. 


13.158 Air enters a 6-in.-diameter duct with a velocity of 300 
ft/s. The entrance conditions area 14.7 psia and 200°F. How 
much heat must be added to the flow to yield (a) maximum 
static temperature at the exit, and (b) sonic flow at the exit? 


13.159 Liquid Freon, used to cool electronic components, 
flows steadily into a horizontal tube of constant diameter, D = 
0.65 in. Heat is transferred to the flow, and the liquid boils and 
leaves the tube as vapor. The effects of friction are negligible 
compared with the effects of heat addition. Flow conditions 
are shown. Find (a) the rate of heat transfer and (b) the 
pressure difference, p; — po. 


| | 


Flow ———> | 
b . @ 


hy = 65 Btu/Ibm 
Po = 0.840 Ibm/ft? 


hy = 25 Btu/lbm 
p, = 100 Ibm/ft? 
ih = 1.85 Ibm/s 


P13.159 


13.160 Air flows through a 5-cm inside diameter pipe with 
negligible friction. Inlet conditions are T,; = 15°C, p; = 1 
MPa (abs), and M, = 0.35. Determine the heat exchange per 
kg of air required to produce M> = 1.0 at the pipe exit, where 
P2 = 500 kPa. 


13.161 Air flows at 1.42 kg/s through a 100-mm-diameter duct. 
At the inlet section, the temperature and absolute pressure are 
52°C and 60.0 kPa. At the section downstream where the flow 
is choked, T, = 45°C. Determine the heat addition per unit 
mass, the entropy change, and the change in stagnation pres- 
sure for the process, assuming frictionless flow. 


13.162 Consider frictionless flow of air in a duct of constant 
area, A = 0.087 ft*. At one section, the static properties are 
500°R and 15.0 psia and the Mach number is 0.2. At a section 
downstream, the static pressure is 10.0 psia. Draw a Ts dia- 
gram showing the static and stagnation states. Calculate the 
flow speed and temperature at the downstream location. 
Evaluate the rate of heat exchange for the process. 


13.163 Nitrogen flows through a frictionless duct. At the 
entrance of the duct, the conditions are M; = 0.75, Tp, = 500°R, 
and p,; = 24 psia. At the exit of the duct the pressure is p2 = 40 
psia. Determine the direction and the amount of the heat 
transfer with the nitrogen. 

13.164 A combustor from a JT8D jet engine (as used on the 
Douglas DC-9 aircraft) has an air flow rate of 15 Ibm/s. The 
area is constant and frictional effects are negligible. 


D = 0.65 in. 


Problems 781 


Properties at the combustor inlet are 1260°R, 235 psia, and 
609 ft/s. At the combustor outlet, T = 1840°R and M = 
0.476. The heating value of the fuel is 18,000 Btu/lbm; the 
air-fuel ratio is large enough so properties are those of air. 
Calculate the pressure at the combustor outlet. Determine 
the rate of energy addition to the air stream. Find the mass 
flow rate of fuel required; compare it to the air flow rate. 
Show the process on a Ts diagram, indicating static and 
stagnation states and the process path. 


13.165 Consider frictionless flow of air ina duct with D = 10cm. 
At section , the temperature and pressure are 0°C and 70 kPa; 
the mass flow rate is 0.5 kg/s. How much heat may be added 
without choking the flow? Evaluate the resulting change in 
stagnation pressure. 


13.166 A constant-area duct is fed with air from a converging- 
diverging nozzle. At the entrance to the duct, the following 
properties are known: po, = 800 kPa (abs), Tp, = 700 K, and 
M, = 3.0. A short distance down the duct (at section @)) p2 = 
46.4kPa. Assuming frictionless flow, determine the speed and 
Mach number at section ®, and the heat exchange between 
the inlet and section (@). 


13.167 Air flows steadily and without friction at 1.83 kg/s 
through a duct with cross-sectional area of 0.02 m*. At the 
duct inlet, the temperature and absolute pressure are 260°C 
and 126 kPa. The exit flow discharges subsonically to 
atmospheric pressure. Determine the Mach number, tem- 
perature, and stagnation temperature at the duct outlet and 
the heat exchange rate. 


13.168 20 kg/s of air enters a 0.06 m? duct at a pressure of 
320 kPa, and a temperature of 350 K. Find the exit conditions 
(pressure, temperature, and Mach number) if heat is added 
to the duct at a rate of 650 kJ/kg of air. 


13.169 Air enters a frictionless, constant-area duct with 
Pp, = 135 kPa, T; =500 K, and V; = 540 m/s. How much heat 
transfer is needed to choke the flow? Is the heat transfer into 
or out of the duct? 


13.170 In the frictionless flow of air through a 100-mm- 
diameter duct, 1.42 kg/s enters at 52°C and 60.0 kPa (abs). 
Determine the amount of heat that must be added to choke 
the flow, and the fluid properties at the choked state. 


13.171 Air flows without friction in a short section of con- 
stant-area duct. At the duct inlet, M; = 0.30, T; = 50°C, 
and p, = 2.16kg/m?. At the duct outlet, Mz = 0.60. Deter- 
mine the heat addition per unit mass, the entropy change, and 
the change in stagnation pressure for the process. 


13.172 Air, from an aircraft inlet system, enters the engine 
combustion chamber, where heat is added during a frictionless 
process in a tube with constant area of 0.01 m?. The local 
isentropic stagnation temperature and Mach number entering 
the combustor are 427 K and 0.3. The mass flow rate is 0.5 kg/s. 
When the rate of heat addition is set at 404 kW, flow leaves the 
combustor at 1026 K and 22.9 kPa (abs). Determine for this 
process (a) the Mach number at the combustor outlet, (b) the 
static pressure at the combustor inlet, and (c) the change in 
local isentropic stagnation pressure during the heat addition 
process. Show static and stagnation state points and indicate 
the process path on a Ts diagram. 
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13.173 Air enters a frictionless, constant-area duct with 
M, =2.0, T; =300°R, and p; = 70 psia. Heat transfer occurs 
as the air travels down the duct. A converging section 
(A,/A3 = 1.5) is placed at the end of the constant area duct 
and M; = 1.0. Assuming isentropic flow (aside from the heat 
transfer through the duct), calculate the amount and direc- 
tion of heat transfer. 


13.174 Consider steady, one-dimensional flow of air in a 
combustor with constant area of 0.5 ft*, where hydrocarbon 
fuel, added to the air stream, burns. The process is equivalent to 
simple heating because the amount of fuel is small compared 
to the amount of air; heating occurs over a short distance so that 
friction is negligible. Properties at the combustor inlet are 
818°R, 200 psia, and M = 0.3. The speed at the combustor outlet 
must not exceed 2000 ft/s. Find the properties at the combustor 
outlet and the heat addition rate. Show the process path on a Ts 
diagram, indicating static and stagnation state points before and 
after the heat addition. 


13.175 Flow in a gas turbine combustor is modeled as steady, 
one-dimensional, frictionless heating of air in a channel of 
constant area. For a certain process, the inlet conditions are 
500°C, 1.5 MPa (abs), and M = 0.5. Calculate the maximum 
possible heat addition. Find all fluid properties at the outlet 
section and the reduction in stagnation pressure. Show the 
process path on a Ts diagram, indicating all static and stag- 
nation state points. 


13.176 A supersonic wind tunnel is supplied from a high- 
pressure tank of air at 25°C. The test section temperature is 
to be maintained above 0°C to prevent formation of ice 
particles. To accomplish this, air from the tank is heated 
before it flows into a converging-diverging nozzle which 
feeds the test section. The heating is done in a short section 
with constant area. The heater output is 0 = 10kW. The 
design Mach number in the wind tunnel test section is to 
be 3.0. Evaluate the stagnation temperature required at the 
heater exit. Calculate the maximum mass flow rate at which 
air can be supplied to the wind tunnel test section. Deter- 
mine the area ratio, A,/A,. 


13.177 Consider steady flow of air in a combustor where ther- 
mal energy is added by burning fuel. Neglect friction. Assume 
thermodynamic properties are constant and equal to those of 
pure air. Calculate the stagnation temperature at the burner 
exit. Compute the Mach number at the burner exit. Evaluate 
the heat addition per unit mass and the heat exchange rate. 
Express the rate of heat addition as a fraction of the maximum 
rate of heat addition possible with this inlet Mach number. 


Combustor —>] 
} 
Flow —> A A 0.0185 m2 
6Q 

7,=604k @) dm (2) 7,=900K 

p, = 557 kPa (abs) 

M,=0.4 
P13.177 


13.178 A jet transport aircraft cruises at M = 0.85 at an altitude 
of 40,000 ft. Air for the cabin pressurization system is taken 


aboard through an inlet duct and slowed isentropically to 100 
ft/s relative to the aircraft. Then it enters a compressor, where 
its pressure is raised adiabatically to provide a cabin pressure 
equivalent to 8000 ft altitude. The air temperature increase 
across the compressor is 170°F. Finally, the air is cooled to 70°F 
(in a heat exchanger with negligible friction) before it is added 
to the cabin air. Sketch a diagram of the system, labeling all 
components and numbering appropriate cross sections. Deter- 
mine the stagnation and static temperature and pressure at each 
cross section. Sketch to scale and label a Ts diagram showing the 
static and stagnation state points and indicating the process 
paths. Evaluate the work added in the compressor and the 
energy rejected in the heat exchanger. 


13.179 Frictionless flow of air in a constant-area duct dis- 
charges to atmospheric pressure at section ©. Upstream at 
section (1), M, = 3.0, T; = 215°R, and p; = 1.73 psia. 
Between sections (1) and (), 48.5 Btu/lbm of air is added to 
the flow. Determine M) and p>. In addition to a Ts diagram, 
sketch the pressure distribution versus distance along the 
channel, labeling sections @ and © 


Oblique Shocks and Expansion Waves 


13.180 Show that as the upstream Mach number approaches 
infinity, the Mach number after an oblique shock becomes 


k-1 
M> y ae ae 
2ksin“ (3 — 0) 


13.181 Air at 400 K and 100 kPa is flowing at a Mach number 
of 1.8 and is deflected through a 14° angle. The directional 
change is accompanied by an oblique shock. What are the 
possible shock angles? For each of these shock angles, what 
is the pressure and temperature after the shock? 


13.182 Consider supersonic flow of air at M,; = 3.0. What is 
the range of possible values of the oblique shock angle 3? 
For this range of (, plot the pressure ratio across the shock. 


13.183 Supersonic air flow at M, = 2.5 and 80 kPa (abs) is 
deflected by an oblique shock with angle G = 35°. Find the 
Mach number and pressure after the shock, and the deflection 
angle. Compare these results to those obtained if instead the 
flow had experienced a normal shock. What is the smallest 
possible value of angle @ for this upstream Mach number? 


13.184 The temperature and Mach number before an 
oblique shock are T; = 10°C and M, = 3.25, respectively, 
and the pressure ratio across the shock is 5. Find the 
deflection angle, 0, the shock angle, 3, and the Mach number 
after the shock, M>. 


13.185 The air velocities before and after an oblique shock 
are 1250 m/s and 650 m/s, respectively, and the deflection 
angle is @ = 35°. Find the oblique shock angle G, and the 
pressure ratio across the shock. 


13.186 An airfoil has a sharp leading edge with an included 
angle of 6 = 60°. It is being tested in a wind tunnel running at 
1200 m/s (the air pressure and temperature upstream are 75 
kPa and 3.5°C). Plot the pressure and temperature in the 
region adjacent to the upper surface as functions of angle of 
attack, a, ranging from a = 0° to 30°. What are the maximum 


pressure and temperature? (Ignore the possibility of a detached 
shock developing if a is too large; see Problem 13.189.) 


P13.186, P13.189 


he 13.187 An airfoil at zero angle of attack has a sharp leading 


edge with an included angle of 20°. It is being tested over a 
range of speeds in a wind tunnel. The air temperature 
upstream is maintained at 15°C. Determine the Mach num- 
ber and corresponding air speed at which a detached normal 
shock first attaches to the leading edge, and the angle of the 
resulting oblique shock. Plot the oblique shock angle 6 as a 
function of upstream Mach number M,, from the minimum 
attached-shock value through M, = 7. 


13.188 The wedge-shaped airfoil shown has chord c = 1.5 m 
and included angle 6 = 7°. Find the lift per unit span at a Mach 
number of 2.75 in air for which the static pressure is 70 kPa. 


k c=1.5m >| 
en 


7 
Ho! 
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a 13.189 The airfoil of Problem 13.186 will develop a 


detached shock on the lower surface if the angle of attack, a, 
exceeds a certain value. What is this angle of attack? Plot the 
pressure and temperature in the region adjacent to the lower 
surface as functions of angle of attack, a, ranging from a = 
0° to the angle at which the shock becomes detached. What 
are the maximum pressure and temperature? 

13.190 An oblique shock causes a flow that was at M = 4 and 
a static pressure of 75 kPa to slow down to M = 2.5. Find the 
deflection angle and the static pressure after the shock. 

13.191 The wedge-shaped airfoil shown has chord c = 2 m and 
angles Sjower = 15° and bupper = 5°. Find the lift per unit span at 
a Mach number of 2.75 in air at a static pressure of 75 kPa. 


kK c=2m >| 


P13.191 
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13.192 Air flows at a Mach number of 3.3, with static con- 
ditions of 100°F and 20 psia. An oblique shock is observed at 
an angle of 45° relative to the flow. Calculate the post-shock 
conditions (pressure, temperature, Mach number). What is 
the deflection angle for the flow? Is this a strong or a weak 
shock? 


13.193 Air entering the inlet of a jet engine is turned 
through an angle of 8°, creating an oblique shock. If the 
freestream flow of air is at Mach 4 and 8 psia, what is the 
pressure after the oblique shock? What would the pressure 
be if the flow were through two separate 4° wedges instead of 
a single 8° wedge? 

13.194 Air having an initial Mach number of 2.3 and static 
conditions of 14.7 psia and 80°F is turned through an angle of 
10°. The resulting shock at the corner is reflected from the 
opposite wall, turning the flow back 10° to its original 
direction. Calculate the pressure, temperature, and Mach 
number after the initial and reflected shock waves. 

13.195 A wedge-shaped projectile (half angle is 10°) is 
launched through air at 1 psia and 10°F. If the static pressure 
measurement on the surface of the wedge is 3 psia, calculate 
the speed at which the projectile is moving through the air. 


13.196 Air at Mach 2 and 1 atmosphere is turned through an 
expansion of 16°, followed by another turn of 16°, causing an 
oblique shock wave. Calculate the Mach number and pres- 
sure downstream of the oblique shock. 


13.197 Air at Mach 2.0 and 5 psia static pressure is turned 
through an angle of 20°. Determine the resulting static 
pressure and stagnation pressure when the turning is 
achieved through (a) a single oblique shock, (b) two oblique 
shocks, each turning the flow 10°, and (c) an isentropic 
compression wave system. 


13.198 Air flows isentropically at M = 2.5 in a duct. There is 
a 7.5° contraction that triggers an oblique shock, which in 
turn reflects off a wall generating a second oblique shock. 
This second shock is necessary so the flow ends up flowing 
parallel to the channel walls after the two shocks. Find the 
Mach number and pressure in the contraction and down- 
stream of the contraction. (Note that the convex corner will 
have expansion waves to redirect the flow along the upper 
wall.) 


P13.198 


13.199 The geometry of the fuselage and engine cowling near 
the inlet to the engine of a supersonic fighter aircraft is 
designed so that the incoming air at M = 3 is deflected 
7.5 degrees, and then experiences a normal shock at the engine 
entrance. If the incoming air is at 50 kPa, what is the pressure 
of the air entering the engine? What would be the pressure if 
the incoming air was slowed down by only a normal shock? 
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13.200 Air flows at Mach number of 1.5, static pressure 95 
kPa, and is expanded by angles 0; = 15° and @) = 15°, as 
shown. Find the pressure changes. 


P13.200, P13.203 


13.201 A flow at M = 2.5 is deflected by a combination of 
interacting oblique shocks as shown. The first shock pair is 
aligned at 30° to the flow. A second oblique shock pair 
deflects the flow again so it ends up parallel to the original 
flow. If the pressure before any deflections is 50 kPa, find the 
pressure after two deflections. 


P13.201 


13.202 Compare the static and stagnation pressures pro- 
duced by (a) an oblique shock and (b) isentropic compres- 
sion waves as they each deflect a flow at a Mach number of 
3.5 through a deflection angle of 35° in air for which the static 
pressure is 50 kPa. 


13.203 Find the incoming and intermediate Mach numbers 
and static pressures if, after two expansions of 6, = 15° 
and 02 = 15°, the Mach number is 4, and static pressure is 
10 kPa. 


13.204 Find the lift and drag per unit span on the airfoil 
shown for flight at a Mach number of 1.75 in air for which the 
static pressure is 50 kPa. The chord length is 1 m. 


P13.204, P13.207 


13.205 Consider the wedge-shaped airfoil of Problem 
13.188. Suppose the oblique shock could be replaced by 


isentropic compression waves. Find the lift per unit span at 
the Mach number of 2.75 in air for which the static pressure 
is 70 kPa. 


13.206 Find the drag coefficient of the symmetric, zero 
angle of attack airfoil shown for a Mach number of 2.0 in air 
for which the static pressure is 95 kPa and temperature is 
0°C. The included angles at the nose and tail are each 10°. 


P13.206, P13.208 


13.207 Plot the lift and drag per unit span, and the lift/drag 
ratio, as functions of angle of attack for a = 0° to 18°, for the 
airfoil shown, for flight at a Mach number of 1.75 in air 
for which the static pressure is 50 kPa. The chord length 
is 1m. 


13.208 Find the lift and drag coefficients of the airfoil of 
Problem 13.206 if the airfoil now has an angle of attack of 12°. 


13.209 An airplane is flying at Mach 5 at an altitude of 
16,764 m, where T, = 216.67 K and p; = 9.122 kPa. The air- 
plane uses a scramjet engine. Two oblique shocks are formed 
in the intake Q) prior to entering the combustion chamber 
@) at supersonic speed. The inlet and exit areas are equal, 
A, =As5=0.2 m*. Calculate the stagnation temperature, 
T>/T;, and the Mach number in the intake @). 


P13.209, P13.210, P13.211 


13.210 Two oblique shocks are formed in a scramjet engine 
intake prior to entering the combustion chamber. The inlet 
Mach number is M,=5, the incoming air temperature is 
T, = 216.67 K, p; = 9.122 kPa, and A; =0.2m*. Calculate M3 
in the combustion chamber B) if M,= 4.0. 


13.211 An airplane is flying at Mach 5, where 7; = 216.67 K. 
Oblique shocks form in the intake prior to entering the 
combustion chamber (@). The nozzle expansion ratio is 
As/A4 = 5. The inlet and exit areas are equal, Ay = As = 0.2 m’. 
Assuming isentropic flow with M,=4, M3=3.295, and 
M4 = 1.26, calculate the exit Mach number and the exhaust jet 
velocity (6). Hint: Calculate the temperature ratios in each 
section. 


Specific Gravity A.7 


Specific gravity data for several common liquids and solids are presented in Figs. A.la 
and A.1b and in Tables A.1 and A.2. For liquids specific gravity is a function of 
temperature. (Density data for water and air are given as functions of temperature in 
Tables A.7 through A.10.) For most liquids specific gravity decreases as temperature 
increases. Water is unique: It displays a maximum density of 1000 kg/m? (1.94 slug/ft*) 
at 4°C (39°F). The maximum density of water is used as a reference value to calculate 
specific gravity. Thus 


p 
Pu,o (at 4°C) 


Consequently the maximum SG of water is exactly unity. 

Specific gravities for solids are relatively insensitive to temperature; values given in 
Table A.1 were measured at 20°C. 

The specific gravity of seawater depends on both its temperature and salinity. A 
representative value for ocean water is SG = 1.025, as given in Table A.2. 
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1.000 


0.990 


0.980 


0.970 


Specific gravity, SG 
(referred to water at 4°C) 


0.960 


For water at 4°C, p = 1000 kg/m? 


-20 ¢) 20 40 60 
Temperature, °C 
(a) Water 


80 100 


120 


13.60 


13.50 


13.40 


Specific gravity, SG 
(referred to water at 4°C) 


For water at 4°C, p = 1000 kg/m? 


-20 ¢) 20 40 60 
Temperature, °C 


(b) Mercury 


Fig. A.1 Specific gravity of water and mercury as functions of temperature. (Data from Refer- 
ence [1].) (The specific gravity of mercury varies linearly with temperature. The variation is given 
by SG = 13.60 — 0.00240 T when 7 is measured in degrees C.) 


Table A 


Specific Gravities of Selected Engineering Materials 


80 100 


120 


(a) Common Manometer Liquids at 20°C 


Liquid 


Specific Gravity 


E.V. Hill blue oil 

Meriam red oil 

Benzene 

Dibutyl phthalate 
Monochloronaphthalene 

Carbon tetrachloride 
Bromoethylbenzene (Meriam blue) 
Tetrabromoethane 

Mercury 


1 


0.797 
0.827 
0.879 
1.04 
1.20 
1.595 
1.75 
2.95 
3.55 


Source: Data from References [1—3]. 


Table A. 


Specific Gravities of Selected Engineering Materials (continued) 


(b) Common Materials 
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Material Specific Gravity (—) 
Aluminum 2.64 
Balsa wood 0.14 
Brass 8.55 
Cast Iron 7.08 
Concrete (cured) 2.47 
Concrete (liquid) 25° 
Copper 8.91 
Ice (0°C) 0.917 
Lead 11.4 
Oak 0.77 
Steel 7.83 
Styrofoam (1 pcef”) 0.0160 
Styrofoam (3 pcf) 0.0481 
Uranium (depleted) 18.7 
White pine 0.43 


Source: Data from Reference [4]. 
“depending on aggregate. 


>»younds per cubic foot. 


Table A2 


Physical Properties of Common Liquids at 20°C 


Liquid Isentropic Bulk Modulus* (GN/m”) Specific Gravity (—) 
Benzene 1.48 0.879 
Carbon tetrachloride 1.36 1.595 
Castor oil 2.11 0.969 
Crude oil — 0.82—0.92 
Ethanol — 0.789 
Gasoline — 0.72 
Glycerin 4.59 1.26 
Heptane 0.886 0.684 
Kerosene 1.43 0.82 
Lubricating oil 1.44 0.88 
Methanol — 0.796 
Mercury 28.5 13.55 
Octane 0.963 0.702 
Seawater? 2.42 1.025 
SAE 10W oil = 0.92 
Water 2.24 0.998 


Source: Data from References [1, 5, 6]. 
“Calculated from speed of sound; 1 GN/m* = 10° N/m? (1 N/m? = 1.45 x 10°‘ Ibf/in.’). 


’Dynamic viscosity of seawater at 20°C is : = 1.08 x 10° N-s/m?. (Thus, the kinematic viscosity of sea- 
water is about 5 percent higher than that of freshwater.) 
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Table A3 
Properties of the U.S. Standard Atmosphere 
Geometric Altitude (m) Temperature (K) p/psi (—) plpsi(—) 
—500 291.4 1.061 1.049 
0 288.2 1.000 1.000° 
500 284.9 0.9421 0.9529 
1,000 281.7 0.8870 0.9075 
1,500 278.4 0.8345 0.8638 
2,000 275.2 0.7846 0.8217 
2,500 271.9 0.7372 0.7812 
3,000 268.7 0.6920 0.7423 
3,500 265.4 0.6492 0.7048 
4,000 262.2 0.6085 0.6689 
4,500 258.9 0.5700 0.6343 
5,000 255.7 0.5334 0.6012 
6,000 249.2 0.4660 0.5389 
7,000 242.7 0.4057 0.4817 
8,000 236.2 0.3519 0.4292 
9,000 229.7 0.3040 0.3813 
10,000 223.3 0.2615 0.3376 
11,000 216.8 0.2240 0.2978 
12,000 216.7 0.1915 0.2546 
13,000 216.7 0.1636 0.2176 
14,000 216.7 0.1399 0.1860 
15,000 216.7 0.1195 0.1590 
16,000 216.7 0.1022 0.1359 
17,000 216.7 0.08734 0.1162 
18,000 216.7 0.07466 0.09930 
19,000 216.7 0.06383 0.08489 
20,000 216.7 0.05457 0.07258 
22,000 218.6 0.03995 0.05266 
24,000 220.6 0.02933 0.03832 
26,000 222.5 0.02160 0.02797 
28,000 224.5 0.01595 0.02047 
30,000 226.5 0.01181 0.01503 
40,000 250.4 0.002834 0.003262 
50,000 270.7 0.0007874 0.0008383 
60,000 255.8 0.0002217 0.0002497 
70,000 219.7 0.00005448 0.00007146 
80,000 180.7 0.00001023 0.00001632 
90,000 180.7 0.000001622 0.000002588 


Source: Data from Reference [7]. 
“ps. = 1.01325 x 10° N/m? (abs) (=14.696 psia). 
Pee: = 1.2250 kg/m} (=0.002377 slug/ft*). 


A.2 Surface Tension 


The values of surface tension, 0, for most organic compounds are remarkably similar 
at room temperature; the typical range is 25 to 40 mN/m. Water is higher, at about 
73 mN/m at 20°C. Liquid metals have values in the range between 300 and 600 mN/m; 
mercury has a value of about 480 mN/m at 20°C. Surface tension decreases with 
temperature; the decrease is nearly linear with absolute temperature. Surface tension 
at the critical temperature is zero. 

Values of o are usually reported for surfaces in contact with the pure vapor of the 
liquid being studied or with air. At low pressures both values are about the same. 
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Table A4 


Surface Tension of Common Liquids at 20°C 


Surface Tension, 
Liquid o (mN/m)* Contact Angle, 0 (degrees) 


(a) In contact with air 


Benzene 28.9 
Carbon tetrachloride 27.0 
Ethanol 22.3 
Glycerin 63.0 
Hexane 18.4 
Kerosene 26.8 
Lube oil 25—35 
Mercury 484 140 
Methanol 22.6 
Octane 21.8 
Water 72.8 ~0 


Source: Data from References [1, 5, 8, 9]. 


Water 
(b) In contact with water Liquid y, 
0 
Benzene 35.0 
Carbon tetrachloride 45.0 
Hexane 51.1 
Mercury 375 140 
Methanol 22.7 
Octane 50.8 


Source: Data from References [1, 5, 8, 9]. 
“1 mN/m = 1073 N/m. 


The Physical Nature of Viscosity A.35 


Viscosity is a measure of internal fluid friction, i.e., resistance to deformation. The 
mechanism of gas viscosity is reasonably well understood, but the theory is poorly 
developed for liquids. We can gain some insight into the physical nature of viscous 
flow by discussing these mechanisms briefly. 

The viscosity of a Newtonian fluid is fixed by the state of the material. Thus 
ju = u(T, p). Temperature is the more important variable, so let us consider it first. 
Excellent empirical equations for viscosity as a function of temperature are available. 


Effect of Temperature on Viscosity 


a. Gases 


All gas molecules are in continuous random motion. When there is bulk motion 
due to flow, the bulk motion is superimposed on the random motions. It is then distributed 
throughout the fluid by molecular collisions. Analyses based on kinetic theory predict 
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ux/T 


The kinetic theory prediction is in fair agreement with experimental trends, but the 
constant of proportionality and one or more correction factors must be determined; 
this limits practical application of this simple equation. 

If two or more experimental points are available, the data may be correlated using 
the empirical Sutherland correlation [7] 


bT'/2 
 14+S/T 


lL (A.1) 


Constants b and S may be determined most simply by writing 


bT3/2 
Ser 
or 
T3/2 1 S 
= + 
lu (5) an 


(Compare this with y= mx + c.) From a plot of T*/y versus T, one obtains the 
slope, 1/b, and the intercept, S/b. For air, 


kg 


= 6 Ks 
b = 1458 10°—~ 


S=1104K 


These constants were used with Eq. A.1 to compute viscosities for the standard 
atmosphere in [7], the air viscosity values at various temperatures shown in 
Table A.10, and using appropriate conversion factors, the values shown in Table A.9. 


b. Liquids 


Viscosities for liquids cannot be estimated well theoretically. The phenomenon of 
momentum transfer by molecular collisions is overshadowed in liquids by the effects 
of interacting force fields among the closely packed liquid molecules. 

Liquid viscosities are affected drastically by temperature. This dependence on 
absolute temperature may be represented by the empirical equation 


peAgit Se (A.2) 
or the equivalent form 


p = A103(-9) (A.3) 


where T is absolute temperature. 

Equation A.3 requires at least three points to fit constants A, B, and C. In theory it 
is possible to determine the constants from measurements of viscosity at just three 
temperatures. It is better practice to use more data and to obtain the constants from a 
Statistical fit to the data. 

However a curve-fit is developed, always compare the resulting line or curve with 
the available data. The best way is to critically inspect a plot of the curve-fit compared 
with the data. In general, curve-fit results will be satisfactory only when the quality of 
the available data and that of the empirical relation are known to be excellent. 

Data for the dynamic viscosity of water are fitted well using constant values 
A = 2.414 x10-° N-s/m?, B= 247.8 K, and C=140 K. Reference [10] states that 
using these constants in Eq. A.3 predicts water viscosity within +2.5 percent over the 
temperature range from 0°C to 370°C. Equation A.3 and Excel were used to compute 
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Fig. A.2 Dynamic (absolute) viscosity of common fluids as a function of 
temperature. (Data from References [1, 6, and 10].) 


=| The graphs for air and water were computed from the Excel workbook Absolute 
Viscosities, using Eq. A.1 and Eq. A.3, respectively. The workbook can be used 
to compute viscosities of other fluids if constants b and S (for a gas) or A, B, and 
C (for a liquid) are known. 


the water viscosity values at various temperatures shown in Table A.8, and using 
appropriate conversion factors, the values shown in Table A.7. 

Note that the viscosity of a liquid decreases with temperature, while that of a gas 
increases with temperature. 


Effect of Pressure on Viscosity 


a. Gases 


The viscosity of gases is essentially independent of pressure between a few hundredths 
of an atmosphere and a few atmospheres. However, viscosity at high pressures 
increases with pressure (or density). 
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Kinematic viscosity, v (m2/s) 
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1 m2/s = 10.8 ft2/s 
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Fig. A.3 Kinematic viscosity of common fluids (at atmospheric pressure) as a function of temperature. (Data 
from References [1, 6, and 10].) 


b. Liquids 


The viscosities of most liquids are not affected by moderate pressures, but large 
increases have been found at very high pressures. For example, the viscosity of water 
at 10,000 atm is twice that at 1 atm. More complex compounds show a viscosity 
increase of several orders of magnitude over the same pressure range. 

More information may be found in Reid and Sherwood [11]. 
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Lubricating Oils A.F 


Engine and transmission lubricating oils are classified by viscosity according to stan- 
dards established by the Society of Automotive Engineers [12]. The allowable viscosity 
ranges for several grades are given in Table A.5. 

Viscosity numbers with W (e.g., 20W) are classified by viscosity at 0°F. Those 
without W are classified by viscosity at 210°F. 

Multigrade oils (e.g., 1OW-40) are formulated to minimize viscosity variation with 
temperature. High polymer “viscosity index improvers” are used in blending these 
multigrade oils. Such additives are highly non-Newtonian; they may suffer permanent 
viscosity loss caused by shearing. 

Special charts are available to estimate the viscosity of petroleum products as a 
function of temperature. The charts were used to develop the data for typical lubri- 
cating oils plotted in Figs. A.2 and A.3. For details, see [15]. 


Table AS 
Allowable Viscosity Ranges for Lubricants 
SAE Max. Viscosity (cSt)’ at 100°C 
Viscosity Viscosity (cP)“ 
Engine Oil Grade at Temp. (°C) Min Max 
OW 3250 at —30 3.8 — 
SW 3500 at —25 3.8 — 
10W 3500 at —20 4.1 — 
15W 3500 at —15 5.6 — 
20W 4500 at —10 5.6 — 
25W 6000 at —5 9.3 — 
20 — 5.6 <9.3 
30 — 9.3 <12°5 
40 — 12.5 <16.3 
50 — 16.3 <21.9 
Axle and Manual SAE Max. Temp. (°C) Viscosity (cSt) at 100°C 
Transmission Viscosity for Viscosity of 
Lubricant Grade 150,000 cP Min Max 
70W —55 41 — 
75W —40 41 — 
80W —26 7.0 — 
85W —12 11.0 — 
90 — 13:5 <24.0 
140 — 24.0 <41.0 
250 — 41.0 — 
Automatic Viscosity (cSt) at 100°C 
Transmission Maximum 
Fluid (Typical) Viscosity (cP) Temperature (°C) Min Max 
50000 —40 6.5 8.5 
4000 —23.3 6.5 8.5 
1700 —18 6.5 8.5 


Source: Data from References [12—14]. 
“centipoise = 1 cP = 1 mPa-s = 10° Pa-s (=2.09 X 10 © Ibf- s/ft”). 
»centistoke = 10° m?/s (=1.08 x 10°? ft*/s). 
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Table Aé 
Thermodynamic Properties of Common Gases at STP? 
“ I k= 2 . 4 : 
J. de J. C ft-lbf Btu Btu 

Chemical Molecular ( ex) ( zx) ( kg- z) ( Ibm mR) (sa sR) (aa =z) 
Gas Symbol Mass, M,, (-) 
Air _— 28.98 286.9 1004 117.4 1.40 53.33 0.2399 0.1713 
Carbon dioxide CO, 44.01 188.9 840.4 651.4 1.29 35.11 0.2007 0.1556 
Carbon monoxide CO 28.01 296.8 1039 742.1 1.40 55.17 0.2481 0.1772 
Helium He 4.003 2077 5225 3147 1.66 386.1 1.248 0.7517 
Hydrogen H 2.016 4124 14,180 10,060 1.41 766.5 3.388 2.402 
Methane CH, 16.04 518.3 2190 1672 1.31 96.32 0.5231 0.3993 
Nitrogen N> 28.01 296.8 1039 742.0 1.40 55.16 0.2481 0.1772 
Oxygen Op 32.00 259.8 909.4 649.6 1.40 48.29 0.2172 0.1551 
Steam® H,0 18.02 461.4 ~ 2000 ~ 1540 ~ 1.30 85.78 ~ 0.478 ~ 0.368 


Source: Data from References [7, 16, 17]. 

“STP = standard temperature and pressure, T= 15°C = 59°F and p = 101.325 kPa (abs) = 14.696 psia. 
°R = R,/Mm, Ry = 83143 J/(kgmol - K) = 1545.3 ft-Ibf/(Ibmol-°R); 1 Btu = 778.2 ft - Ibf. 

“Water vapor behaves as an ideal gas when superheated by 55°C (100°F) or more. 
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Table A.7 
Properties of Water (U.S. Customary Units) 
Dynamic Kinematic Surface Vapor Bulk 
Temperature, Density, Viscosity, Viscosity, Tension, Pressure, Modulus, 
T(°F) p(slug/ft®) x (Ibf-s/ft”) v(ft/s)  o(lbf/ft) py (psia) —_-E, (psi) 
aes 32 19d 368-05 1.90805 0.00519 0.0886 2.92 + 05 
40 1.94 3.20E-05 1.65E-05 0.00514 0.122 
a 50 94 2.73E-05 1 ATE-05 0.00509 0178 
ne 59 19d 2.38E-051.23E-05 0.00504 0.247 
ae 60. «104 2.35E-05 1-21-05 0.00503 0.256. 
ea 68-1942. 10E-05. 1-08-05 0.00499 0.330. 
70 1.93 2.05E-05 1.06E-05 0.00498 0.363 3.20E + 05 
80 1.93 1.80E-05 9.32E-06 0.00492 0.507 
90 1.93 1.59E-05 8.26E-06 0.00486 0.699 
100 1.93 1.43E-05 7.38E-06 0.00480 0.950 
110 1.92 1.28E-05 6.68E-06 0.00474 1.28 
120 1.92 1.16E-05 6.05E-06 0.00467 1.70 3.32E + 05 
130 1.91 1.06E-05 5.54E-06 0.00461 2.23 
140 1.91 9.70E-06 5.08E-06 0.00454 2.89 
150 1.90 8.93E-06 4.70E-06 0.00448 3.72 
160 1.89 8.26E-06 4.37E-06 0.00441 4.75 
170 1.89 7.67E-06 4.06E-06 0.00434 6.00 
180 1.88 7.15E-06 3.80E-06 0.00427 7.52 
190 1.87 6.69E-06 3.58E-06 0.00420 9.34 
20087 6.28E-06___3.36E-06 0.00413 11.5 3.08E + 05 
212 1.86 5.84E-06 3.14E-06 0.00404 14.7 
Table A8 
Properties of Water (SI Units) 
Dynamic Kinematic Surface Vapor Bulk 
Temperature, Density, Viscosity, Viscosity, Tension, Pressure, Modulus, 
TC?CO) p(kgim*) — yu (N-s/m?) v (m?/s) a(Nim)  p,(kPa) £,(GPa) 
0 1000 1.76E-03 1.76E-06 0.0757 0.661 2.01 
5 1000 1.51E-03 1.51E-06 0.0749 0.872 
10 1000 1.30E-03 1.30E-06 0.0742 1.23 
15 999 1.14E-03 1.14E-06 0.0735 1.71 
20 998 1.01E-03 1.01E-06 0.0727 2.34 2.21 
25 997 8.93E-04 8.96E-07 0.0720 3.17 
30 996 8.00E-04 8.03E-07 0.0712 4.25 
35 994 7.21E-04 7.25E-07 0.0704 5.63 
40 992 6.53E-04 6.59E-07 0.0696 7.38 
45 990 5.95E-04 6.02E-07 0.0688 9.59 
50 988 5.46E-04 5.52E-07 0.0679 12.4 2.29 
55 986 5.02E-04 5.09E-07 0.0671 15.8 
60 983 4.64E-04 4.72E-07 0.0662 19.9 
65 980 4.31E-04 4.40E-07 0.0654 25.0 
70 978 4.01E-04 4.10E-07 0.0645 31.2 
75 975 3.75E-04 3.85E-07 0.0636 38.6 
80 972 3.52E-04 3.62E-07 0.0627 47.4 
85 969 3.31E-04 3.41E-07 0.0618 57.8 
90 965 3.12E-04 3.23E-07 0.0608 70.1 2.12 
95 962 2.95E-04 3.06E-07 0.0599 84.6 


100 958 2.79E-04 2.92E-07 0.0589 101 
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Table A.7 
Properties of Air at Atmospheric Pressure (U.S. Customary Units) 
Dynamic Kinematic 
Temperature, Density, Viscosity, Viscosity, 
T (°F) p (slug/ft*) ju (bf - s/ft?) v (ft?/s) 
40 0.00247 3.63E-07 1.47E-04 
ee 50 200242 39-07 S204 
22 eee: 1.57E-04_ 
URE sa es | Gepreees Permcenr mere ten PeePEn A.) 5. SEANaaee ma aaaeoOr |= | eee ReneS 1.58E-04_ 
sstacedeleacl sunstnecieveseiapawiadsasaiel -- wentaaeiaiaeienatsabe = 2 Leases 1.62E-04_ 
70 0.00233 3.80E-07 1.63E-04 
80 0.00229 3.85E-07 1.68E-04 
90 0.00225 3.91E-07 1.74E-04 
100 0.00221 3.96E-07 1.79E-04 
110 0.00217 4.02E-07 1.86E-04 
120 0.00213 4.07E-07 1.91E-04 
130 0.00209 4.12E-07 1.97E-04 
140 0.00206 4.18E-07 2.03E-04 
150 0.00202 4.23E-07 2.09E-04 
160 0.00199 4.28E-07 2.15E-04 
170 0.00196 4.33E-07 2.21E-04 
180 0.00193 4.38E-07 2.27E-04 
190 0.00190 4.43E-07 2.33E-04 
200 0.00187 4.48E-07 2.40E-04 
Table A.10 
Properties of Air at Atmospheric Pressure (SI Units) 
Dynamic Kinematic 
Temperature, Density, Viscosity, Viscosity, 
T(°C) p (kg/m*) uu (N- s/m?) v (m?/s) 
0 1.29 1.72E-05 1.33E-05 
5 1.27 1.74E-05 1.37E-05 
10 1.25 1.76E-05 1.41E-05 
15 1.23 1.79E-05 1.45E-05 
20 1.21 1.81E-05 1.50E-05 
25 1.19 1.84E-05 1.54E-05 
30 1.17 1.86E-05 1.59E-05 
35 1.15 1.88E-05 1.64E-05 
40 1.13 1.91E-05 1.69E-05 
45 1.11 1.93E-05 1.74E-05 
50 1.09 1.95E-05 1.79E-05 
55 1.08 1.98E-05 1.83E-05 
60 1.06 2.00E-05 1.89E-05 
65 1.04 2.02E-05 1.94E-05 
70 1.03 2.04E-05 1.98E-05 
75 1.01 2.06E-05 2.04E-05 
80 1.00 2.09E-05 2.09E-05 
85 0.987 2.11E-05 2.14E-05 
90 0.973 2.13E-05 2.19E-05 
95 0.960 2.15E-05 2.24E-05 


100 0.947 2.17E-05 2.29E-05 
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Equa tions of Motion 
in Cylindrical 
Coordinates 


The continuity equation in cylindrical coordinates for constant density is 


= Sra) + = 5 (up) + = (%) = 0 (B.1 


Normal and shear stresses in cylindrical coordinates for constant density and viscosity 
are 


Ou, OU 10u 
Cp PT Ea ro = urs. (2) +o 


10m yu 1 Ov; 
069 = —p + 2u\— ae + ie Nae” Oe 


rey 
= 

| 
fs 
e2 

+ 
e|= 
eee 


Ou 
Oz = —pt2u ae (B.2) 
The Navier—Stokes equations in cylindrical coordinates for constant density and 
viscosity are 
r component: 


Ov, ee, Ov, rs Up Ov, UG ‘ Ov, 
Oot "Or r0oOO r ~*@ 
_ Op 0/190 10v, 20m, #y 
~ PB Bp +f 5 (; or ra) Poe 700 Oz ) 
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@ component: 


_ 1 Op 0/10 1 Puy _ 2 Oy | wy 
P80 +n € Or ral) + Zope 200 be (B.3b) 


Zz component: 


(F oa Ov, Ww Ov, a a 
t ir r z 


2 Op 10 (_dv,\ , 1 Pv, vu, 
PB Bz tuft Or (: *) PO x az eee 


Mechanics 


Referenced in the text are the following videos available at www.wiley.com/college/pritchard. 


Chapter 2 


800 


Fluid as a Continuum 


Streaklines 


Streamlines 


Molecular Interactions 


at the Interface 


Shrinking Soap Film 


Soap Film Burst 


Wetted and Non-wetted 


Surfaces 


Capillary Rise 


Examples of Flow over 
a Sphere 


Chapter 3 


Videos jor eit = 


Internal Laminar Flow 
in a Tube 


The Space Shuttle: An 
External Turbulent Flow 


Boundary Layer Flow 


Streamlined Flow over 
an Airfoil 


Streamlines around a Car 


Laminar and Turbulent 
Flow 


Compressible Flow: 
Shock Waves 


Hydraulic Force 
Amplification 


Chapter 4 


Chapter 5 


Mass Conservation: 
Filling a Tank 


Momentum Effect: 
A Jet Impacting 
a Surface 


An Example of Stream- 
lines/Streaklines 


Particle Motion in 
a Channel 


Particle Motion over a 
Cylinder 


Linear Deformation 


CFD: Turbulent Flow 
in a Channel 


Chapter 6 


Chapter 7 


Chapter 8 


CFD: Flow Past a Cylinder 


CFD: Fully Turbulent 
Duct Flow 


An Example of Irrota- 
tional Flow 


Flow Around a Sphere 1 


Flow Around a Sphere 2 


Geometric, Not Dynamic, 
Similarity: Flow Past a 
Block 1 


Geometric, Not Dynamic, 
Similarity: Flow Past a 
Block 2 


The Reynolds Transition 
Experiment 


Variable Viscosity Experi- 
ment (Animation) 


Variable Viscosity Experi- 
ment: Pressure Drop 


Laminar Pipe Flow: 
Velocity Profile 


Pipe Flow: Laminar 


Pipe Flow: Transitional 


Pipe Flow: Turbulent 


Fully-Developed Pipe 


Flow 


Laminar Flow Exiting 
from a Tube 


Chapter 9 
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The Glen Canyon Dam: A 
Turbulent Pipe Flow 


Computer Simulation: 
Turbulent Channel Flow 1 


Computer Simulation: 
Turbulent Channel Flow 2 


Computer Simulation: 
Turbulent Channel Flow 3 


Flow Visualization: Laser 
Induced Fluorescence 


Laser Doppler Anemo- 
metry (Animation) 


Flow around an Airfoil 


Flow Separation on an 
Airfoil 


Laminar and Turbulent 
Boundary Layers 


Growth of the Boundary 
Layer 


Effect of Viscosity on 
Boundary Layer Growth 


Examples of Boundary 
Layer Growth 


Flow Separation: Sudden 


Expansion 


Flow Separation: Airfoil 


Flow about a Sports Car 


Plate Normal to the Flow 


An Object with a High 
Drag Coefficient 


Chapter 10 


Chapter 11 


Examples of Flow around 
a Sphere 


Laminar and Turbulent 
Flow Past a Sphere 


Flow Separation on 
a Cylinder 


Vortex Trail behind 
a Cylinder 


Low Reynolds Number 
Flow over a Cylinder 


Flow Separation behind a 
Cylinder 


Flow past a Model A anda 
Sports Car 


Flow Past an Airfoil 
(a=0°) 


Flow Past an Airfoil 
(a= 10°) 


Flow Past an Airfoil 
(a = 20°) 


Wing Tip Vortices 


Leading Edge Slats 


Flow in an Axial Flow 
Compressor (Animation) 


A Turbulent Channel 
(Animation) 


The Glen Canyon Dam: 
A Source of Turbulent 
Channel Flow 


A Laminar Hydraulic 
Jump 
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Chapter 12 Shock Waves due to a Shock Waves due to a 
Projectile Projectile 


Sound Waves (Animation) 


Chapter 13 


Shock Waves over a Shock Waves over a 
Supersonic Airplane Supersonic Airplane 


The following videos were developed by the National Committee for Fluid Mechanics 

s Films (NCFMF) and are referenced as “Classic Videos” in the text. They may all be 
viewed for free at http://web.mit.edu/hml/ncfmf.html or linked to from www.wiley. 
com/college/pritchard. 


These videos are supplied by: 


Encyclopaedia Britannica Educational Corporation 
331 North La Salle Street 
Chicago, IL 60654 


Aerodynamic Generation of Sound (44 min, principals: M. J. Lighthill, 

J. E. Ffowcs-Williams) 

Boundary Layer Control (25 min, principal: D. C. Hazen) 

Cavitation (31 min, principal: P. Eisenberg) 

Channel Flow of a Compressible Fluid (29 min, principal: D. E. Coles) 
Deformation of Continuous Media (38 min, principal: J. L. Lumley) 
Eulerian and Lagrangian Descriptions in Fluid Mechanics (27 min, principal: 
J. L. Lumley) 

Flow Instabilities (27 min, principal: E. L. Mollo-Christensen) 

Flow Visualization (31 min, principal: S. J. Kline) 

The Fluid Dynamics of Drag (4 parts, 120 min, principal: A. H. Shapiro) 
Fundamentals of Boundary Layers (24 min, principal: F. H. Abernathy) 
Low-Reynolds-Number Flows (33 min, principal: Sir G. I. Taylor) 
Magnetohydrodynamics (27 min, principal: J. A. Shercliff) 

Pressure Fields and Fluid Acceleration (30 min, principal: A. H. Shapiro) 
Rarefied Gas Dynamics (33 min, principals: F. C. Hurlbut, F. S. Sherman) 
Rheological Behavior of Fluids (22 min, principal: H. Markovitz) 
Rotating Flows (29 min, principal: D. Fultz) 

Secondary Flow (30 min, principal: E. S. Taylor) 

Stratified Flow (26 min, principal: R. R. Long) 

Surface Tension in Fluid Mechanics (29 min, principal: L. M. Trefethen) 
Turbulence (29 min, principal: R. W. Stewart) 

Vorticity (2 parts, 44 min, principal: A. H. Shapiro) 

Waves in Fluids (33 min, principal: A. E. Bryson) 


For a list of additional videos on fluid mechanics, visit www.wiley.com/college/pritchard. 


Selected Performance — 


Curves jor Pumps 
and Fans 


Introduction 


Many firms, worldwide, manufacture fluid machines in numerous standard types and 
sizes. Each manufacturer publishes complete performance data to allow application of 
its machines in systems. This Appendix contains selected performance data for use in 
solving pump and fan system problems. Two pump types and one fan type are 
included. 

Choice of a manufacturer may be based on established practice, location, or cost. 
Once a manufacturer is chosen, machine selection is a three-step process: 


1. Select a machine type, suited to the application, from a manufacturer’s full-line 
catalog, which gives the ranges of pressure rise (head) and flow rate for each 
machine type. 


2. Choose an appropriate machine model and driver speed from a master selector 
chart, which superposes the head and flow rate ranges of a series of machines on 
one graph. 

3. Verify that the candidate machine is satisfactory for the intended application, using 
a detailed performance curve for the specific machine. 


It is wise to consult with experienced system engineers, either employed by the 
machine manufacturer or in your own organization, before making a final purchase 
decision. 

Many manufacturers currently use computerized procedures to select a machine 
that is most suitable for each given application. Such procedures are simply automated 
versions of the traditional selection method. Use of the master selector chart and the 
detailed performance curves is illustrated below for pumps and fans, using data from 
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D2 


ample D. 


one manufacturer of each type of machine. Literature of other manufacturers differs 
in detail but contains the necessary information for machine selection. 


Pump Selection 


Representative data are shown in Figs. D.1 through D.10 for Peerless’ horizontal split 
case single-stage (series AE) pumps and in Figs. D.11 and D.12 for Peerless multi- 
stage (series TU and TUT) pumps. 

Figures D.1 and D.2 are master pump selector charts for series AE pumps at 3500 
and 1750 nominal rpm. On these charts, the model number (e.g., 6AE14) indicates the 
discharge line size (6 in. nominal pipe), the pump series (AE), and the maximum 
impeller diameter (approximately 14 in.). 

Figures D.3 through D.10 are detailed performance charts for individual pump 
models in the AE series. 

Figures D.11 and D.12 are master pump selector charts for series TU and TUT 
pumps at 1750 nominal rpm. Data for two-stage pumps are presented in Fig. D.11, 
while Fig. D.12 contains data for pumps with three, four, and five stages. 

Each pump performance chart contains curves of total head versus volume flow 
rate; curves for several impeller diameters—tested in the same casing—are presented 
on a single graph. Each performance chart also contains curves showing pump effi- 
ciency and driver power; the net positive suction head (NPSH) requirement, as it 
varies with flow rate, is shown by the curve at the bottom of each chart. The best 
efficiency point (BEP) for each impeller may be found using the efficiency curves. 

Use of the master pump selector chart and detailed performance curves is illus- 
trated in Example D.1. 


CTION PROCEDURE 


Select a pump to deliver 1750 gpm of water at 120 ft total head. Choose the appropriate pump model and driver 
speed. Specify the pump efficiency, driver power, and NPSH requirement. 


Given: 
Find: 


Select a pump to deliver 1750 gpm of water at 120 ft total head. 


Solution: 
Use the pump selection procedure described in Section D-1. (The numbers below correspond to the numbered steps 
given in the procedure.) 


(a) Pump model and driver speed. 
(b) Pump efficiency. 
(c) Driver power. 

(d) NPSH requirement. 


1. Select a machine type suited to the application. (This step actually requires a manufacturer’s full-line catalog, 
which is not reproduced here. The Peerless product line catalog specifies a maximum delivery and head of 
2500 gpm and 660 ft for series AE pumps. Therefore the required performance can be obtained; assume the 
selection is to be made from this series.) 


‘Peerless Pump Company, P.O. Box 7026, Indianapolis, IN 46207-7026. 
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2. Consult the master pump selector chart. The desired operating point is not within any pump contour on the 3500 
rpm selector chart (Fig. D.1). From the 1750 rpm chart (Fig. D.2), select a model 6AE14 pump. From the per- 
formance curve for the 6AE14 pump (Fig. D.6), choose a 13-in. impeller. 


3. Verify the performance of the machine using the detailed performance 
chart. On the performance chart for the 6AE14 pump, project up from 
the abscissa at Q = 1750 gpm. Project across from H = 120 ft on the 
ordinate. The intersection is the pump performance at the desired 
operating point: 


7 © 85.8 percent P = 64 hp 


CUrately and the 
d Correctly, 


From the operating point, project down to the NPSH requirement 
curve. At the intersection, read NPSH ~ 17 ft. 


Fan Selection D.3 


Fan selection is similar to pump selection. A representative master fan selection chart is 
shown in Fig. D.13 for a series of Howden Buffalo” axial-flow fans. The chart shows the 
efficiency of the entire series of fans as a function of total pressure rise and flow rate. 
The series of numbers for each fan indicates the fan diameter in inches, the hub diameter 
in inches, and the fan speed in revolutions per minute. For instance, a 54-26-870 fan has a 
fan diameter of 54 in., a hub diameter of 26 in., and should be operated at 870 rpm. 

Normally, final evaluation of suitability of the fan model for the application would 
be done using detailed performance charts for the specific model. Instead, we use the 
efficiencies from Fig D.13, which are indicated by the shading of the different zones on 
the map. To calculate the power requirement for the fan motor, we use the following 
equation: 


Q(cfm) X Ap(in. H,O) 
6350 X 7 


P(hp) = 


A sample fan selection is presented in Example D.2. 


SEE D2 "FAN-SELECTION PROCEDURE 


Select an axial flow fan to deliver 30,000 cfm of standard air at 1.25 in. H,O total pressure. Choose the appropriate 
fan model and driver speed. Specify the fan efficiency and driver power. 


Given: Select an axial flow fan to deliver 30,000 cfm of standard air at 1.25 in. H,O total head. 


Find: (a) Fan size and driver speed. 
(b) Fan efficiency. 
(c) Driver power. 


Solution: 
Use the fan selection procedure described in Section D-1. (The numbers below correspond to the numbered steps 
given in the procedure.) 


*Howden Buffalo Inc., 2029 W. DeKalb St., Camden, SC 29020. 
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1. Select a machine type suited to the application. (This step actually requires a manufacturer’s full-line catalog, 
which is not reproduced here. Assume the fan selection is to be made from the axial fan data presented in Fig. 
1B).i13),) 


2. Consult the master fan selector chart. The desired operating point 
is within the contour for the 48-21-860 fan on the selector chart 
(Fig. D.13). To achieve the desired performance requires driving the 
fan at 860 rpm. 


3. Verify the performance of the machine using a detailed performance 
chart. To determine the efficiency, we consult Fig D.13 again. We 
estimate an efficiency of 85 percent. To determine the motor power 
requirement, we use the equation given above: 


<A fm X 1.25 in. H 
_@ p _ 30,000 cfm 5 in. H,O Geshe 


P= 6350 xn 6350 X 0.85 


700 3500 rpm 


Total head, H (ft) 


100 200 300 400 500 700 | 900 1500 2500 |= 3500 
600 800 1000 2000 3000 4000 
Volume flow rate, O (gpm) 
Fig. D.a Selector chart for Peerless horizontal split case (series AE) pumps at 3500 nominal rpm. 
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500 


1750 rpm 


400 


300 
250 


200 


150 


120 


100 
90 
80 
70 
60 


50 


Total head, H (ft) 


40 


30 


20 
100 200 300 400 600 | 800 1000 1500 | 2500 4000 6000 | 8000 


500 700 900 2000 3000 5000 7000 
Volume flow rate, Q (gpm) 


Fig. D.2 Selector chart for Peerless horizontal split case (Series AE) pumps at 1750 nominal rpm. 
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| Dl = 11.25 in.; D2 = 10.25 in.; D3 = 9.25 in.; D4 = 762 in. 
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Flow (US gpm) 
Performance curve for Peerless 4AE11 pump at 1750 rpm. 


Efficiency (%) 


D.3 Fan Selection 809 


]D1 = 12.12 in.; D2 = 11.00 in.; D3 = 10.00 in.; D4 = 9.50 in.; D5 = 8.50 in. 
1 90 
1 80 
150 
1 70 
o | 60 = 
= a 
3 100 50 2 
oO o 
a J ‘0 
: D1 40 5 
: 30 
50 
| D4 20 
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= 10 
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Flow (US gpm) 
Fig. D.4 Performance curve for Peerless 4AE12 pump at 1750 rpm. 
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D1 = 12.12 in.; D2 = 11.00 in.; D3 = 10.00 in.; D4 = 9.50 in.; D5 = 8.50 in. 
| L 90 
- 80 
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Fig. D.5 Performance curve for Peerless 4AE12 pump at 3550 rpm. 
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| D1 = 14.00 in.; D2 = 13.00 in.; D3 = 12.00 in.; D4 = 11.00 in.; D5 = 10.38 in.; D6 = 10.00 in. 
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Fig. D.6 Performance curve for Peerless 6AE14 pump at 1750 rpm. 
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4 D1 = 20.00 in.; D2 = 19.00 in.; D3 = 18.00 in.; D4 = 17.00 in.; D5 = 16.00 in.; D7 = 14.00 in. 
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Fig. D.7 Performance curve for Peerless 8AE20G pump at 1770 rpm. 
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Fig. D.8 Performance curve for Peerless 10AE12 pump at 1760 rpm. 
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D1 = 18.00 in.; D2 = 17.00 in.; D3 = 16.00 in.; D4 = 15.00 in. 


Head (ft) 


Va 


NPSH (ft) 


Power (hp) 


2000 4000 6000 
Flow (US gpm) 


Fig. D.g Performance curve for Peerless 16418B pump at 705 rpm. 
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Fig. D.10 Performance curve for Peerless 16A18B pump at 880 rpm. 
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Fig. D.11 


1000 
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Selector chart for Peerless two-stage (series TU and TUT) pumps at 1750 nominal rpm. 
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Fig. D.12 Selector chart for Peerless multi-stage (series TU and TUT) pumps at 1750 nominal rpm. 
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Fig. D.13 Master fan selection chart for Howden Buffalo axial fans. 
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Flow Functions for 
Compu tation of 
Compresstble Flow 


Isentropic Flow E.7 


Isentropic flow functions are computed using the following equations: 


a ee a Me (12.21b) /(13.7b) 
4 een) 

f 7 [1 n ct we (12.21) /(13.7a) 

p -1 1/(k-1) 

fy 1+ ct | (12.216) /(13.7c) 

- k-1 (k +1)/2(k-1) 
A .. 12? = 
a aa (13.74) 


Representative values of the isentropic flow functions for k = 1.4 are presented in 
Table E.1 and plotted in Fig. E.1. 
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Isentropic Flow Functions (one-dimensional flow, ideal gas, k = 1.4) 


Table E.1 
M T/To 
0.00 1.0000 
0.50 0.9524 
1.00 0.8333 
1.50 0.6897 
2.00 0.5556 
2.50 0.4444 
3.00 0.3571 
3.50 0.2899 
4.00 0.2381 
4.50 0.1980 
5.00 0.1667 


PIPo 


1.0000 
0.8430 
0.5283 
0.2724 
0.1278 
0.05853 
0.02722 
0.01311 
0.006586 
0.003455 
0.001890 


P!Po 


1.0000 
0.8852 
0.6339 
0.3950 
0.2301 
0.1317 
0.07623 
0.04523 
0.02766 
0.01745 
0.01134 


_J This table was computed from the Excel workbook Isentropic Relations. The 
workbook contains a more detailed, printable version of the table and can be 
easily modified to generate data for a different Mach number range, or for a 


different gas. 
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3.0] 


Property ratios 


Fig. E.1 Isentropic flow functions. 


Mach number 


_J This graph was generated from the Excel workbook. The workbook can be 
modified easily to generate curves for a different gas. 
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E.2 Normal Shock 


Normal-shock flow functions are computed using the following equations: 


M24 2 
M2 = a=. (13.20a) 
——_M?-1 
k-1 ! 
k+1ap et 
2 1 
te 1 ye 
Po 2 (13.20b) 
Po 2k 4 k-1lerv 
k+1 ' k+l 
1+ 1 a 
Ts a p] 
— ea (13.20c) 
1 ( yng 
e) 1 
P2 2k 2 k- 1 
= M 13.20d 
pi kt+1 ! k+i1 ( ) 
k+1 
——— Mj 
pr O i (13.20e) 
Pro 12 14+ Mm} 


Representative values of the normal-shock flow functions for k = 1.4 are presented in 
Table E.2 and plotted in Fig. E.2. 


Table E.2 
Normal-Shock Flow Functions (one-dimensional flow, ideal gas, k = 1.4) 

M, M2 Po,/Po, T/T, P2/D1 P2lp1 
1.00 1.000 1.000 1.000 1.000 1.000 
1.50 0.7011 0.9298 1.320 2.458 1.862 
2.00 0.5774 0.7209 1.687 4.500 2.667 
2.50 0.5130 0.4990 2.137 7.125 3.333 
3.00 0.4752 0.3283 2.679 10.33 3.857 
3.50 0.4512 0.2130 3.315 14.13 4.261 
4.00 0.4350 0.1388 4.047 18.50 4.571 
4.50 0.4236 0.09170 4.875 23.46 4.812 
5.00 0.4152 0.06172 5.800 29.00 5.000 


J This table was computed from the Excel workbook Normal-Shock Relations. The 
workbook contains a more detailed, printable version of the table and can be modified 
easily to generate data for a different Mach number range, or for a different gas. 
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Fig. E.2 Normal-shock flow functions. 


_J This graph was generated from the Excel workbook. The workbook can be 
modified easily to generate curves for a different gas. 
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E.3 Fanno-Line Flow 


Fanno-line flow functions are computed using the following equations: 


= (k + 1)/2(k-1) 
= = rales (1+ Sear) (13.34e) 


r__() 


7 ~ 7 k=1,, (13.34b) 
2 
k+1\ 73? 
p_i ( 2 
pM Et (13.34d) 
k+1\ yp M2 
V p* 2 
me a (13.34c) 
+ 
1 5 M 
Flimx  1-M?2 k+1 (k + 1)M2 
= + In (13.34a) 
2 = 
D, kM. 2k 2(r+ tne) 


Representative values of the Fanno-line flow functions for k = 1.4 are presented in 
Table E.3 and plotted in Fig. E.3. 


Table E.3 
Fanno-Line Flow Functions (one-dimensional flow, ideal gas, k = 1.4) 

M PolPo TIT* pip* VIV® Flimax!Dp 
0.00 oe) 1.200 oe) 0.0000 oe) 
0.50 1.340 1.143 2.138 0.5345 1.069 
1.00 1.000 1.000 1.000 1.000 0.0000 
1.50 1.176 0.8276 0.6065 1.365 0.1361 
2.00 1.688 0.6667 0.4083 1.633 0.3050 
2.50 2.637 0.5333 0.2921 1.826 0.4320 
3.00 4.235 0.4286 0.2182 1.964 0.5222 
3.50 6.790 0.3478 0.1685 2.064 0.5864 
4.00 10.72 0.2857 0.1336 2.138 0.6331 
4.50 16.56 0.2376 0.1083 2.194 0.6676 


5.00 25.00 0.2000 0.08944 2.236 0.6938 


_J This table was computed from the Excel workbook Fanno-Line Relations. The 
workbook contains a more detailed, printable version of the table and can be modified 
easily to generate data for a different Mach number range, or for a different gas. 
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Fig. E.3 Fanno-line flow functions. 


_j This graph was generated from the Excel workbook. The workbook can be 
modified easily to generate curves for a different gas. 
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E.4 Rayleigh -Line Flow 


Rayleigh-line flow functions are computed using the following equations: 


k-1 
2(k +1)M2( 1+ ——M? 
ry 2D ( : ) 
Tp (1+ kM2)? 

- k/(k-1) 
eee 2 | ig © ye 
Pot  1+kM2|\k+1 2 

2 
T i 1+k 
T* 1+kM2 
p  1tk 
p*®  1+kM? 
p*  V _ M(1+k) 
p ve 1+kM2 


(13.44d) 


(13.44e) 


(13.44) 


(13.44a) 


(13.44) 


Representative values of the Rayleigh-line flow functions for k = 1.4 are presented in 
Table E.4 and plotted in Fig. E.4. 


Table E.4 
Rayleigh-Line Flow Functions (one-dimensional flow, ideal gas, k = 1.4) 

M TolTo Polpo TIT* pip* VIV* 
0.00 0.0000 1.268 0.0000 2.400 0.0000 
0.50 0.6914 1.114 0.7901 1.778 0.4444 
1.00 1.000 1.000 1.000 1.000 1.000 
1.50 0.9093 1.122 0.7525 0.5783 1.301 
2.00 0.7934 1.503 0.5289 0.3636 1.455 
2.50 0.7101 2.222 0.3787 0.2462 1.539 
3.00 0.6540 3.424 0.2803 0.1765 1.588 
3.50 0.6158 5.328 0.2142 0.1322 1.620 
4.00 0.5891 8.227 0.1683 0.1026 1.641 
4.50 0.5698 12.50 0.1354 0.08177 1.656 
5.00 0.5556 18.63 0.1111 0.06667 1.667 


_J This table was computed from the Excel workbook Rayleigh-Line Relations. The 
workbook contains a more detailed, printable version of the table and can be 
easily modified to generate data for a different Mach number range, or for a 


different gas. 
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Fig. E.4 Rayleigh-line flow functions. 


_j This graph was generated from the Excel workbook. The workbook can be 
modified easily to generate curves for a different gas. 
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E.S Oblique Shock 


Oblique-shock flow functions are computed using the following equations: 


2 My, : k : 1 
M2 = —*_k-1 13.48a 

2 Tk canes) 

k-1 
k#1.. Vue) 
2 I, 

‘ 1+ ete 

o = 2 (13.48b) 


= (13.48c) 
2 
T, (“ + *) ‘4 
2 1, 
P2 = 2k 2 k — 1 
pi Ok+1 hk ae 
Rd 
re a -— : (13.48e) 
PA 2n ee: 5 Mi 


Representative values of the oblique-shock flow functions for k = 1.4 are presented in 
Table E.5 (identical to Table E.2 except for the Mach number notations). 


Table ES 

Oblique-Shock Flow Functions (ideal gas, k = 1.4) 
M,, M2, Po,!Po, T/T; P2/P1 P2/p1 
1.00 1.000 1.0000 1.000 1.000 1.000 
1.50 0.7011 0.9298 1.320 2.458 1.862 
2.00 0.5774 0.7209 1.687 4.500 2.667 
2.50 0.5130 0.4990 2.137 Tl2> 3333 
3.00 0.4752 0.3283 2.679 10.33 3.857 
3.50 0.4512 0.2130 3.315 14.13 4.261 
4.00 0.4350 0.1388 4.047 18.50 4.571 
4.50 0.4236 0.09170 4.875 23.46 4.812 
5.00 0.4152 0.06172 5.800 29.00 5.000 


The deflection angle 0, oblique-shock angle 3, and Mach number M, are related 
using the following equation: 
2 cot 6(Mj sin? — 1) 
M?(k + cos 28) +2 


tan 0 = (13.49) 


Representative values of angle @ are presented in Table E.6. 
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Table E.6 
Oblique-Shock Deflection Angle 6 (deg) (ideal gas, k = 1.4) 


Mach number M, 


1.2 1.4 1.6 1.8 2 2.5 3 4 6 10 90 
0 = _— _ — = 
5 — — — — 4.16 
10 — — — — — 0.64 5.53 8.32 
15 — —_— — — 0.80 718 10.5 12.4 
20 — — —_— 0.77 TA4 12.4 15.1 16.5 
ps 25 — — 1.93 7.28 12.9 17.1 19.3 20.6 
3 30 — — 7.99 12.8 17.8 21.5 23.4 24.5 
= 35 1.41 5.15 13.2 17.6 22.2 25.6 21 28.3 
a 40 — — 1.31 6.49 10.6 17.7 21.8 26.2 29.4 S14. 32.0 
“sb 45 — — 5.73 10.7 14.7 21.6 25.6 29.8 33.0 34.6 3535 
s 50 — 3.28 9.31 14.2 18.1 24.9 28.9 33.1 36.2 37.8 38.8 
3) 55 — 6.18 12.1 16.9 20.7 27.4 31.5 35.8 39.0 40.7 41.6 
& 60 1.61 8.20 13.9 18.6 22.4 29.2 33.3 37.8 41.1 42.9 43.9 
65 3.16 927 14.6 19.2 23.0 29.8 34.1 38.7 42.3 44.2 45.3 
70 3.88 9.32 14.2 18.5 22.1 28.9 33.3 38.2 42.1 44.2 45.4 
75 3.80 8.29 12.5 16.2 19.5 25.9 30.2 35.3 3955 41.8 43.1 
80 3.01 6.25 9.34 12:2 14.8 20.1 23.9 28.7 32.8 35.2 36.6 
85 1.66 3.36 5.03 6.61 8.08 Ua Be 13.6 16.8 19.7 21.6 22.7 
90 0 0 0 0 0 0 0 0 0 0 0) 


_J Tables E.5 and E.6 were computed from the Excel workbook Oblique-Shock 
Relations. The workbook contains a more detailed, printable version of the 
tables and can be modified easily to generate data for a different Mach number 
range, or for a different gas. 
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13.6 Isentropic Expansion Wave Relations 


The Prandtl-Meyer supersonic expansion function, w, is 


— [k+l 4 k-1 4 4 ee 
w Vz = tan ( ol (M ») tan (VM? — 1) (13:55) 
Representative values of angle w are presented in Table E.7. 
Table E.7 
Prandtl-Meyer Supersonic Expansion Function w (deg) (ideal gas, k = 1.4) 

M @ (deg) M @ (deg) M o (deg) M o (deg) 
1.00 0.00 2.00 26.4 3.00 49.8 4.00 65.8 
1.05 0.49 2.05 27.7 3.05 50.7 4.05 66.4 
1.10 1.34 2.10 29.1 3.10 51.6 4.10 67.1 
1.15 2.38 215 30.4 3.15 52.6 4.15 67.7 
1.20 3.56 2.20 31.7 3.20 53.5 4.20 68.3 
125 4.83 2.25 33.0 3.25 54.4 4.25 68.9 
1.30 6.17 2.30 34.3 3.30 55.2 4.30 69.5 
1.35 7.56 2.39 35.5 3.35 56.1 4.35 70.1 
1.40 8.99 2.40 36.7 3.40 56.9 4.40 70.7 
1.45 10.4 2.45 37.9 3.45 57.7 4.45 713 
1.50 11.9 2.50 39.1 3.50 58.5 4.50 71.8 
1.55 13.4 2.55 40.3 3.55 59.3 4.55 72.4 
1.60 14.9 2.60 41.4 3.60 60.1 4.60 72.9 
1.65 16.3 2.65 42.5 3.65 60.9 4.65 73.4 
1.70 17.8 2.70 43.6 3.70 61.6 4.70 74.0 
1.75 19.3 2.75 44.7 3:15 62.3 4.75 74.5 
1.80 20.7 2.80 45.7 3.80 63.0 4.80 75.0 
1.85 22.2 2.85 46.8 3.85 63.7 4.85 Wye) 
1.90 23.6 2.90 47.8 3.90 64.4 4.90 76.0 
1.95 25.0 2.95 48.8 3.95 65.1 4.95 76.4 
2.00 26.4 3.00 49.8 4.00 65.8 5.00 76.9 


J This table was computed from the Excel workbook Isentropic Expansion Wave 
Relations. The workbook contains a more detailed, printable version of the table 
and can be easily modified to generate data for a different Mach number range, 
or for a different gas. 
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Introduction F.7 


Experimental data often are used to supplement engineering analysis as a basis for 
design. Not all data are equally good; the validity of data should be documented 
before test results are used for design. Uncertainty analysis is the procedure used to 
quantify data validity and accuracy. 

Analysis of uncertainty also is useful during experiment design. Careful study may 
indicate potential sources of unacceptable error and suggest improved measurement 
methods. 


Types of Error F.2 


Errors always are present when experimental measurements are made. Aside from 
gross blunders by the experimenter, experimental error may be of two types. Fixed (or 
systematic) error causes repeated measurements to be in error by the same amount 
for each trial. Fixed error is the same for each reading and can be removed by proper 
calibration or correction. Random error (nonrepeatability) is different for every 
reading and hence cannot be removed. The factors that introduce random error are 
uncertain by their nature. The objective of uncertainty analysis is to estimate the 
probable random error in experimental results. 

We assume that equipment has been constructed correctly and calibrated properly 
to eliminate fixed errors. We assume that instrumentation has adequate resolution 
and that fluctuations in readings are not excessive. We assume also that care is used in 
making and recording observations so that only random errors remain. 
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F.3 Estimation of Uncertainty 


Our goal is to estimate the uncertainty of experimental measurements and calculated 
results due to random errors. The procedure has three steps: 


1. Estimate the uncertainty interval for each measured quantity. 
2. State the confidence limit on each measurement. 


3. Analyze the propagation of uncertainty into results calculated from experimental 
data. 


Below we outline the procedure for each step and illustrate applications with 
examples. 


Step 1 Estimate the measurement uncertainty interval. Designate the measured vari- 
ables in an experiment as x1, %2,..., X,. One possible way to find the uncer- 
tainty interval for each variable would be to repeat each measurement many 
times. The result would be a distribution of data for each variable. Random 
errors in measurement usually produce a normal (Gaussian) frequency dis- 
tribution of measured values. The data scatter for a normal distribution is 
characterized by the standard deviation, 7. The uncertainty interval for each 
measured variable, x;, may be stated as +no;, where n = 1, 2, or 3. 

However, the most typical situation in engineering work is a “single- 
sample” experiment, where only one measurement is made for each point [1]. 
A reasonable estimate of the measurement uncertainty due to random error in 
a single-sample experiment usually is plus or minus half the smallest scale 
division (the least count) of the instrument. However, this approach also must 
be used with caution, as illustrated in the following example. 


ample fF. TY IN BAROMETER READING 


The observed height of the mercury barometer column is h = 752.6 mm. The 
least count on the vernier scale is 0.1 mm, so one might estimate the probable 
measurement error as £0.05 mm. 

A measurement probably could not be made this precisely. The barometer 
sliders and meniscus must be aligned by eye. The slider has a least count of 
1 mm. As a conservative estimate, a measurement could be made to the 
nearest millimeter. The probable value of a single measurement then would 
be expressed as 752.6 + 0.5 mm. The relative uncertainty in barometric 
height would be stated as 


2. The me 
‘ aSurem 
height Was ent of 


Up, = oe = +0.000664 or +0.0664 percent 


When repeated measurements of a variable are available, they are usually 
normally distributed data, for which over 99 percent of measured values of 
x; lie within +30; of the mean value, 95 percent lie within +20;, and 68 percent 
lie within +o; of the mean value of the data set [2]. Thus it would be possible 
to quantify expected errors within any desired confidence limit if a statistically 
significant set of data were available. 
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The method of repeated measurements usually is impractical. In most 
applications it is impossible to obtain enough data for a statistically significant 
sample owing to the excessive time and cost involved. However, the normal 
distribution suggests several important concepts: 


1. Small errors are more likely than large ones. 
2. Plus and minus errors are about equally likely. 
3. No finite maximum error can be specified. 


Step 2 State the confidence limit on each measurement. The uncertainty interval of 
a measurement should be stated at specified odds. For example, one may write 
h = 752.6 + 0.5 mm (20 to 1). This means that one is willing to bet 20 to 1 that 
the height of the mercury column actually is within +0.5 mm of the stated 
value. It should be obvious [3] that “... the specification of such odds can only 
be made by the experimenter based on ... total laboratory experience. There 
is no substitute for sound engineering judgment in estimating the uncertainty 
of a measured variable.” 

The confidence interval statement is based on the concept of standard 
deviation for a normal distribution. Odds of about 370 to 1 correspond to +30; 
99.7 percent of all future readings are expected to fall within the interval. Odds 
of about 20 to 1 correspond to +20 and odds of 3 to 1 correspond to +o 
confidence limits. Odds of 20 to 1 typically are used for engineering work. 


Step 3 Analyze the propagation of uncertainty in calculations. Suppose that mea- 
surements of independent variables, x1, x2,..., X,, are made in the laboratory. 
The relative uncertainty of each independently measured quantity is estimated 
as u;. The measurements are used to calculate some result, R, for the 
experiment. We wish to analyze how errors in the x;s propagate into the cal- 
culation of R from measured values. 


In general, R may be expressed mathematically as R = R(x, X2,..-, Xn). 
The effect on R of an error in measuring an individual x; may be estimated by 
analogy to the derivative of a function [4]. A variation, 6x;, in x; would cause 
variation 6R; in R, 


The relative variation in R is 


5R _ LOR. _ x, OR 6x; 


R R 0x; oR Ox; %; 


(F.1) 


Equation F.1 may be used to estimate the relative uncertainty in the result due 
to uncertainty in x;. Introducing the notation for relative uncertainty, we obtain 


_ 4% OR 


2s. F2 
tm (F.2) 


UR 


How do we estimate the relative uncertainty in R caused by the combined 
effects of the relative uncertainties in all the xjs? The random error in each 
variable has a range of values within the uncertainty interval. It is unlikely that 
all errors will have adverse values at the same time. It can be shown [1] that the 
best representation for the relative uncertainty of the result is 

x, OR xX, OR ' x, OR 2 
Gran) * Bante) ++ Ga) 


=+ 


UR = + (F.3) 


832 — AypendixF Analysis of Experimental Uncertainty 


ample F. TY IN VOLUME OF CYLINDER 


Obtain an expression for the uncertainty in determining the volume of a cylinder from measurements of its radius 
and height. The volume of a cylinder in terms of radius and height is 


¥ = V(r,h) = 1rh 


Differentiating, we obtain 


d¥ = rart or dh = 2nrh dr + nr dh 
since 
= = 2nrh and = =r 
From Eq. F.2, the relative uncertainty due to radius is 
fay = = Ey = , = 
and the relative uncertainty due to height is 
uy pn = My OE ye i: (xr?)uy, = Uy, 
: ¥ ¥ oh mrh 

The relative uncertainty in volume is then 

uy = +[(2u,)° + (up) }? (F.4) 


F.4 Applications to Data 


Applications to data obtained from laboratory measurements are illustrated in the 
following examples. 


ample F. TY IN LIQUID MASS FLOW RATE 


The mass flow rate of water through a tube is to be determined by collecting water in a beaker. The mass flow rate is 
calculated from the net mass of water collected divided by the time interval, 


_ Am 


where Am = my — m.,. Error estimates for the measured quantities are 


Mass of full beaker, my = 400 +2 g (20 to 1) 
Mass of empty beaker, m, = 200 +2 g (20 to 1) 
Collection time interval, At = 10 +0.2 s (20 to 1) 


The relative uncertainties in measured quantities are 
28 


= t+ 78 = + 
Um, = = 70g 9 = £0.005 
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ae ee enor 


tm ~ 300 g 

(WOES 
Se SEO) 
UAt 10 s 0.0 


The relative uncertainty in the measured value of net mass is calculated from Eq. F.3 as 


2 2 
| ae dam | 4 [| Mme dam | 
ES SN Ne Om = Am Om "* 


+ {{(2)(1)(+0.005)}? + [(1)(-1)(+0.01)?}” 
+0.0141 


1/2 


Il 


UAm 


Because m = mn(Am, At), we may write Eq. F.3 as 


1/2 
—_ | (Am orn y , (At atin ai (F6) 
in Bm“) ~ Gn Oat “4 
The required partial derivative terms are 
Am om At Om 
Ta OAm | 4 ee aar ! 


Substituting into Eq. F.6 gives 


4, = +{[(1)(+0.0141)}? + [(—1)(+0.02) 77} 
Uj, = +0.0245 or +2.45 percent (20 to 1) 


ae Ea UNGERTAINTY IN THE REYNOLDS NUMBER FOR WATER FLOW 


The Reynolds number is to be calculated for flow of water in a tube. The computing equation for the Reynolds 
number is 


4n 
=e Se F. 
Re aD Re(m, D, 1) (F.7) 


We have considered the uncertainty interval in calculating the mass flow rate. What about uncertainties in ys and D? 
The tube diameter is given as D = 6.35 mm. Do we assume that it is exact? The diameter might be measured to the 
nearest 0.1 mm. If so, the relative uncertainty in diameter would be estimated as 
a eee 0.05 mm 
> ~ 635 mm 
The viscosity of water depends on temperature. The temperature is estimated as T = 24 + 0.5°C. How will the 
uncertainty in temperature affect the uncertainty in 2? One way to estimate this is to write 
" bu 1 du 
Bw p aT 


= +0.00787 or +0.787 percent 


Uun(T) 


(+6T) (F.8) 
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The derivative can be estimated from tabulated viscosity data near the nominal temperature of 24°C. Thus 


a Na ful®@5 ©) = jul BC) N:s il 
—— = (0, -0. ae gee 
ae ANTE (2 = 23)'C CEE = Oe 2) im  2C 
du 


== 215 < 10> Nis/(m ©) 


It follows from Eq. F.8 that the relative uncertainty in viscosity due to temperature is 


2 . 
Se 


——_——_ — >< ((ael0), 3 
“WT) ~ 9 900911 Nos wae te 


ur) = +£0.0118 or +1.18 percent 


Tabulated viscosity data themselves also have some uncertainty. If this is +1.0 percent, an estimate for the resulting 
relative uncertainty in viscosity is 


by, = +|(+0.01)* + (+0.0118)*]/* = +0.0155 or +1.55 percent 


The uncertainties in mass flow rate, tube diameter, and viscosity needed to compute the uncertainty interval for 
the calculated Reynolds number now are known. The required partial derivatives, determined from Eq. F.7, are 


m ORe _ m 4 _ Re 


= = = iil 
Re Om Re7tyuD ~~ Re 
pu ORe | HH4) 4m ee ey 
Re Op Re Tu2D Re 
DORe _ D 4m _ Re _ 


Regn mene © ae Re 


Substituting into Eq. F.3 gives 
2 2 2 
,|# ORe alee D ORe 
- Re Ou" Re 0D 


a = {[(1)(#0.0245)) + [(-1)(+0.0155)]? + (-1)(£0.00787)°}" : 


1/2 


Ure = +£0.0300 or +3.00 percent 


ae ig o "UNCERTAINTY IN AIR SPEED 
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Air speed is calculated from pitot tube measurements in a wind tunnel. From the Bernoulli equation, 


r=( 


“aE eae ia 


Pair 


where h is the observed height of the manometer column. 
The only new element in this example is the square root. The variation in V due to the uncertainty interval in h is 


(F.9) 


=) 
h OV = h if 2B Pweter DE es: 
V Oh V2 Pair Pair 
HOV wn Zep ye ed 
VOh V2V_ pa 2v2 2 


Using Eq. F.3, we calculate the relative uncertainty in V as 


aie 


uy = 5 Uh 


2 


( 


If uw, = +£0.01 and the other uncertainties are negligible, 


uy 


Uy 


ES Summary 


(+0. 


2 il 2 
a 9) Ur eater oF aa 


01) 


+0.00500 or 


‘ a 1/2 
>) 2s) | 

25 1/2 

+0.500 percent 


A statement of the probable uncertainty of data is an important part of reporting experimental results completely and clearly. The 
American Society of Mechanical Engineers requires that all manuscripts submitted for journal publication include an adequate 
statement of uncertainty of experimental data [5]. Estimating uncertainty in experimental results requires care, experience, and 
judgment, in common with many endeavors in engineering. We have emphasized the need to quantify the uncertainty of mea- 
surements, but space allows including only a few examples. Much more information is available in the references that follow (e.g., [4, 
6, 7). We urge you to consult them when designing experiments or analyzing data. 
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S/ Untts, Prefixes, 
and Conversion Factors 


Table G.1 
SI Units and Prefixes® 
SI Units Quantity Unit SI Symbol Formula 
SI base units: Length meter m — 
Mass kilogram kg — 
Time second s ae 
Temperature kelvin K — 
SI supplementary unit: Plane angle radian rad _— 
SI derived units: Energy joule J N-m 
Force newton N kg- m/s” 
Power watt W J/s 
Pressure pascal Pa N/m? 
Work joule J N-m 
SI prefixes Multiplication Factor Prefix SI Symbol 
1 000 000 000 000 = 10'7 tera . 
1 000 000 000 = 10° giga G 
1 000 000 = 10° mega M 
1 000 = 10° kilo k 
001 10+ centi? c 
0.001 = 10°° milli m 
0.000 001 = 10~° micro I 
0.000 000 001 = 10°° nano n 
0.000 000 000 001 = 10° pico p 


“Source: ASTM Standard for Metric Practice E 380-97, 1997. 
’To be avoided where possible. 
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Unit Conversions 


The data needed to solve problems are not always available in consistent units. Thus it 
often is necessary to convert from one system of units to another. 

In principle, all derived units can be expressed in terms of basic units. Then, only 
conversion factors for basic units would be required. 

In practice, many engineering quantities are expressed in terms of defined units, for 
example, the horsepower, British thermal unit (Btu), quart, or nautical mile. Defini- 
tions for such quantities are necessary, and additional conversion factors are useful in 
calculations. 

Basic SI units and necessary conversion factors, plus a few definitions and con- 
venient conversion factors are given in Table G.2. 


G.1 Unit Conversions 


G.1 
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Table G.2 
Conversion Factors and Definitions 
Fundamental 
Dimension English Unit Exact SI Value Approximate SI Value 
Length 1 in. 0.0254 m — 
Mass 1 Ibm 0.453 592 37 kg 0.454 kg 
Temperature 1°F 5/9 K — 
Definitions: 
Acceleration of gravity: g = 9.8066 m/s” (= 32.174 ft/s”) 
Energy: Btu (British thermal unit) = amount of energy required to raise the 
temperature of 1 Ibm of water 1°F (1 Btu = 778.2 ft - lbf) 
kilocalorie = amount of energy required to raise the temperature of 
1 kg of water 1 K(1 kcal = 4187 J) 
Length: 1 mile = 5280 ft; 1 nautical mile = 6076.1 ft = 1852 m (exact) 
Power: 1 horsepower = 550 ft - Ibf/s 
Pressure: 1 bar = 10° Pa 
Temperature: degree Fahrenheit, Tp = 27c + 32 (where Tc is degrees Celsius) 
degree Rankine, Tp = Tp + 459.67 
Kelvin, Tx = Tc + 273.15 (exact) 
Viscosity: 1 Poise = 0.1 kg/(m-s) 
1 Stoke = 0.0001 m7/s 
Volume: 1 gal = 231 in. (1 ft? =7.48 gal) 
Useful Conversion Factors: 
Length: 1 ft = 0.3048 m Power: 1 hp = 745.7 W 
1 in. = 25.4 mm 1 ft -lbf/s = 1.356 W 
Mass: 1 Ibm = 0.4536 kg 1 Btu/hr = 0.2931 W 
1 slug = 14.59 kg Area 1 ft? = 0.0929 m? 
Force: 1 lbf = 4.448 N 1 acre = 4047 m? 
1 kgf = 9.807 N Volume: 1 ft? = 0.02832 m? 
Velocity: 1 ft/s = 0.3048 m/s 1 gal (US) = 0.003785 m° 
1 ft/s = 15/22 mph 1 gal (US) = 3.785 L 
1 mph = 0.447 m/s Volume flow rate: 1 ft*/s = 0.02832 m*/s 
Pressure: 1 psi = 6.895 kPa 1 gpm = 6.309 x 10° * m/s 
1 Ibf/ft? = 47.88 Pa Viscosity (dynamic) 1 Ibf - s/ft? = 47.88 N - s/m? 
1 atm = 101.3 kPa 1 g/(cm-s) =0.1 N-s/m? 
1 atm = 14.7 psi 1 Poise = 0.1 N-s/m? 
1 in. Hg = 3.386 kPa Viscosity (kinematic) 1 ft*/s = 0.0929 m?/s 
1 mm Hg = 133.3 Pa 1 Stoke = 0.0001 m7/s 
Energy: 1 Btu= 1.055 kJ 


1 ft- Ibf = 1.356 J 
1 cal = 4.187 J 


Answers to 
Selected Problems 


LS 
LF 
iL 
1.13 
TAT 


1.19 
Wd 
23: 
125 
127 
1.29 


131 
33 


135 
137 
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M=278 kg 
t= 3W/gk 


L=0.249 m D = 0.487 m 


y =0.922 mm 


a) kg-m/7/s*, slug - ft?/s* 


d) 1/s,1/s  e) kg- m/s’, slug - ft”/s” 


g) kg- m/s, slug - ft/s 
j) kg-m’/s, slug - ft?/s 


a) 10.76 ft?/s —_b) 0.134 hp 


a) 0.998 Btu/lbm -°R 
a) 0.0472 m3/s__—b) 
a) 6.36 X 10°? ft? 

Q = 397 Limin 


h) kg/m -s’, slug/ft - s* 


b) kg/m-s’, slug/ft - s* c) kg/m-s’, slug/ft - s” 


f) kg-m/7/s’, slug - ft7/s” 


c) 0.43 Btu/lbm 


b) 67.1 mi/hr —c) 305 in? 
29.1 m/s — d) 2.19 10* m? 


0.0189 m* sc) 
b) 402 hp c) 


SG=13.6 v=737X10° m/kg 


vu = 144 Ibf/ft? 


1.044 Ibf - s/ft? 


p= 847 Ibf/ft?, 


V = 86.5 m/s V =58.2 m/s using wrong units 


C=23OR? in sitt Hina = 0.04 


Cp is dimensionless 


c: N-s/m, Ibf- s/ft 


k: N/m, Ibf/ft 


A, - Po 
VT 0 


(SI units) 


FN, Ibf 


i) dimensionless 


d) 431 ft? 


1.39 
1.41 
1.43 
1.45 
1.47 
1.49 
131 
1.53 
a4 


23 


221 
229 


2.31 
233 
235) 


237 


Answers to Selected Problems 


H(m) = 0.457 — 3450(Q(m*/s))? 

p = 1.06 + 3.47 x 10° kg/m? (+0.328%) 

p = 930 + 27.2 kg/m°* 

t=1,5,5s Flow rate uncertainty = +5.0, 1.0, 1.0% 
¥ = 35010 °m? L= 102 + 0.0153 mm (+1.53%) 
6, = +0.158 mm 

H=57.7+ 0.548 ft Omin = 31.4° 

V = 2.50 in/min D=1.76 in 

1) 2D, Unsteady 2) 2D, Steady 3) 1D, Steady 4) 1D, Steady 
5) 1D, Unsteady 6) 2D, Steady 7) 2D, Unsteady 
8) 3D, Steady 


2D V = 0 (lower disk) V = éorw (upper disk) 


; ‘6 
Streamlines: = — 


Vx 
A is irrelevant for streamline shapes; determines velocity magnitudes. 


6 
Streamlines: y=cx 


: const 
Streamlines: y = 2 
xX+ 5 

Streamlines: x?+y?=c Vortex model of center of a tornado. 


Streamlines: y=cx Models a sink (see Chapter 6). 


1 
Streamline & pathline (steady flow): y = =x? 


2 
K 
2ra 


Lagrangian: x(t)=2t+1 y(th=1-° 
@-1' 
4 


Pathlines: y(x) = 1— Streamlines: y(x,t) =1—t(x—-1) 


t 2 
Pathlines: x(t) = & y(t) = ev Streamlines: (x,t) = x! 
Pathlines:s y= 4t+1, x= 300.05" 


: _ 40, x 
Streamlines: y= 1+ —In(3) 
Streamlines: (fy) = vosin(wt)(t—t)), x(to) = uo(t — to) 
Streaklines:  y = e(—7), x = elt-7)+0.1(P—7°) 

1 

Streamlines: y = (1 + 0.22) 
Streamlines: y> = 6x+4 (26.3m,6m) (31.7m, 4m) 
Streamline: y(x) = 5In(x) +1 At5s: (em,6m) At10s: (e’m, 11m) 
At 2 s: (1.91 m, 2.8 m) At 3 s: (1.49 m, 3.0 m) 

b 73/2 
ae 

1+ S/T 


b'=4413* 10°? m/s: Kk?" S’=110.4 K 
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239 
2.41 
2.43 
2.45 
2.47 
2.49 


251 


253 
2:55 
2.59 
2.61 


2.63 


2.65 


2.67 


2.69 


2.0 


2.73 


2D 


247 
249 
2.83 
2.85 
2.81 
2.89 
2.91 
a 

3:3 

i no) 

3.9 

3,11 
3.13 
315 


b=1.52 X 10° kg/m-s-K'? 
F=2.28N 


S=102K 


Tyx = 0.313 Ibf/ft® (in positive x direction) 
F=17.1 lbf 

L=2:5 ft 

t=1.93s 


Mgdsing (,  -KA 
<2 ( e Md’) V=0.404m/s 1. =1.08 N-s/m? 
m 


F=2.83N 


r,=0 = 2.25 mm T rime = 2-37 Pa Trxmament = 2-22 kPa 


je= 8.07 X10 * N- s/n? 


t= 4.00 s 
2nRuh 


2m pwhR? mga 7 mga 
T= = a(m, + my) = 
a O  OpR? ph . _ se 9 °C ph 


A _Bt 
w= 3 l-e Cc Wmax = 25.1 rpm t=0.671 s 


v= 5 T= SAR Vy, 

Bingham plastic ju) = 0.652 N- s/m* 

T= mpAwR* Py = Tuy AwR* oe 2aT 

2a 2a TUR tw; 

= SO Castor Oil 

eas a (ae coats ;) 

Ap =2.91 kPa 

A=0403 in b=~—4.53 in“! 

a=0 b=2U c=—-U 

V =229 mph 

Re = 1389 Trurb = 52°C 

SG=0.9  y=8830 N/m? Laminar flow 

V = 667 km/hr 

Pp = 3520 psia t = 0.880 in 

Ap = 6.72 mm Hg Az=173m 

F=270N T = 0.282 N 

p =316 kPa (gage) Psi = 253 kPa (gage) 

SG =1.75 Pupper = 0.507 psig Piower = 0.888 psig 


Aplp = 4.55% Ap!p = 2.24% 
p = —1.471 kPa (gage) 
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3.17 p=6.39 kPa (gage) h=39.3 mm 

3.19 p=128 kPa (gage) 

3.21 H=17.75 mm 

3.23, h=1.67 in 

3.25. Amplification factor = 5.78 

3.27 p=24.7 kPa (gage) h=0.116 m 

3.29 1=1.600 m 

3.31 1=0.549 m 

3.33. s=6 

3.359 h=7.85 mm s = 0.308 

3.37. 1=0.407 m 

3.39 x =0.1053 in 

3.43. Az=270 m for 3% pressure drop Az =455 m for 5% density drop 

3.45 p=3.32 X10 * kg/m? 

3.47 Fiatm = 14.7 KN Fosatm = 52.6 kN 

3.49 py, =0.289 psig Dp = 0.416 psig Pc = 1.048 psig Pair = 0.036 psig 
Pair2 = 0.068 psig 

3.51 Fr=81.3 lbf  y’ =0.938 ft 

3.55  Fr=2.04N 

3.57  Fr=552 kN y=2.00m x =2.50m 

3.59 F=600 lbf 

3.63 D=8.66 ft 

3.65 d=2.66m 

3.67 SG=0.542 

3.69 Fy =831 kN 

3.71 Fy=7.62 kN x'Fy = 3.76 kN-m F4 = —5.71 kN 

3.73, Fy=2011 lbf = x’ = 1.553 ft 

3.75 Fy=—pewR*nl4 x’ =4R/30 

3.77 Fy=1.83x10'N a = 19.9° 

3.79 Fy=416 kN Fy = 370 kN a = 48,3° F=557 kN 


2, 
3.31 fH — PBR a pR(14 7) 


w 2 4 
3.85 M=5080 lbm 
3.87 M=1895 lbm 
3.89 h=177mm 


F.. 
|) CY ce 
Fair ~~ Fret 
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3.93 ¥=2.52L six weights needed 

3.97 Fg=189x10' Ibf V=1.15 x10 ° ft/s (0.825 in/min) 
3.99 h=30.0 km 

3.101 Mg=29.1 kg 

3.105 D=0.737 m 

3.107 f=0.288 cycle/s (w = 1.81 rad/s) 

3.109 F=159.4N 

3.115 h=aL/g 

3.117 Cavitation does not occur. 

3.119 Ap=pw’R?/2  w=7.16 rad/s 

3.121 a@=13.30° 

3.123 dy/dx = —0.25 p = 105 — 1.96x (p: kPa, x: m) 

3.125 T=402N Ap = 3.03 kPa 

4.1 x= 1.63 ft x=1.41 ft x = 0.400 ft 

4.3 V =0.577 m/s 0 = 48.2° 

4.5 V = 64.7 mph t=4.21s 

4.7 Vary = 32.4 mph Vwet = 21.2 mph 

4.9 t= 1.08 hr 

411 AU=459 MJ AU system = 0 AT/At = 6.09° C/hr 


4.13 [Vad =30m'/s p [VV dA) = (801 +75/) kg - m/s 


415 O= —5Vhw nf. = —5 pV? whi 


417 QO= Fatt mf. = ; pur .TR i 
4.19 Vier =18.4 ft/s — Vpipe = 1.60 ft/s 
AQ tee =1268 fain =5065 Oneni, = 010242 m/s 
4.23 Qeoor = 441 gpm —Fitegg = 2.21 X 10° lb/hr 
Mmoist = 1.01 X10° lb/hr itary. = 71600 Ib /hr 
4.25 Q=-0.2 m*/s (inwards flow) 
4.27 t=6.12 min 
429 Q=168L/is V=168m/s w=1.15m 
4.31  p=0.267 kg/m?® 


m _ pegsin()h> 


4.33 
w 3 


435 U=1.5 m/s 


437 Q=1.05X 10° m°/s (10.45 mL/s) Vave = 0.139 m/s 
Umax = 0.213 m/s 


4.39 Umin = 5.0 m/s 


4.41 
4.43 


4.45 
4.47 
4.49 
4.51 
4.53 


4.55 


4.57 


4.59 
4.61 
4.63 
4.65 
4.67 
4.69 
4.71 
4.73 


4.75 


4.77 
4.79 
4.81 
4.83 
4.85 
4.87 
4.89 
4.91 
4.93 
4.95 
4.97 
4.99 
4.101 
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m = 16.2 kg/s 

OMcy /At = —4.14 x 107? slug/s ( —1.33 Ibm/s) 

O¥ 5 /Ot = —2.43 x 10~ ft? /s (0.18 gal/s) 

dptank/dt = —0.2582 kg/m*/s 

Q=1.5X10* galls A=4.92 x10’ ft? (~1130 acres) 
t3.9 = 45.6 s to.4=59.5 s 

dy/dt = —9.01 mm/s 


Oca =4.50X10-*? m/s Qag = 6.0 X 10°* m*/s 
Op, = 1.65 X 107? m/s 


_ 8 tan?(A)yq” 


5 ted? 


ts.o = 0.541 min 


tdrain = 2.55 min ti2-6 = 2.10 min 


t500 kPa = 42.2 days P30 day (Exact) — 544 kPa P30 day (Saying) = 493 kPa 
Ap =51 kPa 


mf/mf, = 1.2 

mf, = 840 N mf, = —277 N 

V =2785 mph (!) F=17.7 lbf 
F=90.4 kN 

T=3.12N 

F=35.7 lbf 

Block slides Myin = 7.14 kg 
Moaytoaa = 671 kg 


R, = py + sin 0) c = (S) R, = —314.N 
F=11.6 kN 

R, = —668 N 

F, = 1.70 Ibf 

Ry = 4.05 kN 

Hitair = 20601bm/s — T= 65,400 Ibf 

V =21.8 m/s 


R, = —4.68 kN R, = 1.66 kN 

V2 =22 ft/s Ap = 12.6 psi 

F=2456 N 

R, = 1760 N 

F,=779 N Fy, = —387 N 

Mair = 63.3 kg/s Vinax = 18.8 m/s Farag = 54.1 N 
U, =10 m/s Umax = 15 m/s Ap =15 kPa 
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4.103 R,=—7.90X104N 
4105 F=52.1N 


4.107 6 = sin? (—) R, = —pV2wh{l — (1 —2a)"7] 
ee & 


4.109 ho/h = (1 + sind)/2 
4.111 h=0.55 ft (6.6 in.)  F=0.164 Ibf 


4113 V = 4/Vi+2gh R, = pVoAov/ Va + 2gh R, =3.56 N (upwards) 
(Vo — V2 cos 0) pVp A, 
§ 


4115 M= 


M=446kg  -M,, = 2.06 kg 


4117 F=114 kN 


D 
4.119 V(z) =4/V2+2gz D(z) = ° V =1.03 m/s 
+ 


D=2.62 mm 
A 3V2 
= 2 & 0 eed} 
4.121 V(z) = \/Vg+2gz A(z) Tei 21/2 22 
1+ 
Vo 
2 2 
_ #{ 2 R 
4.123 p(r) — Patm 5 (&) il (=) 
202 


= 24 
4.125 hy hy eek, 


4.127 R,=-940N  R,=252N 

4.129 R,=—167N 

4.131 R,=—1.73 kN 

4.133 F. = p(V—U)*A(1—cos@) P= pU(V—U)’A(1 — cos 8) 
4.135 R,=424kN ¢t=417mm 


4.137 U=Vi2 
ae Met Gears 
m3 2 


4.141 U,=15.8 m/s 


SLy.M 
pA 
4.143 U(t) = 
A 


4.145 6=19.7° 
4147 t=22.6s 


4.149 
4.151 


4.153 


4.155 


4.157 
4.159 
4.161 
4.163 


4.165 


4.167 


4.169 


4.173 


4.175 


4.177 


4.179 


4.181 


4.185 
4.187 


4.189 


4.191 
4.193 
4.195 
4.197 
4.199 
4.201 


4.203 
4.205 


Answers to Selected Problems 


U =22.5 m/s 


V(1 s) =5.13 m/s x(1 s) = 1.94 m 
V(2 s) =3.18 m/s x(2 s) =3.47 m 


_ pV-UYA kU 
M M 


_40VA | 
U(t) = Ue M a(t) = 


a 


t= 0.867 s Xrest = 6.26 m 

O = 0.0469 m*/s 

t=126s 

Umax =350 m/s AU/U=1.08% 


int 

U=U,-V,1n (1 a in) Mass fraction = 38.3% 
0 
Meyel = 38.1 kg 
= Mo — mt 
Aify =169 mis>——sU = Y. 4+ Pe fai) in( 7 ) gt 
2 

1 = 2PWA 1 1. MM 
ue M |, 2pVA, 2pVA 

M 
U 1 

=1 
V fod 2pVA | 
Mo 


Mint = 0.111 kg/s aging = 0.0556 kg/s t= 20.8 min 
Ph : dh\” __ AgVo 
Za of V2 2gh az) a ee 
\/ 0 
OM cy/0t = —0.165 kg/s OP,.cy/0t = —2.1 mN 
Ratio = —4.62 x 10°*% 
Moment = 6.98 kN-m V =24.3 m/s 
Fy. = 23.4 kKN/—22.8 kN Moment = —468 kN-m 


pe Oe 2_ pPQORV a 7 
es 2pAR3 ( wpVAR 5) ) Wraax 28.9 rad/s (—270 rpm) 


T=1.62N-m w=113 rpm 

T = 0.0722 N-m 

T = —0.0161 N-m 

w = 6.04 rad/s (57.7 rpm) A=1720 m* 
Tsnatt=29.4N-m M,=S10N-m M,=14N-m 


R= pV’whcos 6 (applied below Point O) Equilibrium when 6 = 0° 


W,, = 80.0 kW 
= 79.0% 
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4.207 6Q/dm=~-7.32 Btu/lbm OQ = —146 Btu/s 
4.209 Q=279 gpm = Zinax = 212 ft Ry = 138 Ibf 


4.211 V=70.3 m/s Wain = 360 kW 
5.1 a) Possible b) Not possible c) Not possible d) Not possible 


fie! Equation valid for steady and unsteady flow 
2 
Infinite number of solutions u(x, y) = 6y — 5 

55 Equation valid for steady and unsteady flow 


Infinite number of solutions u(x,y) = —3xy’ 


9 3 
5.7. Equation valid for steady and unsteady flow u(x,y) = ae — ral 


59 Equation valid for steady and unsteady flow v(x,y) = — 10e*/sin (2) 
5.11 a) = 0.00167 (0.167%) 
U max 


sx By =34ay-i@y] t-1 2) -24/0)'-10)) 
5.15 u(x,y) = 5 Bx’y? wr SC 


5.19 a) Possible b) Possible c) Possible 
_ Asin 6 


5.21 Vy= a + f(r) 
525 p= Uy" ae 
HF oe 
5.27. Incompressible flow wy = AO-Blinr 
‘ ; 5 ‘ x4 3 2.2 z 
5.29 Two-dimensional, incompressible v= Z + 54% 7 
sty ye 
5.31 w 5 aa. at one-quarter flow rate 
Le at one-half flow rate 
6 v2 
_ _2U6 my a 
5:33 4 cos (=) 5 0.460 at one-quarter flow rate 
‘ = ().667 at one-half flow rate 
2 
535 w= = +C  Q=-0.001100 m37/s-m Q=0.001100 m?/s-m 


537 w=-Clnr+C,; Q= -—0.0547 m*/s-m Q=0.0547 m?/s-m 
5.39 Possible flow field a=69.9 m/s” 
5.41 v(x,y) = —A(Sx*y — 10x73 +y°) = a = 1.25 X 104 m/s? 


T 


2 . 2nt a 4 - 277A 2nt 
Gp conv = A’sin’ (=) X (xt + yy) Gp Jocal = 008 (=) 


5.43 vu = Aysin (=) 
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2 2 
5.45  Incompressible a = me 5 dy = ay z 
(x? + y*) (x? + y*) 

— 100 

BB 


2 
1 ; 
5.49 a= -($) - (Radial) 


ai a) = a) . sx 
Dt upstream Dt drift hr 
Be _ 250x10°° 
Dt downstream hr 
DT °F 
3.53) = -140— 
Dt min 
5.59 me ee a 
29 Moe = Ag) te = a NG) Tomax = Fe 
2 
Gpymax = -7° ratio = 100 


5.61 xy=8 V=12i-247 V = 6mi—12nj (Local) 
V = 72i+144j (Convective) V = 9.8i+ 106; (Total) 


2, 
aa 


5.65 v = vo(1- 2) a= iy W(2 1)j 


h h \h 
5.67 x, =xe" ~— y, = yore “ 
5.69 a) Not irrotational b) Not irrotational c) Not irrotational 


d) Not irrotational 
5.71 TP=-01m/s  [=~—0.1 m/s 
5.73 Not incompressible Not irrotational 


5.75 Incompressible o= 05k T= -0.5 m7/s 


5.77. Incompressible Irrotational 


5.79  Incompressible Not irrotational 


581 V =—-2yi-2xjf 


A 
5.83 p= 5" —x) + By rao 


h h 
585 T=-UL (1 ) T=-UL/4 (h=b/2) T=0(h=b) 


b b 
5.87 Zero linear deformation a + oN = — £Y max? c= Vinx po 4 
dF max m\2 dFmax _ kN 
ae ae nu (5) d¥ 185 73 


393 
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5.95 


7 


6.1 
6.3 


6.5 
6./ 


6.9 


6.17 


6.21 


6.23 


6.25 


uy) =-—E V=70.8x10° m/s 


a@=%+7jft/sX Vp = —0.125i— 0.544; psi/ft 
Gocal = B(i + j) 

deony = A(Ax — Bt)it A(Ay + Bt)j 

Gtotaa = (A’x — ABt + B)i+ (A’y + ABt + B)j 

Vp = 6.99 — 14.0) — 9.80k kPa/m 
a@=1i+7/ft/s* Vp = —0.01397 — 0.544) psi /ft 
Boca = 2nAwcos(2mwt)(xi — yj) 
doony = A?sin?(2nwt) (xi + yj) 

Gotal = Bosal F Geony 

Bigca(0) = 12.67 j) m/s”, Gonv(0) = O m/s? 

Aioca(0.5 8) = 12.6(—1 +f) m/s*,  Aeony(0.5 8) = Om/s? 

Bocai(1 8) = 12.6(¢—j) m/s”, Geonv(1 8) = Om/s? 

Vp(0) = —25.1/+ 25.1j Pa/m 

Vp(0.5 s) = 25.1i— 25.17 Pa/m 9 Vp(1s) = —25.10+ 25.17 Pa/m 
Incompressible Stagnation point: (2.5, 1.5) 


Vp = —pl(4x —10)i+ (4y-—6)/+ gk]  Ap=9.6 Pa 


dp _ U? x _ 
= p—(1- 5) pow = 241 kPa (gage) 


l6u;x Op l6puix Ly 
Any = oa Ax = aE p(0) = 8pup (5) 
= —0.1276.+0&m/s? a = —0.1276 + 0& m/s” 
= —0.0158é,+ 0é m/s* Vp = 1276. + 0é Pa/m 
Vp = 127é, + 0é Pa/m Vp = 15.8é, + 0é Pa/m 


= 

a 
= 

a 


dp _ — puje %(2e% — 1) 


2 
p= pot S81 -1/(1te#—en#)’| 


Ox 2a(e~a — eta + if 2 
2V?(Dp — D; 
vi “ * : 2p =100kPa/n  L=4m 
5 IX 
D,;L} 1+ ———— cs 
| DL ‘| 


Vp = —4.23i- 12.17 N/m? Streamlines: =(1 = 7) = const 


~ Gx: (¥_4\) Op __ pqrx _ pg b*L 
dp = rary (; 1)il Ox pe net = 5B 
gq = 0.0432 m?/s/m? Unix = 1.73 mis 


B=-06m?-s! a = 6i+ 37 m/s” An = 6.45 m/s” 


6.27 


6.29 


6.31 
6.33 


6.35 


6.37 
6.39 
6.41 
6.43 
6.47 


6.49 


6.51 


6.53 


6.55 


6.57 
6.59 
6.61 


6.63 


6.67 
6.69 
6.71 


6.73 


6.77 


6.79 
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B=-8m?-s! Streamline: y° — 10y*x? + Syx* = —38 


2 
G, = 4A?(x? + y2)3 + (xi +y/) R=0.822 m 


BOF Se le eg , 2 cial 
Vp = sin (sin 6 6, — cos 0 &) p(0) = —2U‘psin* 6 
a 


Pmin — —13.8 kPa 

a,lg= —2800  — Op/Or = 270 Ibf/ft?/ft 

a, = 3i + 27 m/s” V = 3i-2jm/s 

G = 1.16i-0.771j m/s* — Op/As = —1.71 N/m?/m 
G, = 2i+4jft/s*  R=5.84 ft 


&, = 4i+2jft/s* R=5.84 ft 

Payn = 475 Pa ayn = 48.4 mm 

F=0.379 lbf F=1.52 Ibf 

h=628 mm 

Poj=779 kPa (gage) — Po rer = 312 kPa (gage) 
Vaps = 2.51+21.77m/s — Posixea = 237 kPa (gage) 
P2 = 291 kPa (gage) 


2 
PDiet = 4.90 kPa (gage) PRegular = 5.44 kPa (gage) 


Pr=50 mm — —404 Pa (gage) 
Po = 29.4 kPa (gage) V1 = 24.7 m/s 
Q = 304 gpm (0.676 ft/s) 


1 
P= Px + spU%(1—4sin’ @) — 6 = 30°, 150°, 210°, 330° 


OQ = 18.5 L/s R, = —2.42 kN 
P1 =11.7 kPa (gage) R, = —22.6 N 


P2 = 17.6 kPa (gage) (132 mm Hg) p3 = 1.75 kPa (gage) (13.2 mm Hg) 
R, =0.156 N Ry = —0.957 N 


V2 =3.05 m/s po 2 = 4.65 kPa (gage) Fy =11.5 N 


Z 


as a t 
ho D 4 1 
F=83.3 kN 


849 
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6.81 


6.83 


6.87 
6.89 
6.91 
6.93 
6.97 
6.99 


6.101 


; dM A¥ gi V, 
m=A V 2pp dt = Pw dt : My = Ayo ¥, 


. / dM d¥ gir 
a at ||} at 


V, 
My, = ny ~~ 


C. = 1/2 


p = 1.83 psig 

dQ/dt = 0.516 m*/s/s 
DD, = 0.32 

Bernoulli can be applied 


Rotational flow Points on same streamline, so Ap = —126 kPa 


q -1{yY7h -1/yTn -1f{¥TA -1{y7—" 
ee, oO o_ } + tan o—_ | + tan me SS, 
w tan ( ) tan ( ) ta ( ta 


__ 4 
= 4 


{(x +h)? +(y +h)}] 


TT 


«=| x—h i xth | 


(x-hy +h? (xthy +h 


fine Re nO Mee a 
2 2 2 2 
{(x-h) + (y thy} {e+ hy + (y-Ay} 


K —afy—h -ifyth afyth —fy—h 
= — —ss — Ss + ee _— 
co) 5 tan ( ) tan tan tan 


u(x) = KP 1 { 
m \(x—hy +h? (xthy +h 


6.123 


u(x.y) = 20xy? — 20x3y v(x,y) = 30x*y* — 5x4 — 5y* 
(x,y) = 5x*y — 10x? y? + y° 
B=-3A — o(x,y) = —6Axy +3Ax*y +3Ay — Ay? 


B 
w= 5 (0 —y’) — 2Axy 


W(x,y) = 20x7y? 6x°y 6xy> 


B 
IVI = x” + y* w = 3Ax’y - ae 


O =1.25 m*/s/m o= S (y? — x’) 
qd qd 
= = >9. 
w aa 5 Inr w 5 Inr 5 0 r>9.77 m 


p = —6.37 kPa (gage) 
h=0.162 m V=443 m/s  p=-—9S57 Pa (gage) 


) 


inl (x hy + (y- hy }{(e—hy + (yt hy He +hy + (y—hy} 


6.125 
6.127 


yall 


73 


ee 


721 


tee 


Ta 


Tad 


7.29 


Tal 


Too 


735 


Lat 


139 


7.41 


R, = —5.51 kN/m 


Stagnations points: 6 = 63°, 297° r=1.82m Ap = 317 Pa 


QO. (oe v") 
Vh2 pw gh 


| 


pV &g 


Four dimensionless groups, three repeating parameters, 
d wu or 

D’ pVD’ pDV? 

d wu on © 

D’ pVD’ pDV?’D 


VY? we A 
gb ’ mg ee) & 

OP m Hh f 
pD>wrax pD? Wax 'D’D * Watag 


Answers to Selected Problems 851 


852 Answers to Selected Problems 


6 L pwD? I? 
743 DD TT 
745 T bw wD d 


pV2D3’ pVD’ V ’D 
} D 
14706C (2) 
dpa (a 


: ie) 
7.49 Four primary dimensions Q = pV°L’f (2 ad ) 
p 


L 
751 dT Le =#(E. k 7) 


dt V3 G pl7g ’ pLV 
u dU /dy)6é V 
7353 Il, = U Il, = 5 II; = ( a) Ty = rei 
7.55 Vy =6.90 m/s Faiz = 522 N 
TSF Vair > Vwater V air = 15.1 V water 


7.59 VmlVp = 0.339 Fy =213N 
7.61 Pm =1.934 MPa Fy = 43.4 kN 


7.63 Vm = 20.0 ft/s F,=0.231 Ibt 

7.65 Dy=12.81 cm Wm = 900 rpm 

7.67 Vp, =20 ft/s Wp = 102 rpm 

7.69  Viz,0 = 0.0420 ft/s Apy,o = 1.49 x 107° psi 
7.71 Cp, =0.0970 Re, = Re, Fa, = 468 N 


7.73, Vm = 0.1875 m/s Wm = 0.9375 Hz at standard conditions 
Vin = 0.286 m/s Wm = 1.43 Hz in hot air 
Vin = 0.01262 m/s = w, = 0.0631 Hz in water 


7.75 Vm=4.14X 107° m/s 
TIT) Va=29Ami/s  FolFm=0.270 Pmin=3.25 psi Piank = 11.4 psi 
7.79 Ver=110 mph @ 40°F = V,p=77.5 mph @ 150°F 

Vr = 181 mph using CO, 


Vi é 
= (ur) honey takes less time than water to reach steady 
wr pwr 


state motion 


781 


1 
7.83 Model = 50 x Prototype Adequate Reynolds number not achievable 


7.87 D=245N at 15 knots D = 435 N at 20 knots 
789 hy =13.8 J/kg Om = 0.166 m°/s Dy» = 9.120 m 


ee oe 
tent pu D* fi is 5) 


T a Vg Pp = Vg 
pu*D> *\ wD’ uD pwD> 3\ wD’ u2D 


7.93 K.E. ratio = 7.22 
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8.1 Q@=517X10 4% m/s  L=3.12—5.00 m (turbulent) 
L=17.3 m (laminar) 


8.3 Smallest turbulent first 
Olarge = 7.63 X 10-* m°/s Smallest, middle fully developed; largest only 
fully developed if turbulent 
Omia=—458 X10-* mm? Js Smallest fully developed; middle only fully 


developed if turbulent 
Ovens = 3.05 X 10°" m7 /s Smallest fully developed 


87° (Vitus = 2/3 

8.9  Q=1.25X 10° ft*/s (0.0216 in*/s) 

8.11 7, =—188Pa O/b=—5.63X107° m/s 

8.13 Q=3.97x10-? m/s (3.97 X 10° Lis) 

8.15 W=0.397 ft  dpldx=—-176 psi/ft  h=2.51X107 in. 


wa dp _ _%uQ = 6uQ, /(r 
aoe. 2arh dr arh3 PO Pato ~ Ths 7 (2) 
(p = Po r< Ro) 


8.21 n=1.48 (dilatant) 

8.23 Opldx = —92.6 Pa/m 

$35 tice 15 Hs 

8.27 Odpldx=—-2Upla? —- Ap/Ox = 2U la? 

8.29 v=1.00X10 4 m/s 

8.31 T=pgsin(0)(h— y) Q/w = 217 mm°*/s/mm Re = 0.163 

8.33 y(Umax) = 0.0834 in. Umax =2.08 ft/s O/w=0.934 gal/ft 

8.35 U=1.60 ft/s  ty.=5.58X10° psi dp/dx =5.36 X 10 7 psi/ft 


dV Tw 
8.37 — = -—_ t= 1.06 
di mh . 
23 3A p2 
Tw D? L mDa’ Ap 
8.3 PP, = ——_—_ PP, = ———— P, = 3h 
. 4a . 12uL . , 
— 6uLRw 2Q 
8.39 Ap 7 (1 ae 


2Q 

@ = Lb(Rw)* 4 6Q _ 60 (1\- =.) 
a abRw 1 abRw Ree 6Q 

( ons) 


8.43. t=19.9 min. jt = 0.199 kg/m -s 


2 
845 B.C: y=0,u= Up; y=h, 7 =0 u = 8 (5 - hy) + Uo 
LU 
8.49 r=0.707R 
8.51 Q=1.43 X10°° in’/s (0.0857 in*/min) 
Cy [Vo Volnn 

8.53. rT=cC/r u= —Inr+c cq = OQ = 

, ri 2 AnGi/) Ini) 


854 Answers to Selected Problems 


_ p2\71/2 
8.55 r= Rise a 


2 In(1/k) 
8.57 % change = —100/(1 + Ink) 
8 1 1 
859 Ring = —— - 
7 37a (ro + az) lo 
Bee 
8.61 u(r) Dk(n +1) Ox ¢ R ) 


— Am OP Bnei fon 1 
g k(n +1) Ox . ( ) 
_ n Op wnvif on 1 
k(n +1) Ox a (= +1 5) 
Op/0x = —53.1k kPa/m (n = 0.5), — 42.4k Pa/m (n = 1), — 3.89k Pa/m (n= 1) 
a*b* Op nab> ap 


8.63 = = 
Ho 2u(a? + b?) Ox 2 Au(a? + b?) Ox 
O.. = Bis Op _ _ 29nR* Op 
pipe Su ax elliptic 104; ax 


8.67 F=212 lbf (in both cases) 
8.69 Ty =—0.195 Ibf/ft? —-r,, = —1.35 X 10°? psi 


N.- 
si p= 24taxie 
m 


8.73, n=6.21 n=8.55 

8.75 Biam = 4/3 Burp = 1.02 

8.77 a=2 

8.79) Mr=133m = hyp = 13.0 J/kg 
8.81  V,=3.70 m/s 

8.83. AQ=21 gpm (Q = 330 gpm) 
8.85 V, =2m/s 

8.87 p2=1.68 MPa 


dul 
dy 


8.91 f=0.0390  Re=3183 Turbulent 

8.93. Maximum = 2.12% at Re = 10000 and e/D = 0.01 
8.97 po=171kPa = pp = 155 kPa 

8.99 Q=0.0406 ft*/s (2.44 ft?/min, 18.2 gpm) 

8.105 K=9.38 x 10-4 


8.107 Q=3.97 Ls Q = 3.64 Lis (AQ = —0.33L/s) 
Q =4.77 L/s (AQ = 0.80 L/s, a gain) 
8.109 Ap=23.7 psi kK =0.293 


8.89 = 963s ! Te=358 X10 “Ibi? 7,.=4.13x 10 * ibftt 


8.111 


8.113 


8.115 
8.117 
8.119 
8.123 
8.127 
8.129 
8.131 


8.133 
8.135 
8.137 
8.139 
8.141 
8.143 
8.145 
8.147 
$.153 
8.157 
8.159 
8.161 
8.163 
8.165 
8.169 
8.171 
8.173 
8.175 
8.177 
8.179 
8.181 
8.183 
8.185 
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hu ~ arya 

Vi= al ae =X) Inviscid assumption: Lower indicated 
flow/larger Ap 

Q = 0.345 L/min d=3.65 m 

d=6.13 m (or 6.16 m if a =2, laminar) 

QO =7.66 X 10° m*/s (0.0766 L/s) h=545 mm h=475 mm 
h=79.6 m Ap = 781 kPa 

Ap = 0.848 in. H,O0 

Vz = 4.04 m/s La =12.8 m (Not feasible!) Ap = 29.9 kPa 
Ap/L =7.51 X 10° Ibf/ft?/ft (round) = Ap/L = 8.68 x 10° Ibf/ft?/ft (1:1) 
(+15.6%)  Ap/L=9.32 x 10~° Ibf/ft?/ft (2:1) (+24.1%) 

Ap/L = 0.010 Ibf/ft?/ft (3:1) (+33.2%) 

Pi =179 psig 

h=1.51m V=9.41 m/s 

V =1.39 m/s Q =6.80 m*/s (0.680 L/s) 

L=26.5 m 

t= 18.3 min 

O = 0.0395 m°*/s 

dh/dt = 42.3 mm/s 

Rate of downpour = 0.759 cm/min 

Q=668X10° m*/s — Pmin = —20.0 kPa (gage) 

Q=530x10 4*m/s @Q=5.35 x10 4 m*/s (diffuser) 

L=0.296 m 

D=56.0 mm 

D=5.0—5.1 cm (corresponds to standard 2 in. pipe) 

D =6 in. (nominal) 

V=646m/s  pr=705kPa(gage) P=832kW  Ty=88.6 Pa 
dQ/dt = —0.524 m?/s/min 

PY =8.13 hp 

Ap = 150 kPa 

D=48 mm Ap = 3840 kPa P pump = 24.3 kW (32.6 hp) 

Q =5.58 X10? m*/s (0.335 m°/min) V=37.9m/s P=8.77kW 
Cost = $12,480/year 

Q =0.0419 m*/s Ap = 487 kPa P=29.1 kW 

O=2.31 m/s 


855 


856 


8.187 


8.189 


8.193 
8.195 
8.197 
8.199 
8.203 
OA 

9:55 


09 
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Op = 0.00812 m°/s 
QO; = 0.00147 m?/s 


Op = 0.0942 ft?/s 
O> = 0.0238 ft?/s 


Ap =25.8 kPa 

O = 1.49 ft*/s 

QO = 0.00611 m°/s 
At = 40.8 mm Mmin = 0.0220 kg/s 
Reg=1800  f=0.0356 
Xp = 4.14 in at takeoff 


U = 88.2 m/s for American golf ball 
U = 16.9 m/s for soccer ball 


QO, = 0.00286 m°/s 
QO, = 0.00526 m?/s 


QO, = 0.0704 ft?/s 
QO; = 0.0942 ft?/s 


A=U  B=n/26 C=0 
5* 6 

“=0375 = = 0.139 

5 5 

5% 6 

= 0.396 = = 0.152 


Linear: : = 0.167 


Sinusoidal: : = 0: 


Q> = 0.00379 m?/s 


P2 = —290 Pa (gage) (29.6 mm Hg) 


Xp = 2.93 in at cruise 


U=91.5 m/s for British golf ball 


D 


137 Parabolic: — = 0.133 


yh 


0 


Power: - = 0.125, : = 0.0972 Parabolic: - = 0.333, « = 0.133 


m = 3.75 slug/s D =12.50 lbf (more 


6% =0.125in AU/U=2.57% 

U, = 25.5 m/s Ap = —15.8 Pa 

Ap = —1.16 Ibf/ft? 

U2 = 91.0 ft/s P2 = —0.0796 psig 

6§ =2.54mm Ap=-107Pa_ Fp 
y =0.305 cm o = a nf -t 
Re, =3.33X10° 6, = 0.0115 cm 


6, =0.01116 in = = Fp =0.1353 lbf 
Fp = 5.36 Ibf (long way) 


than Problem 9.18) 


=2.00 N 
pU* 
» = 0.00326 
7 VRe, 


Fp = 9.79 Ibf (short way) 


Fp = 4.43 X 10° Ibf (both sides) (twice as much as Problem 9.42) 
Fp =2.14 x 10 > Ibf (both sides) (higher than Problem 9.44) 


§ 3.46 _ 0.577 

x Re, j Re, 

Fp = 0.557 N 

AS 0ne Re, Fy Spt Bh 
x 


Fp = 0.0563 N 


9.53 


0.55 
957 
9.59 


9.61 


9.63 
9:65 
9.67 


9.69 


9.73 
9.79 


9.81 
9.83 
9.85 
9.87 


9.91 
9.93 
9:95 


9.97 
9.99 


9.101 


9.105 


9.107 
9.111 
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pU? 
Rel/> 


pU7bL 
Rey? 


Ty = 0.0297 Fp = 0.0360 


Fp =2.34N 
U=1.81, 2.42, 3.63, and 7.25 m/s 
Fp = 0.1114 Ibf (both sides) 


Fp = 12.73 Ibf (separate, both sides) 
Fp = 9.65 Ibf (composite, both sides) 
6 — 0.353 _ 0.0612 
x Rel/> t Rel/> 
6, =31.3 mm Ty, = 0.798 Pa Fp =0.700 N 


Fp =2.41N 


w2 = 80.3 mm 


Ap = 6.16 Pa L=0.233 m 


mf = 50Urew (linear) mf = 50Ur6W (sinusoid) 


8 
mf = 7g pow (parabolic) Linear profile separates first 


U2 = 2.50 m/s Ap = 0.00370 in. HzO 


Fp =2.19 Ibf (separate, both sides) 
Fp = 1.660 Ibf (composite, both sides) 


Fp =7190 N P = 1.598 MW 

Re, = 1.547 x 10’ x, = 53.3 mm Fp = 98.0 N P=15.3 kW 

x, = 0.0745 m 6 = 0.0810 m Fp =278N 

Py = 7.13 X16 tht Savings of $4000/year assuming fuel costs $1 per 
gallon 

Fp = 13.69 kN P= 42.3 kW 

d; = 96.5 mm 


D =3.80 m (single), 2.20 m (three chutes) —1.01 g maximum 
acceleration 


B is 20.8% better than A (H>D) 
She can cycle with the headwind, but she cannot reach the top speed with the 


tailwind. 

Uphill: Vinax = 9.47 km/hr without wind, Vinax = 8.94 km/hr with headwind 
Downhill: Vinax = 63.6 km/hr without wind, Vinax = 73.0 km/hr with tailwind 
Coasting downhill: Vinax = 58.1 km/hr without wind, Vinax = 68.1 km/hr with 
tailwind 


2mg sin 0 
= t= 1.30 
¥ rare cos | ac 


M =0.0451 kg 
FE = 6.72 mpg AQ = 1720 gal/yr (8.78%) 
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9.113. V=47.3 mph (1970's car) V =59.0 (current car) 


9.115 U = Cn u = —0.053 m/s whena=1 ym  u=-—O0.0053 m/s 
TfL 


when a= 10 wm 


9117 Cp =1.17 


9119 V= ams -— 
4 (a) 28) 
1 1 
9.121 Fp = CpAza(V - ie fs CoA 5 0(V — U)R 
1 5 V 
P= CpA5 pV —U) U Wopt = 3R 


9.123 M=1480 ft-lbf 
9.125 Ecatm = 8.86 kcal — Ewing = 12.79 kcal 

9127 V=23.3m/s Re=48,200 Fp=O0.111N 
9.129 x=13.9m 

9.131 Cp=61.9  p,=3720kg/m?  .V=0.731 mis 
9.133 M=0.0471 kg 


9135 Fp = "Cy 50U?DH M= J Cp 5 UD? 
Fp 7 M 7 
Pines -G:  VWegea, <8 
9.137 Cr=1.01 Cp=0.0654 
9.139 D=7.99mm y=121mm 
9.141 t=469s %x=70.9m 
9.143) Xmax = 48.7 m (both methods) 


9.145 Fp =59.1N AFC = 9.65 X 10 * kg/min 
FE =27.2 mpg (original design) Fp =213N 
AFC = 3.48 X 10° kg/min FE=21.9 mpg (cheaper design) 
Rounded corner design rental is $9.69 cheaper, including cost of gasoline 


9.147 Cp = 0.606 V =37.4 mph 


2Fp 
149 = = 4.56 16.4 km/h 
. Ys Mw 5 (CpAy at CppAp) Ve ae ( ou ” 


9151 t=4.93 s h= 30.0 m 

9.153 x » 203 m 

9.157 AP=16.3 kW (94%) 

9.161 A=8.30 m? T=1275N P =79.7 kW 
9.163 M=49.1 lbm P = 0.905 hp 

9.165 M=78.6 lbm P =3.17 hp 


9.167 
9.169 
lll 


O73 
9175 
9.181 
9.183 
9.185 
10.1 
10.3 
10.5 
10.7 
10.9 
10.11 


10.13 
10.15 
10.19 
10.25 


10.27 
10.29 
10.31 
10:33 


10.35 
10:37 
10.47 
10.49 


10.51 
10.53 
10.57 
10.59 
10.61 


V = 192.0 mph 
T = 17,300 Ibf 


V = 102 mph Fp = 918 Ibf YP = 249 hp (minimum speed) 
V =204 mph Fp = 485 Ibf P = 264 hp (maximum speed) 
6 = 3.42° L=168 km 

For a race car, effective; for a passenger car, not effective 

F, = 0.0822 N = 0.175 mg Fp = 0.471 N = 0.236 mg 

w = 14,000 — 17,000 rpm x = 3.90 ft 

w = 3090 rpm 

H=135m W=994kW 

rz = 6.04 cm bz = 0.488 cm 


W =2.94x10'hp H=1455 ft 


W = 210 hp H = 208 ft 


O = 1.62 m*/s H=132m W = 2100kW 


Hyp=117m ~ w.=45.78 m/s V>=49 m/s W=374kW 
H=764m 

B,=50° W=445x10'thp H=1408 ft 

B, = 61.3° 


a2 = 79,3° W = 22.4hp H=1069 ft 
Q = 676 cfm H=18.4 ft 7 = 82.6% Ny = 2.64 


1 5 
N, = 13/16 
1 hp = 1.01 hpm N,,, = 0.228 N,(rpm, hpm, m) 
W = 8.97kW 
Hy=25.8m 71=78.9% QO=107 m/s A’=21.9m 
Ho =56.6m W' =292kW 
at least 6 pumps N ®& 473 rpm 
QO = 4.58 x 10’ Liday 
D/D,=08  Q,=4.03 m/s 


T2 = 48°C Q> = 0.0500 m?/s Hy =6.75 m 
Inlet pressure must be increased 9.57 kPa to avoid cavitation 


QO = 160.9 cfm 
QO = 2.28 cfs 


D=60in W = 890hp 
Q; = 627 gpm 
Q=2705 gpm —L¢/Dyatve = 26900 
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10.63 Qioss = 163 gpm (6.0% loss in 20 years) 
Qioss = 221 gpm (8.2% loss in 40 years) 
Qtoss = 252 gpm (9.3% loss in 20 years) 
Qioss = 490 gpm (18.1% loss in 40 years) 


10.65 Qyoss = 660 gpm (14.4% loss in 20 years) 
Qioss = 856 gpm (18.7% loss in 40 years) 
Qioss = 860 gpm (18.8% loss in 20 years) 
Qioss = 1416 gpm (31.0% loss in 40 years) 
10.67 Winiiat = 191.2KW = Way = 286kW 
10.69 H, =123 ft An 11 in. 4AE/12 pump would work 
NPSHA = 82 ft> NPSHR ~ 5 ft 
10.71. A 5TUTI68 would work 7 © (0.86)° = 0.636 = 63.6% 
10.75 Q=2.30 ft*/s 
10.77. 10TU22C pumps would work Q = 15,700 gpm W = 2870 hp 
1 pump: Q =~ 6710 gpm W = 224hp 
2 pumps: OQ # 11,400 gpm W = 1100 hp 
3 pumps: Q = 14,200 gpm W = 2110 hp 
4 pumps: OQ # 15,700 gpm W = 2880 hp 


10.79 Aig = 8.84 m D2 = —54.9 kPa (gage) W = 556W 
31% decrease for 4 cm pipe 


10.83 H=120ft W=10.5hp 

10.85 H=1.284m H = 1.703 m at higher speed 

10.87 Ae=6.04 ft? Q=161.7ft*/s  hy=2.01in. 
W=3.13hp 1=86.6% 

10.91 N=566rpm = Dy/D, =0.138 =9§Q = 1.418 X 10* gpm 

10.93 W =1.54x10* hp N= 356 rpm Nrun = 756 rpm 
T=2.14X10° ft-Ibf Teta = 4.04 X 10° ft - lbf 

10.95 N, =55.7 Q=34600 ft*/s 

10.97 R=1643m D,=37.0cm m= 8830kg/s 

10.101 Hper ¥ 324m = =2N, 0.115 = 87% 

10.103 V;=117 fs Q=2.53ft/s W = 60hp 
Optimum dj ~ 2.15 — 2.20 in 

10.105 Fy = 893 N (at rest) Fy = 809 N (at speed) 

10.107 D=18.6 ft n=241 rpm (4.02 rev/s) W = 72,700hp 


10.109 J = 0.748 Cr = 0.0415 1 =771% Cr = 0.00642 
Cp = 0.0036 


10.111 U=297 ft/s Cp = 0.345 


10.113 N=153 rpm W = 144W 


113 

11.5 

19 

11.13 
11,15 
11.17 
11.19 
T121 
£123 
11.25 
27 
1129 


L131 
1133 
11,35 
11,37 
139 
11.41 
11.43 
11.45 
11.47 
11.49 
11.51 
11,53 
11,55 
11.59 
11.63 
11.67 
11.69 
L171 
11.73 
LL75 
geal | 


10.117 m = 0.356kg/s W =0.244MW 
10.119 N=488rpm si = 448Ibm/s_ Ty = 1266°F 
y = 6.68 ft 
Viww=sivs y=252 i 
Veiream=243 m/s Fr=2 
O = 834 ft?/s 
E. = NA, 0.547 ft, 1.14 ft, 1.60 ft, 2.19 ft 
y.=2.20ft  V,=8.62 ft/s 
y = 0.645 ft, 4.30 ft 
y= 3.53 ft 
y = 1.30 ft 
Ay = 0.0340 ft — (v2 = 0.334 ft) 
Qmax = 16.3 m°/s/m 
yz = 0.0563 m V2 =5.33 m/s 
O=244kW AT=6.04x10*°C 
y2=4.04m H,=1.74m 
yo =3.99 ft H,=1.14 ft 
y2=10.3m V2,=219m/s £,=32.8m 


Veer = 00563 m Fane =0543m 
V,=7.17 ft/s (4.89 mph) 

y=124m 

y=0.815 m 

Sp = 1.86 x 107° 

Sp = 1.60 x 1073 

O =0.194 m?/s 
y=2A7 ft 
y=0.775 m 
y=5.66 m b=2.67 m 
There is no jump 
S.=2.48 x10 

q = 3.40 ft*/s/ft 

O = 26.6 ft?/s 
H=0.514m 
Cpa 1 As 

T =const. 


p decreases p decreases 


(Irreversible adiabatic process) 


Po2 = 70 psi 


E>=10.5m 
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12.3. As =-—0.137 Btu/lbm-°R so not feasible! 


(violates 2nd law of thermodynamics) 
12.55 T,=498°R As = 0.0161 Btu/Ibm -°R 
12.7. T,=800K Ah=S42kI/kg As=171L.7J/kg-K m= 1.845kg/s 


12.9 W =8.26kW 


12.11 6Q/dm = 1104 kJ/kg at constant pressure 

6Q/dm = 789 kJ/kg at constant volume 
12.13 7 =58.8% 
12.15 W=176 MJ W, = 228 MJ Ts (max) = 858 K Q, = —317 MJ 
12.17 m = 36.7kg/s T)=S72 K V2 =4.75 m/s W =23MW 
12.19 At=4 years 


12.23 cy, = 1305 m/s CHe = 1005 m/s Ccu, = 446 m/s cn, = 349 m/s 
Co, = 267 m/s 


12.25 At=198 us E, = 12.7 GN/m? 

12.27 x=2.5 km 

12.29 At=531 s (8.85 min) 

12.31 M=0.776 V = 269 m/s (603 mph) 
12.33 At=4.66 s (July) At=5.00 s (January) 


12.35 —5.42% (assuming stratospheric temperature) 


+9.08% (assuming sea level temperature) 
12.37 x=519 m 
12.43, At=116.1 s 
12.45 V=642 m/s (2110 ft/s) 
12.47 V=493 m/s At = 0.398 s 
12.49 V=S515 m/s t=6.92 s 
12.51 Ax = 1043 — 1064 m 
12.53 Density change < 1.21%, so incompressible 
12.55 M=0.142 (1%) M = 0.322 (5%) M =0.464 (10%) 
12.57 To =2290 K 
12.59 po = 1336 psia Payn = 1106 psia 
12.61 po =44.2 kPa 
12.63 Payn=54.3 kPa = pp = 152 kPa 
12.65 po =546 kPa ho —h=178 kJ/kg To = 466 K 


12.67 po— p =8.67 kPa V=195 m/s V =205 m/s Error using 
Bernoulli = 5.13% 


12.71 To =const (isoenergetic) Po decreases (irreversible adiabatic) 


12.73, V=890 m/s Ty) =677 K Po=212 kPa 
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12.75 po =119.7 kPa To = 8350°R 


12.77 To, = 812 K (539°C) To, = 257 K (—16.5°C) Q = —-27.9kW 
As = —1186 J/kg-K 


12.79 6Q/dm = 160 kJ/kg Po, = 385 kPa 


12.81 Q=33.5Btu/s po,=2.71 psia 

12.83 po, = 698 kPa To, = 1572 K (1299°C) Po, = 30 kPa 
To, = 1041 K (768°C) As = 485 J/kg-K 

12.85 m = 1.83X10 *kg/s 

12.87 T*=260K = p*=24.7 MPa V* = 252 m/s 

12.89 T,=2730K = p,~=25.5 MPa V, = 1030 m/s 

13.1 m=3.18 kg/s 

13.3. V=781 m/s M =1.35 m = 3.18kg/s 

13.5  M=2.94 T= —98°C 

13.7 pz =6.52 psi 

13.9 Converging duct A =1.016 in? 

13.11 M,=1.20 Supersonic diffuser 

13.13. Mz =1.20 Supersonic diffuser 

13.19 p,=250 kPa V,=252 m/s M, = 0.883 

13.21 M=0.240 M=2.44 

13.23 p,=166 kPa 

13.25. p=150 kPa M = 0.60 A, = 0.0421 m? m = 18.9kg/s 

13.27 A,;=1.94x 1073 m? 

13.29 pop=817kPa = pp = 432 kPa T. = 288 K (—45.5°C) V.. = 302 m/s 

13.31 m = 0.807 kg/s Mmax = 0.843 kg/s 

13.33 At=374 s (6.23 min) As = 232 J/kg: K 

13.35 pe =687 kPa m = 0.0921 kg/s Arf, = 1.62 m/s” 


13.37 po =9.87 kPa (abs) pp = 5.21 kPa (abs) T= 332 K (58.7°C) 
V.=365 m/s) ay = 1.25 m/s” 


13.39 M=1.706 

13.41 R,=304 Ibf (Tension) 

13.43 A, =0.573 ft? V2 = 667 ft/s 

13.45 11 = 50.0 Ibm/s 

13.47 M.=1 Pe = 381 kPa Pressure and flow decrease asymptotically 
T= 228 K (—45°C) 

13.49 po =115 psia m =1.53lb/s A; =0.593 in® 

13.51 V=225 m/s m = 1.292kg/s 

13.53 pe =125 kPa (abs) m = 0.401 kg/s 
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13.55 V, = 1300 m/s m = 874kg/s 

13.57 m1 = 3.571bm/s Mass flow rate decreases by a factor of 2 

13.59 R,=950 N 

13.61 pe =88.3 kPa m = 0.499 kg/s R, = —1026 N (to left) 

13.63. A,=2.42 in? V. = 6925 ft/s R,, = 228 Ibf 

13.65 po = 44.6 MPa 

13.67 po/p, =3.41 T>/T, = 1.50 As = 51.8 J/kg: K 

13.69 V=1666 ft/s 

13.71 p; = 1.28 psia p1 = 0.00653 lbm/ft* V, = 2260 ft/s To, = 954°R 
Po, = 10.0 psia To, = 954"R Po, = 7.22 psia 

13.73 po, = 327 kPa V2 = 1558 m/s 

13.75 M,=2.20 M, = 0.547 As = 24.7 ft Ibf/lbm -°R 

13.77 T2=520K po, =1.29 MPa (abs) 

13.79 M,=0.486 V2 =541 mph (793 ft/s) Apo = 89.2 psi 

13.81 Tp,=426K = po, =207 kPa (abs) — po, = 130 kPa (abs) 

13.83 M, =2.48 V, = 2420 ft/s = pp, = 29.1 psia = pp = 24.3 psia 

13.87 M,=2.20 po, =178 kPa V, = 568 m/s (“Isentropic”) 

13.89 V2=268 m/s (Relative to wave), = —276 m/s (Relative to ground) 


13.91 A,=(a) 0.456 ft? m=222lbm/s py=1176psia T,=260°R 
A* = 0.782 ft? 


13.93 Myg=0.547 — pog=512 kPa po, = 628 kPa. A¥ = 0.111 m? 
13.95 M.=1.452 mi = 0.808 lbm/s 
13.97 ppi/pp = 0.965 — par/pyp = 0.417 _ pp apy = 0.0585 


13.99 M.=2.94 py =3.39 MPa pp = 3.35 MPa py. = 1.00 MPa 
Pp3 = 101 kPa 


13.101 p, =301 kPa 

13.103 M, = 1.50 

13.105 Patm < Po < 112 kPa (abs); pp > 743 kPa (abs) 

13.107 p3 = 66.6 psia 

13.109 M.=0.392) pe =123.9 psia = pg = 17.73 psia 

13.111 p, = 301 kPa 

13.113 M, = 0.627 6Q/dm = 57.8 kJ/kg 

13.117 p, = 396 kPa (abs) m = 47.6kg/s 

13.121 M, =0.601 M2 =0.738 — po, = 230 kPa (abs) To, = 482 K 
f=0.0241 e = 0.0776 cm 

13.123 M, = 0.200 m =3.19X107%kg/s  p. =47.9 kPa (abs) 

13.125 Pmin = 18.5 psia Vinax = 1040 ft/s 
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13.127 T, = 840°R (380°F) R, = 13.3 Ibf (to right) As = 0.359 Btu/Ilbm-R 
13.129 po, = 56.6 psia T> = 433°R Po, = 27.8 psia m = 0.0316 lbm/s 
13.131 T,=238 K — p» = 26.1 kPa (abs) As = 172 J/kg-K 
13.133 L =12.0 ft 
13.135 p; = 46.8 psia T, = 282°R po, = 1719 psia To, = 789°R 
f= 0.01572 
13.137 L=18.8 ft 
13.141 T,=551°R m = 5.33 slug/s 
13.143 L=15:5 ft 


13.145 p, = 136.8 psia W = 24.9 hp 

13.147 p; =30 kPa W = 0.131 pW 

13.149 M, = 0.233 Heat added 

13.151 p2=198 psia (Isothermal) = p2 = 153 psia (Adiabatic) 


13.157 6Q/dm = 449 kJ/kg As = 0.892 kJ/kg -K 


13.159 Note: pz = 0.850 lbm/ft* QO = 107 Btu/s Ap = 162 psi 
With wrong pz = 100 Ibm/ft*: O = 74Btu/s Ap = —1 psi 

13.161 6Q/dm = 18 kJ/kg As = 0.0532 kJ/kg -K Apo = 2.0 kPa 

13.163 6Q/dm = —95.2 Btu/lbm (negative sign indicates heat lost) 

13.165 6Q/dm = 1.12 MJ/kg Apo = —13.5 kPa 

13.167 M> = 0.50 To, = 1556 K T> = 1480 K QO = 1.86MI/s 

13.169 6Q/dm = 14.71 kJ/kg (heat added) 

13.171 6Q/dm = 447 kJ/kg As = 0.889 kJ/kg -K Apo = 22 kPa 

13.173 6Q/dm = 5.02 Btu/lbm (heat added) 


13.175 6Q/dm = 364 kJ/kg Apo = —182 kPa To, = 1174 K 
Po, = 1.60 MPa T2 =978 K P2 = 0.844 MPa p2 = 3.01 kg/m? 


13.177 M,=0.60 >, =966 K 
6Q/dm = 343 kJ/kg (61.6% of max) OQ = 4010kW 
13.179 M)=1.74 py = 4.49 psia 


13.181 G=49.7° — p» = 203 kPa To, = 495 K (weak wave) B= 78.0° 
P2 = 345 kPa To, = 601 K (strong wave) 


13.183 Mz =1.95 P2=179 kPa Mz = 0.513 (Normal shock) 
P2 =570 kPa (Normal shock) Bmin = 23.6° 


13.185 3B = 62.5° P2/p, =9.15 

13.187 M, = 1.42 V, =483 m/s B= 67.4° 

13.189 a =7.31° Dmax = 931 kPa Tmax = 564°C 

13.191 L/w = 183 kN/m 

13.193 p = 16.93 psia (one shock) p = 16.99 psia (two shocks) 
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13.195 V, = 5230 ft/s 

13.197 p = 14.21 psia (one shock) p = 14.02 psia (two shocks) 
p = 13.97 psia (isentropic compression) 

13.199 p = 690 kPa p =517 kPa (Normal shock only) 

13.201 p = 130 kPa 

13.203 M,=3.05 =p; = 38.1 kPa M=2.36 p=110kPa 

13.205 L/w = 64.7 kN/m 

13.209 T>/T, = 1.429 M> = 4.00 

13.211 Ms = 3.23 Vs; = 1656 m/s 


Absolute metric (system of units), 12 
Absolute pressure, 59 
Absolute viscosity, 33 
Acceleration: 
convective, 187 
gravitational, 13 
local, 187 
of particle in velocity field, 185, 187 
cylindrical coordinates, 188 
rectangular coordinates, 187 
Accelerometer, 94 
Adiabatic flow, see Fanno-line flow 
Adiabatic process, 661 
Adverse pressure gradient, 40, 252, 423, 442, 452, 457, 461, 
496, 585, 698, W-24 
Aging of pipes, 361 
Alternate depths, 613 
Anemometer: 
Laser Doppler, 394 
thermal, 399 
Angle of attack, 442, 457, 459, 442, 566, 577 
Angular deformation, 185, 190, 194 
Angular-momentum principle, 99, 496, 498, 499 
fixed control volume, 135 
rotating control volume, W-11 
Apparent viscosity, 35 
Apparent shear stress, 350 
Archimedes’ principle, 80 
Area, centroid of, 70 
second moment of, 71 
product of inertia of, 72 
Area ratio, 364 
isentropic flow, 701 
Aspect ratio: 
airfoil, 464, 578 
flat plate, 450 
rectangular duct, 368 
Atmosphere: 
isothermal, 68 
standard, 60, 67 


Average velocity, 106, 332 
parallel plates, 336, 340 
pipe, 347, 387, 398 
open channel, 605 


Barometer, 36, 38, 66 
Barotropic fluid, 42 
Barrels, U.S. petroleum industry, 373, 418 
Basic equation of fluid statics, 56 
Basic equations for control volume, 104 
angular-momentum principle, for inertial 
control volume, 135 
for rotating control volume, W-11 
for Euler turbomachine, 499 
conservation of mass, 104 
first law of thermodynamics, 139 
Newton’s second law (linear momentum), for control volume 
moving with constant velocity, 126 
for control volume with arbitrary acceleration, W-6 
for control volume with rectilinear acceleration, 128 
for differential control volume, 122 
for nonaccelerating control volume, 110 
second law of thermodynamics, 146 
Basic laws for system, 98 
angular-momentum principle, 99 
conservation of mass, 98 
first law of thermodynamics, 99 
Newton’s second law (linear momentum), 98 
differential form, 199 
second law of thermodynamics, 99 
Basic pressure-height relation, 59 
Bearing, journal, 338 
Bernoulli equation, 14, 124, 242 
applications, 247 
cautions on use of, 252 
interpretation as an energy equation, 253 
irrotational flow, 260 
restrictions on use of, 124, 242, 252 
unsteady flow, W-16 
Bingham plastic, 35 
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Blasius’ solution, W-19 
Blower, 367, 494, 510, 541 
Body force, 29, 59 
Borda mouthpiece, 288 
Boundary layer, 40, 271, 331 
displacement thickness, 425 
effect of pressure gradient on, 442 
flat plate, 425 
integral thicknesses, 426 
laminar: 
approximate solution, 435 
exact solution, W-19 


momentum integral equation for, 428, 432, 433 


momentum-flux profiles, 444 
momentum thickness, 426 
separation, 442 
shape factor, 444 
thickness, 425 
transition, 425 
turbulent, 439 
velocity profiles, 444 
Boundary-layer: 
control, 460, 466, 471 
thicknesses, 425 
British gravitational (system of units), 412 
Buckingham Pi theorem, 296, 582 
Bulk (compressibility) modulus, 42, 668, 787 
Bump, flow over, 620 
Buoyancy force, 80 


Camber, 460 
Capillary effect, 36, 301 
Capillary viscometer, 347 
Cavitation, 42, 304, 526 
Cavitation number, 304, 571 
Center of pressure, 71, 72 
Centrifugal pump, 495, 510 
CFD, see Computational fluid dynamics 
Chezy equation, 633 
Choking, 705, 710, 730, W-26, W-29 
Chord, 457, 460, 464 
Circulation, 192, 267, 460, 464 
Coanda effect, 155 
Compressible flow, 42, 581, 586, 657, 689 
basic equations for, 691 
ideal gas, 694 
flow functions for computation of, 818 
Compressor, 494, 516, 582 
Computational fluid dynamics, 201, 208 
and Navier-Stokes equations, 201 
applications of, 209 
dealing with nonlinearity, 220 
direct and iterative solutions, 221 
finite difference method, 210 
grid convergence, 219 
iterative convergence, 222 
Concentric-cylinder viscometer, 50, 52 
Confidence limit, 830 
Conical diffuser, 364, 393 
Conjugate depth, 628 
Conservation: 


of energy, see First law of thermodynamics of mass, 99, 139, 143 


of mass, 104 
cylindrical coordinates, 177 
rectangular coordinates, 175 
Consistency index, 35 


Contact angle, 36, 789 
Continuity, see Conservation of mass 
Continuity equation, differential form, 175 
cylindrical coordinates, 177 
rectangular coordinates, 175 
Continuum, 21 
Contraction coefficient, 286, 412 
Control surface, 7 
Control volume, 7, 97 
rate of work done by, 140 
Convective acceleration, 187 
Converging-diverging nozzle, see Nozzle 
Converging nozzle, see Nozzle 
Conversion factors, 837 
Couette flow, 339 
Creeping flow, 405, 478 
Critical conditions, compressible flow, 681 
Critical depth, 616 


Critical flow in open channel, 610, 614, 616, 617, 621 


Critical pressure ratio, 681, 705 
Critical Reynolds number, see Transition 
Critical speed: 
compressible flow, 681 
open-channel flow, 617 
Curl, 191 
Cylinder: 
drag coefficient, 453 
inviscid flow around, 267, 271, 273 


D’Alembert paradox, 38, 40, 271 
Deformation: 
angular, 185, 190, 194 
linear, 185, 196 
rate of, 5, 31, 195 
Del operator: 
cylindrical coordinates, 178, 261, W-2 
rectangular coordinates, 175 
Density, 5, 22 
Density field, 22 
Derivative, substantial, 186 
Design conditions, see Nozzle 


Differential equation, nondimensionalizing, 292 


Diffuser, 363, 380, 471, 497 
optimum geometries, 364 
pressure recovery in, 363, 365 
supersonic, 697, W-24 

Dilatant, 35 

Dilation, volume, 196 

Dimension, 11 

Dimensional homogeneity, 14 

Dimensional matrix, 301 

Dimensions of flow field, 24 

Discharge coefficient, 389 
flow nozzle, 391 
orifice plate, 391 
venturi meter, 393 
weir, 647 

Displacement thickness, 425 

Disturbance thickness, see Boundary layer 

Doppler effect, 398, 670 

Doublet, 264 
strength of, 267 

Downwash, 464 

Draft tube, 497, 552, 558 

Drag, 38, 423, 445 


form, 40, 465 
friction, 446, 450 
induced, 464 
parasite, 471 
pressure, 40, 446, 450 
profile, 465 
Drag coefficient, 295, 446 
airfoil, 458, 461 
complete aircraft, 465 
cylinder, 453 
rotating, 474 
flat plate normal to flow, 450 
flat plate parallel to flow, 447 
golf balls, 472 
induced, 464 
selected objects, 451 
sphere, 451, 488 
spinning, 472 
streamlined strut, 457 
supersonic airfoil, 765 
supertanker, 449 
vehicle, 312 
Dynamic pressure, 244, 245 
Dynamic similarity, 306 
Dynamic viscosity, 33 
Dyne, 12 


Efficiency 314: 
hydraulic turbine, 505 
propeller, 566, 598 
propulsive, 565 
pump, 315, 316, 368, 504 
wind turbine, 574, 579 
Elementary plane flows, see Potential flow theory 
End-plate, 466 
Energy equation, for pipe flow, 356, 369. See also First law of 
thermodynamics 
Energy grade line, 257, 354, 640 
English Engineering (system of units), 12 
Enthalpy, 143, 581, 660 
Entrance length, 331 
Entropy, 661 
Equation of state, 5, 693 
ideal gas, 5, 659 
Equations of motion, see Navier-Stokes equations 
Equivalent length, 362 
bends, 365 
fittings and valves, 366 
miter bends, 366 
Euler equations, 201, 237 
along streamline, 239 
cylindrical coordinates, 237 
normal to streamline, 239 
rectangular coordinates, 237 
streamline coordinates, 238 
Eulerian method of description, 10, 188 
Euler method, 210 
Euler number, 304 
Euler turbomachine equation, 499 
Experimental uncertainty, 16, 829 
Extensive property, 100 
External flow, 42, 421 


Fan, 367, 494, 510, 541 
“laws,” 315, 545 
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selection procedure, 805 
specific speed, 545 
Fanno-line flow, 718, 727 
basic equations for, 727 
choking length, 742, W-25, W-26 
effects on properties, 729 
flow functions for computation of, 732, 737 
normal shock formation in, W-26 
Ts diagram, 729 
Field representation, 23 
First law of thermodynamics, 99, 139, 143 
Fittings, losses in, see Head loss, in valves 
and fittings 
Flap, 466 
Flat plate, flow over, 424 
Float-type flow meter, 398 
Flow behavior index, 35 
Flow coefficient, 315, 389 
flow nozzle, 391 
orifice plate, 391 
turbomachine, 505 
Flow field, dimensions of, 24 
Flow measurement, 387 
internal flow, 387 
direct methods, 387 
linear flow meters, 397 
electromagnetic, 398 
float-type, 397 
rotameter, 397 
turbine, 397 
ultrasonic, 398 
vortex shedding, 398 
restriction flow meters, 387 
flow nozzle, 391 
laminar flow element, 394 
orifice plate, 391 
venturi, 393 
traversing methods, 399 
laser Doppler anemometer, 399 
thermal anemometer, 399 
open-channel flow, 646 
Flow meter, see Flow measurement 
Flow nozzle, 390, 391 
Flow visualization, 25, 311 
Fluid, 4 
Fluid machinery, 492 
dynamic, see Turbomachine 
fan, 494 
performance characteristics, 516 
positive displacement, 494, 548 
propeller, 544, 558, 563 
pump, 494, 548 
turbine, 494, 496 
Fluid particle, 10, 24 
Fluid properties, 785 
Fluid statics: 
basic equation of, 56, 59 
pressure-height relation, 59 
Fluid system, 367, 529 
Force: 
body, 29, 57 
buoyancy, 80 
compressibility, 304 
drag, 445 
gravity, 303 
hydrostatic, 69 
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Force (continued ) 
on curved submerged surface, 76 
on plane submerged surface, 69 
inertia, 301, 303 
lift, 445, 459 
pressure, 39, 57, 303, 445 
shear, 445 
surface, 29, 57 
surface tension, 36, 304 
viscous, 303 
Forced vortex, 193 
Francis turbine, 497, 509, 558 
Free surface, 601, W-2 
Free vortex, 193, 366 
Friction drag, see Drag 
Friction factor, 357, 358, 359 
Darcy, 358 
data correlation for, 358, 359 
Fanning, 358, 412 
laminar flow, 360 
smooth pipe correlation, 361 
Frictionless flow: 


compressible adiabatic, see Isentropic flow 
compressible with heat transfer, see Rayleigh-line flow 


incompressible, 237 
Friction velocity, 321, 351 
Froude number, 305, 308, 606, 610 
Froude speed of advance, 323 
Fully developed flow, 331 

laminar, 332 

turbulent, 350 
Fully rough flow regime, 360 


g., 11, 13 
Gage pressure, 59 
Gas constant: 
ideal gas equation of state, 5, 659, 794 
universal, 659, 794 
Geometric similarity, 306 
Gibbs equations, 255, 662 
Grade line, 257 
energy, 257, 354, 380, 383 
hydraulic, 257, 380, 383 
Gradient, 58 
Gradually varied flow, 641 
Gravity, acceleration of, 11 
Guide vanes, 497 


Hayden-Rhodes Aqueduct, 601 
Head, 258, 356, 500 

gross, 554, 558 

pump, 367, 504, 530, 536 

net, 554, 558 

shutoff, 511 
Head coefficient, 314, 506, 583 
Head loss, 355 

in diffusers, 363 

in enlargements and contractions, 363 

in exits, 362 

in gradual contractions, 363 

in inlets, 362 

major, 349, 357 

minor, 349, 357, 361 

in miter bends, 366 

in nozzles, 363 

in open-channel flow, 605, 612 


hydraulic jump, 628 

permanent (in flow meters), 394 

in pipe bends, 365 

in pipe entrances, 362 

in pipes, 365 

in sudden area changes, 363 

total, 357 

in valves and fittings, 366 
Head loss coefficient, 362 
Heat transfer, sign convention for, 99, 140 
Hydraulic accumulator, 153 
Hydraulic depth, 606, 610 
Hydraulic diameter, 349, 368, 605, 734 
Hydraulic grade line, 258, 354, 639 
Hydraulic jump, 170, 252, 625 

basic equation for, 627, 628 

depth increase across, 627 

head loss across, 628 
Hydraulic power, 504, 548 
Hydraulic systems, 69 
Hydraulic turbine, 496, 552 
Hydrometer, 92 
Hydrostatic force, 69 

on curved submerged surfaces, 76 

on plane submerged surfaces, 69 
Hydrostatic pressure distribution, 70 
Hypersonic flow, 670, 771 


Ice, 787 

Ideal fluid, 261, 271 

Ideal gas, 5, 22, 659 

Impeller, 494, 542 

Incomplete similarity, 308 

Incompressible flow, 42, 105, 175, 180 

Incompressible fluid, 38 

Induced drag, 464 

Inertial control volume, 110, 126 

Inertial coordinate system, 111, 126 

Intensive property, 100, 693 

Internal energy, 504, 659 

Internal flow, 43, 330 

Inviscid flow, 38, 39, 192, 235 

Irreversible process, 504, 661 

Irrotational flow, 192, 259 

Irrotationality condition, 260 

Trrotational vortex, 193, 266 

Isentropic expansion waves, 759 
basic equations for, 760, 762 
on an airfoil, 763 


Prandtl-Meyer expansion function, 762, 828 


Isentropic flow, 694 
basic equations for, 675, 700 
ideal gas, 695, 700 
in converging-diverging nozzle, 709 
in converging nozzle, 704 
effect of area variation on, 694, 700 


flow functions for computation of, 700, 818 


in hs plane, 695 
reference conditions for, 673, 699 
Isentropic process, 662 
Isentropic stagnation properties, 673 
for ideal gas, 673, 674 
Isothermal flow, W-29 


Jet pump, 157 
Journal bearing, 338 


Kaplan turbine, 497, 558 
Kilogram force, 592 

Kinematic similarity, 306 
Kinematics of fluid motion, 184 
Kinematic viscosity, 33 

Kinetic energy coefficient, 355 
Kinetic energy ratio, 327 


Lagrangian method of description, 91, 188 
Laminar boundary layer, 423, 434, W-19 
flat plate approximate solution, 434 
flat plate, exact solution, W-19 
Laminar flow, 41, 330 

between parallel plates, 332 

both plates stationary, 332 
one plate moving, 338 

in pipe, 344 
Laminar flow element (LFE), 394 
Laplace’s equation, 213, 262 
Lapse rate, 685 
Lift, 423, 445, 459 
Lift coefficient, 459 

airfoil, 460 

Darrieus rotor blade, 578 

rotating cylinder, 474 

spinning golf ball, 472 

spinning sphere, 472 

supersonic airfoil, 765 
Lift/drag ratio, 462 
Linear deformation, 185, 196 
Linear momentum, see Newton’s second law of motion 
Local acceleration, 187 
Loss, major and minor, see Head loss 
Loss coefficient, see Head loss 
Lubricating oil, 787, 793 


Mach angle, 672 
Mach cone, 670 
Mach number, 42, 292, 305, 665 
Magnus effect, 422, 474 
Major loss, see Head loss 
Manning: 
equation, 633 
roughness coefficient, 634 
Manometer, 38, 61 
capillary effect in, 36 
multiple liquid, 65 
reservoir, 63 
sensitivity, 38, 62 
U-tube, 62 
Material derivative, 186 
Mean line, 459 
Measurement, flow, see Flow measurement 
Mechanical energy, 255, 349, 354, 369 
Mechanical flow meter, see Flow measurement 
Mechanical power, 500 
Meniscus, 36, 301 
Meridional velocity, 505 
Meridional plane, 506 
Meter, flow, see Flow measurement 
Methods of description: 
Eulerian, 10, 188 
Lagrangian, 9, 188 
Metric horsepower, 593 
Mile, nautical, 837 
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Minor loss, see Head loss 
Minor loss coefficient, see Head loss coefficient 
Model studies, 305 
Model test facilities, 317 
Modulus of elasticity, 42 
Molecular mass, 659, 794 
Momentum: 
angular, see Angular-momentum principle 
coefficient, 410 
linear, see Newton’s second law of motion 
Momentum equation: 197 
differential form, 199 
for control volume moving with constant velocity, 126 
for control volume with arbitrary acceleration, W-6 
for control volume with rectilinear acceleration, 128 
for differential control volume, 122 
for inertial control volume, 110 
for inviscid flow, 237 
Momentum flux, 123 
Momentum integral equation, 428, 432 
for zero pressure gradient flow, 433 
Momentum thickness, 426 
Moody diagram, 359 


Nappe, 646 
National Transonic Facility (NTF), 318, 685 
Nautical mile, 837 
Navier-Stokes equations, 199 
cylindrical coordinates, 798 
numerical solution of, 201, 208 
rectangular coordinates, 200 
Net positive suction head, 520, 526 
Network, pipe, 383 
Newton, 12 
Newtonian fluid, 32, 199 
Newton’s second law of motion, 9, 98 
Noncircular duct, 368 
Noninertial reference frame, W-6, W-11 
Non-Newtonian fluid, 32, 34 
apparent viscosity, 35 
consistency index, 35 
flow behavior index, 35 
power-law model, 35 
pseudoplastic, 35 
rheopectic, 35 
thixotropic, 35 
time-dependent, 35 
viscoelastic, 35 
Normal depth, 603, 631 
Normal shock, 715 
basic equations for, 716 
effects on properties, 718 
Fanno and Rayleigh interpretation, 718 
flow functions for computation of, 719, 721 
supersonic channel flow with, 724, W-24, W-26, W-29 
Ts diagram, 717 
Normal stress, 29, 57, 141, 200 
No-slip condition, 4, 25, 40, 271, 333 
Nozzle, 247, 252, 697 
choked flow in, 706, 710 
converging, 697, 704 
converging-diverging, 709, 724, W-25 
design conditions, 711, 725 
incompressible flow through, 252, 554, 697 
normal shock in, 724 
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Nozzle (continued ) 
overexpanded, 712 
underexpanded, 711 


Oblique shock, 750 
basic equations for, 753 
comparison with normal shock, 754 
deflection angle, 757, 826 
flow functions for computation of, 754, 826 
on an airfoil, 758 
shock angle, 755 
Ocean power, 20, 55, 97, 235, 290 
One-dimensional flow, 24 
Open-channel flow, 43, 600 
critical flow, 610, 616, 621 
energy equation for, 610 
gradually varied depth, 603, 641 
hydraulic jump, 603, 625 
measurements in, 646 
normal depth, 603, 631 
rapidly varied flow, 610, 621 
steady uniform flow, 631 
total head, 613 
Open channels 
characteristics of, 603 
geometric properties of, 606 
Orifice, reentrant, 286 
Orifice plate, 321, 389, 390, 391 
Overexpanded nozzle, 712 


Particle derivative, 186 
Pascal, 836 
Pathline, 25, 27 
Pelton wheel, 497, 554 
Permanent head loss, see Head loss 
Physical properties, 785 
Pipe: 
aging, 362, 535 
compressible flow in, see Fanno-line flow 
head loss, see Head loss 
laminar flow in, 304, 332, 344 
noncircular, 368 
roughness, 357, 359 
standard sizes, 371 
turbulent flow in, 330, 351 
Pipe systems, 367, 383 
networks, 383 
pumps in, 367, 529 
single-path, 369 
Pi theorem, 296 
Pitch, 566, 568 
Pitot-static tube, 246 
Pitot tube, 245 
Planform area, 450, 457 
Poise, 33, 837 
Polar plot, lift-drag, 462 
Potential, velocity, 261 
Potential flow theory, 261 
elementary plane flows, 264 
doublet, 267 
sink, 266 
source, 266 
uniform flow, 266 
vortex, 266 


superposition of elementary plane flows, 267 


Potential function, 261 
Power coefficient, 314, 498, 506, 522, 569 
Power-law model, non-Newtonian fluid, 35 
Power-law velocity profile, 352 
Prandtl boundary layer equations, 320, W-19 
Pressure, 57 

absolute, 59 

center of, 69, 71 

dynamic, 244, 245 

gage, 59 


isentropic stagnation, see Isentropic stagnation properties 


stagnation, 244, 245 
static, 244 
thermodynamic, 142, 200, 244 
Pressure coefficient, 304, 458 
Pressure distribution: 445 
airfoil, 457, 461 
automobile, 470 
converging-diverging nozzle, 710, 725 
converging nozzle, 705 
cylinder, 474 
cylinder, inviscid flow, 267, 271 
diffuser, 363, 442 
sphere, 40, 471 
supersonic airfoil, 765 
wing, 8 
Pressure drag, see Drag 
Pressure field, 56 
Pressure force, 57 
Pressure gradient, 58, 423 
effect on boundary layer, 442 
Pressure recovery coefficient, 363 
ideal, 364 
Pressure surface, 460 
Pressure tap, 244, 258, 389 
Primary dimension, 11, 297 
Profile, velocity, see Velocity profile 
Propeller, 496, 544, 563 
actuator disk, 563 
efficiency, 565, 569 
pitch, 568 
power coefficient, 569 
propulsive efficiency, 565 
solidity, 566 
speed of advance coefficient, 568 
thrust coefficient, 569 
torque coefficient, 569 
Properties, fluid, 785 
air, 796 
water, 785, 795 
Propulsive efficiency, 565 
Pseudoplastic, 35 
Pump, 494 
in fluid system, 367, 494 
“laws,” 316 
operating point, 502, 530 
parallel operation, 521, 537 
positive displacement, 548 
selection procedure, 804 
series operation, 521, 537 
specific speed, 498, 505 
variable-speed operation, 521, 538 


Rankine propeller theory, 564 
Rate of deformation, 5, 32, 195 


Rayleigh-line flow, 741 
and normal shock, 718 
basic equations for, 741 
choking, 762, W-29 
effects on properties, 743 


flow functions for computation of, 746, 747 


maximum heat addition, 742 
Ts diagram, 742 
Reentrant entrance, 363 
Reference frame, noninertial, 129, W-6 
Repeating parameter, 298 
Reversible process, 582, 661 
Reynolds experiment, 330 
Reynolds number, 39, 292, 304 
critical, see Transition 
Reynolds stress, 350 
Reynolds transport theorem, 103 
Rheopectic, 35 
Rigid-body, motion of fluid, W-1 
Rotation, 184, 190 
Rotor, turbomachine, 499 
Roughness coefficient, Manning, 634 
Roughness, pipe, 357, 359 
Runner, turbomachine, 497 


Secondary dimension, 11 
Secondary flow, 365 
Second law of thermodynamics, 99, 146 
Separation, 40, 361, 423 
Sequent depth, 627 
Shaft work, 140 
Shape factor, velocity profile, 444 
Shear rate, 32 
Shear stress, 4, 29 

distribution in pipe, 346 
Shear work, 141 
Shock, normal, see Normal shock 
Shock, oblique, see Oblique shock 
Shockless entry flow, 501, 542 
Shutoff head, 511 
Significant figures, 3 
Similarity: 

dynamic, 306 

geometric, 306 

incomplete, 308 

kinematic, 306 

rules, 522 
Similar velocity profiles, 433, W-19 
Similitude, 290 
Sink, 264 

strength of, 265 
Siphon, 248 
SI units, 11, 836 

prefixes, 836 
Skin friction coefficient, 435, 633, W-21 
Slope, bed, 603 
Slug, 12 
Sluice gate, 119, 249, 611 
Solidity, 496, 566, 571, 575 
Sound, speed of, 645, 668, 669 
Source, 264 

strength of, 265 
Span, wing, 457, 463 
Specific energy, 613 
Specific energy diagram, 614 
Specific gravity, 23, 785 
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Specific heat: 
constant pressure, 660, 794 
constant volume, 659, 794 
Specific heat ratio, 660, 794 
Specific speed, 316, 498, 505, 506 
Specific volume, 142, 612, 659 
Specific weight, 23 
Speed of advance coefficient, 568 
Speed of sound, 665 
ideal gas, 669 
solid and liquid, 668 
Sphere: 
drag coefficient, 452 
flow around, 40 
inviscid flow around, 40 
pressure distribution, 453 
Spin ratio, 471 
Stability, 80 
Stage, 494 
Stagnation enthalpy, 581, 693 
Stagnation point, 40, 271, 273, 423 
Stagnation pressure, 245 
isentropic, see Isentropic stagnation properties 
Stagnation pressure probe, 245 
Stagnation properties, see Isentropic stagnation 
properties 
Stagnation state, 673 
Stagnation temperature, 681 
Stall, wing, 460 
Standard atmosphere, 60 
properties of, 60, 788 
Standard cubic foot (of gas), 18 
Standard pipe sizes, 371 
State: 
equation of, 5 
thermodynamic, 659 
Static fluid, pressure variation in, 61 
Static pressure, 244 
Static pressure probe, 244 
Static pressure tap, 244 
Steady flow, 24, 106, 175, 180, 187, 631 
Stoke, 33, 837 
Stokes’ drag law, 451 
Stokes’ theorem, 193 
STP (standard temperature and pressure), 22, 294 
Streakline, 25 
Stream function, 180, 181 
Streamline, 25 
equation of, 26, 181 
Streamline coordinates, 238, 241 
Streamline curvature, 239, 470 
Streamlining, 41, 456 
Stream tube, 122, 253 
Stress, 29 
components, 30, 200, 798 
compressive, 57 
normal, 29, 141, 200, 798 
notation, 30 
shear, 29, 209, 798 
sign convention, 30 
yield, 34, 35 
Stress field, 29 
Stresses, Newtonian fluid, 200 
Strouhal number, 398, 453 
Substantial derivative, 186 
Suction surface, 460 
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Sudden expansion, 363 
Superposition, of elementary plane flows, 267 
direct method of, 267 
inverse method of, 271 
Surface force, 29 
Surface tension, 36, 788 
Surface waves, speed of, 606 
System, 7, 117 
System head curves, 530 
System derivative, 100 
relation to control volume, 103 
Systems: 
of dimensions, 11 
of units, 11 


Taylor series expansion, 57, 173, 177, 191, 198, 210, 216, 334, 429 


Tds equations, 235, 661 
Terminal speed, 9 
Thermodynamic pressure, see Pressure 
Thermodynamics, review of, 659 
Thixotropic, 35 
Three-dimensional flow, 24 
Throat, nozzle, 698, 712 
Thrust coefficient, 569 
Timeline, 25 
Torque coefficient, 498, 506, 569 
Total head tube, 245 
Trailing vortex, 464 
Transition, 304, 331, 352, 360, 423, 452 
Translation, 188 
Transonic flow, 670 
Ts diagram, 661, 695, 707 
Turbine, 496 
hydraulic, 496, 509, 552 
impulse, 497, 554, 560 
reaction, 497, 552, 557 
specific speed, 498, 505, 534, 545 
wind, 497, 562, 571 
Turbine flow meter, 397 
Turbomachine, 494 
axial flow, 494, 512, 544 
centrifugal, 494 
fan, 494, 510 
flow coefficient, 315, 498, 505, 522, 545 
head coefficient, 314, 506 
mixed flow, 494 
pump, 494 


power coefficient, 314, 498, 506, 522, 569, 574, 583 


radial flow, 494, 501, 511 
scaling laws for, 316 

specific speed, 316, 498, 505 
stage, 494 

torque coefficient, 498, 506, 569 


Turbulent boundary layer, approximate solution for flat plate, 439 


Turbulent flow, 40, 330 
Turbulent pipe flow, 349 
fluctuating velocity, 350 
mean velocity, 358 
shear stress distribution, 349 
velocity profile, 351 
buffer layer, 352 
logarithmic, 352 
power-law, 352 
velocity defect, 352 


viscous sublayer, 352 
wall layer, 351 
Two-dimensional flow, 25 


Uncertainty, experimental, 16, 829 
Underexpanded nozzle, 711 
Uniform flow at a section, 25, 106 
Uniform flow field, 25 

Uniform flow in open channel, 631 
Units, 11, 836 

Universal gas constant, 659, 794 
Unsteady Bernoulli equation, W-16 
Unsteady flow, 27, 109 


Vapor pressure, 42 
Vector, differentiation of, 175, 178, 187 
Velocity diagram, 501 
Velocity field, 23 
Velocity measurement, see Flow measurement 
Velocity potential, 261 
Velocity profile, 33 

in pipe flow, laminar, 346 

turbulent, 351 

Vena contracta, 362, 380, 388 
Venturi flowmeter, 390, 393 
Videotapes, fluid mechanics, 860 
Viscoelastic, 5, 31, 35 
Viscometer: 

capillary, 347 

concentric cylinder, 50, 52 

cone-and-plate, 51 
Viscosity, 5, 35 

absolute (or dynamic), 33, 791 

apparent, 35 

kinematic, 33, 792 

physical nature of, 789 
Viscous flow, 5, 31, 38 
Viscous sublayer, 352 
Visualization, flow, 25, 311 
Volume dilation, 196 
Volume flow rate, 105 
Vortex: 

forced, 193 

free, 193, 273 

irrotational, 192, 266 

strength of, 265 

trailing, 463, 466 
Vortex shedding, 325, 398, 453 
Vorticity, 192 

cylindrical coordinates, 192 


Wake, 40, 423, 442, 445 
Wall shear stress, 350, 360, 432, 442, W-20 
Water hammer, 42, 323 
Water, properties of, 785, 790, 793 
Waves, capillary, 36 
Wave power, 20, 55, 97, 171, 235, 290 
Weber number, 305 
Weight, 15 
Weir, 646 
broad crested, 646, 648 
coefficient, 647 
contracted rectangular, 647 
suppressed rectangular, 646 
triangular, 648 


Wetted area, 447 

Wetted perimeter, 368, 605, 640 

Windmill, 562, 605, 627, 632, 640 

Wind power, 1, 329, 422, 492, 562, 657, 689 

Wind tunnel, 306, 311, 317 
supersonic, W-25 

Wind turbine, 497, 571 
efficiency, 574 

Winglet, 466 

Wing loading, 464 

Wing span, 463 


Work, rate of, 140 
shaft, 140 
shear, 141 
sign convention for, 99, 140 


Yield stress, 34 
Zone: 


of action, 671 
of silence, 671 
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Friction factor, f 
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